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ABSTRACT OFTHE DISSERTATION

CodingandCapacitiesfor MultidimensionalConstraints

by

ZsigmondNagy

Doctorof Philosophy in ElectricalEngineering

(CommunicationTheoryandSystems)

Universityof California,SanDiego,2002

ProfessorKennethZeger, Chair

A one-dimensionalbinary sequencesatisfiesthe
�  �§h¨� run lengthconstraintif

thenumberof consecutive0sis at most
h
, andbetweenany two 1sin thesequenceare

at least  0s. An © -dimensionalbinary arraysatisfiesthe
�  �§h¨� run lengthconstraint

if theone-dimensional
�  �Ehª� constraintis satisfiedalongevery directionparallelto the

coordinateaxes. Otherclassesof constraintscanalsobedefined.For example,a two-

dimensionalcheckerboardconstraintis aboundedmeasurableset «­¬*z � thatcontains

the origin. A binary labelingof B � satisfiesthe checkerboardconstraint« , if for ev-

ery ®"�.B � that is labeledwith 1, every otherpoint of B � in « t ® is labeledwith 0s.

Constrainedcodesareusedin digital recordingapplicationssuchasmagneticandopti-

cal datastoragesystems,wheretheconstraintsmodelcertainphysicalpropertiesof the

recordingdevice.

Every constraintreducestheaverageamountof informationthatcanbe stored

xiv



perunit area.Theaveragenumberof informationbitsthatcanbestoredperpositionin a

constrainedcodeisupperboundedby thecapacityassociatedwith theconstraint,andthe

capacitycanbeachievedasymptoticallyasthenumberof informationbitsgrows. In this

dissertationwe investigatesomeproblemsrelatedto two andhigherdimensional
�  �Eh¨�

run lengthconstrainedcodes,two-dimensionalcheckerboardcodes,anda constrained

codedefinedon a two-dimensionaltriangulargrid. In eachproblemwe determinethe

valueof or boundsonthecapacityassociatedwith thegivenconstraint,andalsoefficient

encodingalgorithms.
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Chapter 1

Intr oduction

1.1 Definitions

Weconsidercommunicationsystemsin whichbitsaresentacrossaperfectchannel(i.e.

no errors)but for which only certaininput patternsareacceptable.Thesechannelsare

calledconstrainedchannels. Shannonin his1948paper[16] wrote(onpage9):

“Definition: Thecapacity	 of adiscretechannelis givenby

	.! ¯M° )±4²�³ ¯ +b´¶µ·� / �/
where

µ·� / � is thenumberof allowedsignalsof duration/ .”

Thenheprovedthefollowing importantresult(onpage27):

“Theorem9: Let a sourcehave entropy p (bits persymbol)anda channel

haveacapacity	 (bitspersecond).Thenit is possibleto encodetheoutput

of thesourcein suchawayasto transmitat theaveragerate ¸¹»º9¼ symbols

persecondover thechannelwhere ¼ is arbitrarily small. It is not possible

to transmitatanaveragerategreaterthan ¸¹ .”

1



2

Thisresulthasprovidedthebasisfor all noiselessconstrainedcodingresearchin thelast

50years.In particular, it appliesto therunlengthconstraintsstudiedin thisdissertation.

AlthoughShannon’sTheorem9 is statedfor one-dimensionalchannels(wheretime / is

theparameter),it caneasilybeextendedto higherdimensionalchannels,suchasthose

studiedin thisdissertation.

A one-dimensionalblock codeof length 5 is anarbitrarysubset½ of ¾ �����b¿$À ,

and the elementsof ½ arethe codewords. Codesareusedto storeor to transmitin-

formation,andtherearemany aspectsonehasto considerin thedesignof a code.We

will concentrateoncodeswith largenumbersof codewordsgivenparticularconstraints.

A constrainedcode is a codethat the constrainedchannelaccepts. As an example,

supposea channelacceptsall binary sequencesof length 5 not containingthe pat-

tern
�$�

. Then examplesof constrainedcodesare ½ � ! ¾ �����b¿ , ½ � ! ¾ ���4���4��������¿ ,½ � !Á¾ �������§���4�����4�������b���b¿ . Therateof acode½ of length 5 is definedas

Â ! ¯ +�´ ��Ã ½ Ã5
assumingtheelementsof ½ areequiprobable.Theratedescribeshow many information

bits aresenton averageper transmittedbit in a block code. The capacityof a one-

dimensionalconstrainedchannelis thus

	Á!Ä¯m° )ÆÅ�ÇÉÈÀ ²7³ )ËÊ&ÌÍJÎ ¯ +�´ � Ã ½ À Ã5
wherefor each5 , themaximizationis overall codes½ À*Ï ¾ �4�Q�b¿$À thattheconstrained

channelaccepts.1 Oneclassof codeswe will considerin this dissertationis defined

below.

1In practice,“limsup” canusuallybereplacedby “lim”.



3

Definition 1.1. A binary code ½ À of length 5 is
�  �Eh¨� -constrained(or “run length

constrained”) if for everycodeword in ½ À thereareat least consecutivezerosbetween

everytwoones,andthelengthof anyrun of zerosis at most
h
.2

Let
µ 
SÐ � n �À denotethe numberof

�  �Eh¨� -constrainedbinarysequencesof length5 . If  �! �
and

h ! D
thenany 5 -bit binaryword thatendsin a 0 is compatiblewith

any preceding5 º �
bits thatsatisfythe

�����EDF�
constraint,andany 5 -bit word ending

in a 1 mustactuallyendin a 01,andis thereforecompatiblewith any preceding5 º u
bits thatsatisfythe

���b�EDF�
constraint.Thuswegettherecursion

µ 
 �C� ³ �À ! µ 
 �C� ³ �À l � t­µ 
 �C� ³ �À l �
which is a Fibonaccisequencewith initial conditions

µ 
 �C� ³ �� ! u
and

µ 
 �C� ³ �� ! �
. The

capacitycan thusbe exactly computedas 	 �C� ³ !Ñ¯ +b´ � � `ªÒ Ó� . It canbe shown more

generally[18] that
µ 
SÐ � n �À satisfiestherecursion

µ 
SÐ � n �À ! µ 
HÐ � n �À l Ð l � twµ 
SÐ � n �À l Ð l � t:P�P�P&t­µ 
SÐ � n �À l�n�l �
for

hkÔÆD
and 5ÖÕw twh

, and

µ 
HÐ � n �À ! µ 
HÐ � n �À l � twµ 
SÐ � n �À l Ð l �
2 Someslightly differentdefinitionsof a ×ÙØ�ÚÜÛ&Ý constrainthaveappearedin theliterature[4], [7], [10],

[15], [19], [20], [21]. Suchdefinitionsincludethefollowing: (1) A binarysequenceis ×ÙØ�ÚÜÛ&Ý -constrained,
if the numberof zerosbetweenconsecutive onesis at least Ø and at most Û ; (2) A binary sequence
satisfiesa ×ÙØ�ÚÜÛ�Ý run lengthconstraintif every runof zeroshaslengthat leastØ andatmost Û (if two ones
areadjacentin thesequencewesaythata runof zerosof lengthzerois betweenthem);(3) Binary ×ÙØ�ÚÜÛ&Ý
sequencesaredescribedby two integers,Ø and Û , ÞàßáØãâ9Û , suchthat thereareat least Ø andat mostÛ zerosbeforeandaftereveryone.However, thesedefinitionsleadto peculiaritiessuchasthefollowing.
Definition (2) impliesthatevery äÄåæä two-dimensionalarrayis not valid whenever Ø}çéè and äÄêkÛ ,
anddefinitions(1) and(3) imply thateveryall-zerosstringis valid.
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for
h ! D

and 5ÖÕw t:�
. Thecorrespondingcapacity	 Ð � n is givenby

	 Ð � n�!F¯ +b´ �Të
where ë is thelargestrealrootof thepolynomial

ì n�` � º ì n\l Ð º ì n�l Ð l � º P�P�P º ì º �
for

hkÔÆD
, and

ì Ð ` � º ì Ð º �
for

h ! D
.

In many magneticrecordingsystemsthe informationis written andreadalong

tracks,and thereforethe bits are viewed as a one-dimensionalbinary sequence.To

increasethe reliability of thesedatastoragesystems,a typical requirementis that the

sequenceof databits satisfycertainconstraints,suchasa
�  �Eh¨� run lengthlimited con-

straint. Alternative storagemedia(e.g. holographicmemory)motivatesthe studyof

two and higher dimensionalconstraints.A tutorial on someof thesetopics is given

in [4]. The following definitionextendsthe definitionof
�  �Ehª� -constrainedcodesand

capacitiesto higherdimensions.

Definition 1.2. A binary © -dimensional5 � �í5 � �"î$î$î��ï5�ð arrayis
�  �§h¨� -constrained

if it is (one-dimensional)
�  �Eh¨� -constrainedin each of the © coordinateaxisdirections.

Figure1.1showsanexampleof atwo-dimensional
�C���§���

-constrainedcodeword.

Thecapacitycorrespondingto the © -dimensional
�  �Ehª� constraintis definedas

	(
 ð �Ð � n ! ¯M° )À K � À � �¡ñ¡ñ¡ñW� À]ò ²7³ ¯
+�´ � µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñ�� Àôò5 � 5 � î$î$îC5�ð



5

0 0 01

1

0

00

0

1

1 0

10

0 0

Figure1.1: Exampleof
�C���§���

-constrainedcodewordona ���8� array.

where
µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñ�� Àôò denotesthenumberof

�  �Ehª� -constrained5 � ��5 � �ãî$î$î��}5�ð arrays.

Theexistenceof 	�
 � �Ð � n hasbeenshown in [6], andasimilarproofcanbeusedto show that	�
 ð �Ð � n exists.Thecapacity	�
 ð �Ð � n is anupperboundon theaveragenumberof information

bits thatcanbestoredperunit volumein the © -dimensionalspacewithoutviolating the�  �Ehª� constraint.

For ©9õ u
, theexactvalueof 	�
 ð �Ð � n is only known in afew cases[9]. For example,	 
 ð �Ð � n ! �

if
h !ö (for every ©»õ �

), and 	 
 ð ���� n Õ �
if
h õ �

(for every ©­õ �
). In one

dimensionthecapacityis positivewhenever
h Õv Ëõ �

. Thecapacityis amonotonically

nonincreasingfunctionof © and  , anda monotonicallynondecreasingfunction of
h
.

Thefollowing resultwasshown in [6].

Theorem 1.3. (Kato and Zeger, 1999) For every
h Õv Ëõ �

,

	 
 � �Ð � n ! �í÷ h !: tF�bP
The specialcasewhen  »! �

and
h ! D

hasbeenof particularinterest. By

exchangingtherolesof
�

and
�

onecaneasilyverify that 	 
 ð ���� � !Ä	 
 ð ��C� ³ for all ©áõ �
. For©ø! �

, asnotedearlier,
µ 
 � ó ��� � �À is aFibonaccisequencewith initial conditions

µ 
 � ó ��� � �� !u
and

µ 
 � ó ��� � �� ! �
, andthus	 
 � ���� � !Ä¯ +�´ � � `ªÒ Ó� ù �4PS#�- � u � u . In twodimensions,Engel[3]
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andlaterCalkin andWilf [2] gavecloseupperandlowerboundson the
���4�Q���

capacity.

Thefollowing upperandlowerboundsarefrom [2].

Theorem 1.4. (Calkin and Wilf, 1998) Thecapacityof thetwo-dimensional
���������

con-

straint satisfies

�4P
ú�û�%b- ¦:	 
 � ���� � ¦ �4PHúbû�û���P
Boundsonthecapacityof thethree-dimensional

���4�Q���
constraintwerepresented

in [10]. However, theproofsin [2] and[10] rely onmatrix inequalities,anddonot pro-

videimplementableencodingprocedures.For apracticalapplication,efficientencoding

algorithmsareneededthatachievearatecloseto thevalueof thecapacity. Suchanalgo-

rithm for two-dimensional
�  �EDF�

constraintswasproposedby SiegelandWolf (1998),

known asa “bit stuffing” algorithm[17]. Theexpectedencodingrateof thealgorithm

wasdeterminedin [14].

Theorem 1.5. (Roth, Siegel, and Wolf, 1999) Therateof thetwo-dimensionalbit stuff-

ing algorithmfor the
�C���EDF�

constraint is

Â ! ��P
úbûb����úb#4P
Theperformanceof the algorithmwasfurther improved in a subsequentpaper

[15]. The authorsmappedsequencesof independentbits into new binary sequences

with differentprobabilitydistributions,using“distribution transformers”,andachieved

thefollowing encodingrate[15].

Theorem 1.6. (Roth, Siegel, and Wolf, 2000) Therateof thetwo-dimensionalbit stuff-

ing algorithmfor the
�C���EDF�

constraint with twodistributiontransformers is

Â ! ��P
úbû�%�u�%�%�P
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Theoriginal bit stuffing algorithmcanbegeneralizedto threedimensions,and

thecorrespondingratewasdeterminedin [12].

In two dimensions,
�  �Eh¨� constraintsrequirethatabinarylabelingof theinteger

latticehave a specifiedminimumandmaximumnumberof zerosbetweenconsecutive

onesboth “horizontally” and “vertically”. Additional constraints,suchasrun length

constraintsalongdiagonalscanalsobeimposedin orderto moreaccuratelymodelprac-

tical devices.Theasymptoticbehavior of constraintsdefinedby openconvex symmetric

two-dimensionalsetswereexaminedin [11]. Thefollowing analogousresultfor thede-

cayrateof thetwo-dimensionalcapacity	 
 � �Ð � ³ (as  grows)wasgivenin [6].

Theorem 1.7. (Kato and Zeger, 1999)

¯m° )Ð ²7³ýü  ¯ +�´ �  ~þ î&	�
 � �Ð � ³ ! ��P
Constrainedcodescanbe definednot only on the two (or higher)dimensional

integerlattice,but, moregenerally, on any point set.Differentpoint setswith different

mathematicalproperties(e.g. numberof nearestneighbors,averagenumberof points

perunit area),canbeusedto modeldifferentpracticalapplications.Binaryconstrained

codesdefinedon the two-dimensionalhexagonallattice were studiedin [1] and [8].

Thedefinitionof ahard-triangleconstraint,andnumericalboundsonthecorresponding

capacitycanbefoundin [13].

1.2 Organizationof the Dissertation

Eachof thefive Chapters2-6 in this dissertationis a copy of a publishedor submitted

co-authoredjournalpaper. Theseareasfollows:
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Chapter2 H. Ito, A. Kato,Zs. Nagy, andK. Zeger.
ZeroCapacityRegionof MultidimensionalRunLengthConstraints.
ElectronicJournalof Combinatorics, 6(1)(R33),1999.

Chapter3 Zs. NagyandK. Zeger.
CapacityBoundsfor theThree-Dimensional(0,1)RunLength
Limited Channel.
IEEETransactionson InformationTheory,
46(3):1030–1033,May 2000.

Chapter4 Zs. NagyandK. Zeger.
Bit Stuffing AlgorithmsandAnalysisfor RunLengthConstrained
Channelsin Two andThreeDimensions.
IEEETransactionson InformationTheory
(submittedNovember2002).

Chapter5 Zs. NagyandK. Zeger.
AsymptoticCapacityof Two-DimensionalChannels
with CheckerboardConstraints.
IEEETransactionson InformationTheory(submittedJuly2002).

Chapter6 Zs. NagyandK. Zeger.
CapacityBoundsfor theHard-TriangleModel.
IEEETransactionson InformationTheory
(submittedNovember2002).

Thecharacterizationof thezerocapacityregionfor threeandhigherdimensional

run lengthconstraintswasgivenin [5]. Necessaryandsufficient conditionsfor 	(
 ð �Ð � n to

converge to 0 asthe dimension© goesto infinity werealsoestablishedin [5]. These

resultsarepresentedin Chapter2. My contribution in [5] wasthe constructionof © -

dimensional
�  �  tÄuo�

-constrainedcodeswith positive codingrate,which areusedin

theproofof Theorem2.1.

Thecapacityof the two-dimensional
���������

run lengthconstraintplayedan im-

portantrole in [6] for obtainingboundson thecapacitiesof otherrun lengthconstraints.

Boundsonthecapacityof thethree-dimensional
�3�4�����

constraintgivenin [10] canplaya

similar role for obtainingdifferentthree-dimensionalbounds,andarealsoof theoretical

interest.This resultis givenherein Chapter3.

A generalizationof the two-dimensionalbit stuffing algorithmto threedimen-

sions,andananalysisof thecodingratefor both two andthreedimensionshave been



9

presentedin [12]. Thealgorithmsandtheanalysisarepresentedin Chapter4.

Anotherclassof two-dimensionalconstraints,calledcheckerboardconstraints,

aredefinedby two-dimensionalboundedmeasurablesets.Theconstraintspecifiescer-

tain required0’s that mustsurroundevery 1 that appearin the binary labelingof the

two-dimensionalinteger lattice. We examinedthe asymptoticbehavior of opencon-

vex symmetriccheckerboardconstraintsin [11], anddeterminedthe rateat which the

capacitygoesto zeroastheareaof theconstraintgrows. Chapter5 presentstheseideas.

The definition of the hard-triangleconstraint,andupperand lower boundson

thecapacitycorrespondingto thisconstraintcanbefoundin [13]. Theupperboundwas

calculatedusingtransfermatrices,andthelowerboundwasobtainedby generalizingthe

bit stuffing algorithmto thehard-triangleconstraint.Theseresultsarepresentedherein

Chapter6. The last chapterof thedissertationsuggestsfutureproblemsin thefield of

constrainedcoding.
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Chapter 2

Zero Capacity Regionof
Multidimensional Run Length
Constraints

Abstract

For integers  and
h

satisfying
� ¦ÿ :¦ h

, a binary sequenceis said to

satisfyaone-dimensional
�  �Eh¨� runlengthconstraintif therearenevermore

than
h

zerosin arow, andif betweenany two onesthereareat least zeros.

For ©9õ �
, the © -dimensional

�  �Ehª� -constrainedcapacityis definedas

	(
 ð �Ð � n ! ¯M° )À K � À � �¡ñ¡ñ¡ñW� À]ò ²7³ ¯
+�´ � µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñ�� À ò5 � 5 � î$î$îC5�ð

where
µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñ�� À ò denotesthenumberof 5 � �¶5 � ��î$î$î3� 5�ð © -dimensional

binaryrectangularpatternsthatsatisfytheone-dimensional
�  �Eh¨� runlength

constraintin thedirectionof everycoordinateaxis.It isprovenfor all ©9õ u
, éõ �

, and
h Õ: that 	�
 ð �Ð � n ! �

if andonly if
h !. tÄ�

. Also, it is proven

for every  �õ �
and

h õ* that ¯m° ) ð ²7³ 	 
 ð �Ð � n ! �
if andonly if

h ¦ u  .

12
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2.1 Intr oduction

A binarysequenceis
�  �Eh¨� -constrained(or “runlengthconstrained”)if thereareatmosth

consecutive zerosandbetweenevery two onesthereareat least  consecutive zeros.

An © -dimensionalpatternof zerosandonesarrangedin an 5 � �é5 � �áî$î$îo�é5�ð hyper-

rectangleis
�  �Ehª� -constrainedif it is (

�
-dimensional)

�  �Eh¨� -constrainedin eachof the© coordinateaxisdirections.The © -dimensional
�  �Eh¨� -capacityis definedas

	(
 ð �Ð � n ! ¯M° )À K � À � �¡ñ¡ñ¡ñ�� À ò ²7³ ¯
+�´ � µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñ�� Àôò5 � 5 � î$î$î�5�ð �

where
µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñW� À]ò denotesthenumberof

�  �Eh¨� -constrainedpatternsonan 5 � ��5 � �î$î$î¨�95�ð hyper-rectangle.A simpleproof wasgivenin [5] thatshows theexistenceof

two-dimensional
�  �Eh¨� -capacities,anda slight modificationof theproof canshow that

the © -dimensional
�  �Eh¨� -capacitiesexist. The capacity 	(
 ð �Ð � n representsthe maximum

numberof bits of informationthat canbestoredasymptoticallyperunit volumein © -

dimensionalspacewithoutviolating the
�  �Eh¨� constraint.

Thestudyof
�
-dimensional

�  �§h¨� -capacitieswasoriginally motivatedby appli-

cationsin magneticstorage.Interestin
u
-dimensional

�  �§h¨� -capacitieshasrecentlyin-

creaseddueto emerging
u
-dimensionalopticalrecordingdevices,andthe

�
-dimensional�  �Ehª� -capacitiesmayplayarolein futureapplicationsaswell. A tutorialonthesetopics

is givenin [4]. Capacitiesin four andhigherdimensionsyield naturalgeneralizationsof

interestingmathematicalquestionsin lowerdimensions.

In general,the exact valuesof the various © -dimensional
�  �Eh¨� -capacitiesare

not known except in a few cases[6]. For example,in all dimensions,if
h !  the

capacityis zero,andif  (! �
thecapacityis positivefor all

h õ �
. In onedimensionthe

capacityis positivewhenever
h Õ* jõ �

. Thecapacityis known to bea monotonically

nonincreasingfunctionof © and  anda monotonicallynondecreasingfunctionof
h
. It

wasrecentlyshown [5] thatwhenever
h ÕÄ kõ �

, the
u
-dimensionalcapacityis zeroif
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andonly if
h !F tF�

. Thesefactsaresummarizedin ourLemma2.3.

Someinterestingfactsareknown aboutthe capacitiesfor  �! �
and

h ! �
in

threeandlowerdimensions.In onedimension,
µ 
 � ó ��� � �À isknown[6] tobeaFibonaccise-

quencewith initial conditions
µ 
 � ó ��� � �� ! u

and
µ 
 � ó ��� � �� ! �

, andthusthe
�
-dimensional���������

-capacityis thelogarithmof thegoldenmean,namely	(
 � ���� � ! ¯ +�´ � � `ªÒ Ó� ù ��PH#�- � .
Verytight upperandlowerboundsonthe

���4�Q���
-capacityweregivenfor two dimensions

in [2] andfor threedimensionsin [7]. Thesetwo andthreedimensional
���4�����

-capacities

are 	(
 � ���� � ù �4PHúbû�%bû�-����$#
and 	�

������ � ù �4PHú�u

, givenhereto theirknown accuracies.

In this paperwe presenttwo mainresultsthatcharacterizethezerocapacityre-

gion for finite dimensionsandin thelimit of largedimensions.Thefirst resultgeneral-

izesthezerocapacitycharacterizationin [5] to all dimensionsgreaterthanone.Namely

it givesa necessaryandsufficient conditionon  and
h

for thecapacityto equalzero.

This conditionturnsout to be exactly the sameasin dimension
u
. The secondresult

givesanecessaryandsufficientconditionon  and
h
, suchthatthecapacityapproaches

zeroin the limit asthedimension© grows to infinity. Theseresultsaresummarizedin

thefollowing two theorems.

Theorem 2.1. For every ©9õ u
,  �õ �

, and
h Õv ,

	 
 ð �Ð � n ! �ï÷ h !: t:��P
Theorem 2.2. For every  �õ �

and
h õ* ,

¯m° )ð ²7³ 	(
 ð �Ð � n ! �í÷ h ¦ u  P
The following lemmacontainsuseful factsaboutcapacitiesfor variouscon-

straintsandis usedto establishTheorems2.1and2.2.
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Lemma 2.3.

(a) 	�
 ð �Ð � n§` � õ:	�
 ð �Ð � n ; whenever ©9õ ����� ¦* �¦ h
(b) 	�
 ð �Ð � n õF	(
 ð �Ð ` �C� n ; whenever ©9õ ����� ¦* ÔÆh
(c) 	�
 ð�` � �Ð � n ¦:	(
 ð �Ð � n ; whenever ©áõ ��� � ¦: Ô:h
(d) 	�
 ð �Ð � Ð ! �

; whenever ©9õ ���  �õ �
(e) 	 
 ð �Ð � � Ð ` � õ �� 
SÐ ` � � ; whenever ©9õ ���  �õ �
(f) 	 
 ð ���� n Õ �

; whenever ©9õ ��� h õ �
(g) 	�
 � �Ð � n Õ �

; whenever
� ¦* Ô:h

(h) 	 
 � �Ð � n ! �
if andonly if

h !: tF�
; whenever

� ¦* Ô*h
.

Proof. (a)Followsfrom thefactthat
µ 
 ð�ó Ð � n§` � �À K � À � �¡ñ¡ñ¡ñ�� À]ò õ µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñ�� Àôò sinceany patternthat

satisfiesthe
�  �Eh¨� constraintalsosatisfiesthe

�  �EhàtF���
constraint.

(b) Followsfrom
µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñW� À]ò õ µ 
 ð�ó Ð ` �C� n �À K � À � �¡ñ¡ñ¡ñ�� Àôò .

(c)

	�
 ð$` � �Ð � n ! ¯m° )À K � À � �¡ñ¡ñ¡ñW� À ò � K ²7³ ¯
+�´ � µ 
 ð$` � ó Ð � n �À K � À � �¡ñ¡ñ¡ñ�� À]ò � K5 � 5 � P�P�P 5�ð$` �¦ ¯m° )À K � À � �¡ñ¡ñ¡ñW� À ò � K ²7³ ¯
+�´ � �3µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñ�� À ò ��Àôò � K5 � 5 � P�PQP 5�ð$` �! ¯M° )À K � À � �¡ñ¡ñ¡ñW� À ò ²7³ ¯

+�´ � µ 
 ð�ó Ð � n �À K � À � �¡ñ¡ñ¡ñ�� Àôò5 � 5 � P�PQP 5�ð! 	(
 ð �Ð � n P
(d) 	 
 � �Ð � Ð ! �

since
µ 
 � ó Ð � Ð��À ¦  tÁ�

. Theresultthenfollows by inductionand

from themonotonicityin part(c).
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(e) Let / !Ö¾ ���§u���P�P�P � 5 ¿ , where 5 is a multiple of
u4�  tÁ���

. Any mapping��� / ð�� ¾ �4���b¿ satisfying
� � ì � � ìª� �QP�P�P2� ì ð � ! �

when
u��  t ���

divides � ð?	� � ì ? ,
and

� � ì � � ìª� ��P�P�PR� ì ð � ! �
when  tÄ�

doesnot divide � ð?	� � ì ? , inducesa
�  �Eu  t ���

-

constrainedpatternon / ð . Sincethevalueof
� � ì � � ìª� ��P�P�P2� ì ð � canbechosenarbitrarily

when � ð?	� � ì ?y' �  tF���
mod

u4�  tÄ���
, thenumberof

�  �Eu  tÄ���
-constrainedpatterns

on / ð is at least
u&À ò�
 
 � 
SÐ ` � �M� andhence

µ 
 ð�ó Ð � � Ð ` � �À � À �¡ñ¡ñ¡ñW� À õ u�À ò�
 
 � 
SÐ ` � �Ù� . Thus

	(
 ð �Ð � � Ð ` � õ ¯M° )À ²�³ 5 ð�
 �Üu4�  t:�����5 ð ! �u��  tF��� P
(f) Followsfrom (a)and(e).

(g) It is known [1] that 	 
 � �Ð � ³ ! 	 
 � �Ð l �C� � Ð l � for  8õ �
, andalsothat for

� ¦  Ôh�ÔöD
, the

�
-dimensionalcapacityis the logarithm(base

u
) of the largestreal root of

theequation
� n§` � º � n\l Ð º � n�l Ð l � º î$î$î º � º � ! �

. Theequationclearlyhasa

rootgreaterthan
�
, andthustheresultfollows.

(h) Thiswasprovenin [5]. �
2.2 Proof of Theorem2.1

Proof. Lemma2.3(c),(h)shows that 	�
 ð �Ð � Ð ` � ! �
for all  8õ �

andall ©wõ u
. To prove	�
 ð �Ð � n Õ �

for
h õ* téu , it sufficesby Lemma2.3(a),(h)to prove 	(
 ð �Ð � Ð ` � Õ �

for all  �õ �
and ©wõ �

. This is shown below in Proposition2.5 for even  8õ �
, andin Proposition

2.6 for odd  áõ �
. A specialcaseof Lemma2.3(e)shows theresultfor  j! �

andfor

all ©áõ �
. Thiscompletestheproofof Theorem2.1. �

The following definitionsareusefulfor proving Propositions2.5 and2.6. Let«·!Á¾ �4������PQP�P �  t��b¿ . Theset « ð is ann-cube, andany mapping� � « ð � ¾ �����b¿ is abi-

naryn-cube. A rowof an © -cubeis any setof theform ¾ ��� � ��PQP�P2��� �al � � ì ��� �H` � �QP�P�PR��� ð � �



17ì �­« ¿ for somefixed � , andsomefixed
� 1(�w« for

f ! �b��P�P�PR� � º ��� � t.����PQP�P2� © . A

binary © -cube� is a permutation© -cubeif � equals
�

onceperrow of « ð .
A binary © -cube � is

�  �  tÄu��
-constrainedunless� takesthe valueonetwice

on someconsecutive  pointsin somerow of « ð . It is clearthat permutation© -cubes

are
�  �  töuo�

-constrained.A setof permutation© -cubesis
�  �  t uo�

-compatibleif

theconcatenationof any two of thecubesalonga face(i.e. with translationbut without

rotation)is also
�  �  tkuo� -constrained.If « � ��PQP�P2� «Tð aresubsetsof « , eachconsistingof

two consecutiveintegers,thesmallerof whichis even,then « � �(î$î$îE�ï«Tð is abi-subcube

of « ð . If apermutation© -cube� equals
�

exactlyonceperrow in abi-subcube,thenthe

restrictionof � to thebi-subcubeis saidto beapermutationbi-subcube.

A binary © -cube� is areversalof apermutation© -cube� if � equals
� º � onthe

membersof a (possiblyempty)subsetof all thebi-subcubesin « ð , on eachof which �
is apermutationbi-subcube,and � equals� elsewhere.A reversal� of any permutation

cube � is alsoa permutationcube,and � and � togetherform a
�  �  tFuo�

-compatible

set. More generally, any collectionof reversalsof a givenpermutation© -cubeformsa�  �  t u��
-compatibleset(seeLemma2.4). In Propositions2.5 and2.6, we construct

a
�  �  t.u��

-compatiblefamily of reversalsof a certainpermutation© -cube,andthen

obtaina lowerboundon the
�  �  twuo�

-capacityfrom thecardinalityof thefamily.

A mapping ���� « ð�� « is a latin © -cubeif on every row of « ð , �� is a per-

mutationof « . This definition is a generalizationof a latin square,althoughalter-

natedefinitionshave beengiven in [3]. For any permutation© -cube � , any � Ô © ,

andany
� 19� « (for

f ! ����PQP�P2� � º ��� � t ����PQP�P2� © º �
), the relation ì��� � deter-

minedby � ��� � �QP�P�P2��� � l � � ì ��� �H` � ��P�P�PR��� ð�l � � � � ! �
is a permutation.This leadsus to

definea correspondencebetweenpermutation© -cubesandlatin
� © º ���

-cubesasfol-

lows. Let � � « ð�� ¾ �4���b¿ bea permutation© -cubeandfor each
� ì � � ìª� ��PQP�PR� ì ð�l � � �« ð�l � , let � � ì � ��P�P�PR� ì ð�l � � be the uniqueelementof « suchthat � � ì � � ìª� ��P�PQPR� ì ð�l � �� � ì � ��PQP�P2� ì ð�l � ��� ! �

. Thenthe mapping �� � « ð�l � � « definedby �� � ì � � ìª� ��P�P�PR�



18ì ð�l � � ! � � ì � ��P�P�PR� ì ð�l � � is a latin
� © º ���

-cube,andthecorrespondence� �� �� is bi-

jective (seeLemma2.4). Thebarnotationwill beexclusively usedfor latin cubes.For

any integers��õ �
and �æÕ �

, weusethenotation“ � mod � ” to meantheuniqueinteger� º�� [ �� � .
Lemma 2.4. Let �� ð � « ð!� « bea sequenceof mappingsdefinedrecursivelyfor ©9õ �
by

�� ð � ì � ��P�PQPR� ì ð � ! ���� � �� ð�l � � ì � ��P�PQP2� ì ð�l � ��� ì ð � (2.1)

where ���� is a latin square. Then �� ð is a latin © -cubefor all © õ u
, and the setof all

reversalsof thecorrespondingpermutation
� © tF���

-cube� ð is
�  �  tvu��

-compatible.

Proof. Useinductionon © . Assume ���� �QP�P�P2� �� ð�l � arelatin cubes(for ©Áõ �
) andfix

all but oneof the argumentsì � ��PQP�P2� ì ð of �� ð . If ì � ��P�P�PR� ì ð�l � arefixed then �� ð is a

permutationof « sincefixing thefirst argumentof ���� yieldsa permutationof « . Like-

wise, if ì ð andall but oneof ì � ��P�P�PR� ì ð�l � arefixed, thenby the inductionhypothesis�� ð�l � � ì � ��P�PQPR� ì ð�l � � is a permutationof « and ���� is a permutationof « sinceits second

argumentì ð is fixed.Thus �� ð is a latin © -cube.

Let � beabinary
� © tF���

-cube� � « ð$` � � ¾ �4���b¿ satisfying

� � ì � ��PQP�PR� ì ð$` � � ! "#%$ �
if ì ð�` � ! �� ð � ì � �QP�P�P2� ì ð ��
otherwise.

Then � is a permutation
� © t ���

-cubesince �� ð is a latin © -cube,and ��ö! �� ð from

the definition of the bar notation. This shows that thereexists a uniquepermutation� © t:���
-cube � (i.e. � ð ) correspondingto thelatin © -cube �� ð .
The permutation

� © t ���
-cube � ð hasrows of length  t u

, eachcontaininga

singleone.For any collectionof bi-subcubes,on eachof which � ð is a permutationbi-
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subcube,any row of « ð�` � canintersectat mostoneof thesebi-subcubes.This implies

thatany facewiseconcatenationof any two reversalsof � ð will only have pairsof ones

at distances ,  t �
, or  t u

apart,andthusany setof reversalsof � ð is
�  �  t uo�

-

compatible. �
Proposition2.5. For every ©9õ u

andeveryeven  Ëõ �
,

	 
 ð �Ð � Ð ` � õ �u ð�l � �  tvuo� P
Proof. Defineamapping ���� � « � � « suchthat

���� � ì � � ìª� � ! "# $ � ì � t ìª� º uo� mod
�  twuo�

if ì � and ìª� areodd� ì � t ìª� � mod
�  twuo�

otherwise
(2.2)

asin Figure2.1. Themapping ���� is a latin squaresince ���� is a permutationof theset «
wheneitherthe first or secondcomponentis held fixed. For each© õ �

, use(2.1) to

recursively definethelatin © -cube �� ð � « ð&� « .

For each©9õ u
, let ì � ��P�PQPR� ì ð beany setof evenintegersfrom « . Weclaimthat

for any � � ��P�PQPR� � ð(��¾ �4���b¿ ,
�� ð � ì � t � � ��P�P�P2� ì ð t � ð � ! "# $ � ì � t î$î$î t ì ð � mod

�  twuo�
if � ð?'� � � ? is even�C� t ì � t î$î$î t ì ð � mod

�  twuo�
if � ð?'� � � ? is odd

P
To provethisclaim,useinductionon © . It is easyto seefrom (2.2)thattheclaim is true

for ©ø! u
. By (2.1)andtheinductionhypothesis,

�� ð � ì � t � � ��P�P�PR� ì ð t � ð �
! "# $ ���� ��� ì � t î$î$î t ì ð�l � � mod

�  tvuo��� ì ð t � ð � if � ð�l �?	� � � ? is even���� ����� t ì � t î$î$î t ì ð�l � � mod
�  tvuo��� ì ð t � ð � if � ð�l �?	� � � ? is odd

P
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Equivalently, when � ð?'� � � ? is even

�� ð � ì � t � � ��PQP�P2� ì ð t � ð �
! "# $ ���� ��� ì � t î$î$î t ì ð�l � � mod

�  twuo�§� ì ð � if � ðï! �
���� ����� t ì � t î$î$î t ì ð�l � � mod

�  twuo�§� ì ð tF���
if � ðï! �! � ì � t î$î$î t ì ð � mod

�  tvuo���
andwhen � ð?	� � � ? is odd

�� ð � ì � t � � ��PQP�P2� ì ð t � ð �
! "# $ ���� ��� ì � t î$î$î t ì ð�l � � mod

�  twuo�§� ì ð tF���
if � ðï! �

���� ����� t ì � t î$î$î t ì ð�l � � mod
�  twuo�§� ì ð � if � ðï! �! �C� t ì � t î$î$î t ì ð � mod

�  tvu��§�
thusproving theclaim.

Theclaim just provedimpliesthat thecorrespondingpermutation
� © t ���

-cube� ð satisfies

� ð � ì � t � � �QP�P�PR� ì ð�` � t � ð�` � � ! "#%$ �
if � ð�` �?'� � � ? is even�
if � ð�` �?'� � � ? is odd

for any even integers ì � ��P�P�P � ì ð$` � �ý« suchthat ì ð�` � ! � ð?	� � ì ? mod
�  t uo�

, and

for any � � ��P�PQP2� � ð�` � � ¾ �4���b¿ . Thusthe restrictionof � ð to eachbi-subcube¾ � ì � t� � ��P�P�P2� ì ð$` � t � ð$` � � � � � �QP�P�P2� � ð$` � �Ä¾ �����b¿�¿ is a permutationbi-subcube.Thenthe

cardinalityof thesetof all reversalsof � ð is
u 
�( � �� � ò , andLemma2 givesthelowerbound

	�
 ð �Ð � Ð ` � õ ¯ +�´ � u � ( � �� � ò*) K�  twuo� ð ! �u ð�l � �  twuo� P
�
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Proposition2.6. For every ©9õ u
andeveryodd  Ëõ �

,

	 
 ð �Ð � Ð ` � õ ��  twuo� ð +, © º � t Ð l ��© º � -. P
Proof. Defineamapping ���� � « � � « suchthat

���� � ì � � ìª� � ! "# $ ì � t ìª� º u if ì � and ìª� areoddì � t ìª� otherwise
(2.3)

for
u �0/ K�  tFu �0/ ��  ¦  º �

. Thevaluesof ���� for
u �0/ K�  tÄu �1/ ��  Õö º �

(i.e. below

thebold
u
-stepstaircaseline in Figures2.2and2.3)aredefinedasfollows. Thepoints

on the diagonalline above the main diagonalhave value  , asdoesthe bottomright

cornerof the square. Thus,  appearsoncein eachrow and in eachcolumn in the

square.Theportionof thenext higherdiagonalthat lies below the
u
-stepstaircaseline

hasvalue  º �
. Theareabelow andincludingthemaindiagonalof thesquare,except

thebottomrow andtherightmostcolumn,is partitionedinto diagonalstripsof width � .
Eachdiagonalstrip is formedby repeatingthestaircasepatternshapeof

.

Thebottomrow is formedby repeatingthepattern

andtherightmostcolumnis formedby repeatingthepattern

.

(For thecase j' �
mod � thebottom-rightmostdiagonalstrip is truncatedat width

�
,

andtheabove patternsarecut off accordingly, asillustratedin Figure2.2.) Within any
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givendiagonalstrip,all labelscontainingaparticularsymbolrepresentthesameinteger.

In particular, in the
f
th diagonal,(for

f ! ���Eu���PQP�P � � Ð �  tF�
), thesquarelabels + , 2 ,3

, , and – represent� f º u , � f º � , � f º � , � f º ú , and � f º # respectively (for
f ! �

,

– and represent º � and  tw�
, respectively). For any e¶�·¾ �4�Q����P�P�P �  º u�¿ it can

beseenthat thevalue e appearsoncein every row andcolumnof thetop left
u � ?�  t*u

rowsandcolumns,andthevalue e appearsoncein every row andcolumnof thebottom

right  º u � ?�  rowsandcolumns.Also, themaindiagonalof « � containsonly thevalue t9� , andthevalue  º � appearsin therightmostcolumnat
� ì � � ìª� � ! �C���  tøuo� , in the

bottomrow at
� ì � � ìª� � ! �  tÄu��Q���

, andin alternatingpositionson thediagonalsthat

lie two above andtwo below themaindiagonalof « � . Thevalue  º �
appearsin the

rightmostcolumnat
� ì � � ìª� � ! �����  táu�� andin thebottomrow at

� ì � � ìª� � ! �  táu������ ,
andthesepointsdonot lie onthediagonalstwo below nor two abovethemaindiagonal.

Consequently, every number
�4�����QP�P�P �  t �

appearsexactly oncein eachrow andin

eachcolumnin theoriginal
�  tøu�� � �  tjuo� square« � , showing that ���� is a latin square.

Using(2.1)andthedefinitionof ���� justgiven,recursively definefor eachinteger©*õ �
, the latin © -cube �� ð � « ð4� « . For any ©*õ u

, if ì � ��PQP�P2� ì ð areeven integers

from « suchthat � ð?	� � ì ?ô¦* º � , thenfor any � � ��P�P�P � � ð(��¾ �4���b¿ ,
�� ð � ì � t � � �QP�P�PR� ì ð t � ð � ! "# $ ì � t î$î$î t ì ð if � ð?	� � � ? is even� t ì � t î$î$î t ì ð if � ð?	� � � ? is odd

fromthesameproofasin Proposition2.5,butwith theaddedconstraint� ð?	� � ì ?]¦* º � .
As in Proposition2.5, the setof reversalsof the permutation

� © t ���
-cube � ð

is
�  �  tÆuo�

-compatible.Thereare

+, © t Ð l ��©
-.

permutationbi-subcubesin this case

andthevolumeof the
� © tF���

-cube« ð$` � (i.e. thedomainof � ð ) is
�  tvu�� ð$` � . Hence
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 ð �Ð � Ð ` � õ ��  twuo� ð +, © º � t Ð l ��© º � -. P
�

2.3 Proof of Theorem2.2

Proof. Lemma 2.3(e) gives ¯m° ) ð ²7³ 	(
 ð �Ð � � Ð ` � Õ �
for every  õ �

, and thus¯m° ) ð ²7³ 	�
 ð �Ð � n Õ �
for every

h õ u  t �
by Lemma2.3(a). Lemma2.7 below im-

pliesthat 	�
 ð �Ð � n ¦65 n�l Ðn�l Ð ` ��7 ð�l � 	�
 � �Ð � n whenever  ÔFh ¦ u  , andhencēm° ) ð ²7³ 	(
 ð �Ð � n ! �
.

This togetherwith Lemma2.3(d)completestheproofof Theorem2.2. �
Lemma 2.7. If ©9õ u

and
� ¦* Ô:h ¦ u  then

	�
 ð �Ð � n ¦ h º  h º  t:� 	�
 ð�l � �Ð � n P
Proof. Let � and 5 bepositiveintegersandlet 8Á! ¾ ���Eu���P�P�PT� 5 ¿ . Definethefollowing© -dimensionalhyper-rectangles(for

f ! ���Eu��QP�P�P2� � ):
/ ! ¾ � ì � ��P�P�P2� ì ð�l � � ì ð � � ì � ��P�P�P � ì ð�l � �98 � º  Ë¦ ì ð Ôý�Üh º  t:��� � ¿0 � ! ¾ � ì � ��P�P�P2� ì ð�l � � ì ð � � ì � ��P�P�P � ì ð�l � �98 � º  Ë¦ ì ð Ô*��¿
0 1 ! ¾ � ì � ��P�P�P2� ì ð�l � � ì ð � �ì � ��PQP�PR� ì ð�l � �98 � �Üh º  tF���§�mf º ��� Ô ì ð Ô.��h º  tF���WfÉ¿

andlet 0 !;: �11� � 0 1 . Note that thereis a gapof width onebetweenconsecutive sets0 1 and 0 1�` � (To help visualizethe proof, the caseof © ! �
is illustratedin Figure

2.4). A binary mappingon 0 is said to be
�  �§h¨� -constrainedif it inducesa

�  �Eh¨� -
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constrainedpatternon each 0 1 . Let
µ ± and

µ=<?>
be the numbersof distinct

�  �Eh¨� -
constrainedmappingson / and 0 1 (for

f ! �4�����QP�P�P2� � ), respectively. We show thatµ ± ¦A@ �11� � µ!<�> .
To thisend,it sufficestoexhibit aninjectionfrom thesetof all

�  �Eh¨� -constrained

mappingson / to thoseon 0 . Thuswe demonstratethatevery
�  �Eh¨� -constrainedmap-

pingon / is completelydeterminedby its restrictionto 0 .

Assumethe contrary. Then thereexist two
�  �Eh¨� -constrainedmappings

� � �/ � ¾ �4���b¿ and
� � � / � ¾ �4�Q�b¿ thatagreeon 0 butdifferon / . Let

��� � ��P�P�P2�0� ð�l � ��� ð � �/ besuchthat
� � ��� � �QP�P�PR��� ð�l � �0� ð �CB! � � ��� � ��P�P�PR�0� ð�l � ��� ð � .

Since
� � and

� � agreeon 0 ,
� ð mustbeamultipleof

h º  t�� . Let D bethesmall-

estnonnegativeinteger
f

suchthat
� � ��� � ��P�P�PR�0� ð�l � �$�Üh º  tË���Wf4�EB! � � ��� � ��PQP�P2��� ð�l � ���Üh º tÁ���Wf4�

. Without lossof generalityassume
� � ��� � ��P�P�PR��� ð�l � �$�Üh º  tö��� D � ! �

and� � ��� � ��P�P�P2�0� ð�l � �$�Üh º  t���� D � ! �
. Notethat

��h º  t����E� D t���� º � ¦ �Üh º  t���� D t  
since

h ¦ u  . Also, since
� � ��� � ��P�PQPR��� ð�l � �$��h º  t:��� D � ! �

,
� � mustequalzerofor at

least consecutivepositionsnext to thispoint. Thus
� � ��� � ��P�P�P ��� ð�l � � ì � ! �

for all ì in

therange
��h º  t ��� D º  8¦ ì Ô �Üh º  t ���E� D tÄ���

, excluding ì ! ��h º  t ��� D .

Therefore
� � ��� � ��P�P�P ��� ð�l � � ì � ! �

for this samesetof ì ’s,sinceeither ì is in 0 or else

becauseof the choiceof D . But by assumption
� � ��� � ��P�PQP2��� ð�l � �$��h º  t ��� D � ! �

,

so a string of
høt �

zerosin a row occursfor
� � (from ì ! �Üh º  t ��� D º  toì ! ��h º � t  �§� D tF��� º �

) contradictingthe
�  �Eh¨� constraint.This provesthatevery�  �Ehª� -constrainedmappingon / is uniquelydeterminedby its restrictionto 0 . This

establishesthat
µ ± ¦A@ �11� � µ!<�> .

Now, let � denotethe numberof distinct
�  �§h¨� -constrainedmappingson an� © º ���

-dimensionalhypercubeof side length 5 . Clearly, @ �1F� � µ=<�> ¦ � 
 n�l Ð�� �H` Ð ,
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since
µ=<HG ¦F� Ð and

µ=<?> ¦F� n�l Ð for
f ! �b�Eu���P�PQP2� � . Thus,

	(
 ð �Ð � n ! ¯M° )� � À ²�³ ¯ +b´ � µ ±I ��h º  tF��� � t  KJT5 ð�l � ¦ ¯m° )� � À ²�³ ¯ +�´ � @ �11� � µ=<?>I ��h º  tF��� � t  LJ25 ð�l �¦ ¯M° )� � À ²�³ ¯ +�´ � � 
 n�l Ð�� �S` ÐI ��h º  tF��� � t  KJT5 ð�l �! ¯m° )� ²7³ �Üh º  � � t  ��h º  tÄ��� � t  î ¯m° )À ²7³ ¯ +�´ � �5 ð�l � ! h º  h º  tF� 	 
 ð�l � �Ð � n P
�

2.4 Comments

For  "! �
, Lemma2.3(e)impliesthat 	�
 ð ��C� � õ � 
 � for ©9õ �

. A morecomplicatedproof

canshow that 	 
 ð ��C� � õ 	 
 ð ���� � 
 u for all ©Fõ u
(notethat 	 
 ð ���� � õ � 
 u by Lemma2.3(e)).

For odd  õ �
Proposition2.6 gives 	�
 � �Ð � Ð ` � õ Ð l �� 
HÐ ` � �Ù� whereasa slightly betterlower

bound	 
 � �Ð � Ð ` � õ Ð ` �� 
SÐ ` � � � wasgivenin [5, Theorem2]. Propositions2.5and2.6establish

that 	�
 ð �Ð � Ð ` � Õ �
. Alternatively it is possibleto prove 	(
 ð �Ð � Ð ` � Õ �

in a simplermanner,

but with weaker lowerboundson 	 
 ð �Ð � Ð ` � thanthosegivenin thesepropositions.

This chapter, in full, is a reprint of the materialas it appearsin: H. Ito, A.

Kato,Zs. Nagy, andK. Zeger, ZeroCapacityRegion of MultidimensionalRunLength

Constraints,Elec.J. Combinatorics, 6(1)(R33),1999.
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Chapter 3

Capacity Boundsfor the
Thr ee-DimensionalZ\[^]9_a` Run Length
Limited Channel

Abstract

Thecapacity	 

������ � of a 3-dimensional
���4�Q���

run lengthconstrainedchannel

is shown to satisfy
�4PHú�u�u�ú��4�&% � ��û���û ¦:	�

������ � ¦ ��P
ú�u�#�û�û���û � %bû�u�ú .

3.1 Intr oduction

A binarysequencesatisfiesa
�
-dimensional

�  �Eh¨� run lengthconstraintif the number

of consecutive 0s is at most
h
, andbetweenany two 1s in the sequenceareat least  

0s. An © -dimensionalbinaryarrayis saidto satisfya
�  �Eh¨� run lengthconstraint,if it

satisfiesthe1-dimensional
�  �Ehª� run lengthconstraintalongevery directionparallelto

a coordinateaxis. Suchan arrayis calledvalid. The numberof valid © -dimensional

arraysof size 5 � �95 � � P�PQP �95�ð is denotedby
µ 
SÐ � n �À K � À � �¡ñ¡ñ¡ñW� À]ò andthecorresponding

capacityis definedas

	�
 ð �Ð � n ! ¯m° )À K � À � �¡ñ¡ñ¡ñ Àôò ²7³ ¯
+�´ � µ 
SÐ � n �À K � À � �¡ñ¡ñ¡ñ À ò5 � 5 � î$î$î�5�ð P

By exchangingtherolesof
�

and
�

it canbeseenthat 	(
 ð ���� � !F	(
 ð ��C� ³ for all ©9õ �
.
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A simpleproof of theexistenceof the2-dimensional
�  �Eh¨� capacitiescanbe found in

[7], andtheproofcanbegeneralizedto © -dimensions.

It is known (e.g. see[8]) that the
�
-dimensional

���4�Q���
-constrainedcapacityis

thelogarithmof thegoldenratio, i.e.

	(
 � ���� � !F¯ +�´ � � t { úu ! ��PH#�- � u � uAP�P�P
andin [2] very closeupperandlower boundsweregivenfor the

u
-dimensional

���������
-

constrainedcapacity. Theboundsin [2] werecalculatedwith greaterprecisionin [10]

andareslightly improvedhere(seeRemarksectionatendfor moredetails),now agree-

ing in 9 decimalpositions:

�4PHúbû�%�û�-4���$#��&%�%�ú ¦:	�
 � ���� � ¦ ��P
úbû�%bû�-4����#4�$û�#�û P
(3.1)

Theseboundswerealsoindependentlyobtainedto 8 decimalpositionsin [3]. A lower

boundof 	 
 � ���� � õ �4PHúbû��4�
wasobtainedin [9] by usinganimplementableencodingproce-

dureknown as“bit-stuffing”. Theknown boundson 	�
 � ���� � haveplayedausefulrolein [7]

for obtainingboundson other
�  �§h¨� -constraintsin two dimensions.The

�
-dimensional���������

-constrainedboundsgivenin thepresentpapercanplay a similar role for obtain-

ing different
�
-dimensionalbounds,andarealsoof theoreticalinterest.In fact,a recent

tutorialpaper[6] discussesaninterestingconnectionbetweenrunlengthconstrainedca-

pacitiesin morethanonedimensionandcrosswordpuzzles(basedonwork of Shannon

from 1948). In the presentpaperwe considerthe 3-dimensional
�3�4�����

constraint,and

by extendingideasfrom [2] andusingtwo new bounds,our mainresultis to derive (in

Sections3.2and3.3)thefollowing boundson the
�
-dimensional

�3�4�����
capacity.
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Theorem 3.1.

��P
ú�ubu�úb�4�&% � �$û���û ¦:	(
H������ � ¦ �4PHú�ub#�û�ûb��û � %bû�u�ú
It is assumedhenceforthin this paperthat  9! �

and
h ! �

. Two valid 5 � �5 � rectanglescanbe put next to eachother in 3 dimensionswithout violating the 3-

dimensional
���������

constraintif they have no two zerosin the samepositions. Define

a transfermatrix / À K � À � to be an
µ 
 ��� � �À K � À � � µ 
 ��� � �À K � À � binarymatrix, suchthat the rows

andcolumnsareindexedby thevalid 2-dimensional5 � �85 � patterns,andanentryof/ À K � À � is 1 if andonly if thecorrespondingtwo rectanglescanbeplacednext to each

otherin 3 dimensionswithoutviolating the
���4�Q���

constraint.Then,

µ 
 ��� � �À K � À � � À\b ! 1� î�/ À b l �À K � À � 1 ! 1� î�/ À � l �À K � Àcb 1 ! 1� î�/ À K l �À � � Àcb 1 (3.2)

where1 is theall onescolumnvectorandprimedenotestranspose.Thematrix / À K � À �
meetstheconditionsof thePerron-Frobeniustheorem[1], sinceit hasnonnegative real

elementsandis irreducible(sincetheall onesrectanglecanbeplacednext to any valid

rectanglewithoutviolatingthe
���������

constraint).Thereforethelargestmagnitudeeigen-

value
� À K � À � , of / À K � À � , is positive,real,andhasmultiplicity one.This impliesthat

¯m° )À\b ²7³ ��µ 
 ��� � �À K � À � � Àcb � � 
 À b ! � À K � À � �
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and

	�
H������ � ! ¯M° )À K � À � � À b ²7³ ¯
+�´ � µ 
 ��� � �À K � À � � À b5 � 5 � 5 �! ¯m° )À K � À � ²7³ ¯

+�´ � ¯M° ) À b ²�³ ��µ 
 ��� � �À K � À � � À b � � 
 À b5 � 5 �! ¯m° )À K � À � ²7³ ¯
+�´ � � À K � À �5 � 5 �! ¯m° )À K ²7³ ¯

+�´ � ¯M° ) À � ²7³ � � 
 À �À K � À �5 �! ¯m° )À K ²7³ ¯
+�´ � � À K5 � �

(3.3)

where
� À K !F¯m° ) À � ²7³ � � 
 À �À K � À � . Thequantities�¡ g¢ �&£ Î K�d Î �À K À � and �  g¢ ��£ Î KÀ K canbeviewedas

capacitiescorrespondingto 3-dimensionalarrayswith two fixedsides(lengths5 � and5 � ), andonefixedside(length 5 � ), respectively.

Upperandlowerboundsonthe3-dimensionalcapacitycanbecomputeddirectly

from theinequalities(similar to the2-dimensionalcase,asnotedin [10])

¯ +�´ � � À K � À �� 5 � tF���E� 5 � tF��� ¦:	(
H������ � ¦ ¯ +�´ � � À K � À �5 � 5 �
but thesedo not yield particularlytight boundsfor valuesof 5 � and 5 � for which the

correspondingvalueof
� À K � À � couldbecomputedby us. (e.g.Table3.1showsthatthe

eigenvalues
� À K � À � correspondto matriceswith morethan � � million elementswhen

roughly 5 � 5 � õ u��
). Theupperandlowercapacityboundsderivedin thispaperagree

to within e �4PS����u andwerecomputedusinglessthan100Mbytesof computermemory.

3.2 Lower bound on f ������4�Ù�
To derive a lowerboundon 	(
H������ � we generalizea methodof Calkin andWilf [2]. Since/ À K � À � is a symmetricmatrix, the Courant-FischerMinimax Theorem[4, pg. 394]
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impliesthat

�\g À K � À � õ x �oî�/ gÀ K � À � xx � î x (3.4)

for any nonzerovectorx andany integer háõ �
. Choosingx ! /jiÀ K � À � 1 for any integerk õ �

, andusingidentity (3.2)gives

�\g À K � À � õ 1�oî�/ g ` � iÀ K � À � 11� î�/ � iÀ K � À � 1 ! 1�oî�/ À � l �À K � g ` � i ` � 11� î�/ À � l �À K � � i ` � 1 P
(3.5)

Thus,

u g ¸ I b LG d K ! ü ¯M° )À K � À � ²7³ � � 
 
 À K À � �À K � À � þ g ! ¯m° )À K ²7³ ü ¯m° )À � ²7³ �lg 
 À �À K � À � þ
� 
 À K

õ ¯m° )À K ²7³ ü � À K � g ` � i ` �� À K � � i ` � þ
� 
 À K ! ¯M° ) À K ²7³ � � 
 À KÀ K � g ` � i ` �¯M° ) À K ²7³ � � 
 À KÀ K � � i ` � ! � g ` � i ` �� � i ` � (3.6)

andthereforefor any oddinteger ��õ �
andany integer m�Õw� ,

	�
H������ � õ �m º � ¯ +�´ � ü �on�qp þ P (3.7)

This lower boundon 	�
H������ � is analogousto a 2-dimensionalboundin [2], but
�qn

and
�op

arenot eigenvaluesassociatedwith transfermatricesof 2-dimensionalarrays

here,andcannoteasilybecomputedasin the2-dimensionalcase.Instead,we obtaina

lower boundon
�qn

andanupperboundon
�op

. From(3.5) and(3.6)a lower boundon�on
is

�on ! ¯m° )À � ²7³ � � 
 À �n � À � õ ¯M° )À � ²7³ ü 1��îQ/ À � l �n � r 1

1� îQ/ À � l �n � s 1 þ �

 
Ù
 r l s � À � � ! ü �on � r�qn � s þ � 
 
 r l s � �

where t is an arbitrarypositive odd integer, uvÕvt , and
�on � r and

�on � s arethe largest
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eigenvaluesof thetransfermatrices/ n � r and / n � s , respectively.

To find an upperboundon the quantity
�op

for a given � , we apply a modified

versionof a methodin [2]. We saythat a binarymatrix satisfiesthe
���������

cylindrical

constraint if it satisfiestheusual2-dimensional
���4�����

constraintafterjoining its leftmost

columnto its rightmostcolumn(i.e. the left andright columnscanbeput next to each

otherwithoutviolatingthe
���4�����

constraint).A binarymatrixsatisfiesthe
���������

toroidal

constraint if it satisfiesthe usual2-dimensional
�3�4�����

constraintafter both joining its

leftmostcolumnto its rightmostcolumn,andits top row to its bottomrow.

Proposition3.2. Let 6 bea positiveinteger andlet / À K � À � bethetransfermatrixwhose

rowsandcolumnsare indexedby all
���4�����

-constrained 5 � �á5 � rectangles.Let � À K � w
denotethe transfermatrix whoserows and columnsare indexed by all cylindrically���������

-constrained 5 � �96 rectangles.Then,

xly Ê{z?| d x~}� K � � � i ! 1 � î�� � � l �� K � } 1
P

Proof. Traced / wÀ K � À � i is thenumberof 5 � �85 � � � 6 tF���
valid arrays,whosefirst and

last 5 � �à5 � rectanglesarethesame,or equivalentlythenumberof 3-dimensional5 � �5 � �ø6 valid arrays,whosefirst 5 � �j5 � rectanglecanbeputafterthelastonewithout

violating the
�3�4�����

constraint.Viewing these3-dimensionalarraysalongtheir sideof

length 5 � , they canbe describedasa sequenceof 5 � cylindrically
���������

-constrained

2-dimensionalrectanglesof size 5 � �ø6 (seeFigure3.1),andthusthenumberof arrays

countingin thismanneris thesumof theentriesin � À � l �À K � w . �
Theproofabovegeneralizesthe2-dimensionalversionin [2]. Let 6 beapositive

even integer. Thenfor every positive integer 5 � and 5 � , the matrix / wÀ K � À � hasnon-

negative eigenvaluesandthusany oneof its eigenvaluesis upperboundedby its trace.
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Figure3.1: Cylindrically
���������

-constrained5 � �­6 rectanglesusedto build cylindric5 � �85 � �96 arrays.

Hence,

� À K � À � ¦ Trace �H/ wÀ K � À ��� � 
 w !�5 1� î&� À � l �À K � w 17 � 
 w (3.8)

whichgivesthefollowing upperboundon
�op

:

�op ! ¯m° )À � ²7³ � � 
 À �p � À � ¦ ¯m° )À � ²�³ 5 1� î&� À � l �p � w 17 K� Î � !:� � 
 wp � w � (3.9)

where� p � w is thelargesteigenvalueof � p � w (notethat � p � w satisfiesthePerron-Frobenius

theoremfor thesamereasonsasfor / À K � À � in Section3.1).

Thelowerboundon 	�
H������ � in (3.7)cannow bewrittenas

	(
H������ � õ �m º � ¯ +�´ �
+�, I £�� d �£�� d � J �


 
 r l s �� � 
 wp � w
-* . p

and
s

odd,
w

evenn¢¡Ep¤£ �r ¡ s £ �w £ � (3.10)

To obtainthe bestpossiblelower bound,the right handsideof (3.10)shouldbemax-

imized over all acceptablechoicesof � , m , t , u , and 6 , subjectto the numericalcom-

putability of thequantities
�qn � r , �on � s , and � p � w . Table3.1 shows the largesteigenvalues

of varioustransfermatriceswhich werenumericallycomputable.Fromthis table,the
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bestparameterswecouldfind for thelowerboundin (3.10)on thecapacitywere �ï! �
,mã!Ä� , té! ú

, u(! #
, and 6æ! �$�

, yielding

	(
H������ � õ �� º � ¯ +�´ � ¥ �Ü��Y ñ � Ó§¦ ¥ �©¨ �C�� ��� � ñ ¨Ü�Ü� � ÓgÓ Y ¦�3û�� � û4�bPH��ú�-�û���%b-o� � 
 ��� õ �4PHú�u�u�ú��4�&% � ��û���û4P
3.3 Upper bound on f �3����4�Ù�
Proposition3.3. Let 6 � and 6 � bepositiveevenintegersandlet ���w K � w � denotethetrans-

fer matrix whoserows and columnsare indexed by all toroidally
���4�Q���

-constrained6 � �í6 � rectangles.If ���w K � w � is thelargesteigenvalueof ���w K � w � , then 	(
H������ � ¦ �w K w � ¯ +�´ � ���w K � w � .
Proof. Let / À K � À � and � À K � w K be the sametransfermatricesasdefinedin Section3.2,

and let � À K � w K denotethe largesteigenvalueof � À K � w K . From Proposition3.2 andthe

argumentusedto obtaininequality(3.9)wecanalsoconcludethat

� À K ¦Æ� � 
 w KÀ K � w K P
Also, thesameargumentusedto obtain(3.8)gives

� À K � w K ¦ 5 Trace � � w �À K � w Kª� 7 � 
 w � ! 5 1 �$� � �w K � w � � À K l � 17 � 
 w �
andthus

� � 
 À KÀ K ¦*� � 
 
 À K w K �À K � w K ¦ 5 1 �$� � �w K � w � � À K l � 17 � 
 
 À K w K w � � P
This usesthe fact that � �w K � w � satisfiesthePerron-Frobeniustheorem(for thesamerea-

sonsasfor / À K � À � in Section3.1). Since	(
H������ � !F¯M° ) À K ²�³ ¯ +�´ � � � 
 À KÀ K , wehave

u ¸ I b LG d K ! ¯M° )À K ²7³ � � 
 À KÀ K ¦«5�� �w K � w � 7 � 
 
 w K w � � P
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Figure3.2:Toroidally
���4�Q���

-constrained6 � �A6 � rectanglesusedtobuild doublycylindric5 � �96 � �96 � arrays.

�
Proposition3.3generalizesanupperboundin [2] andis illustratedin Figure3.2.

Note that � � � w � !ÿ� �� � w � andthus � � � w � ! � �� � w � . The bestparameterswe wereableto

find (from Table3.1) were 6 � ! � and 6 � ! #
, andthe resultingeigenvaluegave the

following upperbound:

	�
H������ � ¦ �u � ¯ +�´ � # � ��ú�PS#�-�-�u � ����u ¦ �4PHú�ub#bû�û���û � %bû�u�ú�P
3.4 Remark

Directcomputationof eigenvaluesusingstandardlinearalgebraalgorithmsgenerallyre-

quiresthestorageof anentirematrix. This severelyrestrictsthematrixsizesallowable,

dueto memoryconstraintson computers.By exploiting the fact that our matricesare

all binary, symmetric,andeasilycomputable,we wereableto obtainthelargesteigen-

valuesof muchlargermatrices.Specifically, theeigenvaluesusedto obtainthecapacity

boundsin Theorem3.1werecomputedusingthefollowing result.
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Lemma 3.4. [5, pg. 493] Let | bean ©é��© matrixwith nonnegativeentriesonly. Then

for any © -dimensionalpositivevectorx wehave

) °ßÞ��à ? à ð �ì ? ðá 11� � ��?V1 ì 1æ¦ Â � | � ¦ )�Ê�Ì��à ? à ð �ì ? ðá 1F� � ��?V1 ì 1 �
and

) °âÞ��à 1 à ð ì 1 ðá ?	� � ��?V1ì ? ¦ Â � | � ¦ )ËÊ&Ì��à 1 à ð ì 1 ðá ?	� � �o?¡1ì ? �
where Â � | � denotesthespectral radiusof thematrix | .

The convergencerateof the power methoddependson the relative sizeof the

largestandsecondlargesteigenvalues,but thesecondlargesteigenvaluesaregenerally

unknown to us. Hence,we iteratedthe eigenvaluecomputationuntil the eigenvalues

appearedto stabilizein the14thsignificantdecimalplace(computing
� � � Ó , � � � Y , � � � ��� ,

and � �� � Y ). The resultingeigenvectorestimateswereusedasthe valuesof x in Lemma

3.4to obtainexactupperandlowerboundson thelargesteigenvalues.

Similarly, weobtainedtheupperboundin (3.1)with thepowermethod(comput-

ing
� �C� � � , � �C� � � , and� �C� � � ). Originally theseboundswerecomputedin [2] as

�4PHúbû�%bûb-4���$#4�
¦ 	�
 � ���� � ¦ �4PHúbû�ûb����-���%�û

(computing
� �C� � � , � �C� � Ó , and � �C� Y ) andwerelater improved in

[10] (computing
� �C� � � , � �C� � � , and � �C� � � ) to

��P
úbû�%bû�-4����#4�&%�%�ú ¦ý	�
 � ���� � ¦ �4PHúbû�%�û�-4� � - � - � � .
Thelowerboundin (3.1) is from [10].

We expecttheboundsin (3.10)andin Proposition3.3 to improve in the future

asincreasedcomputationalspeedandmemoryexpandmoreof Table3.1.

Thischapter, in full, is a reprintof thematerialasit appearsin: Zs. NagyandK.

Zeger, CapacityBoundsfor theThree-Dimensional(0,1)RunLengthLimited Channel,

IEEETrans.Inform. Theory, 46(3):1030–1033,May 2000.Thedissertationauthorwas

theprimaryinvestigatorof thispaper.
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Table3.1: Thelargesteigenvaluesof thetransfermatrices/J[ � � , �}[ � � , and � �[ � � are
� [ � � ,�Q[ � � , and ���[ � � , respectively. Thevaluesfor �}[ � � areonly givenwhen � is even,andfor���[ � � whenboth � and � areeven. Eigenvalueentriesin the tablewith a “*” next to

themindicatethat they werecomputedusing the power method,insteadof by direct
computation(seeRemarksection).Theeigenvalues

� [ � � and ��[ � � aresymmetricin their
indices.[ � £äã d å rows of

± ã d å æ ã d å rows of ç ã d å æ�èã d å rows of ç èã d å� � �Cñ Y � ¦ � �g� ¥ ¦§¦ ¨ Ó �� � ñ � � � � � � Ó Y � �©¨ � � ñ � � � � � � Ó Y � �©¨ �� � ñ Yg� � � ¦ � � Y � � � Ó� Ó ñ � Ó ¨§¨ � Ó � ¥ Ó ¥ ¨ ¦ Ó ñ � Ó Yg� � Ó � ¨���YgY ¨Ó ¦ ñ � � � � Ó ¥ � ¥ �©¨ÜY � �Y � � ñ � � ¥ ¦§¦ �g� � Ó � � � �g�Cñ ÓgÓ � ¨ � ¥ Ó YgY � � ¦¨ � ¦ ñ Ó � � � � ¨Ü�©¨§¨ Ó �Ü�¦ � ¨ ñ ¦gÓgÓ � ¥§¥ � ¥ Yg� ÓgÓ � Y ñ � Ó ¨ ¥ ¦ Y � ¥ � ¥ ��¨¥ � �Cñ ¦ Y©¨ ÓgÓ �g� � ¦ � ¦ ¥��� Y � ñ ¥ � ¦ ¥ � Ó ¨ � Ó � � �g� Ó§¦ ñ ¦gÓ � ¥ � Ó � ¦ � Ó � � ��g� ¥ � ñ Ó§¦gÓ � � � � � Ó � � �g�� � � � � ñ � YgY � Ó � � ¥ � �©¨§¨ � � � ñ ¥ ��¨§¨ ¥ � � � ¦ � �g�� � � � � ñ Y ¦ � ÓgÓ ¥ ¨�� � Y ���� � � � �Cñ � ¨ Ó � Y � Y©¨§¨ ¥ ¦ ¨ � �g��ñ �Ü� Ó§¦gÓ � � � ¨ ¦ ���� Ó � ¦ � ñ ¨�� � ¨ ��� ¦ ¥ ¨ � Ó ¥ ¨� Y ¨ � Ó ñ Ó§¦ � �g� � ¦ ¥ Ó è � Ó§¦ � Y©¨ ¦ ñ Ó � Ó YgY ¥ �Ü��Y �g� � ¨� ¨ ��� ¥ ��ñ Ó§¦ ¨ÜYÜ�g� � � è � � ¦ �� ¦ � Yg� ¥ ñ � � Ó YgY©¨�� � è Y©¨ÜY Ó � Ó � � ñ ¦ ¥ � ¦ � Ó ¥ ¨ è Ó ¨§¨ ¦� ¥ � ��Yg� ñ ¦ � � ¥ � Ó � � è ��� ¥ ��Y� � �©¨ � � ñ � � ¨ � ¦ �Ü� Ó è � ¨§¨ �g� �Ü��Yg� ñ � � ¥ ¦ ¨ � � ¨ è � Ó � � ¨� � ÓgÓ YgY ñ �g� �gYg�gY ¦ ¥ è � ¦ Y Ó ¨�g� ¦ �gYgY ñ � �gYÜ� � ¦ ¨ÜY è ��Yg�gY ¦ ¨ ¦ � � ñ Ó � ¦gÓ ¨ ¦ � ¥ è � ¥ Y � �� � � � Ó ¨�� ñ ¨ � Ó � � ¨ � è ¨ Ó � � Ó� � � ¦ ¥ �g��ñ � ¦ Y©¨ � �g� è � � � � ¥ � � ¨ÜY©¨�� ñ Ó ¨���¨ÜYg� � è ��� �gY ¦ �� � Ó ñ � Ó Yg� � Ó � ¨���YgY ¨ Ó ñ � Ó Yg� � Ó � ¨���YgY ¨ Ó ñ � Ó Yg� � Ó � ¨���YgY ¨� �g�Cñ �g��� � �C� Y Ó ¨ Ó � ¨� � � ñ ¥ � Ó � Y � Ó � ¦ Y � � � �Cñ ¥ � ¦ ¨ÜY Ó � � � Ó � Ó � �Cñ ¥ � ¦ ¨ÜY Ó � � � Ó � ÓÓ Ó �Cñ Ó �g� ¥ � ��� � ¦ � ¥§¥Y �g����ñ ¥ Ó � ¥ � Ó ¥ ¨ � � � ¥ ���g��ñ � �gY Ó � ¥ � � ¦ � ¥§¥ ���g��ñ � �gY Ó � ¥ � � ¥ � ¥§¥¨ � � ¦ ñ ¥ � � � ¨ Ó§¦gÓ ¨ Ó ¨§¨¦ Ó � � ñ Ó Yg� Ó Y ¥ Y �g� � � ¥ � ��Yg� ñ � � �Ü� ��� ¦§¦ ¨ �g� ÓgÓ ��Yg� ñ � � �Ü� ��� ¦§¦ ¨ �g� ÓgÓ¥ �g��� ¦ ñ �g� Y � ¦ � � ¦ è �g�gYg���� � � ¦ Y ñ �g� Ó � ¦ � Ó ¥ è ¦ �g� ¥ � � ��Y ñ � � � Y �g� � � è Y©¨ � ¨ � � ��Y ñ � � � Y �g� � � è Y©¨ � ¨�g� Ó � � ¦ ñ ¥ ¦ ¥ � ¨Ü� � � è � ¥ Y �C�� � �g��� YgY ñ ¦ ��¨�� ¥ � � è ��¨Ü� � � ¥§¥ � ¥ ñ Yg�gY ¦gÓ ¨ � � è � ¥ � � � ¥§¥ � ¥ ñ Yg�gY ¦gÓ ¨ � � è � ¥ � � �� � �Ü� ñ � � �©¨�� � Ó �gY � Yg�� ��� Y ñ ��� ¥ �©¨§¨ Ó � ¦ �g� ¨ ¥ � ñ � Ó � ¦ ¥ �©¨§¨ ¥ � � ¦ �Ó � � ¥ ñ �g� � Y ¥ ¨ÜY � ¦ ¦ � ¨Y ���C� ¦ ñ ¥ ¨ ���C� ¥ ¦ � è � ¥§¥§¥ ¦§¦ � ñ � ¥ ¦ ¨ ¥ � �g� � � � � ¥¨ � � Ó � ñ ¨ Ó ¨Ü�Ü��� �g� è ��� ¦ ¥ ¨¦ ¥ ¨ Ó � ñ ¦ � ¥ ¨ � � � Ó è � ¥ Ó Y � ¦ � � �Cñ Y � Y ¦ � ¦ � Y è � � � ¨§¨¥ � �C� ¦ �Cñ ¥§¥ Yg� � ¥ Y è � ���gY©¨§¨��� ¥ �g� ¦ � ñ ¥ � �g� ¥ ¦ ¥ è Ó � � ¨ � � ¦ � � ¦ �Cñ � Ó ¥ ¦ �©¨ ¦ è � ¥ ¦§¦gÓ ¨� � ��¨Ü� ñ � Y ¥ � ¦ � ¥ �g� � � �Ü� � � � ñ ¥ ���gY � � � ¥ ¦ ¥ �g� � ÓgÓ ñ Ó � Ó ¨ ¦ � ¨ÜYÜ� ¨����Ó � ��� � ñ ¨Ü�Ü� � ÓgÓ Y©¨ è Y©¨����Y ¥ �Ü��Y ñ � Ó§¦ ¥ �©¨ � � è �gY©¨ ¦ ¨ ¨§¨ ¥§¥ ñ ¦ ¨ � ¦ � ¨§¨ � è � YgYgY � YÜ� � Ó ñ Y ¥§¥ � ���g� � è � ¦ ¥§¥ Ó



Chapter 4

Bit Stuffing Algorithms and Analysis
for Run Length ConstrainedChannels
in Two and Thr eeDimensions

Abstract

A rigorousderivation is given of the codingrateof a variable-to-variable

lengthbit stuffing coderfor a two-dimensional
�����EDF�

-constrainedchannel.

The coderstudiedis “nearly” a fixed-to-fixed lengthalgorithm. Thenan

analogousvariable-to-variablelengthbit stuffing algorithmfor the three-

dimensional
�����EDF�

-constrainedchannelis presented,andits codingrateis

analyzedusingthetwo-dimensionalmethod.Thethree-dimensionalcoding

rateis demonstratedto beat least
��P
úb��u

, whichis provento bewithin ��é of

thecapacity.

4.1 Intr oduction

A binarysequencesatisfiesthe
�  �§h¨� run lengthconstraint if thenumberof consecutive

0s is at most
h
, andbetweenany two 1s in thesequenceareat least  0s. A subsetofB ð satisfiesthe © -dimensional

�  �Eh¨� constraintif it satisfiestheone-dimensional
�  �Eh¨�

constraintalongdirectionsparallelwith every coordinateaxis. Runlengthconstrained

43
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binarysequencesin oneandmoredimensionshave applicationsin magneticandopti-

caldatastoragesystems,andhavebeenstudiedextensively [9]. Othertwo-dimensional

constraintssuchasasymmetricrunlengthconstraints,runlengthconstraintsalongdiag-

onals,andconstraintsdefinedby two-dimensionalsetsarealsoof theoreticalandprac-

tical interest[1], [6], [14], [20], [21], [23]. Three-dimensionalconstraintswerestudied

in [7] and[13], and the positive capacityregion of general© -dimensionalrun length

constraintswas determinedin [10]. The mathematicalanalysisof high dimensional

constraintsoftenis moredifficult thantheone-dimensionalcase.

For practical applications,implementableand efficient coding schemesare

needed,but only afew suchalgorithmsexist for two andhigherdimensionalconstraints.

Someexamplesfor conservative andweight-constrainedarrayscanbe found in [15],

[21], and[22].

An importantspecialchannelis when  é! �
and

h ! D
(or equivalentlywhen j! �

and
h ! �

) andthis paperwill concentrateexclusively on the
�C���EDF�

run length

constraint.In onedimension,the
�����§DF�

constrainedchannelcapacityis known exactly.

In two dimensions,the channelcapacityhasbeenstudiedby Calkin andWilf [3] and

Engel[5], andfor threedimensionsit wasstudiedin [13]. Thecapacityof the
�����EDF�

constraintis not known exactly in two andhigherdimensionsbut hasbeenvery accu-

ratelyupperandlowerboundedin two andthreedimensions.

Oneparticularlyefficientalgorithmfor codingundera
���b�EDF�

constraintis called

“bit stuffing” andwasfirst proposedin 1988by Lee[12] for theone-dimensional
�3�4�Eh¨�

constraint. Bit stuffing was thengeneralizedin 1993by BenderandWolf [2] to the

one-dimensional
�  �Eh¨� constraintand in 1998 by Siegel and Wolf [19] to the two-

dimensional
�  �EDF�

constraint. In 2002 Halevy et. al [8] generalizedbit stuffing to

hexagonaltwo-dimensionallatticesfor certain
�  �EDF�

constraints.

An analysisof a two-dimensionalbit stuffing algorithmfor the
�����EDF�

constraint

waspresentedby Roth,Siegel,andWolf [16]. Thealgorithmconvertsaninfinite unbi-
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asedindependentandidenticallydistributed(i.i.d.) binaryinput sequenceinto a biased

i.i.d. sequence,beforemappingthe bits into B � . In a subsequentpaper[17] they im-

proved the bit stuffing encoder(i.e. increasedthe coding rate closerto the channel

capacity)by converting the input into two biasedi.i.d. sequences.They also usea

randomizedinitial labelingof certainpointsin B � in orderto facilitateanalysis.

The coding rate calculationsin [16], [17], and [19] were performedwithout

a preciselydefinedmappingfrom unbiasedinput sequencesto biasedsequences,and

withoutprescribinghow theinfinite biasedsequenceis encodedusingfinite sizeregions

in B � . Onespecific(andefficient) implementationof theRoth-Siegel-Wolf codingalgo-

rithm would beto transformtheunbiasedinput sequenceinto a biasedsequenceusing

an ideal arithmeticdecoder, and then encodethe biasedsequenceusing bit stuffing.

However, a rigorousanalysisof suchimplementationappearsdifficult becauseof the

behavior of arithmeticcodersonfinite lengthinputsequences.

In this paper, we first examinea closevariant of the Roth-Siegel-Wolf two-

dimensionalalgorithm using their sameunderlyingbit stuffing building block. Our

encodermapsan infinite binarysequenceinto a
�����EDF�

-constrainedlabelingof B � , by

parsingtheinputusingaprefixcode.Theencoderis variable-to-variablelengthanduses

adeterministicinitial labeling,in contrastto theencodersin [16], [17], and[19]. Wegive

a rigorousderivationfor thecodingrateof our two-dimensionalalgorithm(our coding

rateis exactly thesameastheirs,asexpected).Wethenmodify thetwo-dimensionalal-

gorithmto createa three-dimensionalalgorithmbasedonbit stuffing thatmapsaninput

binarysequenceinto B � andsatisfiesthe
���b�EDF�

constraint.Finally, thetwo-dimensional

codingrateanalysisis used(in part) to rigorouslyderive the codingrateof the three-

dimensionalalgorithm.We prove thatthecodingratein threedimensionsis within ��é
of thethree-dimensionalchannelcapacity.

The paperis organizedasfollows. In Section4.2 basicdefinitionsandtermi-

nology are introduced. Two-dimensionalbit stuffing is describedin Section4.3 and
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our variable-to-variablelengthalgorithm and analysisare given in Section4.4. The

two-dimensionalcodingratederivationis givenin Theorem4.2. Three-dimensionalbit

stuffing is describedin Section4.5 andour variable-to-variablelengthalgorithmand

analysisaregiven in Section4.6. The three-dimensionalcodingrateresultis given in

Theorem4.7andits maximumvalueis givenin Theorem4.19.Varioustediouscalcula-

tionsarerelegatedto theAppendix.

4.2 Preliminaries

For any binarystring 6 let � � 6 � denoteits length, Ã 6 Ã thenumberof 1sin thestring,and6Q? the e th bit in thestring. Let B denotethe integersand B ` thepositive integers.For

any ©w�ÆB ` , let B ð bethe © -dimensionalinteger lattice. Throughoutthepaper
µ

will

denoteapositiveintegerandrandomvariableswill bedenotedwith “hat” notation.Let

p � ì � ! º ì ¯ +�´ � ì º ��� º ì � ¯ +�´ � ��� º ì �
denotethebinaryentropy function.

A sequencêt � � ^t � ��P�PQP of randomvariablestaking on valuesfrom a set | is

calledaMarkov chain, if for all ©9��B ` and �oð"��| ,

ê � ^tªðí!Ä��ð Ã ^tªð�l � !Ä��ð�l � ��P�P�P2� ^t � !F� � � ! ê � ^tªðï!:��ð Ã ^t¨ð�l � !Ä��ð�l � ��P
A Markov chainishomogeneous(or timeinvariant) if

ê � ^tªðí!F� Ã ^tªð�l � � ! ê � ^t � !F� Ã ^t � �
for all ©.� B ` and �v�Ä| . For every � � ���Ä| the conditionalprobabilities

ê � ^t � !� Ã ^t � !ë� � of a homogeneousMarkov chainarecalledthe transitionprobabilities. A

Markov chainis stationaryif
ê � ^tªð�! � � ! ê � ^t � ! � � for all ©Á�öB ` and �Æ� | .

We saythat two homogeneousMarkov chainsareidentical if bothMarkov chainstake

on valuesfrom the sameset | , andhave the sametransitionprobabilitiesandinitial
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probabilities.

For any « ¬ B ð , a function
�A� « º � ¾ �4���b¿ is a labelingof « . Let

� 
 ð �Ð � n � « �
denotethesetof all labelingsof « thatsatisfythe © -dimensional

�  �§h¨� constraint.Such

labelingsarecalledvalid. Thecapacity 	(
 ð �Ð � n of the © -dimensional
�  �Eh¨� constraint(or

of theconstrainedchannel)is

	 
 ð �Ð � n ! ¯M° )À ²�³ ¯ +b´ � Ã � 
 ð �Ð � n � @ 
 ð �À � Ã5 ð
where @ã
 ð �À ! ¾ �4������PQP�P2� 5 º �b¿ ð (therearevariousotherequivalentdefinitions).The

exactvalueof thecapacityis not known in general.If  �! h
then 	 
 ð �Ð � n ! �

, andit has

beenshown [10], [11] that if
h Õ  õ �

and ©Äõ u
then 	(
 ð �Ð � n ! �íìïî h !  tý�

.

Numericalupperandlower boundson 	 
 � ��C� ³ wereestablishedin [3], andthesebounds

werelater improvedin [23] andthenin [13]. Thebestknown boundson 	�
 � ��C� ³ agreein

thefirst 9 decimalplacesas

��P
úbû�%bû�-4����#4�&%�%�ú ¦:	(
 � ��C� ³ ¦ �4PHúbû�%�û�-4���$#��$û�#�û4P
Numericalboundson thethree-dimensionalcapacity	�

����C� ³ werecalculatedin [13] as

��P
ú�ubu�úb�4�&% � �$û���û ¦:	(
H����C� ³ ¦ �4PHú�ub#bû�û���û � %bû�u�ú�P (4.1)

The © -dimensionalcapacityassociatedwith a constraintis a theoreticalboundon the

averagenumberof informationbits that canbe storedper positionin B ð . The lower

boundin (4.1),however, wasnot derivedusingaconstructiveencodingtechnique.

A constrainedcodingalgorithmservesasa methodfor mappinganinputbinary

informationsourceinto the lattice B ð suchthat theconstraintis not violatedandsuch

that the informationsourcecanbe perfectly recoveredfrom the labelingof B ð . The

quality (or efficiency) of a codingalgorithmis generallydescribedby its codingrate.
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The codingrateof an algorithmis a measureof the averageratio betweenthe length

of the input andthe numberof points in B ð that arelabeledfor a particularinput, in

thelimit astheamountof sourceinformationgrows to infinity. Thecodingrateof any

codingalgorithmprovidesa lowerboundon thecapacityof theconstraint.

An © -dimensional
���b�EDF�

-constrainedencoderis aninjection

� 
 ð � � ¾ �����b¿ ³ º � ðñäòKó ò � 
 ð ��C� ³ � « �
and its inverseis called a decoder. The encoderôöõø÷�ù mapsan infinite binary input

sequenceinto a labelingof a subsetof úû÷ . An encoderanddecoderaretogethercalled

acodingalgorithm.

Oneway to implementanencoderis to first parsetheinfinite binarysourceand

thenindependentlymapeachresultingfinite lengthbinary string into disjoint regions

of úc÷ , suchthatno two suchregionshave neighboringpoints. Thenzeropaddingcan

beaddedbetweenregionsto assurethe üFýäþ ÿ �
constraintis not violated,providedeach

parsedstring is mappedinto a region without locally violating the ü�ýäþ ÿ �
constraint.

This is describedformally below.

Let � be a finite completeprefix code1, andfor each ����� let �	��
 ú ÷ . A� -dimensionalü�ýäþ ÿ �
-constrainedword encoderis aninjection

ô õ ÷ ù
 � ���	� ðñ�òKó�� � õø÷�ù��� � ü�� � (4.2)

that mapsthe elementsof � into labelingsof subsetsof úc÷ . Let ������� þ�ý � � be an

arbitraryinfinite binarysequencethatis parsedby theprefixcode� as �"!#� õ � ù � õ%$©ù'&(&)& ,
where �Lõ+*	ù,�-� for all . . If two pointsin úc÷ area distance1 apart,thenwe call them

1Thecode / is a prefixcodeif no codeword is a prefix of any othercodeword. Completemeansthat
in thedecodingtree,everynodeis eithera leafor hastwo children.
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neighbors. For any set �0
ëúû÷ , the closure of � is denotedby 1� , andit containsthe

pointsthat areeither in � or have at leastoneneighboringpoint in � . The elements

of �32 * �6úû÷ � .4�vú657� arecalled translationvectors if for all . , the sets 2 *98 �	:<;>=@?
aredisjoint andno points in differentsetsareneighbors. An � -dimensionalü�ýäþ ÿ �

-

constrainedcompositeencoderôöõø÷�ù (with respectto � ) is definedby:

ô õø÷�ù üA� � üCB � ! DE>F ô õ ÷ ù
 üA�Lõ@*'ù � üCBG�H2 * � for all .7! ý{þJIKþ &(&)& þ if BK�L2 *M8 � :<;>=+?� if NO. s.t. BL�K2 *O8 1�	:<;>=+?QPR�	:<;>=+? &
That is, ô õø÷�ù üA� � is a labelingof translatesof the sets � : ;%ST?�þ<� : ;>UV?�þ &)&(& composedof the

labelingsô õ ÷ ù
 üW�Lõ � ù � þ�ô õø÷�ù
 üA�Lõ%$©ù � þ &)&(& . Thelabelingof pointsin úû÷ outsideof any 2 *(8 �	:<;>=@?
by � is calledzero padding. It ispossibleto choosethewordencoderô õ ÷ ù
 andtranslation

vectors2 � þX2 $ þ &)&(& suchthatthecompositeencoderis injective(i.e. is anencoder).

Definethefollowing quantitiesfor a wordencoder:

1Y"Z ô õø÷�ù
�[ ! \�<] 
_^ üA� �a`Qb üA� �c �	� cY Z ô õø÷�ù
 [ ! \�<] 
_^ üA� �a`Qb üA� �c 1�	� c &
Theseupperandlower bound,respectively, theaverageratio betweenthe input length

and the numberof points in úû÷ that are labeledfor a particularprefix code � . The

probability ^ üC� � is takenwith respectto thedistributionof anunbiasedrandomsource.

If b üC� � is a constantfor all �d�e� , thenif
c �	� c is a constant,ô õ@$©ù
 is a fixed-to-

fixedlengthencoder, andif
c �	� c is not a constantthen ô õ@$©ù
 is a fixed-to-variablelength

encoder. Similarly, if b üC� � is not a constant,thenif
c �	� c is a constant,ô õ%$©ù
 is a variable-

to-fixedlengthencoder, andif
c �	� c is not a constantthen ô õ@$©ù
 is a variable-to-variable

lengthencoder.

If �f� * � is asequenceof prefixcodeswith increasingcardinality, thenthecoding
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rateof acompositeencoderôqõ ÷ ù (with respectto � * ) isYhg ô õ ÷ ùCi !kjmlTn*po � 1Y"Z ô õ ÷ ù
 = [ !qjmlTn*po � Y Z ô õø÷�ù
 = [
providedthatthelimits exist andareequal.It is known [18] thatthecodingrateis upper

boundedby thecapacity.

In thispaperwediscussspecificcodingalgorithmsrelatedto theconceptof “bit

stuffing” for which the following particularparameterchoicesapply: For � !rI , the

code � * is a prefix codewith at mosttwo codeword lengths;the sets �	� areparallelo-

gramswith onefixed sidelength(the othersidelengthdependson � ); the translation

vectorsaresuchthat theparallelograms�	� lie next to eachotherin parallelrows, with

zeropaddingbetweenthe rows. For � !ts , the code � * is a prefix codewith at most

two codeword lengths;thesets �	� areparallelepipedswith two fixedsidelengths(the

third sidelengthdependson � ); thetranslationvectorsaresuchthattheparallelepipeds�	� arenext to eachotherin parallelrows in three-dimensionalspace,with zeropadding

betweentherows.

For � !uI , thebit stuffing techniqueof [16] and[19] prescribeshow theword

encoderô õ ÷ ù
 operates,that is, how a word from a prefix codeis mappedto a parallelo-

gramin úv$ . Themainideais thata stringis copieddirectly into a parallelogrambit by

bit but skippingover0swhichwereaddedwhenevera1 appearedpreviously in �Lõ+*	ù . For

theencoderdefinedin Section4.4,anda givenprefix code � , thelengthof onesideof

theparallelogramsis fixedandtheothersidelengthis a functionof theparsedword �Lõ@*'ù
beingprocessed.Then,astheprefixcodegrows in size,sodoesthefixedsidelengthof

theparallelograms.
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Figure4.1: Theparallelogramwyx � z andits diagonals{ * androws |~} .
4.3 Two-dimensionalbit stuffing

A binary sequenceis calleda � -sequenceif the bits are i.i.d. and if a 1 occurswith

probability � . Throughoutthis paperlet �� bea ý3��I -sequenceand �� a � -sequence.For� þX��� ú65 , .6����� þ &)&(& þ � � , and�G�H���Kþ &(&(& þX��� let

{ * ! �LüA� 8 .Fþ�� � � �����������|�}�! �LüA� 8 �äþ�� � � �����K� � �w�x � z ! x�*p�'� { * ! z�} �'� |~} &
Theset wyx � z is a parallelogramwhosediagonalsandrowsare { * and |�} , respectively,

asshown in Figure4.1.Thesetof points { ��� | � is calledtheboundaryof wyx � z .

Onewayto mapabinarysequence� into a üFý{þ ÿ �
-constrainedlabelingof wyx � z

is the following. The bits � � þ � $ þ &(&(& are written into the diagonalsof wyx � z top to

bottom,andleft to right (i.e. along { � þ then { � þ &)&(& þ up to {yx ). To ensurethat the

resultinglabeling of wyx � z is üFýäþ ÿ �
-constrained,every time a 1 is written, extra 0s

arewritten (saidto be “stuffed”) in the positionsto the right andbelow the 1. These

positionsareskippedin the processof labelingthe next diagonal. This procedureis

continueduntil wyx � z is filled up, i.e. until everyelementof w�x � z is assigneda label.
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∆X,Y

y

x

Figure4.2: A methodof mappinganinfinite binarysourceinto úv$ satisfyingthe üFýäþ ÿ �
constraint.Thesourceis mappedinto labelingsof translatesof wyx � z separatedby rows
anddiagonalsof 0s.Theshadedareasindicatethepadding0s.

Thusafinitenumberof inputsequencebitsaremappedintoa üFý{þ ÿ �
-constrained

labelingof wyx � z . An arbitrarynumberof bits of the input canbeencodedinto wyx � z
by choosing

�
and � largeenough,or into a collectionof translatesof wyx � z by using

thesamemappingontranslatesof wyx � z with zeropaddingrowsanddiagonalsbetween

translates,asshown in Figure4.2.Notethatabit sequencemappedinto wyx � z cannever

beaproperprefixof adifferentbit sequencemappedinto wyx � z .

Thebit stuffing methodproposedby SiegelandWolf [19] is basedon theabove

encodingschemewith the following modifications.To increasethe performance,the

unbiasedsource �� is transformedinto a sequence�� , whosebits are independent,but

whose0sand1shave unequalprobabilities.The transformationincreasestheaverage

lengthof a finite input sequencefrom �� , but thetransformedbits of �� moreefficiently

fit into wyx � z if thebiasis carefullychosen,sincefewer1sin �� impliesfewerstuffed0s

in wyx � z . To make themathematicalanalysisof thealgorithmsimplerin [16] and[17],

the boundarydiagonal { � andboundaryrow | � are“initialized” with randomlabels

independentof the sequence�� . Their initialization of the boundarypointsguarantees

that for every ."�����Kþ &(&(& þ � � , the labelsof { * form a stationaryMarkov chain. The

initializationdegradestheperformanceof thealgorithm,but thedegradationis negligi-

bleas
�

and � getlarge.Roth,Siegel,andWolf [16] studiedacertaintwo-dimensional
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Table4.1: Parametersusedin Sections4.3and4.4.

Parameter Description�
Positive integerparallelogramsidelength.Goesto ÿ .� Probabilityof unstuffedbit by �ôöõ@$©ù . Functionof � .�
Initial labelingof � � .� Targetnumberof translatesof w�  �   in wyx �   .¡ Positiverealtypicalsequencetolerance.Goesto � .� Probabilityof ý in transformedsequence.Optimized.¢ Auxiliary binarystring. � -sequence.� Inputbinarystring.

bit stuffing algorithm,andcomputedthat theexpectedcodingrateis within ý¤£ of the

capacity¥ õ@$©ù��� � . Thealgorithmwaslater improvedin [17] with anencodingratewithin� & ý¤£ of thecapacity¥ õ@$©ù��� � .

A list of variablesdefinedin Sections4.3and4.4andtheparametersthey depend

onaregivenin Tables4.1and4.2asa reference.

4.3.1 A variable-to-fixed length bit stuffing encoder

Herewedefineavariable-to-fixedlengthencoderto label w�  �   andthenusetheencoder

asabuildingblockin avariable-to-variablelengthencoderto labellargerportionsof úv$ .
Thenwe take

� � ÿ .

Definethefollowing totalorderingon thepointsof ú $ :
üA� � þ�� � �§¦ üA� $ þX� $ �©¨�ª DE F � � ��� �¬« � $ �­� $ or� � ��� � !®� $ �­� $ and � �°¯ � $

for any üC� � þ�� � � þ üA� $ þ�� $ � �Aúv$ . That is üA� � þ�� � �±¦ üA� $ þX� $ � if thediagonalthat üC� � þ�� � �
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Table4.2: Variablesintroducedin Sections4.3and4.4andtheparametersthey depend
on.

Notation Parameters Description�ô õ@$©ù � þ þ � Variable-to-fixedlengthencoder. Labelsw�  �   .1ô õ@$©ù � þ � þ � þ � þ þ ¢ Fixed-to-variablelengthencoder. Labelsw�x �   .² õ+*	ù � þ � þ � þ � þ þ ¢ þ � Numberof bits 1ô õ@$©ù mapsinto w õ+*	ù  �   .³ � þ � þ � þ � þ þ ¢ Numberof bits 1ô õ@$©ù doesnotmapinto

1st � translatesof w�  �   .´ � þ � þ � þ � þ ¡ Setof stringsthat 1ôöõ%$©ù nearlymapsinto

1st � translatesof w�  �   .µ � þ � þ þ � þ ¡ þW� Setof typicalsequences.¶ � þ � þ � þ � þ ¡ þW� Completeprefixcodeof size
c µ�· ´ c

.2 � þ � þ � þ � þ ¡ þW� Bijection from
¶

to
µ-· ´

.ôqõ@$©ù � þ � þ � þ � þ ¡ þW� þ ¢ Variable-to-variablelengthencoder. Labelswyx �   .
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lies on is above andto theleft of thediagonalthat üC� $ þ�� $ � lies on, or if they lie on the

samediagonalbut with üA� � þX� � � aboveandto theright of üA� $ þX� $ � .
For any B�! üCB � þ�B $ � �¸w�  �   , let Bº¹Q!�üCB � ��ý{þ�B $ � and BQ»¼! üAB � þ�B $a8 ý � bethe

left andtop neighborsof B . Also let B¾½~!;ü � � ýäþ � �
bethe leastupperboundof the

pointsin w�  �   undertheordering
¦

. Let
� � | �(� { � �	� ���Kþ�ý � beaninitial labelingof

theboundaryof w�  �   . Thendefinea two-dimensionalvariable-to-fixedlength ü�ýäþ ÿ �
-

constrainedbit stuffing encoder �ôqõ@$©ù recursively, with inputstring � �H��� þ�ýf��¿ , by

�ô õ%$©ù ü � � üCB � ! DÀÀÀE ÀÀÀF � üAB � if BK�¸| �©� { �� if �ô õ@$©ù ü � � üABº¹ � ! ý or �ô õ%$©ù ü � � üCBQ» � ! ý�ÂÁ õ+Ã?ù otherwiseÄ üCB � ! ý 8ÆÅÅÅ �¤���Æw�  �  ÆP üW{ �7� | � � � � ¦ B þ¼�ô õ%$©ù ü � � üA��¹ �RÇ! ýäþa�ô õ%$©ù ü � � üA�¤» �RÇ! ý � ÅÅÅ &
Thenumber

Ä üAB � is onemorethanthenumberof previously nonstuffed bits in w�  �   .

Let

�Q  � È !É� � �H��� þ�ýf� ¿ � b ü � � ! Ä üCBº½ � � ý � (4.3)

bethesetof all binarystringswith length
Ä üABº½ � ��ý , i.e. suchastringperfectlyfits intow�  �   underthebit stuffing mapping �ôqõ@$©ù . Then �º  � È is aprefixcodeandthemapping

�ô õ@$©ù � �Q  � È �	� � õ@$©ù��� � üWw�  �   �
is awordencoder, asdefinedin (4.2).

To encodea given binary input sequence,the encoder �ô õ%$©ù first initializes the

boundaryof w�  �   . Thenit labelsthepointsof w�  �   in increasingorderwith respect

to theordering
¦

, suchthateverypoint of w�  �   is labeledeitherwith a bit of theinput

sequenceor with a “stuffed” 0 to ensurethat the labelingis üFýäþ ÿ �
-constrained.The
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Table4.3: The variable-to-fixed length üFýäþ ÿ �
-constrainedtwo-dimensionalbit stuff-

ing encoder �ôqõ@$©ù . The algorithmmapsa finite input string � from �º  � È into a ü�ýäþ ÿ �
-

constrainedlabelingof w�  �   .

1. Initialize the elements of { �7� | � using
�
. Let .7! ý .

2. Let üCB � þ�B $ � !#nÊlmËÌ �LüA� � þ�� $ � ��w�  �   � üA� � þ�� $ � is unlabeled � .
3. If üAB � � ýäþ�B $ � is labeled with 1 or üAB � þ�B $78 ý � is labeled with 1
4. Label üAB � þ�B $ � with 0.
5. Else
6. Label üAB � þ�B $ � with � * . Let .7!®. 8 ý .
7. If all of w�  �   is labeled then stop, else go to 2.

encoder �ôqõ@$©ù is invertible; the inversemappingscansthe diagonals{ � þ	{ $ þ &(&(& þÍ{� 
skippingover stuffed 0s to recover the input sequence.A pseudo-codedescriptionof

theencoderis givenin Table4.3.

Theencoder �ôöõ@$©ù is completelydeterminedby the integer
�

andthe initial la-

beling
�
. If

�
is a fixed constantthen �ôöõ%$©ù is a variable-to-fixed lengthencoder, as

definedin [16] and[19] (they actuallyuseda moregeneralparallelogramwyx � z instead

of w�  �   ). In Section4.4.1we definea fixed-to-variablelengthencoderby letting a

parameter
�

be a functionof the input � . The set wyx �   is decomposedinto multiple

translatesof w�  �   , which allows w�x �   to grow largeenoughto accommodatecertain

long input strings.Thenin Section4.4.2we usethefixed-to-variablelengthencoderto

definea variable-to-variablelengthencoder. Thevariable-to-variablelengthencoderis

“nearly” a fixed-to-fixedlengthencoder, whichallowsprecisemathematicalanalysisof

its codingrate.
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4.4 A two-dimensional variable-to-variable length en-

coder

Usingafinite completeprefixcodedefinedin Section4.4.2,asequence� is parsedinto

finite variablelengthstrings� õ � ù�þ � õ@$©ù©þ &(&(& . Eachstring � õ@*	ù in theprefixcodeis mapped

into a ü�ýäþ ÿ �
-constrainedlabelingof theset w x õ+Î ;Ï=@? ù �   , where

� ü � õ+*	ù � is a positive in-

tegerchosensothat themappedprefix codefits into w x õ+Î ;>=+? ù �   usingbit stuffing. The

infinite sequenceof finite lengthstrings� õ � ù©þ � õ%$©ù©þ &(&(& is mappedinto labelingsof trans-

latesof the parallelogramsw x õ+Î ;%ST? ù �   þºw x õ@Î ;ÐUV? ù �   þ &(&(& that tile a quadrantof ú $ . The

translatesareseparatedby onediagonalandonerow of zeropadding(seeFigure4.3).

The tiling canbe generalizedto all of ú $ by alternatelyplacingthe parallelogramsin

...
y

. . .
x

Ñ¼Ò_Ó+Ô¼Õ Ö@×ÐØVÙ Ú Ñ¼Ò_Ó+Ô¼Õ Ûp×ÐØVÙ Ú Ñ¼Ò_Ó+Ô¼Õ Üp×ÐØVÙ ÚÑ Ò,Ó@Ô¼Õ Ýp×>ØVÙ ÚÑ¼Ò_Ó+Ô¼Õ Þß×ÐØVÙ ÚÑ Ò_Ó+Ô¼Õ àß×>ØVÙ Ú
Figure4.3: Translatesof the parallelogramsw x õ@Î ;%ST? ù �   þ &(&(& þ	w x õ+Î ;>áâ? ù �   þ &(&(& areused
to encodethe words � õ � ù©þ &(&(& þ � õ@ã©ù�þ &)&(& , respectively. The shadedareasindicatethe
padding0s.

thefour quadrants.Henceforthweabbreviate
� ü � õ@*	ù � with

�
.
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4.4.1 An intermediate fixed-to-variable length encoder

For each .Gäå� definethe following translationsof w�  �   , its boundarydiagonal { � ,
boundaryrow | � , andanarbitrary BL� úv$ :

w õ+*	ù  �   ! w�  �   8 .1ü � 8 IKþ�� �{ õ@*	ù� ! { ��8 .0ü � 8 IKþ<� �| õ@*'ù� ! | �©8 .0ü � 8 IKþ<� �B õ@*	ù ! BG�­.1ü � 8 IKþ�� � &
Let � beapositiverealnumber. Let � � ú65 , calledthetargetnumberof translates, and

let � �æ��� þ�ý �¼çTèXé   UWê beaninputstring.For each�Gä^ý let

�Í}¬! }Jë ��*p�'� üA{ õ+*	ù� � | õ+*	ù� �
be a union of boundariesof translatesof w�  �   , and let

� � � � �	� ��� þ�ý � be an

initial labeling of � � satisfying
� üAB � !ì� for all B Ç�í� è . For each .4äî� let

� * �{ õ+*	ù� � | õ+*	ù� �	� ��� þ�ý � betherestrictionof
�

to theset { õ+*	ù� � | õ@*'ù� ; thatis
� * üCB � ! � üCB �

for all BK�¸{ õ@*	ù� � | õ+*	ù� . Let ¢ beaninfinite binarystringcalledanauxiliary sequence.

For each. , the labeling
� * inducesa prefix code �Q  � È = basedon labeling w õ+*	ù  �   ,

as in (4.3). The sequenceof prefix codes �Q  � ÈJï þ<�º  � È S þ &(&(& inducesa partition of the

concatenationof theinputandauxiliarystringsas� ¢ !#� õ@�©ù � õ � ù &(&(&
Let �Âð ! n�ñ�ò±ó � þXn�lTË¾�¤. � � is aprefixof � õ@�©ù &(&(& � õ@*	ù �'ô &
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N,N∆ DXDN+1

. . . . . .

N,N∆ +(  −1)(N+2,0)N,N∆ +(  −1)(N+2,0)

D  (N+2)−1τ

τ τa

Figure 4.4: The set wyx �   consistsof �Âð translatesof w�  �   , and a diagonalof zero
paddingaftereachtranslate.

be the numberof translatesof w�  �   usedto performthe labeling. That is, � will be

encodedinto a labelingof w õ@�©ù  �   þ &(&)& þ<w õ èâõ ë � ù  �   . Later, we will force �Âð to becloseto the

target � , with highprobability. Let� ! �öð ü � 8 I � � ýwyx �   ! ÷ èâõ ë ��*p�'� w õ@*'ù  �  �ø � ÷ èâõ�} � � {h} õ   5'$©ù ë � ø &
Theparallelogramwyx �   is decomposedinto �Âð translatesw õ@*	ù  �   , to befilled with infor-

mationbitsandstuffed0s,anddiagonals{h} õ   5'$©ù ë � , to befilled with zeropadding(see

Figure4.4).

This is formalizedby definingafixed-to-variablelengthencoder

1ô õ@$©ù � ��� þ�ýf� çmèXé   U ê �	� �ù�òMú U � õ%$©ù��� � ü�� �
by specifyingthelabeling 1ôqõ@$©ùFü � � � w�x �  ��Í� ��� þ�ýf� as:

1ô õ%$©ù ü � � üAB � ! DE F �ôöõ%$©ù�üW��õ@*	ù � üCB õ+*	ù � if BK�¸w õ+*	ù  �   for any .7!#� þ &(&(& þ �Âð � ý� if BK�¸{ } õ   5'$©ù ë � for any �y! ýäþ &(&)& þ �Âð
where �ôöõ@$©ù is the encoderdefinedin Section4.3.1. The encoder 1ôqõ@$©ù is completely

determinedby
�

, � , ¢ , � ,
�

andwill serve asthesecondstageof a variable-to-variable
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length üFýäþ�ÿ �
-constrainedbit stuffing encoderto bedefinedin Section4.4.2.Notethat� canberecoveredfrom thelabelingof w�x �   .

The processof encodingthe input string � is describedin detail below. The

pointsof � è areassignedafixedinitial labelingusing
�
. Thetranslatesw õ%�©ù  �   þ &(&(& þ<w õ è ë � ù  �  

arelabeledwith thebitsof � usingthevariable-to-fixedlengthencoder �ôqõ@$©ù andthefixed

initial labelings
� � þ &)&(& � è ë � , respectively. Theinter-translatediagonals{h} õ   5'$©ù ë � , for��! ýäþJIKþ &)&(& þ � , arefilled with 0s.

Labelingall � translatesof w�  �   usingtheencoder �ôöõ@$©ù (with the initialization� * on the . th translate)andaddingthepaddingdiagonalsaftereachtranslate,definesa

labelingof the set w è õ   5'$©ù ë ���   . Each �ôöõ%$©ù is a variable-to-fixed lengthencoder, so it

is possiblethat to encodeexactly ç � � � $ ê input bits might requireeithermoreor less

spacein ú $ thanjust theset w è õ   5'$©ù ë ���   . If � is too shortto labelall of w è õ   5'$©ù ë ���   ,

then 1ô õ%$©ù usesthe auxiliary sequence¢ as input to finish labeling w è õ   5'$©ù ë ���   , and

if � is too long to label w è õ   5'$©ù ë ���   , then 1ôöõ@$©ù continuesthe encodingprocessand

mapsthe remainingbits of � into the additionaltranslatesw õ è ù  �   þ &)&(& þ<w õ è õ ë � ù  �   , using

theauxiliarysequence¢ to finishfilling thelasttranslatew õ è õ ë � ù  �   , andusingtheall zero

initialization on theboundaryelementsof theadditionaltranslates.The inter-translate

diagonals{ õ è 5 � ù õ   5'$©ù ë � þ &)&(& þö{ è õ õ   5'$©ù ë � arefilled with padding0s.In Section4.4.3we

will choose� and � to guaranteethat � fills up w è õ   5'$©ù ë ���   almostperfectlywith high

probability, andthereforethenumberof additionaltranslateswill typically besmall.

For a given � , � ,
�

, binary input string � �e��� þ�ý � çmèXé   U ê , auxiliary binaryse-

quence¢ , andinitial labeling
�

of � � , andfor each.7!#� þ�ý{þ &(&(& þ � � ý let² õ@*	ù ! numberof bitsof � ¢ that 1ô õ@$©ù mapsinto w õ@*	ù  �  ³ ü � � ! û � � � $�ü � è ë �\ *p�'� ² õ+*	ù &
If positive, ³ ü � � is thenumberof bitsof � thatdonotgetmappedinto w è õ   5'$©ù ë ���   , and
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otherwise³ ü � � is minusthenumberof bits of ¢ thatgetmappedinto w è õ   5'$©ù ë ���   . For

any ¡ þ � ¯ � and
� � � � �	� ��� þ�ý � , let´ !þý � �H��� þ�ý �¼ç èXé   U ê � ³ ü � � « �Q¡fÿ & (4.4)

Theset
´

representsthestringsthat “fit well” into w è õ   5'$©ù ë ���   , i.e. for every � � ´
thefractionof bitsof � thatarenotmappedinto w è õ   5'$©ù ë ���   is smallerthanabout �é   U .
Note thateventhough

´
is a functionof theencoder 1ô õ@$©ù by way of ³ ü � � , ´ is in fact

independentof theauxiliary sequence¢ , since � � ´
whenever ³ ü � � « � . Theset

´
is

determinedby
� þ � þ � þ � þ ¡ .

4.4.2 Restriction to typical sequences

For any ¡ ¯ � , the typical set
µ

of blocklength ç � � � $ ê with respectto � is definedas

[4, p. 51]:µ ! ý � �æ��� þ�ý �¼ç è é   U ê �I ë ç èXé   U ê õ � õ � ùß5 � ù ��� � ��� üFý°��� � ç èXé   U ê ë � ��� �®I ë ç èXé   U ê õ � õ � ù ë � ù ÿ &
Theterm � � ��� üFý§� � � ç èXé   U ê ë � ��� is theprobabilityof a length ç � � � $ ê � -sequence�� being

equalto � . Theset
µ

is determinedby
� þ � þ � þ ¡ þ¤� , andanelementof

µ
is calledan¡ -typical sequence.

Let
¶

be a completeprefix codeof cardinality
c µ-· ´ c

, whosecodewordsare

oneof two possiblelengths2, andlet

2 � ¶ �	� µ®· ´
2For any ���
	 thereexistsacompleteprefixcodewith � codewords,all of length �
����������� or �
��������������

.
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beany bijection.Both 2 and
¶

aredeterminedby theparameters
� þ � þ � þ � þ ¡ þJ� .

Thecode
¶

parsesaninfinite inputsequenceand 2 mapsafinite parsedstringto

an ¡ -typical (with respectto � ) sequence� thatis likely to fit into thefirst � translatesofw�  �   . Since
¶

is a completeprefix code,a binarysequence� canuniquelybeparsed

into strings � õ � ù�þ � õ@$©ù©þ &(&(& � ¶
. A variable-to-variablelength ü�ýäþ ÿ �

-constrainedbit

stuffingencoderôqõ@$©ù is definedasthecomposition

ô õ@$©ù ! 1ô õ%$©ù�� 2 &
Theencoderôöõ%$©ù is completelydeterminedby theparameters

� þ � þ � þ � þ ¡ þ ¢ þJ� .

That is, eachstring � õ+*	ù_� ¶
of the parsedsequence� is transformedinto the

typical, well-fitting string � õ+*	ù�� µþ· ´
by the bijection 2 , and then � õ+*	ù is mapped

into a ü�ýäþ ÿ �
-constrainedlabelingof wyx �   usingtheencoder 1ôqõ@$©ù . Thetransformation2 approximatestransformingan infinite ý¤� I -sequenceinto a � -sequencewith anarith-

meticdecoder. Thevariable-to-variablelengthtwo-dimensionalüFýäþ�ÿ �
-constrainedbit

stuffing algorithm consistsof the mapping ô õ@$©ù and its inverse. The mapping ô õ@$©ù is

referredto asthealgorithm’sencoder, andtheinverseis calledthealgorithm’s decoder

(seeFigure4.5).

labeling of � 2

. . .

. . .
1
�

. . .

. . . . . .
12

2
�

1
�

� �
2

�
1
�

2
�

�� τ γ

τ γ

2      N

2      N

2

2 . . .

� Ó�!�Ø
"$#&% ' � Ó�! Ø)( #&%
"

Figure4.5: A two-dimensionalüFýäþ ÿ �
-constrainedbit stuffing algorithm.Theinputbits� � þ � $ þ &(&(& aremappedinto thesequence� � þ � $ þ &(&(& , which is encodedinto a labelingofúv$ by 1ôqõ@$©ù .

Note that it is guaranteedby theencoderôqõ@$©ù that the lastdiagonalof wyx �   is
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Figure4.6: ThehomogeneousMarkov chains �, õ � ù and �, õ@$©ù generatingthelabelsof: (a)
aboundarydiagonal;and(b) aboundaryrow.

filled with 0s.An additionalrow |   5 � of padding0sis addedto wyx �   to ensurethata

tiling by theparallelogramsdefinesavalid labelingof ú $ .
4.4.3 Coding rate analysis

Considerthe encoder �ô õ%$©ù with the boundaryelements{ � and | � assignedrandom

initial labelsindependentlyof the � -sequence�� by thestationaryhomogeneousMarkov

chains �, õ � ù and �, õ@$©ù , respectively (seeFigures4.6aand4.6b).

The transitionprobabilities - � þ.- $ þ/-.0 areconstrainedsuchthat the stationary

distribution of the Markov chains �, õ � ù and �, õ@$©ù arethe same;thusthe labelingof { �
fixesthelabelof theorigin, which is usedto initiate thelabelingof | � . It follows from

theresultsin [16] and[17] thatfor any � theparameters- � þ�- $ þ�-.0 canbechosento guar-

anteethat the labelsof eachdiagonal{ * ( ýÊ� . � �
) form a stationaryhomogeneous

Markov chainidenticalto theMarkov chain �, õ � ù labeling { � (seeTheorem4.4). If - � þ- $ þ1-.0 arechosensuchthat the labelsof the { * ’s form identicalMarkov chains,then

theinitialization is calleda standard initialization correspondingto � andtheresulting

labelingof w�  �   is astandard labelingcorrespondingto � .

Let � ! ^ Z üA� þ�� 8 ý � and üA��� ýäþ�� � bothlabeledwith 0 by �ôöõ%$©ù [ &



64

For a standardinitialization �� , theprobability � dependsonly on theprobability � (i.e.

it is independentof
�

) andis theprobabilitythatany positionin w�  �   is unstuffed by�ôöõ%$©ù .
Henceforthwe assumethattheauxiliary sequence�¢ is a � -sequence.An initial

labeling
�

of � � usedby ôöõ%$©ù is implied in thefollowing lemma.

Lemma 4.1. For the � -sequence�� ����� þ�ý � çmèXé   UWê , and any
� ��úv5 , and ¡ þ � ¯ � ,

there exists � � ��úv5 such that for every � ä � � there is an initial labeling
� � � � �	���� þ�ýf� such that

^ ü)�� � ´ � ¯ ý � ¡ & (4.5)

Proof. Supposethat for some� � ú65 the � -sequence�� is encodedinto wyx �   by 1ôöõ%$©ù ,
with arandominitial labeling �� of � � thatassignslabelsusingtheMarkov chain �, õ � ù for

thetranslates{ õ@*	ù� üA�Ê��. « � � , theMarkov chain �, õ@$©ù for thetranslates| õ@*	ù� üW����. « � � ,
andinitializes { õ+*	ù� and | õ@*	ù� with 0s for .hä � . By usinga randomauxiliary sequence�¢ , we will demonstratethatthereis at leastoneinitial labeling

� � � � �	� ��� þ�ýf� such

thatfor any auxiliarysequence¢ , (4.5)holds.

Sinceeach w õ+*	ù  �   is initialized by �� * , the labelingof each w õ@*'ù  �   is a standard

labeling,andthusby thedefinitionof � , wehave

243 �² õ@*	ù65 ! � � $
for every . ����� þ�ýäþ &(&(& þ � � ýf� . For any two distinct .§�����Kþ�ýäþ &(&)& þ � � ý � , therandom

variables �² õ+*	ù areindependentandhave finite variances(independentof � ). Therefore

theweaklaw of largenumbersimpliesthatfor every ¡ ¯ � ,
jTlmnè o � ^ ÷ ÅÅÅÅÅ ý� è ë �\ * �'� �² õ+*	ù � � � $ ÅÅÅÅÅ « ¡ ø ! ý & (4.6)
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Therandomvariables �² õ@*	ù in (4.6)arefunctionsof therandominput � -sequence�� , the

randomauxiliarysequence�¢ , andtherandominitialization �� of � è . Then(4.6)andthe

inequalities

^ ÷ ÅÅÅÅÅ ý� è ë �\ * �'� �² õ@*'ù � � � $ ÅÅÅÅÅ « ¡ ø � ^ ÷ � � � $ � è ë �\ *p�'� �² õ+*	ù « �'¡ ø� ^ ÷,û � � � $ ü � è ë �\ *p�'� �² õ+*	ù « �'¡ ø! ^ ü ³ ü(�� � « �'¡ �
imply that

jTlmnè o � ^ ü ³ ü3�� � « �Q¡ � ! ý & (4.7)

It followsfrom (4.7)thatthereexistsa � � suchthatfor all � ä � � ,
^ ü ³ ü(�� � « �Q¡ � ¯ ý°� ¡ &

Thustheremustexist at leastoneinitial labeling
�

(dependingon � ) suchthat

^ gW³ ü3�� � « �Q¡ ÅÅ � i ¯ ý°� ¡ (4.8)

wherethe conditioningin (4.8) is on the event that the randomlabeling �� equalsthe

fixedlabeling
�
.

Equivalently, for every � ä � � ,
^ ü(�� � ´ � ¯ ý°� ¡ &

7
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A number Y õ@$©ù is said to be an achievable coding rate of a two-dimensionalüFý{þ ÿ �
-constrainedbit stuffing algorithm ôöõ%$©ù ifY õ%$©ù !#jTlmn� o°� jTlmn  o � Y g ô õ%$©ù i &

Theorem 4.2. Thetwo-dimensionalbit stuffingalgorithmachievesa codingrateofY õ@$©ù ! ��8 üp� � &
Proof. For

� � úv5 and ¡ ¯ � , let � � bedefinedasin Lemma4.1. It is known [4, pp. 51-

52] that � ä � � canbechosenlargeenoughsuchthat the � -sequence�� ����� þ�ý � ç èXé   U ê
satisfies

^ ü)�� � µ � ¯ ý°� ¡ &
Therefore,usingLemma4.1,

ý¬� I ¡ « ^ ü)�� � µ-· ´ �� \� ]:9<;>= I ë çTèXé   U ê õ � õ � ù ë � ù! c µ®· ´ c�` I ë ç è é   UWê õ � õ � ù ë � ù
which implies c µ-· ´ c ä üFý°� I ¡ �9` I ç èXé   U ê õ � õ � ù ë � ù & (4.9)
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Similarly,

ý ä ^ ü)�� � µ®· ´ �ä \� ]?9�;@= I ë ç èXé   U ê õ � õ � ùß5 � ù! c µ-· ´ c¤` I ç èXé   U ê õ � õ � ùß5 � ù
which implies c µ-· ´ c �#I çmèXé   U ê õ � õ � ùT5 � ù & (4.10)

Any string ��� ¶
haslengtheither ç jBADC $ c µ®· ´ c ê or ç j�ADC $ c µ®· ´ c ê 8 ý . Notethat wyx �  

togetherwith onerow of zeropaddingoccupiesü � 8 ý � ü � 8 I � pointsin ú $ . Therefore

(4.9),thedefinitionof theset
´

, and E : ]�F ^ üA� � ! ý imply thatthecodingrateis lower

boundedas Y,g ô õ@$©ùâi ! \ : ]�F ^ üA� � b üW� �ü � 8 ý � ü � 8 I �ä ç j�ADC $ c µ-· ´ c ê� ü � 8 I � $ 84G 0 è �  U>H ü � 8 I � $ \ : ]�F ^ üA� �ä j�ADC $ üFý°�dI ¡ � 8 ç � � � $ ê ü 8 üß� � � ¡ � � ý� ü � 8 I � $ 84G 0 è �  U�H ü � 8 I � $ & (4.11)

Theterm G 0 è �  U?H in thedenominatoris anupperboundonthenumberof additionaltrans-

latesof w�  �   neededafter thefirst � translates,sinceevery input bit is mappedinto at

most threebits by 1ôöõ%$©ù , andeachtranslatecanbe labeledby at most
� $ bits. Using

(4.10)andthefactthat
� ä � ü � 8 I � � ý for any inputword �G� ¶

, thecodingrateis



68

upperboundedas Yhg ô õ%$©ùCi ! 2JI b üA� �ü � 8 ý � ü � 8 I ��K� L j�AMC $ c µ®· ´ c N� ü � 8 I � $� � � � $ ü 8 üß� � 8 ¡ � 8 ý� ü � 8 I � $ & (4.12)

Takinglimits as
� � ÿ and ¡ � � , thetheoremfollowsfrom (4.11)and(4.12).

7
For the parameters

�
, � , ¡ , the valueof � neededto make Yhg ôöõ@$©ù i ascloseto��8 üß� � asdesiredis implied in Lemma4.1andTheorem4.2. For afixedvalueof � , the

existenceof theinitial labeling
�

usedby theencoderôöõ@$©ù is givenin Lemma4.1. The

parameter� is a functionof � (see(4.20)).

Note that if � is closeto � , thenthe � -sequence�� containsfewer 1s,andfewer

stuffed 0sareforcedinto the labelingof wyx �   makingtheencodermoreefficient (i.e.

increasing� ). This in turn makes
�

smaller. However, small valuesof � have the

disadvantageof decreasing8 üp� � . Thusto maximizethecodingrate Y õ@$©ù¼! ��8 üß� � , there

is a tradeoff betweenincreasinganddecreasing� in therange OÐ�Kþ �$?P . (ThemaximumofY õ%$©ù is attainedfor � in therange OÐ� þ �$ P , sinceboth � and 8 üß� � decreaseas � goesaboveý¤��I .)
4.4.4 Coding rate maximization

Many of theresultsin thispaperarebasedon thefollowing propertyof Markov chains,

whoseproof is includedherefor completeness.

Lemma 4.3. Let �B � þÍ�B � þ &)&(& bea Markov chainthat takesonvaluesfroma set
µ

. Let �B¾¿
bea randomvariablethat takesonvaluesfromtheset

µ ¿ , andfor some� � ú65 , let �B¾¿
beconditionallyindependentof �B ÷ if �B ÷ ë � þ &(&(& þ��B � are given. Then �B	¿ is conditionally
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independentof �B ÷ if �B ÷ ë � is given.

Proof. Let QM¿ � µ ¿ .
^ ü��B ¿ !RQ ¿ c �B ÷ þO�B ÷ ë � �! \ð ïX�TSTSTSV� ð ��U U ]?9 ^ ü��B ¿ !VQ ¿ c �B ÷ þO�B ÷ ë � þO�B ÷ ë $ !RQ ÷ ë $ þ &(&(& þ �B � !RQ � �` ^ ü��B ÷ ë $ !VQ ÷ ë $ þ &)&(& þO�B � !RQ � c �B ÷ þO�B ÷ ë � �

wherethesummationis takenover all valuesQ � þ &(&)& þWQ ÷ ë $ suchthat theeventwe con-

dition onhaspositiveprobability. By theassumptionof thelemma,

^ ü��B ¿ !XQ ¿ c �B ÷ þO�B ÷ ë � þM�B ÷ ë $ !XQ ÷ ë $ þ &(&(& þO�B � !VQ � �! ^ ü��B ¿ !VQ ¿ c �B ÷ ë � þO�B ÷ ë $ !RQ ÷ ë $ þ &(&(& þ �B � !RQ � � &
Furthermore,sincethereversesequenceó �B * ô �* � ÷ is aMarkov chain,it followsthat

^ ü¤�B ÷ ë $ !VQ ÷ ë $ þ &(&(& þO�B � !RQ � c �B ÷ þM�B ÷ ë � � ! ^ ü��B ÷ ë $ !RQ ÷ ë $ þ &(&(& þO�B � !VQ � c �B ÷ ë � � &
Hence,

^ ü��B ¿ !RQ ¿ c �B ÷ þO�B ÷ ë � �! \ð ïX�TSTSTSV� ð �YU U ]:9 ^ ü¤�B ¿ !XQ ¿ c �B ÷ ë � þO�B ÷ ë $ !RQ ÷ ë $ þ &(&(& þM�B � !VQ � �` ^ ü��B ÷ ë $ !VQ ÷ ë $ þ &(&(& þO�B � !RQ � c �B ÷ ë � �! ^ ü��B ¿ !RQ ¿ c �B ÷ ë � � &
7
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Let the � -sequence�� beencodedinto a labelingof w�  �   usingtheencoder �ôöõ%$©ù
with a randominitial labeling �� assignedto the boundaryelements{ �R� | � as de-

finedin Section4.4.3.Let �Z üC� � denotetherandomlabelassignedto thepoint �K� úv$ .
To simplify the notation,we will use �Z üC� � þ &)&(& þ��ö} � to denotethe joint randomvari-

ables ü �Z üC� � � þ &(&(& þ �Z üA�ö} � � for any integer � andfor � � þ &(&(& þ��ö}�� w�  �   . Necessaryand

sufficient conditionsfor the labelson eachdiagonal { � þ &(&(& þ¼{yx to form a Markov

chainidenticalto thelabelsof { � aregivenin Theorem4.4below. In thetheorem,the

randominitial labelingassignedto the boundaryelements{ �¬� | � is that definedin

Section4.4.3,andtheparameters� and � aregivenin Figure4.1.

Theorem 4.4. Let the � -sequence�� beencodedinto a labelingof w�  �   usingthe en-

coder �ô õ@$©ù with therandominitial labelingassignedto theboundaryelements{ �a� | � .
Thefollowingstatementsareequivalent.

1. Thelabelsassignedto theelementsof { * , for .�� ��ýäþ &)&(& þ � � , form a stationary

homogeneousMarkov chainidenticalto thelabelsof { � (i.e. thelabelingof w�  �  
is a standard labeling).

2. Thelabelsassignedto theelementsof |~} , for � �d��ý{þ &(&(& þ � � , form a stationary

homogeneousMarkov chain identicalto thelabelsof | � .
3. Thetransitionprobabilitiesof theMarkov chains �, õ � ù and �, õ@$©ù satisfy

- � ! $� 5 � 5�[ õ � 5 0 � ù õ � ë � ù þ\- $ ! $ �� 5 � 5�[ õ � 5 0 � ù õ � ë � ù þ\-.0¬! $1õ � ë � ù� ë � 5�[ õ � 5 0 � ù õ � ë � ù &
4. Thejoint distribution of therandomvariables �Z ü1üC� þ�� � � , �Z ü1üC� 8 ýäþX� � � , �Z ü1üC�4�ýäþX�"� ý � � , �Z ü1üC� þ��y� ý � � , for � þ�� �H��� þ &(&(& þ � � ý � is independentof thechoice

of � and � .
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Figure4.7: Thediagonals{ * and { * 5 � of w�  �   .

Proof. Theequivalenceof Conditions1, 2, and3 follows from theresultsin [16]3 and

[17]. We show thatConditions1, 2, and3 aretogetherequivalentto Condition4. For a

fixed .6�H��� þ &(&)& þ � ��ý � , considerthepoints Qf}~!�üA. 8 �äþ�� � and ]�}°!�üA. 8 � 8 ýäþ�� � , for�G��� � �
, of thediagonals{ * and { *p5 � (seeFigure4.7). Let � � þ � $ þ �@0 þ �>^ bea valid

labelingof thepoints Q`_öë � þ@]Y_öë � þ@Q`_{þ@]�_ for � «ba � �
. Then

^ g �Z ü$Q`_öë � þW]Y_öë � þWQ`_{þc]�_ � !�üA� � þ�� $ þ��@0�þ��>^ � i! ^ g �Z ü$Q`_ � !#�@0 i ` ^ g �Z ü$Q`_öë � þc]�_ � ! üA� � þ��>^ � ÅÅ �Z üdQ`_ � !#�@0 i` ^ g �Z ü$]Y_öë � � !-� $ ÅÅ �Z üdQ`_öë � þWQ`_HþW]Y_ � ! üC� � þ��@0�þ��>^ � i! ^ g �Z ü$Q`_ � !#�@0 i ` ^ g �Z ü$Q`_öë � þc]�_ � ! üA� � þ��>^ � ÅÅ �Z üdQ`_ � !#�@0 i` ^ g �Z ü$]Y_öë � � !-� $ ÅÅ �Z üdQ`_öë � þWQ`_ � ! üA� � þ��@0 � i (4.13)! ^ g �Z ü$Q`_ � !#�@0 i ` ^ g �Z ü$Q`_öë � � !-� � ÅÅ �Z üdQe_ � !#�@0 i ` ^ g �Z üd]Y_ � !®�>^ ÅÅ �Z ü$Q`_ � !®�f0 i` ^ g �Z ü$]Y_öë � � !-� $ ÅÅ �Z üdQ`_öë � þWQ`_ � ! üA� � þ��@0 � i (4.14)

where(4.13)follows from thedefinitionof thebit stuffing encoder;and(4.14)follows

from Lemma4.3with �BM}~! �Z ü$Q�} � and �B¾¿§! �Z üd]Y_ � , sincethelabels ó �Z ü$Q�} � ô �} �   form a

Markov chain,and �Z ü$]Y_ � is independentof �Z ü$Q`_öë � � if �Z ü$Q`_ � þ �Z ü$Q`_ 5 � � þ &(&(& þ �Z üdQ � � are

3Equation(24) in [16] is incorrect.It shouldreadgihkjml�nMoqpdr6n�s jml�nMoqpdrutvnfl�j�wxnMp$r)jml�nMoqpdr� j�wxnMp$r)jml�nMoqpdr .
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given. Conditions1 and2 imply that thefirst threetermsof (4.14)areindependentof

thediagonal. andtheposition a , andthe last termof (4.14)is independentof . and a
by thedefinitionof thebit stuffing encoder. Hence,Conditions1 and2 togetherimply

Condition4.

To prove the converse,first note that { � · | � ! �LüA� þ<� � � , and thereforethe

Markov chains �, õ � ù and �, õ%$©ù musthave thesamestationaryprobabilities.Let y denote

thestationaryprobabilityof thestate0. Then,

y ! yz- � 8 üFý°�{y � üFý°�|- $ � (4.15)

y ! yz-.0 8 üFý°�{y � & (4.16)

Furthermore, by Condition 4 we have ^ g �Z ü1üW�Kþ<� �X� ! �Z ü1ü��!ýäþ)�!ý � � ! � i! ^ g �Z ü1üFý{þ<� �X� ! �Z ü1üA� þ(�&ý �X� !®� i which implies

y&- � ! ^ Z �Z ü1üA� þ<� � � !e� þ �Z üFü �&ýäþ(�&ý �X� !#�Kþ �Z ü1üFý{þ<� �X� !#� þ �Z ü1üA� þ(�&ý �X� !®� [8 ^ Z �Z ü1üA� þ<� � � !e� þ �Z ü1ü��!ý{þ(�!ý �X� ! ýäþ �Z üFüFýäþ�� �X� !®� þ �Z ü1üW�Kþ(�!ý �X� !#� [8 ^ Z �Z ü1üA� þ<� � � ! ýäþ �Z ü1ü��!ý{þ(�!ý �X� !e� þ �Z üFüFýäþ�� �X� !®� þ �Z ü1üW�Kþ(�!ý �X� !#� [8 ^ Z �Z ü1üA� þ<� � � ! ýäþ �Z ü1ü��!ý{þ(�!ý �X� ! ýäþ �Z üFüFýäþ�� �X� !®� þ �Z ü1üW�Kþ(�!ý �X� !#� [! y&- � -.0 ü�ý°��� � 8 yz-.0 üFý°�|- � � 8 ü�ý°�{y � üFý°�}- $ � 8 - $ ü�ý°�{y �! y&-.0�ü~- � üFý°��� � 8 ý ��- � � 8 ý°��y (4.17)
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and ^ g �Z ü1üW�Kþ<� �X� ! �Z ü1ü�ýäþ<� � � ! � i ! ^ g �Z ü1ü �&ýäþ(�&ý � � ! �Z ü1üA� þ(�&ý �X� ! � i which

implies

y&-.0ì! ^ Z �Z ü1üA� þ<� � � !e� þ �Z üFüFýäþ<� �X� !#�Kþ �Z ü1ü �&ýäþ(�&ý � � !#� þ �Z ü1üA� þ(�&ý �X� !®� [8 ^ Z �Z ü1üA� þ<� � � !e� þ �Z ü1ü�ýäþ<� � � ! ýäþ �Z üFü �&ýäþ(�&ý �X� !®� þ �Z ü1üW�Kþ(�!ý �X� !#� [8 ^ Z �Z ü1üA� þ<� � � ! ýäþ �Z ü1ü�ýäþ<� � � !#� þ �Z üFü �&ýäþ(�&ý �X� !®� þ �Z ü1üW�Kþ(�!ý �X� !#� [! y&- � -.0 ü�ý°��� � 8 yz- � üFý°��� � üFý°�}-.0 � 8 ü�ý°��y � ü�ý¬�|- $ �! y&- � ü�ý �L� � 8 ü�ý ��y � ü�ý¬�|- $ � & (4.18)

Thesolutionof (4.15)-(4.18)for - � , - $ , -.0 in termsof � givesthe formulasin Condi-

tion 3.
7

Remark 4.5. Equations(4.15)-(4.18)imply that

yÆ! ýI ÷ ý 8 ü�ý°��� �� üFý 8 sÂ� � ü�ý ��� � ø (4.19)

where yt! ^ g �Z ü1üW�Kþ<� �X� ! � i . The conditionsof Theorem 4.4 imply that for a bit

stuffing encoder �ôöõ@$©ù with standard initialization, the probability that the label of any

point üA� þX� � �¸w�  �   is 0 equalsy (independentof � and � ).

UsingTheorems4.2,4.4,Remark4.5,andthefactthat� !�y&- � (4.20)

theachievablecodingrate Y õ@$©ù canbewrittenasa functionof � asY õ@$©ù ! � ` 8 üß� � !�y&- � ` 8 üp� � (4.21)
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sincey and - � areimplicit functionsof � . Thelargestcodingrateis foundby maximiz-

ing (4.21)overtheparameter� . In [16] thismaximizationwascomputedapproximately

as

n�ñ�ò� ]M� � � SU�� Y õ%$©ù !®� &��M� s�� �f� IKý &
andoccurredat � ! � & s �D�M� . The performanceof the bit stuffing algorithmwaslater

improvedin [17]. Theauthorsimplicitly split a sourceinto two subsourcesandapply

differenttransformersto eachsubsourceto createtwo differentbiasedsourcesfor stuff-

ing. Theauthorsobtainedtheapproximateexpectedcodingrateof their encoderôqõ@$©ù6�
as Y_g ô õ%$©ù)� i !e� &��M��� I �D�M&
In thepresentpaperwe generalizeour previously describedtwo-dimensionalvariable-

to-variablelength üFýäþ ÿ �
-constrainedbit stuffing encoderô õ@$©ù to threedimensions.We

show (in Theorem4.19)thatthethree-dimensionalalgorithmachievestheapproximate

codingrateof Y õ 0 ù !#� &�� ��I ��� �M&
4.5 Thr ee-dimensionalbit stuffing

In thissectionwedescribeageneralizationof thetwo-dimensionalbit stuffingalgorithm

to threedimensions.Often, identicalnotationto that usedin earliersectionsfor two-

dimensionalbit stuffing will beredefinedfor threedimensionsin ananalogousway.
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For
� þ��qþY� � ú65 and .6����� þ &(&(& þY� � , definetheset

� õ@*'ù !#wyx � z � �©8 üW�Kþ�.1þ�. � þ
a translateof theparallelogramwyx � z � � !ewyx � z , definedin Section4.3.Let

wyx � z � � ! ��*p�'� � õ+*	ù
asshownin Figure4.8.Theset

� õ@*	ù is calledthe . th layerof wyx � z � � . For �G�H���Kþ &(&(& þ � �
and �å�H��� þ &(&)& þ���� let

{ õ@�©ù} ! �LüA� 8 �äþ��¤þ<� � � �����������| õ@�©ù� ! �LüA� 8 �íþW�íþ�� � � ���®�L� � �
be the samesubsetsof

� õ@�©ùy!rwyx � z � � as in Section4.3. For .�����ý{þ &(&(& þ�� � , define

similarsubsetsoneachlayer
� õ@*'ù , namely

{ õ@*'ù} ! { õ@�©ù} 8 üA� þ�.1þX. � !��LüC� 8 �äþX� 8 .Fþ�. � � �����������| õ@*'ù� ! | õ%�©ù� 8 üW� þX.1þ�. � ! �LüA� 8 �íþW� 8 .Fþ�. � � ���-�K� � �
for ������� þ &(&(& þ � � and � ����� þ &)&(& þ��Ê� (seeFigure4.8). The points in

� õ@�©ù , { õ@*	ù� ,| õ+*	ù� , for .K� ��ý{þ &(&(& þ�� � , arecalled the boundaryof wyx � z � � . That is, the boundary

pointsconsistof theentirefirst layer
� õ@�©ù andthefirst diagonalandfirst row on every

otherlayer. Thenon-boundarypointsof wyx � z � � arethe internalpoints.

Notation: Everypointof wyx � z � � canbedeterminedby thelayer, thediagonalon

a givenlayer, andtherelative positionwithin thediagonalwherethepoint lies. There-

fore, to simplify thenotation,theelementsof wyx � z � � will beaddressedby a three-tuple



76

L
(0) ∆X,Y,0

=

(1)
L = ∆X,Y,0

+ (0,1,1)

+ (0,2,2)= ∆X,Y,0
(2)

L
z = 2

..

.

(Z)
L + (0,Z,Z)= ∆X,Y,0

x

y

x
(1)
0D

x

0D
(2) (2)

jD

Y

Y

Y

(2)
jD0D

(2)

(1)
0D

�$�$��$�$��$�$��$�$��$�$��$�$��$�$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$��$� $  $  $ 
¡$¡¡$¡¢$¢¢$¢ £ £ ££ £ £¤ ¤ ¤¤ ¤ ¤¥ ¥ ¥ ¥¥ ¥ ¥ ¥¦ ¦ ¦ ¦¦ ¦ ¦ ¦ § § §§ § §¨ ¨ ¨¨ ¨ ¨© © © ©© © © ©ª ª ªª ª ª « « «« « «¬ ¬ ¬¬ ¬ ¬ ­ ­ ­­ ­ ­® ® ®® ® ® ¯ ¯ ¯¯ ¯ ¯° ° °° ° °± ± ± ±± ± ± ±² ² ²² ² ²³ ³ ³ ³³ ³ ³ ³´ ´ ´´ ´ ´ µ µ µµ µ µ¶ ¶ ¶¶ ¶ ¶· · · ·· · · ·¸ ¸ ¸¸ ¸ ¸¹ ¹ ¹ ¹¹ ¹ ¹ ¹º º ºº º º » » »» » »¼ ¼ ¼¼ ¼ ¼

½$½½$½½$½¾$¾¾$¾¾$¾¿$¿$¿¿$¿$¿¿$¿$¿À$À$ÀÀ$À$ÀÀ$À$ÀÁ$ÁÁ$ÁÁ$ÁÂ$ÂÂ$ÂÂ$ÂÃ$ÃÃ$ÃÃ$ÃÃ$ÃÄ$ÄÄ$ÄÄ$ÄÄ$ÄÅ$ÅÅ$ÅÅ$ÅÆ$ÆÆ$ÆÆ$ÆÇ$ÇÇ$ÇÇ$ÇÇ$ÇÈ$ÈÈ$ÈÈ$ÈÈ$ÈÉ$ÉÉ$ÉÉ$ÉÊ$ÊÊ$ÊÊ$ÊË$ËË$ËË$ËÌ$ÌÌ$ÌÌ$ÌÍ$ÍÍ$ÍÍ$ÍÍ$ÍÎ$ÎÎ$ÎÎ$ÎÎ$Î Ï$ÏÏ$ÏÏ$Ï
Ð$ÐÐ$ÐÐ$ÐÑ$Ñ$ÑÑ$Ñ$ÑÑ$Ñ$ÑÒ$Ò$ÒÒ$Ò$ÒÒ$Ò$Ò Ó$ÓÓ$ÓÓ$ÓÔ$ÔÔ$ÔÔ$ÔÕ$Õ$ÕÕ$Õ$ÕÕ$Õ$ÕÖ$ÖÖ$ÖÖ$Ö ×$××$××$×Ø$ØØ$ØØ$Ø Ù$ÙÙ$ÙÙ$ÙÚ$ÚÚ$ÚÚ$ÚÛ$Û$ÛÛ$Û$ÛÛ$Û$ÛÜ$ÜÜ$ÜÜ$Ü Ý$ÝÝ$ÝÝ$ÝÞ$ÞÞ$ÞÞ$Þß$ß$ßß$ß$ßß$ß$ßà$àà$àà$àá$á$áá$á$áá$á$áâ$ââ$ââ$â ã$ãã$ãã$ãä$ää$ää$äå$å$åå$å$åå$å$åæ$ææ$ææ$æç$ç$çç$ç$çç$ç$çè$èè$èè$è é$éé$éé$éê$êê$êê$ê ë ë ë ë

ì ì ì ìí í í íî î î îï ï ï ïð ð ð ðñ ñ ñ ñ ñò ò ò ò ó ó ó óô ô ô ôõ õ õ õö ö ö ö÷ ÷ ÷ ÷ ÷ø ø ø øù ù ù ù ùú ú ú ú úû û û û ûü ü ü ü üý ý ý ý ýþ þ þ þÿ ÿ ÿ ÿ� � � �� � � �� � � ��������������������������������������������	�		�	
�
�

�
�
�������������������������
�
�

�
�
����������������������������������������������������������������������������������������������� �������� � � � � �� � � � � ��������������������������������������������������������������������������������         ! ! ! !! ! ! !

z = 0

z = 1

X

y

y

(1)
0R

(2)
0R

x

z
y

(1)
0R

(2)
0RX

X

Figure4.8: Layersof wyx � z � � areshown on the left handside. Therelative positionof
layers

� õ � ù and
� õ%$©ù is illustratedon theright handside.Thediagonals{ õ � ù� , { õ%$©ù� , { õ%$©ù}

andtherows | õ � ù� , | õ%$©ù� areshaded.
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Figure4.9: ThecoordinatesO>.Fþ��äþ a P denotethepoint on the . th layer, � th diagonal,a th
position.In theCartesiancoordinatesystemthispoint is O>.Fþ��äþ a P ! ü � 8 � � a þ�� 8 .	�a þ�. � .
OÏ.1þ��äþ a P , where. �æ��� þ &(&(& þY� � determinesthelayer

� õ@*'ù , �G�H��� þ &)&(& þ � � determinesthe

diagonal{ õ+*	ù} onlayer
� õ+*	ù , and a �H��� þ &(&(& þ��Ê� is thepositionwithin thediagonal{ õ@*	ù} .

Thepoint OÏ.1þ��äþ a P hascoordinatesü � 8 �"� a þ�� 8 .a� a þX. � in theCartesiancoordinate

system(seeFigure4.9).

An efficientthree-dimensionalcodingalgorithmwouldbeto transformtheunbi-

asedinput sequenceinto a biasedsequence,andusea three-dimensionalgeneralization

of thebit stuffing encoderto mapthebiasedsequenceinto a üFýäþ ÿ �
-constrainedlabeling

of ú 0 . To performa rigorousanalysisof thecodingrate,we introducea closevariant

of this implementation.Wepresenta three-dimensionalbit stuffing algorithmsimilar to

thetwo-dimensionalonedefinedin Section4.4.

The three-dimensionalalgorithm’s encoderis denotedby ôqõ 0 ù , and works as

follows. As in two dimensions,a sequence� is parsedinto the sequenceof strings� õ � ù©þ � õ@$©ù§þ &(&(& usingacompleteprefixcode.Then,thestring � õ@*	ù is mappedinto g � õ+* � � ùcþ� õ@* � $©ù i , where � õ+* � � ù is an ¡ -typical stringwith respectto � � of length ç � � � � 0 ê and � õ@* � $©ù
is an ¡ -typical string with respectto � $ of length ç � � $ � 0 ê . The valueof � is defined

similarly as in the two-dimensionalcase; � � þ � $ aredefinedin Section4.6.3; and � �
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Table4.4: Parametersusedin Sections4.5and4.6.

Parameter Description�
Positive integerparallelepipedsidelength.Goesto ÿ .� * Probabilityof abit copiedfrom the . th ( .©! ýäþJI ) inputstringby �ôqõ 0 ù .�
Initial labelingof � è .� Numberof translatesof w�  �   �   in w�  �   � � .¡ Positivereal.Goesto � .� * Probabilityof ý in . th ( .7! ý{þJI ) transformedsequence.¢ õ � ù�þ ¢ õ@$©ù Auxiliary binarystrings.� õ � ù�þ � õ%$©ù Inputbinarystrings.

and � $ arecalculatedin Section4.6.4. Then, the three-dimensionalfixed-to-variable

length üFýäþ ÿ �
-constrainedbit stuffing encoder 1ôqõ 0 ù maps g � õ+* � � ù�þ � õ+* � $©ù i into a ü�ýäþ ÿ �

-

constrainedlabelingof w�  �   � � . Theexactdefinitionsof 1ôqõ 0 ù and ôöõ 0 ù aregivenin Sec-

tion 4.6.

A list of variablesdefinedin Sections4.5and4.6andtheparametersthey depend

onaregivenin Tables4.4and4.5asa reference.

4.5.1 A variable-to-fixed length encoder

Theordering
¦

definedin Section4.3.1is extendedto ú 0 in thefollowing way. For anyüA� � þX� � þ<� � � þKüA� $ þ�� $ þ<� $ � �íú 0 , let

üA� � þ�� � þ<� � �§¦ üA� $ þX� $ þ�� $ �©¨Gª DE F � �¬« � $ or� � !e� $ and üA� � þ�� � � ¦ üA� $ þ�� $ � &
Notethattheorderingof theelementsin wyx � z � � with respectto

¦
is equivalentto lexi-

cographicorderingif weusethecoordinatesO>.Fþ��äþ a P to representthepointsof wyx � z � � .
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Table4.5: Variablesintroducedin Sections4.5and4.6andtheparametersthey depend
on.

Notation Parameters Description�ôöõ 0 ù � þ þ � Variable-to-fixedlength

encoder. Labelsw�  �   �   .1ô õ 0 ù � þ � � þ � $ þ � þ � þ þ ¢ õ � ù þ ¢ õ@$©ù Fixed-to-variablelength

encoder. Labelsw�  �   � � .² õ } ù* � þ � � þ � $ þ � þ � þ þ ¢ õ � ù©þ ¢ õ@$©ù�þ � õ � ù©þ � õ%$©ù Numberof bits 1ôqõ 0 ù maps

into . th translateof w�  �   �  
from � th inputstring.³ � þ � � þ � $ þ � þ � þ þ ¢ õ � ù þ ¢ õ@$©ù Numberof bits 1ô õ 0 ù
doesnot mapinto

1st � translatesof w�  �   �   .´ � þ � � þ � $ þ � þ � þ ¡ þ þ ¢ õ � ù þ ¢ õ%$©ù Setof stringsthat 1ô õ 0 ù
nearlymapsinto

1st � translatesof w�  �   �   .µ � þ � � þ � $ þ þ � þ ¡ þW� � þW� $ Setof typicalsequences.¶ � þ � � þ � $ þ � þ � þ ¡ þW� � þW� $ þ ¢ õ � ù þ ¢ õ@$©ù Completeprefixcode

of size
c µ-· ´ c

.2 � þ � � þ � $ þ � þ � þ ¡ þW� � þW� $ þ ¢ õ � ù©þ ¢ õ@$©ù Bijection from
¶

to
µ®· ´

.ôöõ 0 ù � þ � � þ � $ þ � þ � þ ¡ þW� � þW� $ þ ¢ õ � ù©þ ¢ õ@$©ù Variable-to-variablelength

encoder. Labelsw�  �   � � .
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Table4.6: Thevariable-to-fixed length ü�ýäþ ÿ �
-constrainedthree-dimensionalbit stuff-

ing encoder �ôöõ 0 ù . Thealgorithmmaps� õ � ù and � õ@$©ù into a ü�ýäþ ÿ �
-constrainedlabelingofw�  �   �   .

1. Initialize the elements of
� õ%�©ù and

7  *p� � Z { õ+*	ù� � | õ@*	ù� [ using
�
.

Let � � ! ý and � $ ! ý .
2. Let üA� � þ�� � þ<� � � !-n�lTËÌ �LüA� þX� þ<� � �¸w�  �   �   � üC� þ�� þ�� � is unlabeled � .
3. If üC� � � ýäþ�� � þ<� � � , üC� � þ�� �98 ýäþ<� � � , or üC� � þ�� � þ�� � � ý � is labeled with 1
4. Label üA� � þ�� � þ<� � � with 0.
5. Else
6. If üC� ��8 ýäþ�� � þ<� � � ý � and üA� � þX� � � ýäþ<� � � ý � are labeled with 0
7. Label üC� � þ�� � þ<� � � with � õ � ù� S . Let � � !X� � 8 ý .
8. Else
9. Label üC� � þ�� � þ<� � � with � õ%$©ù� U . Let � $ !X� $�8 ý .

10. If all of w�  �   �   is labeled then stop, else go to 2.

Let � � � õ@�©ù � ÷  �*p� � Z { õ+*	ù� � | õ@*	ù� [ ø �	� ��� þ�ý �
be an initial labelingof the boundaryof w�  �   �   . The three-dimensionalvariable-to-

fixedlengthbit stuffing encoder

�ô õ 0 ù � �º  � È �	� � õ 0 ù��� � üWw�  �   �   �
labelsthe points of w�  �   �   in increasingorderwith respectto the ordering

¦
. The

set �º  � È consistsof pairsof strings g � õ � ù©þ � õ%$©ù i that perfectlyfit into w�  �   �   underthe

mapping �ôqõ 0 ù (analogousto thetwo-dimensionalcasein (4.3)). For g � õ � ù�þ � õ@$©ù i �­�Q  � È ,
every point of w�  �   �   is labeledeitherwith a bit of � õ � ù or � õ@$©ù or with a stuffed 0. A

pseudo-codedescriptionof �ôqõ 0 ù is given in Table4.6. Note that in Step6 the encoder

makesa decisionwhetherthefirst or thesecondinput stringis usedto labelthecurrent

position.Thisselectionprocessensuresthattheencoderis invertible(seeRemark4.18).

The inversemappingscanstheelementsof w�  �   �   in increasingorderwith respectto
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theordering
¦

, skippingoverstuffed0sto recover theinputsequences.

In the following section �ôqõ 0 ù is usedto definea three-dimensionalvariable-to-

variablelength üFýäþ ÿ �
-constrainedbit stuffing encoder.

4.6 A thr ee-dimensionalvariable-to-variable length en-

coder

A three-dimensionalvariable-to-variablelength üFýäþ ÿ �
-constrainedbit stuffing encoderôöõ 0 ù is definedanalogouslyto thetwo-dimensionalencoderôöõ@$©ù . Usingafinite complete

prefix codedefinedin Section4.6.2,aninput sequence� is parsedinto variablelength

strings � õ � ù©þ � õ%$©ù§þ &(&)& . Eachstring � õ@*'ù is mappedinto a üFýäþ�ÿ �
-constrainedlabelingof

a translateof the set w   �   � � õ+Î ;Ï=@? ù , where
�

is a parameterof the encoder, andwhere�=ü � õ+*	ù � is apositive integerchosensothatthemappedprefixcodefits into w   �   � � õ+Î ;>=+? ù
usingbit stuffing. Henceforthwe abbreviate �=ü � õ+*	ù � with � . An analysisof thecoding

rateof ôqõ 0 ù is givenin Section4.6.3whentheinput is the ý¤��I -sequence�� .

4.6.1 An intermediate fixed-to-variable length encoder

Theset w�  �   � � canbedecomposedas

w�  �   � � ! ÷ è ë ��*p�'� üCw�  �   �   8 .WO � 8 IKþ<� þ<� P � ø � ÷ è�} � � � õ } õ   5'$©ù ë � ù ø � 89 ��_ � è õ   5'$©ù � õ _ ù;:< &
The translatesw�  �   �   8 .�O � 8 ILþ<� þ<� P are labeledwith informationbits and stuffed

0s, the layers
� õ } õ   5'$©ù ë � ù arepaddedwith 0s, andsomeadditional“overflow” layers� õ è õ   5'$©ùßù1þ &(&(& þ � õ � ù arefilled randomly.
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Wenext defineafixed-to-variablelengthencoder

1ô õ 0 ù � ��� þ�ý � ç è é S  >= ê@? ��� þ�ýf� çmèXé U  >= ê �	� �ù ] ú = � õ 0 ù��� � üW� �
by specifyingthelabeling 1ôqõ 0 ù g � õ � ù©þ � õ@$©ù i � w�  �   � � �	� ��� þ�ý � as:

1ô õ 0 ù g � õ � ù þ � õ@$©ù i üAB � !

DÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀE ÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀÀF

�ôöõ 0 ù g �Lõ@* � � ùFþ<�Lõ+* � $©ù i üCB õ+*	ù � if BK�¸w�  �   �   8 .�O � 8 IKþ<�Kþ<� P
for some.9!#� þ &(&(& þ � � ý

g 1� õ � ù 1� õ%$©ù iBA õ+Ã?ù if B�! OÏB � þ�B $ þ�B.0 P �Æw�  �   �  jþB � ��� � ü � 8 I � þ &(&(& þ�� ��þB $ even,C üAB � � b g 1� õ � ù 1� õ@$©ù i
� otherwise&

where C üAB � ! B $I ü � 8 ý � 8 B.0 8 ý 8 üAB � � � ü � 8 I � � ü � 8 ý �ED ü � 8 ý �I FHG�ôöõ 0 ù is theencoderdefinedin Section4.3.1; g �Lõ+* � � ùFþ��Lõ@* � $©ù i isaparsingof g � õ � ù ¢ õ � ù�þ � õ%$©ù ¢ õ@$©ù i
for someauxiliary sequences¢ õ � ù�þ ¢ õ%$©ù ; and 1� õ+*	ù is the suffix of � õ+*	ù (for .H! ýäþJI )
thatdoesnot getencodedinto thefirst � translatesof w�  �   �   . Thedefault casewhen1ô õ 0 ù g � õ � ù þ � õ@$©ù i üAB � !®� includesthoseB whichlie in theinter-translatelayers

� õ } õ   5'$©ù ë � ù
for ��! ýäþJIKþ &)&(& þ � , as well as those Bk! OÏB � þ�B $ þ�B.0 P �îw�  �   �   for which B � �� � ü � 8 I � þ &(&(& þ�� � , andeither B $ is oddor else

C üAB � ¯ b g 1� õ � ù 1� õ@$©ù i .
Theencoder 1ôöõ 0 ù will serve asthesecondstageof a variable-to-variablelength

encoderandis definedwith respectto the fixed andfinite auxiliary binary sequences



83¢ õ � ù��í��� þ�ýf� è  >= and ¢ õ%$©ù��u��� þ�ý � è  I= which aredescribedin Lemma4.6. For any

inputstrings � õ � ùv����� þ�ýf�¼ç èXé S   = ê and � õ%$©ùv����� þ�ý �¼ç èXé U   = ê , thelabeling 1ôöõ 0 ù©ü � õ � ùFþ � õ@$©ù � �w�  �   � � �	� ��� þ�ý � labelstheset w�  �   � � in thefollowing way. Let

� è ! è ë ��} �'� ÷"÷  �*p� � Z { õ+*	ù� � | õ+*	ù� [ � � õ@�©ù ø 8 O � ü � 8 I � þ�� þ<� P ø
beaunionof boundariesof thefirst � translatesof w�  �   �   .

Theelementsof � è areassignedafixedinitial labeling
�

(to bedeterminedfrom

Lemma4.6). Thetranslatesof w�  �   �   arelabeledwith � õ � ù and � õ@$©ù usingthevariable-

to-fixedlengthbit stuffing encoder �ôöõ 0 ù for eachtranslatewith thefixedinitial labeling�
on theboundarypoints.

Labeling all � translatesof w�  �   �   using the encoder �ôöõ 0 ù , and adding the

paddinglayersafter eachtranslatedefinesa labelingof the set w   �   � è õ   5'$©ù ë � . In a

similar mannerasin two dimensions,if thesequence� õ � ù is shorterthanthenecessary

bits to label w   �   � è õ   5'$©ù ë � , the auxiliary sequence¢ õ � ù is appendedasa suffix to the

string � õ � ù . Likewise, theauxiliary sequence¢ õ%$©ù is usedif all bits of � õ%$©ù areencoded

beforethelabelingof w�  �   � è õ   5'$©ù ë � is complete.Notethat � � 0 is anupperboundon

thenumberof auxiliarybitsneeded.

It is also possible that some bits of � õ � ù or � õ@$©ù do not get encodedintow   �   � è õ   5'$©ù ë � . In this case,first the unencodedbits of � õ � ù arecopiedinto the even

numbereddiagonals{ õ è õ   5'$©ùßù� þ�{ õ è õ   5'$©ù ù$ þ &(&)& of thefirst overflow layer
� õ è õ   5'$©ùßù with

a paddingdiagonalof 0sseparatingthem. Unlike in two dimensions,theinput bits are

copiedbit by bit into thesediagonals,i.e. without usingbit stuffing. Theencodercon-

tinuesthisprocessonconsecutivelayersuntil all bitsof � õ � ù areencoded.After that,the

remainingbitsof � õ@$©ù areencodedusingasimilarmethod.Thelastlayerusedto encode

the last input bits maycontainunlabeledpointswhich arelabeledwith 0s. Finally, an

additionallayerof padding0sis added,whoseindex is definedto be � .
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The paddingdiagonalson eachoverflow layer guaranteethat the labeling of

thelayers
� õ è õ   5'$©ù ù1þ &(&(& þ � õ � ù is ü�ýäþ ÿ �

-constrained.By choosing� appropriately, and

by adjustingthe parameters� � and � $ , it will be guaranteedthat � õ � ù and � õ@$©ù fill upw�  �   � è õ   5'$©ù ë � almostperfectly(for large
�

andsmall ¡ ), andthereforethenumberof

overflow layersaddedwill besmall.

For given � þ � � þ � $ þ � þ binaryinputstrings� õ � ù and � õ@$©ù , auxiliarysequences¢ õ � ù
and ¢ õ@$©ù , andinitial labeling

�
of � è , wedefinethequantities:² õ � ù* ! numberof bitsof � õ � ù ¢ õ � ù that 1ôöõ 0 ù mapsinto w�  �   �   8 .�O � 8 IKþ<�Kþ<� P² õ%$©ù* ! numberof bitsof � õ%$©ù ¢ õ@$©ù that 1ôöõ 0 ù mapsinto w�  �   �   8 .�O � 8 IKþ<�Kþ<� P³ � ü � õ � ù þ � õ@$©ù � ! lengthof thelongestsuffix of � õ � ù notmappedinto w�  �   � è õ   5'$©ù ë �³ $ ü � õ � ù þ � õ@$©ù � ! lengthof thelongestsuffix of � õ%$©ù notmappedinto w   �   � è õ   5'$©ù ë � &

If theauxiliarysequence¢ õ+*	ù (for .�! ý{þJI ) is usedduringencoding,then ³ * ü � õ � ù©þ � õ%$©ù � is

minusthenumberof bitsof ¢ õ+*	ù thatgetmappedinto w�  �   � è õ   5'$©ù ë � . For any ¡ þ � � þ � $ ¯� andfor fixed
�
, ¢ õ � ù , ¢ õ@$©ù , let´ ! ý\ü � õ � ù þ � õ@$©ù � �H��� þ�ý �¼ç èXé S   = ê@? ��� þ�ý �¼ç èXé U   = ê �� � ü � õ � ù þ � õ%$©ù � « �'¡ þ � $ ü � õ � ù þ � õ%$©ù � « �Q¡ ÿ & (4.22)

Theset
´

representsthepairsof stringsthat“fit well” into w�  �   � è õ   5'$©ù ë � .
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4.6.2 Restriction to typical sequences

Let µ !þýcü � õ � ù�þ � õ@$©ù � �æ��� þ�ý �¼ç èXé S   = ê@? ��� þ�ýf�¼ç èXé U   = ê �I ë ç è é S   = ê õ � õ � S ùß5 � ù ��� � ���� ü�ý°��� � � çmèXé S   = ê ë � �v� �®I ë ç èXé S   = ê õ � õ � S ù ë � ù þI ë ç è é U  I= ê õ � õ � U ùß5 � ù ��� � ���$ ü�ý°��� $ � ç èXé U  >= ê ë � �v� �®I ë ç èXé U  >= ê õ � õ � U ù ë � ù ÿ
be ¡ -typical sequencepairs � õ � ù and � õ@$©ù with respectto � � and � $ , of length � � � � 0 and� � $ � 0 , respectively.

Let
¶

bea finite completeprefix codeof cardinality
c µ · ´ c

whosecodewords

areoneof two possiblelengths.Let

2 � ¶ �Í� µ · ´
be any bijection. The code

¶
parsesan infinite input sequence,and 2 mapsa finite

parsedstring to a pair of ¡ -typical (with respectto � � and � $ , respectively) sequencesg � õ � ù þ � õ%$©ù i thatarelikely to fit into thefirst � translatesof w�  �   �   . Since
¶

is a com-

pleteprefixcode,abinarysequence� canuniquelybeparsedinto a sequenceof words� õ � ù þ � õ@$©ù þ &(&(& suchthat � õ@*	ù � ¶
. We definea three-dimensionalvariable-to-variable

length ü�ýäþ ÿ �
-constrainedbit stuffingencoderôqõ 0 ù is definedasthecomposition

ô õ 0 ù !ì1ô õ 0 ù � 2 &
Thatis, astring � õ+*	ù©� ¶

of theparsedsequence� is transformedinto thetypical,well-

fitting string g � õ+* � � ù þ � õ@* � $©ù i � µ · ´
by thebijection 2 , andthen g � õ+* � � ù þ � õ@* � $©ù i is mapped

into a üFýäþ�ÿ �
-constrainedlabelingof w�  �   � � usingthe bit stuffing encoder 1ôöõ 0 ù . The

variable-to-variablelengththree-dimensionalü�ýäþ ÿ �
-constrainedbit stuffingalgorithm

consistsof themapping2 , a bit stuffing encoder, a bit-stuffing decoder, andtheinverse
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mappingof 2 . Themappingôöõ 0 ù is referredto asthealgorithm’sencoder, andtheinverse

is calledthealgorithm’sdecoder. An arbitrarynumberof words � õ@*'ù canbetransformed

into g � õ+* � � ù�þ � õ+* � $©ù i , andmappedinto labelingsof translatesof w�  �   � � = . Thetranslatesare

separatedby padding0sin threedimensionssimilarly asin two dimensions.

4.6.3 Coding rate analysis

Let �� õ � ù be a � � -sequenceand �� õ@$©ù be a � $ -sequence.Let the variable-to-fixed length

encoder �ôöõ 0 ù map �� õ � ù and �� õ@$©ù into w�  �   �   . Before the encoding,let the boundary

elements
� õ%�©ù � Z 7  *p� � Z { õ@*	ù� � | õ@*'ù� [ [ be randomlyassignedinitial labelsby �� . For

every internalpoint O>.Fþ��äþ a P define� � üC.1þ��äþ a � ! probabilitythat OÏ.1þ��äþ a P is labeledwith a bit from �� õ � ù� $ üC.1þ��äþ a � ! probabilitythat OÏ.1þ��äþ a P is labeledwith a bit from �� õ%$©ù
asin Steps7 and9 of Table4.6.

Therandominitial labeling �� is calleda standard three-dimensionalinitializa-

tion correspondingto � � and � $ if for b ! ýäþJI andfor everyinternalpoint O>.Fþ��äþ a P (where.1þ��äþ a �í��ýäþ &(&)& þ � � ) the quantity � ¹ üA.1þ��äþ a � ! � ¹ is independentof . , � , a ,
�

. The

correspondinglabelingof w�  �   �   is calleda standard three-dimensionallabelingcor-

respondingto � � and � $ . LetJ ! ý üß� � þW� $ � � thereexistsa randominitialization�� � � õ%�©ù � Z 7  *p� � Z { õ+*	ù� � | õ@*'ù� [ [ �	� ��� þ�ý � suchthat

thelabelingof w�  �   �   by �ô õ 0 ù is astandardlabelingÿ &
It is shown in Section4.6.4 that

J
is nonempty(in the paragraphprecedingRemark

4.18).



87

A fixed initial labeling
�

of � è , andauxiliary sequences¢ õ � ù and ¢ õ@$©ù usedbyôöõ 0 ù , areimplied in thefollowing lemma.Theset
´

in thelemmais definedin (4.22).

Lemma 4.6. Considerthe � � -sequence�� õ � ù��H��� þ�ýf� ç èXé S  >= ê andthe � $ -sequence�� õ%$©ù����� þ�ýf�¼çmèXé U  >= ê for some üß� � þA� $ � � J
. For any

� �«ú65 and any ¡ ¯ � , there exists� � � ú65 such that for any � ä � � there is an initial labeling
� � � è �	� ��� þ�ý � and

auxiliary sequences¢ õ � ù and ¢ õ@$©ù such that

^ g3g �� õ � ù þ �� õ@$©ùAi � ´ i ¯ ý¬� ¡ &
Proof. Supposethat �� õ � ù and �� õ@$©ù areencodedinto w�  �   � � by 1ôöõ 0 ù suchthattherandom

initial labelsdefinedby �� � � è �	� ��� þ�ý � constitutea standardthree-dimensional

initialization correspondingto � � and � $ on eachtranslateof w�  �   �   . Furthermore,let

theauxiliarysequence�¢ õ � ù �H��� þ�ýf� é S   = bea � � -sequence,andlet theauxiliarysequence�¢ õ@$©ù��H��� þ�ýf� é U   = bea � $ -sequence.

Sincethe labeling of eachtranslateof w�  �   �   is a standardlabeling, by the

definitionof � � and � $ , for every . �æ��� þ�ýäþ &)&(& þ � � ýf� wehave

243 �² õ � ù* 5 ! � � � 02 3 �² õ@$©ù* 5 ! � $ � 0 &
For b ! ý{þJI and any two distinct .¸�k��� þ�ýäþ &)&(& þ � ��ý � , the randomvariables �² õ ¹ ù*
areindependentwith finite variances(independentof � ). Thus,the weaklaw of large

numbersimpliesthatfor every ¡ ¯ � ,
jmlTnè o � ^ ÷ ÅÅÅÅÅ ý� è ë �\ *p�'� �² õ � ù* � � � � 0 ÅÅÅÅÅ « ¡ ø ! ý (4.23)

jmlTnè o � ^ ÷ ÅÅÅÅÅ ý� è ë �\ *p�'� �² õ%$©ù* � � $ � 0 ÅÅÅÅÅ « ¡ ø ! ý & (4.24)
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The randomvariables �² õ ¹ ù* in (4.23)and(4.24)arefunctionsof the randominput � � -
sequence�� õ � ù andthe � $ -sequence�� õ@$©ù , the randomauxiliary sequences�¢ õ � ù and �¢ õ%$©ù ,
andtherandominitialization �� of � è . It followsfrom (4.23)and(4.24)that

jTlmnè o � ^ ÷ ÅÅÅÅÅ ý� è ë �\ * �'� �² õ � ù* � � � � 0 ÅÅÅÅÅ « ¡ þ ÅÅÅÅÅ ý� è ë �\ } �'� �² õ@$©ù} � � $ � 0 ÅÅÅÅÅ « ¡ ø ! ý & (4.25)

Then(4.25)andtheinequalities

^ ÷ ÅÅÅÅÅ ý� è ë �\ *p�'� �² õ � ù* � � � � 0 ÅÅÅÅÅ « ¡ þ ÅÅÅÅÅ ý� è ë �\ } �'� �² õ@$©ù} � � $ � 0 ÅÅÅÅÅ « ¡ ø
� ^ ÷ � � � � 0 � è ë �\ * �'� �² õ � ù* « �Q¡ þ � � $ � 0 � è ë �\ } �'� �² õ@$©ù} « �'¡ ø
� ^ ÷,û � � � � 0 ü � è ë �\ *p�'� �² õ � ù* « �Q¡ þºû � � $ � 0 ü � è ë �\ } �'� �² õ%$©ù} « �'¡ ø! ^ gA³ � g �� õ � ù þ �� õ%$©ùCi « �'¡ þ ³ $ g �� õ � ù þ �� õ@$©ùAi « �Q¡ i

imply that

jmlmnè o � ^ gW³ � g �� õ � ù þ �� õ%$©ùCi « �Q¡ þ ³ $ g �� õ � ù þ �� õ@$©ùCi « �'¡ i ! ý & (4.26)

It followsfrom (4.26)thatthereexistsa � � suchthatfor all � ä � � ,
^ gW³ � g �� õ � ù þ �� õ%$©ùCi « �'¡ þ ³ $ g �� õ � ù þ �� õ@$©ùAi « �Q¡ i ¯ ý°� ¡ &

Thustheremustexist at leastoneinitial labeling
�

andauxiliarysequences¢ õ � ù and ¢ õ%$©ù
(all threedependingon � ) suchthat

^ gW³ � g �� õ � ù þ �� õ@$©ù i « �'¡ þ ³ $ g �� õ � ù þ �� õ%$©ù i « �Q¡ ÅÅ � þ ¢ õ � ù þ ¢ õ@$©ù i ¯ ý°� ¡ (4.27)



89

wherethe conditioningin (4.27) is on the event that the randomlabeling �� equalsthe

fixed labeling
�
, andtherandomauxiliary sequences�¢ õ � ù and �¢ õ@$©ù equal ¢ õ � ù and ¢ õ%$©ù ,

respectively. Equivalently, for every � ä � � ,
^ g3g �� õ � ù þ �� õ@$©ùAi � ´ i ¯ ý¬� ¡ &

7
A number Y õ 0 ù is said to be an achievablecodingrate of a three-dimensionalüFý{þ ÿ �

-constrainedbit stuffing algorithm ôöõ 0 ù ifY õ 0 ù !#jTlmn� o°� jTlmn  o � Y_g ô õ 0 ùCi &
Theorem 4.7. For any üß� � þW� $ � � J

, the three-dimensionalbit stuffing algorithm

achievesa codingrateof Y õ 0 ù ! � � 8 üp� � � 8 � $ 8 üß� $ � &
Proof. Let üß� � þW� $ � � J

, andlet the � � -sequence�� õ � ù andthe � $ -sequence�� õ@$©ù beinde-

pendent.Wehave

^ g3g �� õ � ù þ �� õ@$©ù i � µ i ¯ üFý°� ¡ � $
for � ä � � largeenough(see[4, pp. 51-52]).Therestof theproof is similar to theproof

of Theorem4.2andis thereforeomitted.
7

As in two dimensions,for givenparameters
�

, � � , � $ , ¡ , thevalueof � is induced

by Lemma4.6 andTheorem4.7. For a fixed � , the initial labeling
�

andtheauxiliary

sequences¢ õ � ù and ¢ õ%$©ù areimplied in Lemma4.6. Theparameters� � and � $ aregiven

in (4.40)and(4.41)of Appendix4.8.
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4.6.4 Coding rate maximization

The following lemmasabout the two-dimensionalstandardlabeling of w�  �   follow

from Theorem4.4andthedefinitionof thetwo-dimensionalbit stuffing encoder. These

resultsarenecessaryfor theanalysisof thethree-dimensionalalgorithm.Let �� � denote

a standardtwo-dimensionalrandominitialization of theboundaryof w�  �   by thesta-

tionaryhomogeneousMarkov chains �, õ � ù and �, õ%$©ù . Thediagonals{ * and { *p5 � in the

following lemmaareillustratedin Figure4.7.

Lemma 4.8. Let the � -sequence�� be encodedinto the parallelogram w�  �   by �ôöõ%$©ù
usinga standard initial labeling �� � . For a fixed .~�d��� þ &(&)& þ � � ý � , let Q�}R! üC. 8 �äþ�� �
and ]�} !�üA. 8 � 8 ýäþ�� � denotetheelementsof thediagonals{ * and { *p5 � , respectively.

Thesequenceó �Z üdQf}�þW]�} � ô  } �'� formsa stationaryhomogeneousMarkov chain.

Lemma 4.9. Let the � -sequence�� be encodedinto the parallelogram w�  �   by �ôöõ%$©ù
usinga standard initial labeling �� � . For . � ��� þ &(&)& þ � � , let therandomvector �Z üW{ * �
denotethe labelsof the diagonal { * . Thesequenceó �Z üW{ * � ô  *p�'� forms a stationary

homogeneousMarkov chain.

Henceforthin this sectionwe considerthe labelingof the set w�  �   �   by the

encoder �ôqõ 0 ù , wherethe input sequencesarethe � � -sequence�� õ � ù andthe � $ -sequence�� õ%$©ù , andwheretheboundaryelementsof w�  �   �   areassignedrandominitial labelsby�� � � õ@�©ù � Z 7  * � � Z { õ@*	ù� � | õ+*	ù� [¼[ �	� ���Kþ�ý � describedin whatfollows.

Theinitial labelsof
� õ@�©ù arechosenindependentof theinputsequencesandsuch

that the labelsof
� õ@�©ù constitutea standardtwo-dimensionallabeling. More precisely,

let �u� OÐ�Kþ�ý P , and let - � þz- $ þ -.0 be definedas in Theorem4.4. The diagonal { õ%�©ù�
andtherow | õ%�©ù� areinitializedby thestationaryhomogeneousMarkov chains �, õ � ù and�, õ@$©ù , respectively. Let �¢ � beanauxiliary � -sequenceindependentof �� õ � ù and �� õ@$©ù , used

only to initialize
� õ%�©ù . Using �¢ � andthe two-dimensionalbit stuffing encoder �ôqõ@$©ù , we

label the remainderof the elementsof
� õ%�©ù . Thus, the resultinglabelingof

� õ@�©ù is a
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standardtwo-dimensionallabeling. Thepointsof { õ+*	ù� and | õ+*	ù� on eachlayer
� õ+*	ù (for.��­��ýäþ &(&(& þ � � ) areinitialized independentlyfor each. by theMarkov chains �, õ � ù and�, õ@$©ù usedto initialize { õ@�©ù� and | õ@�©ù� , respectively.

Note that � is a parameterof the above randominitialization of w�  �   �   . We

show that � � and � $ canalsobeexpressedin termsof � suchthat theresultinglabeling

of w�  �   �   by �ôöõ 0 ù is a standardthree-dimensionallabelingcorrespondingto � � and� $ .
Let the randomlabel of the point OÏ.1þ��äþ a P �0w�  �   �   be denotedby �Z üC.1þ��äþ a � .

Ourgoalis to prove thatif w�  �   �   is labeledby �ôöõ 0 ù , thenConditions(a)-(d) below are

sufficient for the labelsof w�  �   �   to bea standardlabeling. In Appendix4.8we show

thatthereexist parameters- � þ�- $ þ�-.0 þX� þ�� � þ � $ , suchthatConditions(a)-(d) aresatisfied.

Let K ! OÐ� þ�� þ<� P þML ! OÐ�Kþ�ýäþ<� P þONq! O'ýäþ<� þ�� P þQP ! O'ýäþ�ýäþ�� P þ¢ô ! O>� þ<� þ�ý P þR ! O>� þ�ý{þ�ý P þTSæ! O'ýäþ<� þ�ý P þVUt! O'ýäþ�ýäþ�ý P , asshown in Figure4.10.

Condition(a) Thejoint distributionof �Z ü�L þWP4þ R þWU �
is identicalto

thejoint distributionof �Z ü�KQþXNûþWYoþZS � .
Condition(b) Thejoint distributionof �Z ü;Y þ R þZS~þWU �

is identicalto

thejoint distributionof �Z ü�KQþZLjþXN þXP �
.

Condition(c) Thejoint distributionof �Z ü[N þWP4þZS~þXU �
is identicalto

thejoint distributionof �Z ü�KQþZLjþWYoþ R �
.

Condition(d) Thejoint randomvariables �Z ü\YoþZS � areconditionally

independentof �Z ü]LjþWP �
given �Z ü R þXU �

.
In the following we show that Conditions(a)-(d) imply that for every �î�w�  �   �   if K 8 � þ^L 8 � þ &(&)& þWU 8 � � w�  �   �   , then the labels of the translates�Z ü�K 8 � þZL 8 � þXN 8 � þWP 8 � þWY 8 � þ R 8 � þZS 8 � þWU 8 � � havethesamejoint probability

distributionasthelabels �Z ü\KQþZL þXNûþWP4þWYoþ R þZS~þWU �
. First,we show thatit holdsfor the

translateson thediagonals{`_ �ba� þ<{`_ �ba� þ<{c_ � a� þ<{`_ � a� . In thefollowing lemma,theelementsQ ¹ , ]Â¹ , dJ¹ , e ¹ areshown in Figure4.11.

Lemma 4.10. Let Q ¹ ! O>� þ<� þ b P , ]J¹ ! O>� þ�ýäþ b P , dJ¹ ! O'ýäþ<� þ b P , e ¹h! O'ýäþ�ýäþ b P denotethe
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Figure4.10: Theelementsof � _�� a� , � _�� a� , � _ � a� , � _ � a� thatappearin Conditions(a)-(d).
Thelabelsrepresentthecentersof thecubes.

elementsof �`_�� a� , �`_�� a� , �`_ � a� , �c_ � a� , respectively. If thelabelingof ���I� �I� � by  Y _¢¡ a satisfies

Condition(b), thenfor all £¥¤§¦©¨«ª­¬­¬B¬®ªZ¯±° , the joint distribution of ²³@´\µ·¶¹¸ � ª·º ¶»¸ � ª d ¶»¸ � ªe ¶»¸ � ª µ©¶ ªTº ¶ ª d ¶ ª e ¶½¼ is identicalto thejoint distributionof ²³H´�µ � ª¾º � ª d � ª e � ª µ � ª¾º � ª d � ª e � ¼ .
Proof. Thelemmatrivially holdsfor £Q¿À¨ . Supposethelemmais truefor £Q¿ÂÁ , where¨ÄÃÅÁÇÆÈ¯ . We will show that the joint distribution of ²³H´�µ©É ªÊº É ª d É ª e É ª µ©ÉZË � ªÊº ÉZË � ªd ÉZË � ª e ÉZË � ¼ is identicalto the joint distribution of ²³@´\µ � ªÌº � ª d � ª e � ª µ � ªÍº � ª d � ª e � ¼ . LetÎ � ª ÎTÏ ª­¬­¬­¬®ª ÎTÐ ¤Ç¦¾ÑÌª­¨T° bea valid labelingof thepoints

µ©É ª«º É ª d É ª e É ª µ©ÉZË � ªÒº ÉZË � ª d ÉZË � ªe ÉZË � , respectively. Then,ÓÕÔ ²³H´�µ©É ª^º É ª d É ª e É ª µ©ÉZË � ª^º ÉZË � ª d ÉZË � ª e ÉZË � ¼ ¿ ´ Î � ª ÎTÏ ª Î ¡ ª Î¾Ö ª ÎT× ª ÎTØ ª ÎTÙ ª Î¾Ð ¼ÛÚ¿ Ó Ô ²³H´�µ©É ªWº É ª d É ª e ÉV¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ¼ ÚÜ ÓÕÔ ²³H´\µ©ÉZË � ª^º ÉZË � ¼ ¿ ´ ÎT× ª ÎTØ ¼gÝÝ ²³Þ´�µ©É ª^º É ª d É ª e ÉV¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ¼bÚÜ Ó Ô ²³H´ d É^Ë � ª e ÉZË � ¼ ¿ ´ ÎßÙ ª ÎTÐ ¼gÝÝ ²³Þ´�µ©É ª^º É ª d É ª e É ª µ©ÉZË � ªWº É^Ë � ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ª Î¾× ª Î¾Ø ¼ Ú ¬
(4.28)
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Figure4.11:Thediagonals� _�� a� , � _¢� a� , � _ � a� , � _ � a� .

In whatfollows,werewrite eachof thethreetermsin (4.28).FirstwehaveÓ Ô ²³H´\µ©É ª^º É ª d É ª e Ég¼ ¿ ´ Î � ª ÎTÏ ª Î ¡ ª Î¾Ö ¼ Ú¿ Ó Ô ²³Þ´�µ � ª^º � ª d � ª e � ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª Î¾Ö ¼ Ú (4.29)¿ Ó Ô ²³Þ´�µ � ª^º � ª d � ª e � ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª Î¾Ö ¼ Ú (4.30)

where (4.29) follows from the induction hypothesis(summingout four terms), and

(4.30)followsfrom Condition(b). Furthermore,Ó Ô ²³H´�µ©ÉZË � ªWº É^Ë � ¼ ¿ ´ Î¾× ª Î¾Ø ¼gÝÝ ²³@´\µ©É ª^º É ª d É ª e Ég¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª Î¾Ö ¼ Ú¿ Ó Ô ²³@´\µ©ÉZË � ª^º ÉZË � ¼ ¿ ´ Î¾× ª Î¾Ø ¼ ÝÝ ²³H´�µ©É ª^º É¾¼ ¿ ´ Î � ª ÎTÏ ¼ Ú (4.31)¿ Ó Ô ²³@´\µ � ª^º � ¼ ¿ ´ Î¾× ª Î¾Ø ¼gÝÝ ²³@´\µ � ª^º � ¼ ¿ ´ Î � ª Î¾Ï ¼ Ú (4.32)¿ Ó Ô ²³@´\µ � ª^º � ¼ ¿ ´ Î¾× ª Î¾Ø ¼ ÝÝ ²³@´\µ � ª^º � ª d � ª e � ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ¼ Ú (4.33)

where(4.31) follows from Lemma4.3 with ²�	� ¿ ²³H´�µ � ª^º � ¼ and ²��
 ¿ ²³H´ d É ª e Ég¼ , since
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thelabels
� ²³Þ´\µ � ª^º � ¼�
 ���� � form a stationaryhomogeneousMarkov chainby Lemma4.8;

(4.32)followsfrom Lemma4.8;and(4.33)holdssincetheinitial labelsof d � and e � are

chosenindependentlyof the initial labelsof
µ � ª©º � ª µ � ª·º � . Finally, sincethealgorithm

usesthesameprocedureto label d ÉZË � and e ÉZË � asit did to label d � and e � , wehaveÓ Ô ²³@´ d É^Ë � ª e ÉZË � ¼ ¿ ´ ÎTÙ ª Î¾Ð ¼gÝÝ ²³Þ´\µ·É ª^º É ª d É ª e É ª µ©ÉZË � ª^º ÉZË � ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ª Î¾× ª Î¾Ø ¼ Ú¿ Ó Ô ²³Þ´ d � ª e � ¼ ¿ ´ ÎTÙ ª Î¾Ð ¼ ÝÝ ²³Þ´\µ � ªWº � ª d � ª e � ª µ � ª^º � ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ª Î¾× ª Î¾Ø ¼ Ú ¬
(4.34)

Combining(4.28)with (4.30),(4.33),and(4.34)givesÓ Ô ²³Þ´�µ©É ª^º É ª d É ª e É ª µ©ÉZË � ª^º ÉZË � ª d ÉZË � ª e ÉZË � ¼ ¿ ´ Î � ª ÎTÏ ª Î ¡ ª Î¾Ö ª ÎT× ª Î¾Ø ª ÎTÙ ª Î¾Ð ¼ Ú¿ Ó Ô ²³@´\µ � ªWº � ª d � ª e � ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ¼ ÚÜ Ó Ô ²³H´�µ � ª^º � ¼ ¿ ´ ÎT× ª Î¾Ø ¼VÝÝ ²³H´�µ � ª^º � ª d � ª e � ¼ ¿ ´ Î � ª ÎTÏ ª Î ¡ ª Î¾Ö ¼ ÚÜ Ó Ô ²³H´ d � ª e � ¼ ¿ ´ ÎßÙ ª Î¾Ð ¼VÝÝ ²³H´�µ � ª^º � ª d � ª e � ª µ � ªWº � ¼ ¿ ´ Î � ª ÎTÏ ª Î ¡ ª Î¾Ö ª ÎT× ª ÎTØ ¼ Ú¿ Ó Ô ²³@´\µ � ªWº � ª d � ª e � ª µ � ª^º � ª d � ª e � ¼ ¿ ´ Î � ª ÎTÏ ª Î ¡ ª Î¾Ö ª Î¾× ª Î¾Ø ª ÎTÙ ª Î¾Ð ¼ Ú ¬
Thiscompletestheinductionargument. �

Theelements
µ©¶

, º ¶ , d ¶ , e ¶ in thefollowing corollaryareillustratedin Figure4.11.

Corollary 4.11. Let
µ·¶ ¿�� ÑÌª^ÑÌª^£�� , º ¶ ¿�� ÑÌª­¨ßª^£�� , d ¶ ¿��¹¨«ªZÑÍª^£�� , e ¶ ¿��¹¨«ª­¨ßª^£�� denotethe

elementsof � _¢� a� , � _�� a� , � _ � a� , � _ � a� , respectively. If the labelingof �Þ�M� �I� � by  Y _¢¡ a sat-

isfiesCondition(b), thenthesequenceof labels ¦ ²³H´�µ©¶ ª^º ¶ ª d ¶ ª e ¶½¼ ° �¶ � � formsa stationary

homogeneousMarkov chain.

Proof. Thefact that thesequence¦ ²³H´�µ©¶ ª^º ¶ ª d ¶ ª e ¶½¼ ° �¶ � � is a Markov chainfollows from

thedefinitionof thebit stuffing encoder. Lemma4.10impliesthatthis Markov chainis

stationaryandhomogeneous. �
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Lemma 4.12. Let ²� � ª ²� Ï ª­¬­¬­¬ ²�	� and ²�	� � ª ²�	� Ï ª­¬­¬­¬ ²�	�� befinitesequencesof randomvari-

ables. If
Ô ²��� ª ²�	�� Ú is a Markov chain, and ²��� is conditionallyindependentof ²�	�� ¸ � given²�	�� , for � ¿ ¨«ª��Íª­¬­¬­¬Oª�� , then ²���� is a Markov chain.

Proof. To prove the lemmait suffices to show that the reversechain ²�	�� ª­¬­¬­¬Qª ²�	� � is

a Markov chain. Let ²�	� take on valuesfrom the alphabet . Let Î ¤  and ÁÈ¤¦!�Íª­¬B¬­¬®ª�� ° . Then,Ó Ô ²� � É ¸ � ¿ Î ÝÝ ²� � É ª­¬­¬­¬®ª ²� �� Ú¿ "#%$ �'&'&'&[� #%(*)�+ Ó Ô ²� � É ¸ � ¿ Î ÝÝ ²� � É ª­¬B¬­¬®ª ²� �� ª ²� É ¿ � É ª­¬­¬­¬®ª ²��� ¿ �	� ÚÜ Ó Ô ²� É ¿ � É ª­¬B¬­¬®ª ²�	� ¿ ��� ÝÝ ²� � É ª­¬­¬­¬Oª ²� �� Ú (4.35)¿ "#%$ �'&'&'&[� #%(*)�+ Ó Ô ²� � É ¸ � ¿ Î ÝÝ ²� � É ª ²� É ¿ � É Ú Ü Ó Ô ²� É ¿ � É ª­¬­¬­¬Qª ²�	� ¿ �	� ÝÝ ²� � É ª­¬B¬­¬Qª ²� �� Ú
(4.36)¿ "# $ �'&'&'&[� # ( )�+ Ó Ô ²� � É ¸ � ¿ Î ÝÝ ²� � É Ú Ü Ó Ô ²� É ¿ � É ª­¬­¬­¬Oª ²�	� ¿ �	� ÝÝ ²� � É ªB¬­¬­¬®ª ²� �� Ú (4.37)¿ Ó Ô ²� � É ¸ � ¿ Î ÝÝ ²� � É Ú

wherethesummationin (4.35)is takenover all values� É ª­¬­¬B¬®ª �	� suchthatthecondi-

tioning eventhaspositive probability; (4.36)follows since
Ô ²�	� ª ²�	�� Ú is a Markov chain;

and (4.37) follows from the assumptionthat ²�	� is conditionally independentof ²�	�� ¸ �
given ²��� , for every � ¿À¨«ª��Íª­¬­¬­¬ ª�� . �

Theelements
µ©¶

, º ¶ , d ¶ , e ¶ in thefollowing lemmaareillustratedin Figure4.11.

Lemma 4.13. Let
µ©¶ ¿ � ÑÌªZÑÌª^£�� , º ¶ ¿ � ÑÌª­¨«ª^£�� , d ¶ ¿ �¹¨«ªZÑÌª^£�� , e ¶ ¿ �¹¨«ª­¨«ª^£�� denotethe

elementsof � _�� a� , � _¢� a� , � _ � a� , � _ � a� , respectively. If a three-dimensionalbit stuffing al-

gorithm  Y _�¡ a labeling ���I� �I� � satisfiesConditions(a), (b), and (d), thenthe sequence

of labels
� ²³@´ º ¶ ª e ¶½¼,
 �¶ � � forms a stationaryhomogeneousMarkov chain identical to� ²³H´�µ©¶ ª d ¶ ¼ 
 �¶ � � .
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Figure4.12: Thediagonals� _�� aS ¸ � , � _¢� aS , � _ � aS ¸ � , � _ � aS .

Proof. Let ²� ¶ ¿ ²³Þ´\µ·¶ ª d ¶ ¼ and ²�	� ¶ ¿ ²³H´ º ¶ ª e ¶½¼ . Corollary4.11implies that
Ô ²� ¶ ª ²�	� ¶ Ú is a

Markov chain.Furthermore,Condition(d) andLemma4.10imply that ²� ¶ is condition-

ally independentof ²��� ¶¹¸ � given ²�	� ¶ . Hence,theconditionsof Lemma4.12hold for ²� ¶ and²�	� ¶ , andtherefore ²�	� ¶ is a Markov chain. Condition(a) andLemma4.10imply that the

Markov chain
� ²³H´ º ¶ ª e ¶½¼ 
 �¶ � � is identicalto theMarkov chain

� ²³@´\µ©¶ ª d ¶ ¼ 
 �¶ � � . �
Lemma4.14below generalizesLemma4.10 to the pointsof T _¢� a*UVT _ � a . The

elements
µ©¶

, º ¶ , d ¶ , e ¶ in thefollowing lemmaareillustratedin Figure4.12.

Lemma 4.14. Let W ¤ ¦©¨«ª­¬­¬­¬OªZ¯±° . Let
µ©¶ ¿X� ÑÌª WZY ¨«ª^£�� , º ¶ ¿X� ÑÌª W ªW£[� , d ¶ ¿X�»¨ßª W\Y ¨«ªW£[� ,e ¶ ¿]�»¨«ª W ª^£�� denotetheelementsof � _¢� aS ¸ � , � _�� aS , � _ � aS ¸ � , � _ � aS , respectively. If thelabeling

of ���I� �M� � by  Y _¢¡ a satisfiesConditions(a), (b), and(d), thenfor all £ ¤ ¦©¨«ª­¬­¬B¬®ªZ¯±° , the

joint distributionof ²³H´\µ©¶»¸ � ª^º ¶¹¸ � ª d ¶»¸ � ª e ¶»¸ � ª µ·¶ ªWº ¶ ª d ¶ ª e ¶ ¼ is identicalto thejoint distribu-

tion of ²³@´\µ � ªWº � ª d � ª e � ª µ � ª^º � ª d � ª e � ¼ .
Proof. Recall that the randomvector ²³H´ � _ � aS ¼

denotesthe labelsof the diagonal � _ � aS
for � ª W ¤Ç¦¾ÑÌª­¬B¬­¬®ªZ¯ ° . Sincethelabelsof T _�� a form a standardtwo-dimensionallabel-

ing,
� ²³H´ � _¢� aS ¼�
 �S � � is a stationaryhomogeneousMarkov chain by Lemma4.9. Us-
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ing Lemma4.3 with ²� S ¿ ²³H´ �c_¢� aS ¼
and ²�^
 ¿ ²³Þ´ �c_ � a� ¼

, it follows that ²³@´ �`_¢� aÏ ¼
is

conditionallyindependentof ²³@´ � _ � a� ¼
given ²³H´ � _¢� a� ¼

. Moreover, the joint distribution

of
Ô ²³@´ �`_�� a� ¼ ª ²³Þ´ �`_ � a� ¼ÛÚ

is identical to the joint distribution of
Ô ²³Þ´ �`_¢� a� ¼ ª ²³@´ �`_ � a� ¼ÛÚ

by

Lemma4.13. Similarly, the joint distribution of
Ô ²³Þ´ � _¢� a� ¼ ª ²³H´ � _¢� aÏ ¼ Ú

is identicalto the

joint distribution of
Ô ²³@´ �`_¢� a� ¼ ª ²³H´ �`_�� a� ¼ Ú

by Lemma4.9. The above argumentimplies

that the joint distribution of
Ô ²³H´ � _ � a� ¼ ª ²³Þ´ � _�� a� ¼ ª ²³Þ´ � _¢� aÏ ¼ Ú

is identical to the joint dis-

tribution of
Ô ²³Þ´ � _ � a� ¼ ª ²³H´ � _�� a� ¼ ª ²³Þ´ � _�� a� ¼ Ú

. In otherwords,when the algorithmlabels

thediagonal� _ � aÏ , it encountersthesameprobabilitydistributionon theneighboringdi-

agonals� _ � a� ªZ� _�� a� ªZ� _¢� aÏ asit did on thediagonals� _ � a� ª^� _¢� a� ªZ� _�� a� whenlabeling � _ � a� .

Therefore,Lemma4.10,Corollary4.11,andLemma4.13holdfor theelementsof thedi-

agonals� _�� a� ªZ� _¢� aÏ ªZ� _ � a� ªZ� _ � aÏ . Repeatingthis argumentfor consecutivediagonals� _¢� a� ,� _�� a� Ë � , � _ � a� , � _ � a� Ë � (for � ¿_�Íª�`Ìª­¬B¬­¬OªZ¯ Y ¨ ) generalizesLemma4.10to theelementsofT _¢� a�UaT _ � a . �
Lemma4.15below generalizesLemma4.14to thepointsof ���I� �I� � . Theele-

ments
µ©¶

, º ¶ , d ¶ , e ¶ in thefollowing lemmaareillustratedin Figure4.13.

Lemma 4.15. Let � ª W ¤ ¦©¨«ªB¬­¬­¬®ªZ¯ ° . Let
µ©¶ ¿ � �bY ¨«ª WaY ¨«ª^£�� , º ¶ ¿ � �cY ¨«ª W ªW£[� ,d ¶ ¿ � � ª WdY ¨«ª^£�� , e ¶ ¿ � � ª W ª^£�� denotethe elementsof � _ � ¸ � aS ¸ � , � _ � ¸ � aS , � _ � aS ¸ � , � _ � aS , re-

spectively. If the labeling of �Þ�M� �I� � by  Y _�¡ a satisfiesConditions(a)-(d), then for all£ ¤ ¦©¨ßª­¬­¬­¬®ª^¯±° , thejoint distributionof ²³H´�µ©¶¹¸ � ª^º ¶¹¸ � ª d ¶»¸ � ª e ¶¹¸ � ª µ©¶ ª^º ¶ ª d ¶ ª e ¶[¼ is identical

to thejoint distributionof ²³@´\µ � ª^º � ª d � ª e � ª µ � ª^º � ª d � ª e � ¼ .
Proof. Let W ¤ ¦©¨ßª­¬­¬­¬®ª^¯±° . Let d É ¿ �¹¨«ª WeY ¨«ª Áf� and e É ¿ �¹¨«ª W ª Áf� (whereÁ ¤ ¦¾ÑÌª­¬B¬­¬®ªZ¯ ° ) denotetheelementsof � _ � aS ¸ � and � _ � aS , respectively (seeFigure4.12).

It followsfrom Lemma4.14andCondition(c) thatthelabels ²³@´ d É ¸ � ª e É ¸ � ª d É ª e Ég¼ have

thesameprobabilitydistribution asthelabels ²³H´ K ª L ª Y ª Rc¼ (where K ¿g� ÑÌª^ÑÌªZÑ!��ª L ¿� ÑÌª­¨«ªZÑh�]ª Y ¿i� ÑÌªZÑÌªB¨��]ª R ¿i� ÑÌª­¨«ªB¨�� , asin Figure4.10). Thusthe labelsof T _ � a satisfy

Condition4 of Theorem4.4. This impliesthat theprobabilitydistribution of thelabel-
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Figure 4.13: Thediagonals �`_ � ¸ � aS ¸ � , �`_ � ¸ � aS , �c_ � aS ¸ � , �c_ � aS , the internal point e É , and its
neighbors.

ingsof T _ � a by thethree-dimensionalbit stuffing encoderis thesameastheprobability

distribution of a labelingof T _ � a generatedby  Y _¢¡ a usinga standardthree-dimensional

initialization and an auxiliary � -sequence²� � as input (i.e. identical to the probabil-

ity distribution of the initial labelingsof T _�� a ). Therefore,the sameargumentsused

to show Lemma4.10,Corollary4.11,Lemma4.13,andLemma4.14for theelements

of T _¢� a U�T _ � a can be usedto prove the sameresultsfor the layers T _ � a U�T _ Ï abª­¬­¬­¬QªT _ � ¸ � a�U�T _ � a . �
Remark 4.16. Asnotedin theproofof Theorem4.4,since �`_ � a�]��� _ � a� ¿ ¦�� � ªZÑÌªZÑh��° , for� ¤ ¦¾ÑÌª­¬B¬­¬®ªZ¯ ° , thestationaryprobabilitiesof theMarkov chains ²� _ � a and ²� _ Ï a mustbe

identical.Let � denotethestationaryprobabilityof thestate0. If thelabelingof ���I� �I� �
by  Y _�¡ a satisfiesConditions(a)-(d), it followsfromLemma4.15andCondition(c) that

theprobability distribution of the labelingsof T _ � a (for � ¤ ¦¾ÑÌª­¬B¬­¬®ªZ¯ ° ) is identical to
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Table4.7: Thenumericalvaluesof theparametersthatmaximize� _¢¡ a .� � � � Ï � ¡ �ÑÌ¬�� � �!¡ ` ¡ ÑÍ¬�¡ ` �k` ¢ ` ÑÌ¬��Í¨��k¢£�!¡ ÑÌ¬�¤k¡£¤TÑk¥¦� ÑÌ¬�¡ �!¥ ¥£`Ì¨� � � Ï § � §ÍÏÑÍ¬�`k¥ `£¤k¢ ` ÑÌ¬�� � �k¡ `k¡ ÑÌ¬¨`£�ßÑ!¥¦�k© ÑÌ¬ª�·¨��k`Ì¨
theprobabilitydistributionof thelabelingsof T _¢� a . HenceÓ Ô ²³H´ � ª W ª Á ¼ ¿ Ñ Ú ¿ � ¿ ¨� YV� ¡ ¿ ¨� « ¨­¬ ¨ Y®�¯ ´ ¨°¬�` � ¼ ´ ¨ Y®� ¼²±
for every � � ª W ª Á¦� ¤ �Þ�M� �I� � .

Theorem 4.17. If the labelingof ���I� �I� � by  Y _�¡ a satisfiesConditions(a)-(d), thenthe

labelingof ���I� �I� � is a standard three-dimensionallabeling.

Proof. Considerthepointsin Figure4.13for � ª W ª Ác¤ ¦©¨ßª­¬­¬­¬®ª^¯±° . Lemma4.15implies

thatthejoint probabilitydistributionof ²³H´�µ©É ¸ � ª d É ¸ � ª d É ª^º É ¸ � ª^º É¾¼ is independentof the

layer � , thediagonalW , andtheposition Á , whichprovesthetheorem. �
Conditions(a)-(d) translateinto a setof equationsfor theparameters� � ª � Ï ª � ¡ ª � ª � � ª� Ï ª � (seeAppendix4.8). UsingCondition3 in Theorem4.4,(4.19),and(4.38)-(4.41),

we expressedtheparameters� � ª � Ï ª � ¡ ª � ª � � ª � Ï ª § � ª §ÍÏ in termsof � . Therefore,for� � ª � Ï ª � ¡ ª � ª � � ª � Ï ª � ª § � ª §·Ï ¤³� ÑÌªB¨�� , that alsosatisfyCondition3 in Theorem4.4,

(4.19),and(4.38)-(4.41),it follows that
´ � � ª � Ï ¼ ¤ J

, i.e. the correspondinglabeling

of ���I� �I� � by  Y _¢¡ a is a standardlabeling. Optimizationfor the achievablecodingrate� _¢¡ a ¿ § �µ´ ´ � � ¼ ¬ §·Ï ´ ´ � Ï ¼ over � ¤·¶ �Ï ª­¨,¸ givesthenumericalresultsin Table4.7.

Remark 4.18. Conditions(a)-(d) with theadditionalrequirementthat � � ¿ � Ï yieldthe

trivial solution� ¿ � � ¿ � Ï ¿ Ñ . Thus,to obtaina nontrivial solution,it wasnecessary
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to usetwosequences²¹ _ � a and ²¹ _ Ï a with parameters � �»º¿ � Ï .
Theorem 4.19. Thethree-dimensionalbit stuffing encoderY _¢¡ a achievesa codingrate

of � _�¡ a ¿ ÑÌ¬��ßÑ£�ßÑßÑ£�ßÑ«Ñ£¤k� ¤
which is within 4%of thecapacity.

Proof. Substitutingthenumericalvaluesgivenin Table4.7into theformula § �¼´ ´ � � ¼ ¬§·Ï ´ ´ � Ï ¼ determinedin Theorem4.7gives � _¢¡ a ¿ ÑÌ¬��ßÑ£�ßÑßÑ£�ßÑ«Ñ£¤k� ¤ . Usingtheboundsin

(4.1)weget ½ _¢¡ a� � ¾ Ye� _�¡ a½ _�¡ a� � ¾ Ã ¨ Y ÑÌ¬��ßÑ£�TÑ«Ñ£�ÑÌ¬�� � � �TÑÌ¨�¤!¥ ÆÇÑÌ¬�Ñk` ¢£�k`�Æ�¥£¿ ¬ �
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Appendix

4.8 Equations correspondingto the thr ee-dimensional

bit stuffing algorithm usedto obtain Table4.7

In thisappendixwe list theequationsusedto obtainTable4.7. Theequationsaregiven

in their initial form without any cancellationof variables. Recall that K ¿ � ÑÌªZÑÌªZÑh�]ªL ¿ � ÑÍª­¨«ªZÑ!��ª N ¿ �¹¨«ªZÑÌªZÑh�]ª P ¿ �»¨«ªB¨«ªZÑ!��ª Y ¿ � ÑÌªZÑÌª­¨,�]ª R ¿ � ÑÌª­¨ßª­¨���ª S ¿ �¹¨«ªZÑÌª­¨,�]ªU ¿_�»¨ßª­¨«ª­¨�� asshown in Figure4.10.

Correspondingto eachvalid labelingof K ª N ª Y ª S and L ª P ª R ª U thereare16

equationsimplied by Condition(a). Theseequations,generatedby
ÓÕÔ ²³Þ´ K ª N ª Y ª S ¼ ¿²³H´ L ª P ª R ª U ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª Î¾Ö ¼ Ú aregivenbelow for

´ Î � ª Î¾Ï ª Î ¡ ª Î¾Ö ¼ ¿
0 0 0 0 : � Ï � Ï� ¿ ¨­¬ � ´ � ¡ ´ � YV� � � ¼ Y �¬ � ´ ¨­¬ � ¡ ´ � � YV� � ´ ¨ Y�� ¼ Y � ¼ ¬ � Ï¡ ´ ¨ YV� � � ¼Z´ ¨ YV� � � � ¼X¼W¼
0 0 0 1 : � Ï � � ´ ¨ YÀ� � ¼ ¿ � Ï � � � Ï¡ ´ ¨ YV� � � ¼ � �
0 0 1 0 : � Ï ´ ¨ YV� � ¼ � � ¿ �*� � � ¡ � ´ ¨ YÁ� ´ ¨ YÀ� ¡ ´ ¨ YÀ� � � Ï ¼X¼W¼
0 0 1 1 : � Ï ´ ¨ YV� � ¼ Ï ¿ � Ï � Ï� � Ï¡ � � Ï
0 1 0 0 : �*� � ´ ¨ YÁ� ¼ ´ ¨ YÀ� Ï ¼ ¿ � ´ ¨ YÀ� ¡ ¼ ´ ¨ YV� ´ ¨ YV� ¡ ´ ¨ YV� � � ¼ ´ ¨ YV� � � � ¼W¼X¼
0 1 0 1 : �*� � � Ï ´ ¨ YÁ� ¼ ¿ � Ï � � � ¡ ´ ¨ YV� ¡ ¼Z´ ¨ YV� � � ¼ � �
0 1 1 0 : � ´ ¨ YV� ¼ ´ ¨ YÀ� � ¼ ´ ¨ YV� Ï ¼ ¿ � Ï � � � ¡ ´ ¨ YV� ¡ ¼ � ´ ¨ YV� � � Ï ¼
0 1 1 1 : �*� Ï ´ ¨ YÁ� ¼ ´ ¨ YÀ� � ¼ ¿ � Ï � Ï� � ¡ ´ ¨ YV� ¡ ¼ � � Ï
1 0 0 0 : �*� � ´ ¨ YÁ� ¼ ´ ¨ YÀ� Ï ¼ ¿ � ´ ¨ YÀ� ¡ ¼ ´ ¨ YÂ� � � ¼ ´ ¨ YÁ� ´ ¨ YV� ¡ ¬ � � � ¡ � Ï ¼W¼
1 0 0 1 : � ´ ¨ YV� ¼ ´ ¨ YÀ� � ¼ ´ ¨ YV� Ï ¼ ¿ � Ï � � � ¡ ´ ¨ YV� ¡ ¼ ´ ¨ YV� � � ¼ � Ï
1 0 1 0 : �*� � � Ï ´ ¨ YÁ� ¼ ¿ �Ã� � ´ ¨ YV� ¡ ¼ � ´ ¨ YÁ� ´ ¨ YV� ¡ ¬ � � � ¡ � Ï ¼X¼
1 0 1 1 : �*� Ï ´ ¨ YÁ� ¼ ´ ¨ YÀ� � ¼ ¿ � Ï � Ï� � ¡ ´ ¨ YV� ¡ ¼ � � Ï
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1 1 0 0 :
´ ¨ YÁ� ¼ Ï ´ ¨ YÂ� Ï ¼ Ï ¿ � Ï ´ ¨ YÀ� ¡ ¼ Ï ´ ¨ YV� � � ¼ ´ ¨ YV� � � Ï ¼

1 1 0 1 : � Ï ´ ¨ YÁ� ¼ Ï ´ ¨ YÂ� Ï ¼ ¿ � Ï � � ´ ¨ YÀ� ¡ ¼ Ï ´ ¨ YV� � � ¼ � Ï
1 1 1 0 : � Ï ´ ¨ YÁ� ¼ Ï ´ ¨ YÂ� Ï ¼ ¿ � Ï � � ´ ¨ YÀ� ¡ ¼ Ï � ´ ¨ YV� � � Ï ¼
1 1 1 1 : � ÏÏ ´ ¨ YV� ¼ Ï ¿ � Ï � Ï� ´ ¨ YÂ� ¡ ¼ Ï � � Ï

Correspondingto eachvalid labelingof L ª P ª K ª N and
R ª U ª Y ª S thereare9

equationsimpliedby Condition(b). Theseequations,generatedby
Ó Ô ²³@´ L ª P ª K ª N ¼ ¿²³H´\R ª U ª Y ª S ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ¼ Ú aregivenbelow for

´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ¼ ¿
0 0 0 0 : � Ï � Ï¡ ¿ ´ ¨ YV� Ï ¼ Ï YÁ� ´ ¨ YV� Ï ¼Z´ � YV� � Y � � Ï YV� � ´ ¨ Y�� ¼X¼¬ � Ï ´X´ ¨ YÀ� Ï ¼ Ï YÀ� � ´ ¨ YV� Ï ¼ ´ � Y®� ¼ ¬ � Ï� ´ ¨ Y®� ¼ ´ � ¡ ´ � Ï Y�� � ¼ ¬ ´ ¨ Y�� Ï ¼X¼W¼
0 0 0 1 : �*� ¡ ´ ¨ YÁ� ¼ ¿ ´ � Ï ¬ � ´ ¨ YV� � YÀ� Ï ¼X¼ ´W´ ¨ Ye� ¼Z´ ¨ YV� Ï ¼ ¬ �Ã� � ´ ¨ Y�� ¼X¼
0 0 1 0 : �*� ¡ ´ ¨ YÁ� ¼ ¿ � Ï YV� ÏÏ ¬ � ´ ¨ YV� � YÀ� Ï ¼Z´ ¨ Y � � Ï ¼ YÄ� Ï ´ ¨ YV� � Y � � Ï ¬ � ÏÏ¬»� � � � Ï YV� � � ¡ ´ ¨ Y®� � ¼ ¬ � Ï� � ¡ ´ ¨ Y®� � ¼ YV� � ´ ¨ YV� � ¼ ´ ¨ YÀ� ¡ ¼Z´ ¨ Y�� Ï ¼X¼
0 0 1 1 :

´ ¨ YÁ� ¼ Ï ¿ ´ � Ï ¬ � ´ ¨ YV� � YÀ� Ï ¼W¼ Ï
0 1 0 0 : � Ï � ¡ ´ ¨ YÀ� ¡ ¼ ¿ � Ï � Ï� ´ ¨ Y�� ¼Z´ � Ï YÀ� ¡ ´ � Ï Y�� � ¼W¼
0 1 1 0 : � ´ ¨ YV� ¼ ´ ¨ YÀ� ¡ ¼ ¿ � Ï � � ´ ¨ YV� � ¼ ´ � Ï YÀ� ¡ ´ � Ï Y�� � ¼X¼
1 0 0 0 : � Ï � ¡ ´ ¨ YÀ� ¡ ¼ ¿ �*� � � ´W´ ¨ Ye� ¼ ´ ¨ YÂ� Ï ¼ ¬ �*� � ´ ¨ Y®� Ï ¼W¼
1 0 0 1 : � ´ ¨ YV� ¼ ´ ¨ YÀ� ¡ ¼ ¿ �*� � ´ � Ï ¬ � ´ ¨ YV� � YÀ� Ï ¼X¼ �
1 1 0 0 : � Ï ´ ¨ YV� ¡ ¼ Ï ¿ � Ï � Ï� � � Ï

Correspondingto the valid labelingsof K ª L ª Y ª R and N ª P ª S ª U thereare8

equationsimpliedby Condition(c). Someequationsaretautologies- theseareomitted.

Theseequations,generatedby
Ó Ô ²³@´ K ª L ª Y ª Rc¼ ¿ ²³Þ´ N ª P ª S ª U ¼ ¿ ´ Î � ª ÎTÏ ª Î ¡ ª Î¾Ö ¼ Ú are

givenbelow for
´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ¼ ¿

0 0 0 0 : �Ã� � � ¡ ´ ¨ Y®� ¼ ¿ �Ã� � � ¡ ´ ¨ YÁ� ´ � Ï YÀ� ¡ ´ ¨ YV� � � ¼ ´ � Ï Y�� � ¼W¼X¼
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0 0 0 1 : �*� � � ¡ � ¿ � Ï � � � ¡ ´ � Ï YÀ� ¡ ´ ¨ YV� � � ¼ ´ � Ï Y�� � ¼W¼
0 0 1 0 :

0 1 0 0 : �*� � ´ ¨ YV� ¡ ¼ ´ ¨ Y�� ¼ ¿ �*� � ´ ¨ YÂ� ¡ ¼ ´ ¨ Ye� ´ � Ï YÀ� ¡ ´ ¨ YÂ� � � ¼ ´ � Ï Y�� � ¼W¼X¼
0 1 0 1 : �*� � ´ ¨ YV� ¡ ¼ � ¿ � Ï � � ´ ¨ YÀ� ¡ ¼ ´ � Ï YV� ¡ ´ ¨ YÀ� � � ¼Z´ � Ï Y®� � ¼X¼
0 1 1 0 :

1 0 0 0 :

1 0 1 0 :

Theequationscorrespondingto Condition(d) areof theformÓ Ô ²³H´ L ª P ª R ª U ª Y ª S ¼ ¿ ´ Î � ª ÎTÏ ª Î ¡ ª ÎgÖ ª Î¾× ª Î¾Ø ¼ ÚÓ Ô ²³@´;R ª U ª Y ª S ¼ ¿ ´ Î ¡ ª ÎgÖ ª Î¾× ª Î¾Ø ¼ Ú ¿ Ó Ô ²³Þ´ L ª P ª R ª U ¼ ¿ ´ Î � ª Î¾Ï ª Î ¡ ª ÎgÖ ¼ ÚÓ Ô ²³H´;R ª U ¼ ¿ ´ Î ¡ ª Î¾Ö ¼ Ú
where

´ Î ¡ ª ÎgÖ ª Î¾× ª ÎTØ ¼ is a valid labelingof thepoints
´\R ª U ª Y ª S ¼ . Someequationsare

tautologies- theseareomitted. The list of equationsis givenbelow for
´ Î � ª ÎTÏ ª Î ¡ ª Î¾Ö ªÎ¾× ª Î¾Ø ¼ ¿

0 0 0 0 0 0 :
´W´ ¨ Ye� ¼ ´ ¨ YV� Ï ¼ ´ ¨ YV� Ï Ye� ´ ¨ YÀ� Ï YV� � � ¡ ´ � Y®� ¼W¼X¼¬ � Ï � Ï� � Ï¡ ´ ¨ Y�� ¼Z´ ¨ Y®� � ¼X¼´W´ ¨ YÀ� Ï ¼ Ï YV� ´ ¨ YV� Ï ¼Z´ � YV� � Y � � Ï YV� � ´ ¨ Y®� ¼X¼ ¬ � Ï ´W´ ¨ YÀ� Ï ¼ ÏYb� � ´ ¨ YV� Ï ¼Z´ � Y®� ¼ ¬ � Ï� ´ ¨ Y®� ¼ ´ � ¡ ´ � Ï Y®� � ¼ ¬ ´ ¨ Y�� Ï ¼X¼W¼W¼ ¸ �¿ � ËÆÅ _�Ç = _ Ï ¸ Ç�È�É a ¸ Ï ËÆÅ _ � Ë Ç = _¨Ç²ÈÊÉ ¸ Ï a Ë ÇÌË= _ � ¸ Ç²ÈÊÉ a _ � ¸ Ç²È�É²È a a a� ËÆÅ Ç²ÈÛ_ ¸ É ËÆÅ _ � ¸ Ç�È�É a _�Ç = _ É Ë ¸ É²È a ¸ É Ë a a

0 0 0 0 0 1 : _ _ Å«¸ � a Ç Ë ¸¦Å _ � ¸ Ç�È a Ç = a _ ¸ _ Å«¸ � a _ � ¸ Ç Ë a ËÆÅ Ç²È[Ç = _ � ¸ É a a_ Å _¨Ç²È Ë Ç Ë ¸ � a ¸ Ç Ë a _ ¸ _ Å«¸ � a _ � ¸ Ç Ë a ËÆÅ Ç²ÈÛ_ � ¸ É a a¿ � ËÆÅ _�Ç = _ Ï ¸ Ç�È�É ¸ Ï a ËÆÅ _ � Ë Ç = _¨Ç²ÈÊÉ ¸ Ï a Ë Ç Ë= _ � ¸ Ç²ÈÊÉ a _ � ¸ Ç²È�É²È a a a� ËÆÅ Ç²È _ Å _ � ¸ Ç²ÈÍÉ a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a
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0 0 0 0 1 0 :
´W´ �®Y ¨ ¼ � Ï ´ � ´ ¨°¬ � ¡ Y � � � � ¡ ¼ Y ¨ ¼ Y ´X´ �®Y ¨ ¼ Ï � ÏÏ ¼ ¬� ´ ¨ YÀ� � ¼ � ¡ ´ ¨­¬ � ´ � � � ¡ ´ ¨ Y�� � ¼ Y ¨ ¼X¼W¼´ � Ï YV� ÏÏ ¬ � ´ � � ¬ � Ï Y ¨ ¼ ´ � � Ï Y ¨ ¼ ¬ � Ï ´ � � ¬�� � Ï Y � � � � Ï YÀ� ÏÏ¬ � � � ¡ ´ ¨ Y®� � ¼ YV� Ï� � ¡ ´ ¨ Y®� � ¼ ¬ � � ´ ¨ Y�� Ï ¼Z´ ¨ YÀ� � ¼ ´ ¨ YÀ� ¡ ¼ Y ¨ ¼W¼ ¸ �¿ � ËÆÅ _�Ç = _ Ï ¸ Ç�È�É a ËÆÅ _ � Ë Ç = _¨Ç²È�É ¸ Ï a Ë Ç Ë= _ � ¸ Ç²ÈÊÉ a _ � ¸ Ç²È�É²È a a ¸ Ï a� ËÆÅ Ç²È _ Å _ � ¸ Ç²ÈÍÉ a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

0 0 0 0 1 1 : _�Ç Ë _ Å«¸ � a ¸¦Å Ç = _ � ¸ Ç È a a Ë_¨Ç Ë ¸¦Å _�Ç²È Ë Ç Ë ¸ � a a Ë ¿ � ËÆÅ _�Ç = _ Ï ¸ Ç�È�É a ËÆÅ _ � Ë Ç = _¨Ç²ÈÊÉ ¸ Ï a Ë Ç Ë= _ � ¸ Ç²È�É a _ � ¸ Ç²ÈÊÉ²È a a ¸ Ï a� ËÆÅ Ç²ÈÛ_ Å _ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a
0 0 0 1 0 0 :

¸¦Å Ë Ç Ë È Ç Ë= _ � ¸ É a É�ÈÅ Ë Ç²ËÈ _ � ¸ É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¿ ¸¦Å Ë Ç²È�Ç Ë= _ � ¸ Ç²È�É a É²ÈÅ Ë Ç²È _ � ¸ Ç�ÈªÉ a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a
0 0 0 1 1 0 :

¸¦Å Ë _ � ¸ Ç²È a Ç²È[Ç Ë= É²ÈÅ Ë _ � ¸ Ç�È a Ç²ÈÛ_�Ç = _ É Ë ¸ É²È a ¸ É Ë a ¿ ¸¦Å Ë Ç²È�Ç Ë= _ � ¸ Ç²ÈÊÉ a É²ÈÅ Ë Ç�È]_ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a
0 0 1 0 0 0 :

Å Ç²È�Ç = ÉV_ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç²È[Ç = _ � ¸ É Ë a aÅ Ç²ÈÊÉV_ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç²ÈÛ_ � ¸ É Ë a a ¿ Å Ç²È�Ç = ÉV_ � ËÆÅ _�Ç = _ � ¸ Ç�È�É Ë a ¸ � a aÅ Ç²ÈÊÉV_ � ¸¦Å Ç�È�É Ë a
0 0 1 0 0 1 :

Å Ç È Ç = _ _ Å«¸ � a Ç Ë ¸¦Å _ � ¸ Ç È a Ç = a ÉÅ Ç²È _ Å _¨Ç²È Ë Ç Ë ¸ � a ¸ Ç Ë a É ¿ Å Ç È Ç = ÉV_ � ËÆÅ _�Ç = _ � ¸ Ç È É Ë a ¸ � a aÅ Ç²ÈÊÉV_ � ¸¦Å Ç�È�É Ë a
0 0 1 1 0 0 :

0 1 0 0 0 0 :
´ �*� � ´ ¨ YV� ¡ ¼ ´X´ ��Y ¨ ¼Z´ ¨ YÀ� Ï ¼ YÁ�Ã� � � ¡ ´ ¨ Y�� ¼Z´ ¨ Y®� � ¼X¼W¼´W´ ¨ YÀ� Ï ¼ Ï ¬ � ´ ¨ YV� Ï ¼ ´ � � Ï ¬ � � ´ � Y®� ¼ Y � ¼ ¬ � Ï ´W´ ¨ YV� Ï ¼ ÏYb� � ´ ¨ YV� Ï ¼Z´ � Y®� ¼ ¬ � Ï� ´ ¨ Y®� ¼ ´ � ¡ ´ � Ï Y®� � ¼ ¬ ´ ¨ Y�� Ï ¼X¼W¼W¼ ¸ �¿ ¸¦Å _ � ¸ Ç = a _ � ËÆÅ _¨Ç = _ � ¸ Ç²ÈÊÉ a _ � ¸ Ç²È�É²È a ¸ � a a� ËÆÅ Ç È _ Å _ � ¸ Ç È É a _¨Ç = _ É Ë ¸ É È a ¸ É Ë a ¸ É a

0 1 0 0 0 1 :
Å _ � ¸ Ç�È a _ � ¸ Ç = a _ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç²È�Ç = _ � ¸ É a a_ Å _¨Ç²È Ë Ç Ë ¸ � a ¸ Ç Ë a _ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç²ÈÛ_ � ¸ É a a ¿ ¸¦Å _ � ¸ Ç = a _ � ËÆÅ _¨Ç = _ � ¸ Ç²È�É a _ � ¸ Ç�È�É²È a ¸ � a a� ËÆÅ Ç²ÈÛ_ Å _ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

0 1 0 0 1 0 :
´ YÎ�*� � ´ ¨ YÀ� ¡ ¼Z´W´ �®Y ¨ ¼ � Ï YÁ� ´ ¨ YV� � ¼ � ¡ ´ ¨ Y®� � ¼W¼X¼´ � Ï YV� ÏÏ ¬ � ´ � � ¬ � Ï Y ¨ ¼ ´ � � Ï Y ¨ ¼ ¬ � Ï ´ � � ¬�� � Ï Y � � � � Ï YÀ� ÏÏ¬ � � � ¡ ´ ¨ Y®� � ¼ YV� Ï� � ¡ ´ ¨ Y®� � ¼ ¬ ´ ¨ YV� � ¼ � � ´ ¨ YV� ¡ ¼ ´ ¨ Y®� Ï ¼ Y ¨ ¼W¼ ¸ �¿ ¸¦Å _ � ¸ Ç = a _ � ËÆÅ _¨Ç = _ � ¸ Ç²ÈÊÉ a _ � ¸ Ç²È�É²È a ¸ � a a� ËÆÅ Ç²ÈÛ_ Å _ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

0 1 0 0 1 1 :
Å _ � ¸ Ç²È a _ � ¸ Ç = a _ _ Å«¸ � a Ç Ë ¸¦Å _ � ¸ Ç²È a Ç = a_¨Ç Ë ¸¦Å _�Ç²È Ë Ç Ë ¸ � a a Ë ¿ ¸¦Å _ � ¸ Ç = a _ � ËÆÅ _¨Ç = _ � ¸ Ç²È�É a _ � ¸ Ç�È�É²È a ¸ � a a� ËÆÅ Ç²È _ Å _ � ¸ Ç²ÈÍÉ a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

0 1 0 1 0 0 :
Å ËÏÇ²ËÈ _ � ¸ Ç = a Ç = _ � ¸ É a É²ÈÅ Ë Ç²ËÈ _ � ¸ É a _¨Ç = _ É Ë ¸ É È a ¸ É Ë a ¿ Å ËÏÇ²ÈÛ_ � ¸ Ç = a Ç = _ � ¸ Ç�È�É a É²ÈÅ Ë Ç²È _ � ¸ Ç�ÈªÉ a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a

0 1 0 1 1 0 :
Å Ë _ � ¸ Ç�È a Ç²ÈÛ_ � ¸ Ç = a Ç = É²ÈÅ Ë _ � ¸ Ç�È a Ç²ÈÛ_�Ç = _ É Ë ¸ É²È a ¸ É Ë a ¿ Å Ë Ç�È]_ � ¸ Ç = a Ç = _ � ¸ Ç²È�É a É²ÈÅ Ë Ç�È]_ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a

0 1 1 0 0 0 :
Å Ë Ç ËÈ _ � ¸ Ç = a Ç = Ég_ � ¸ É Ë aÅ Ç²ÈÊÉV_ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç²ÈÛ_ � ¸ É Ë a a ¿ ¸¦Å Ë Ç²È _ � ¸ Ç = a Ç = ÉV_ � ¸ Ç�ÈªÉ Ë aÅ Ç²È�ÉV_ � ¸¦Å Ç�ÈªÉ Ë a

0 1 1 0 0 1 :
Å Ë _ � ¸ Ç²È a Ç²ÈÛ_ � ¸ Ç = a Ç = ÉÅ Ç²È _ Å _¨Ç²È Ë Ç Ë ¸ � a ¸ Ç Ë a É ¿ ¸¦Å Ë Ç²È _ � ¸ Ç = a Ç = ÉV_ � ¸ Ç²ÈÊÉ Ë aÅ Ç²ÈÊÉV_ � ¸¦Å Ç²È�É Ë a

0 1 1 1 0 0 :
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1 0 0 0 0 0 :
´ �*� � ´ ¨ YV� ¡ ¼ ´ ¨ Y®� ¼ ´X´ �®Y ¨ ¼Z´ ¨ YV� Ï ¼ YÁ�Ã� � � ¡ ´ ¨ Y®� Ï ¼X¼W¼´W´ ¨ YÀ� Ï ¼ Ï ¬ � ´ ¨ YV� Ï ¼ ´ � � Ï ¬ � � ´ � Y®� ¼ Y � ¼ ¬ � Ï ´W´ ¨ YV� Ï ¼ ÏYb� � ´ ¨ YV� Ï ¼Z´ � Y®� ¼ ¬ � Ï� ´ ¨ Y®� ¼ ´ � ¡ ´ � Ï Y®� � ¼ ¬ ´ ¨ Y�� Ï ¼X¼W¼W¼ ¸ �¿ ¸¦Å _ � ¸ Ç = a _ � ¸ Ç²È�É a _ � ËÆÅ _¨Ç = _ � ¸ Ç²È�É Ë a ¸ � a a� ËÆÅ Ç²ÈÛ_ Å _ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

1 0 0 0 0 1 :
Å Ç²È _ � ¸ Ç = a _ _ Å«¸ � a Ç Ë ¸¦Å _ � ¸ Ç²È a Ç = a _ � ¸ É a_ Å _¨Ç²È Ë Ç Ë ¸ � a ¸ Ç Ë a _ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç²ÈÛ_ � ¸ É a a ¿ ¸¦Å _ � ¸ Ç = a _ � ¸ Ç²ÈÍÉ a _ � ËÆÅ _�Ç = _ � ¸ Ç�È�É Ë a ¸ � a a� ËÆÅ Ç²ÈÛ_ Å _ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

1 0 0 0 1 0 :
´ YÎ� ´ ¨ YV� � ¼Z´ ¨ YV� ¡ ¼ ´X´ ��Y ¨ ¼ ´ ¨ YV� Ï ¼ YÁ�Ã� � � ¡ ´ ¨ Y�� Ï ¼W¼W¼´ � Ï YV� ÏÏ ¬ � ´ � � ¬ � Ï Y ¨ ¼ ´ � � Ï Y ¨ ¼ ¬ � Ï ´ � � ¬�� � Ï Y � � � � Ï YÀ� ÏÏ¬ � � � ¡ ´ ¨ Y®� � ¼ YV� Ï� � ¡ ´ ¨ Y®� � ¼ ¬ ´ ¨ YV� � ¼ � � ´ ¨ YV� ¡ ¼ ´ ¨ Y®� Ï ¼ Y ¨ ¼W¼ ¸ �¿ ¸¦Å _ � ¸ Ç = a _ � ¸ Ç²È�É a _ � ËÆÅ _¨Ç = _ � ¸ Ç²È�É Ë a ¸ � a a� ËÆÅ Ç²ÈÛ_ Å _ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

1 0 0 0 1 1 :
Å _ � ¸ Ç È a _ � ¸ Ç = a _ _ Å«¸ � a Ç Ë ¸¦Å _ � ¸ Ç È a Ç = a_¨Ç Ë ¸¦Å _�Ç²È Ë Ç Ë ¸ � a a Ë ¿ ¸¦Å _ � ¸ Ç = a _ � ¸ Ç È É a _ � ËÆÅ _�Ç = _ � ¸ Ç È É Ë a ¸ � a a� ËÆÅ Ç²È _ Å _ � ¸ Ç²ÈÍÉ a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

1 0 0 1 0 0 :
Å ËÏÇ²ËÈ Ç = _ � ¸ É a _ � ¸ Ç = a É ËÅ Ë Ç²ËÈ _ � ¸ É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¿ Å Ë Ç²È[Ç = _ � ¸ Ç = a _ � ¸ Ç²ÈÐÉ a É ËÅ Ë Ç²È _ � ¸ Ç�ÈªÉ a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a

1 0 0 1 1 0 :
Å ËÏÇ È _ � ¸ Ç È a _ � ¸ Ç = a Ç = É ËÅ Ë Ç²ÈÛ_ � ¸ Ç²È a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¿ Å ËÏÇ È Ç = _ � ¸ Ç = a _ � ¸ Ç È É a É ËÅ Ë Ç�È]_ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a

1 0 1 0 0 0 :
¸¦Å Ç²È _ � ¸ Ç = a ÉV_ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç²È[Ç = _ � ¸ É Ë a aÅ Ç È ÉV_ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç È _ � ¸ É Ë a a ¿ ¸¦Å Ç²È _ � ¸ Ç = a ÉV_ � ËÆÅ _�Ç = _ � ¸ Ç�È�É Ë a ¸ � a aÅ Ç È ÉV_ � ¸¦Å Ç È É Ë a

1 0 1 0 0 1 :
¸¦Å Ç È _ � ¸ Ç = a _ _ Å«¸ � a Ç Ë ¸¦Å Ç = _ � ¸ Ç È a a ÉÅ Ç²È _ Å _¨Ç²È Ë Ç Ë ¸ � a ¸ Ç Ë a É ¿ ¸¦Å Ç È _ � ¸ Ç = a ÉV_ � ËÆÅ _�Ç = _ � ¸ Ç È É Ë a ¸ � a aÅ Ç²ÈÊÉV_ � ¸¦Å Ç�È�É Ë a

1 0 1 1 0 0 :

1 1 0 0 0 0 :
´ � Ï � Ï� ´ ¨ Y®� ¼Z´ ¨ Y�� Ï ¼Z´ ¨ YV� ¡ ¼ Ï ¼´W´ ¨ YÀ� Ï ¼ Ï ¬ � ´ ¨ YV� Ï ¼ ´ � � Ï ¬ � � ´ � Y®� ¼ Y � ¼ ¬ � Ï ´W´ ¨ YV� Ï ¼ ÏYb� � ´ ¨ YV� Ï ¼Z´ � Y®� ¼ ¬ � Ï� ´ ¨ Y®� ¼ ´ � ¡ ´ � Ï Y®� � ¼ ¬ ´ ¨ Y�� Ï ¼X¼W¼ ¸ �¿ Å ËX_ � ¸ Ç = a ËX_ � ¸ Ç²È�É a _ � ¸ Ç²È�É Ë a� ËÆÅ Ç È _ Å _ � ¸ Ç È É a _�Ç = _ É Ë ¸ É È a ¸ É Ë a ¸ É a

1 1 0 0 0 1 :
Å ËÏÇ²È _ � ¸ Ç²È a _ � ¸ Ç = a ËX_ � ¸ É a_ Å _¨Ç²È Ë Ç Ë ¸ � a ¸ Ç Ë a _ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç²ÈÛ_ � ¸ É a a ¿ Å ËX_ � ¸ Ç = a ËX_ � ¸ Ç²ÈÊÉ a _ � ¸ Ç²È�É Ë a� ËÆÅ Ç²ÈÛ_ Å _ � ¸ Ç²ÈÍÉ a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

1 1 0 0 1 0 :
´ � Ï � � ´ ¨ YÀ� � ¼ ´ ¨ YV� ¡ ¼ Ï ´ ¨ Y�� Ï ¼W¼´ � Ï YV� ÏÏ ¬ � ´ � � ¬ � Ï Y ¨ ¼ ´ � � Ï Y ¨ ¼ ¬ � Ï ´ � � ¬�� � Ï Y � � � � Ï YÀ� ÏÏ¬ � � � ¡ ´ ¨ Y®� � ¼ YV� Ï� � ¡ ´ ¨ Y®� � ¼ ¬ ´ ¨ YV� � ¼ � � ´ ¨ YV� ¡ ¼ ´ ¨ Y®� Ï ¼ Y ¨ ¼W¼ ¸ �¿ Å Ë _ � ¸ Ç = a Ë _ � ¸ Ç²È�É a _ � ¸ Ç²È�É Ë a� ËÆÅ Ç�È]_ Å _ � ¸ Ç²ÈÐÉ a _�Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

1 1 0 0 1 1 :
Å Ë _ � ¸ Ç²È a Ë _ � ¸ Ç = a Ë_�Ç Ë ¸¦Å _¨Ç²È Ë Ç Ë ¸ � a a Ë ¿ Å Ë _ � ¸ Ç = a Ë _ � ¸ Ç²È�É a _ � ¸ Ç²ÈÊÉ Ë a� ËÆÅ Ç�È]_ Å _ � ¸ Ç²ÈÐÉ a _�Ç = _ É Ë ¸ É²È a ¸ É Ë a ¸ É a

1 1 0 1 0 0 :
¸¦Å Ë Ç Ë È _ � ¸ Ç = a Ë _ � ¸ É a É ËÅ Ë Ç²ËÈ _ � ¸ É a _¨Ç = _ É Ë ¸ É È a ¸ É Ë a ¿ ¸¦Å Ë Ç�È]_ � ¸ Ç = a Ë _ � ¸ Ç²È�É a É ËÅ Ë Ç²È _ � ¸ Ç�ÈªÉ a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a
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1 1 0 1 1 0 :
¸¦Å Ë Ç²È _ � ¸ Ç�È a _ � ¸ Ç = a Ë É ËÅ Ë Ç²È _ � ¸ Ç²È a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a ¿ ¸¦Å Ë Ç�È]_ � ¸ Ç = a Ë _ � ¸ Ç²ÈÊÉ a É ËÅ Ë Ç²È _ � ¸ Ç²È�É a _¨Ç = _ É Ë ¸ É²È a ¸ É Ë a

1 1 1 0 0 0 :
¸¦Å ËÏÇ²ËÈ _ � ¸ Ç = a ËÑÉg_ � ¸ É Ë aÅ Ç²ÈÊÉV_ _ Å«¸ � a _ � ¸ Ç Ë a ¸¦Å Ç²ÈÛ_ � ¸ É Ë a a ¿ Å Ë Ç²È _ � ¸ Ç = a Ë ÉV_ � ¸ Ç²ÈÊÉ Ë aÅ Ç²ÈÊÉV_ � ¸¦Å Ç²È�É Ë a

1 1 1 0 0 1 :
¸¦Å Ë Ç²È _ � ¸ Ç²È a _ � ¸ Ç = a Ë ÉÅ Ç²È _ Å _¨Ç�È Ë Ç Ë ¸ � a ¸ Ç Ë a É ¿ Å Ë Ç²È _ � ¸ Ç = a Ë ÉV_ � ¸ Ç²È�É Ë aÅ Ç�È�ÉV_ � ¸¦Å Ç²ÈÊÉ Ë a

1 1 1 1 0 0 :

Substitutingfrom Theorem4.4andfrom (4.19)thequantities� � ¿ Ï� Ë É Ë�Ò _ � Ë ¡ÓÉ a _ � ¸ É a ª � Ï ¿ Ï É� Ë É Ë�Ò _ � Ë ¡ÓÉ a _ � ¸ É a ª � ¡ ¿ Ï _ � ¸ É a� ¸ É Ë�Ò _ � Ë ¡ÓÉ a _ � ¸ É a ª� ¿ �ÏÕÔ ¨Ö¬ � ¸ ÉÒ _ � Ë ¡ÓÉ a _ � ¸ É a¼× ¬
The above equationscorrespondingto Conditions(a)-(d) reduceto at mosttwo inde-

pendentequations.A setof independentequationsweusedto express� � and� Ï is� Y ´ ¨ Y�� ¼ Ï ´ ¨­¬ � � ¼ ¬ ´ �c¬ ´ ¨ Y�� ¼Z´ ¨­¬ � � ¼W¼ ¯ ´ ¨­¬Ø` � ¼Z´ ¨ Y®� ¼¨­¬ � ¬ ¯ ´ ¨­¬Ø` � ¼ ´ ¨ Y®� ¼ ¿ ¨ (4.38)¨ Y®�ÙY � ´ ¨ Y®� ¼ Ï ¬�� ´ ¨ Y®� ¼ ´ ¨ Y®� Ï ¼ ¬ ¯ ´ ¨­¬Ø` � ¼Z´ ¨ Y®� ¼¨ Y®� ¬ ¯ ´ ¨­¬Ø` � ¼ ´ ¨ Y®� ¼ ¿ ¨ß¬ (4.39)

Theparameters§ � and §·Ï aregivenin termsof theotherparametersas§ � ¿ � Ï � � � ¡ ´ ¨ YÀ� � � ¼ (4.40)§·Ï ¿ � Ï � � ´ ¨ YV� ¡ ´ ¨ YV� � � ¼W¼ ¬ (4.41)



107

References

[1] J. J. Ashley andB. H. Marcus.Two-DimensionalLow-PassFiltering Codes.IEEE
Trans.onCommunications, 46:724–727,June1998.

[2] P. BenderandJ.K. Wolf. A UniversalAlgorithmfor GeneratingOptimalandNearly
Optimal Run-Length-Limited,Charge ConstrainedBinary Sequences.Proc. 1993
IEEEIntl. Symp.on Inform.Theory, page6, SanAntonio,TX, January1993.

[3] N. J.CalkinandH. S.Wilf. TheNumberof IndependentSetsin aGrid Graph.SIAM
JournalonDiscreteMathematics, 11:54–60,February1998.

[4] T. M. CoverandJ.A. Thomas.Elementsof InformationTheory. JohnWiley & Sons,
Inc.,New York, 1991.

[5] K. Engel.On the FibonacciNumberof an Ú ? ¯ Lattice.FibonacciQuarterly,
28:72–78,1990.

[6] T. Etzion. Cascadingmethodsfor runlength-limitedarrays.IEEE Trans. Inform.
Theory, 43:319–324,January1997.

[7] S. Forchhammer. Bounds on the Capacity of ConstrainedThree-Dimensional
Codes.Preprint, 2002.

[8] S.Halevy, J.Chen,R. M. Roth,P. H. Siegel,andJ.K. Wolf. ImprovedBit-Stuffing
Boundson2-DimensionalConstraints.Proc.2002IEEEIntl. Symp.onInform.The-
ory, page385,Lausanne,Switzerland,June-July2002.

[9] K. A. S. Immink, P. H. Siegel, andJ. K. Wolf. Codesfor Digital Recorders.IEEE
Trans.Inform.Theory, 44:2260–2299,October1998.

[10] H. Ito, A. Kato, Zs. Nagy, andK. Zeger. Zero CapacityRegion of Multidimen-
sionalRunLengthConstraints.Elec.J. Combinatorics, 6(1)(R33),1999.

[11] A. Kato andK. Zeger. On the Capacityof Two-DimensionalRun LengthCon-
strainedChannels.IEEETrans.Inform.Theory, 45(4):1527–1540,July1999.

[12] P. Lee.CombinedError-Correcting/ModulationRecordingCodes.Ph.D.disserta-
tion, Universityof California,SanDiego,1988.

[13] Zs. Nagy and K. Zeger. CapacityBoundsfor the Three-Dimensional(0,1) Run
Length Limited Channel.IEEE Trans. Inform. Theory, 46(3):1030–1033,May
2000.

[14] Zs.NagyandK. Zeger. AsymptoticCapacityof Two-DimensionalChannelswith
CheckerboardConstraints.IEEETrans.Inform.Theory(submittedJuly2002).



108

[15] E. Ordentlich and R. M. Roth. Two-DimensionalWeight-ConstrainedCodes
throughEnumerationBounds.IEEE Trans.Inform.Theory, 46(4):1292–1301,July
2000.

[16] R. M. Roth,P. H. Siegel,andJ.K. Wolf. EfficientCodingfor a Two-Dimensional
Runlength-LimitedConstraint.Proc.of theSPIE- TheIntl. Soc.for Optical Engi-
neering, Denver, CO,3802:8–17,July1999.

[17] R. M. Roth,P. H. Siegel, andJ.K. Wolf. Efficient CodingSchemesfor theHard-
SquareModel. IEEETrans.Inform.Theory, 47:1166–1176,March2001.

[18] C. E. Shannon.A MathematicalTheory of Communication.Bell Syst.Tech. J.,
27(3and4):379–423and623–656,JulyandOctober1948.

[19] P. H. SiegelandJ.K. Wolf. Bit Stuffing BoundsontheCapacityof 2-Dimensional
ConstrainedArrays.Proc.1998IEEEIntl. Symp.onInform.Theory, page323,MIT,
Cambridge,MA, August1998.

[20] R. E. Swansonand J. K. Wolf. A New Classof Two-DimensionalRunlength-
LimitedRecordingCodes.IEEETrans.onMag. Recording, 28:3407–3416,Novem-
ber1992.

[21] R. Talyansky, T. Etzion,andR. M. Roth.Efficient CodeConstructionfor Certain
Two-DimensionalConstraints.IEEETrans.Inform.Theory, 45(2):794–799,March
1999.

[22] A. Vardy, M. Blaum,P. H. Siegel,andG.T. Sincerbox.ConservativeArrays:Mul-
tidimensionalModulationCodesfor HolographicRecording.IEEE Trans.Inform.
Theory, 42(1):227–230,January1996.

[23] W. WeeksandR. E. Blahut.TheCapacityandCodingGainof CertainChecker-
boardCodes.IEEETrans.Inform.Theory, 44(3):1193–1203,May 1998.



Chapter 5

Asymptotic Capacity of
Two-DimensionalChannelswith
Checkerboard Constraints

Abstract

A checkerboardconstraintis a boundedmeasurableset Û_Ü]Ý Ï , contain-

ing theorigin. A binarylabelingof the Þ Ï latticesatisfiesthecheckerboard

constraint Û if whenever ß ¤ Þ Ï is labeled ¨ , all of the other Þ Ï -lattice

pointsin the translateß ¬ Û arelabeledÑ . Two-dimensionalchannelsthat

only allow labelingsof Þ Ï satisfyingcheckerboardconstraintsarestudied.

Let  ´ Û ¼ be the areaof Û , and let  ´ Û ¼áà â
meanthat Û retainsits

shapebut is inflatedin sizein theform �ãÛ as � à â
. It is shown thatfor

any opencheckerboardconstraintÛ , thereexist positive reals ä � and ä Ï
suchthatas  ´ Û ¼åà â

, thechannelcapacity

½çæ
decaysto zeroat leastas

fastas
´ ä �éèÑêkë Ï  ´ Û ¼X¼íì  ´ Û ¼ andatmostasfastas

´ ä Ï èÑêkë Ï  ´ Û ¼W¼íì  ´ Û ¼ .
It is alsoshown that if Û is an openconvex andsymmetriccheckerboard

constraint,then as  ´ Û ¼îà â
, the capacitydecaysexactly at the rate¥ C ´ Û ¼Z´ èÑêkë Ï  ´ Û ¼W¼íì  ´ Û ¼ , where
C ´ Û ¼ is the packingdensityof the set Û .

An implicationis thatthecapacityof suchcheckerboardconstrainedchan-

nels is asymptoticallydeterminedonly by the areasof the constraintand

109
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thesmallesthexagonthatcanbecircumscribedabouttheconstraint.In par-

ticular, this establishesthat channelswith square,diamond,or hexagonal

checkerboardconstraintsall asymptoticallyhave the samecapacity, sinceC ´ Û ¼ ¿À¨ for suchconstraints.

5.1 Intr oduction

One-dimensionalchannelssatisfyingrun lengthconstraintsareimportantin magnetic

recordingapplicationsandtwo-dimensionalchannelssatisfyingrun lengthconstraints

have beenconsideredin relationto opticalrecordingapplications(seethereferencesin

[14]). One-dimensional
´ e ª Á ¼ runlengthconstraintsrequirethatin any binarysequence,

the numberof consecutive 0s be at most Á , andbetweenany two 1s in the sequence

beat least e 0s. Two-dimensionalrun lengthconstraintsrequirethat one-dimensional

run lengthconstraintsbesatisfiedbothhorizontallyandvertically in a two-dimensional

rectangularbinaryarray.

An importantspecialtwo-dimensionalchannelis onesatisfyingthe
´ e ª â ¼

run

lengthconstraint.In two dimensions,the
´ ¨«ª â ¼

constraint,for example,hasbeenstud-

ied in termsof computingthe channelcapacity[4], [7] andfor efficient codingalgo-

rithms[21], [22]. Thecapacityof the
´ ¨«ª â ¼

constrainedchannelis not known exactly,

but hasbeenveryaccuratelyupperandlowerbounded.

If a two-dimensionaĺ e ª â ¼
run lengthconstraintis further constrainedalong

onediagonaldirectionto similarly only allow
´ e ª â ¼

constrainedsequences(e.g.in the

northwest-southeastdirectionasshown in Figure5.1f), thenthis is equivalentto achan-

nel thatallows binarylabeledpatternsof a hexagonalgrid (asopposedto a rectangular

grid) suchthata
´ e ª â ¼

runlengthconstraintmustbemetalongthethreenaturalaxesof

thehexagonalgrid. A complicatednon-rigorous1 derivationof thecapacityfor thecase

1Baxtercommentson his derivation[2, p. 409]: “It is not mathematicallyrigorous,in that certain
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expressionfor thecapacitywaspresentedin [15], [19], and[26].

Variousinterpretationsof two-dimensionalrun lengthconstrainedcapacitiesap-

pearin otherfieldsof study. For example,thetwo-dimensionaĺ ¨ßª â ¼
capacityis equal

to the growth rate (as ¯ à â
) of the numberof configurationsof mutually non-

attackingprinceson an ¯ ? ¯ chessboard,wherea “prince” actsas a chesspiece

thatcanmoveto any squarethatsharesanedgewith its currentlocation.Likewise,the

analyticcapacityin [15], [19], [26] givesthe growth rateof the numberof configura-

tions of mutuallynon-attackingprinceson a hexagonalchessboard.The growth rates

of the numberof certainconfigurationsof mutually non-attackingchesspieceson an¯ ? ¯ chessboardhave beenextensively studied(e.g. for kings, in [18], [30]). The

capacitycalculationsin [4] wereformulatedin termsof countingindependentsetsof

verticesin graphs.The capacitiesarealsocloselyrelatedto gases,lattices,andIsing

modelentropiesin statisticalmechanics[2].

In additionto run lengthconstraints,othertypesof constraintscanbe usedto

modeltwo-dimensionalchannelsfor certainapplications[1], [8], [9], [10], [12], [13],

[23], [24], [25], [27], [28]. For example, run length constraintsalong diagonalsin

both directions(northwest-southeastandnortheast-southwest)canbe imposed,in ad-

dition to horizontaland vertical constraints. An exampleof a circularly symmetric

two-dimensionalconstraintoccursby requiringthat any point in the two-dimensionalÞ Ï latticebelabeled0 if it is within aprescribeddistancefrom a latticepointwith label

1. In otherwords,each1 mustbesurroundedby acertaincircleof 0s.

One could alternatively requirethat every 1 be surroundedby 0s falling in a

givensizedhexagon,square,or moregenerallyany othershapeof interest.In general,a

largeclassof suchtwo-dimensionalconstraintscanbecharacterizedby somebounded

analyticitypropertiesof ï areassumed,andthe resultsof Chapter13 (which dependon assumingthat
variouslarge-latticelimits canbeinterchanged)areused.However, I believe thattheseassumptions,and
therefore(14.1.18)-(14.1.24), arein factcorrect.”
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measurabletwo-dimensionalset Û , andthe requirementthat for every 1 storedin the

plane,it mustat leastbesurroundedby a setof 0sarrangedin theshapeof Û . Sucha

codeis saidto satisfythe constraintÛ . Theseconstraintsareknown ascheckerboard

constraints[29]. Two-dimensionaĺ e ª â ¼
constraintsare examplesof checkerboard

constraints,in which casethe set Û is the union of the intervals � Y e ª e � on both the

horizontalandverticalaxesin theplane(i.e. a “+” shape).Likewisethehexagonal-grid

constraintstudiedin [2] is a checkerboardconstraint.

In this paperwe focus on the asymptoticbehavior of the capacityof two-

dimensionalchannelssatisfyingcheckerboardconstraints. In the specialcaseof the

two-dimensionaĺ e ª â ¼
run lengthconstrainedchannel,theasymptoticbehavior of the

capacityis well understood.It wasshown in [16] thatthecapacitydecaysto zeroat the

exactrate
´ èÑêkë Ï e ¼íì e as e à â

. For ageneralcheckerboardconstraint,theasymptotics

analogousto run lengthconstraintsarewhenthe constraintÛ retainsits shapebut is

inflatedin sizein theform �ãÛ as � à â
.

As � goesto infinity, theamountof informationthatcanbestoredperunit area

shrinksto zero. In otherwordsthe capacitydecaysto zero. We determinethe rateat

whichthecapacitygoesto zero,asafunctionof thearea ´ Û ¼ of theconstraint,for cer-

tainclassesof checkerboardconstraints.If thecheckerboardconstraintÛ is assumedto

beopen,thenweshow (Theorem5.18)thatas  ´ Û ¼åà â
, thecapacitydecaysto zero

at a rateboundedbetweeń ä �éèÑêkë Ï  ´ Û ¼X¼ðì  ´ Û ¼ and
´ ä Ï èÑê ë Ï  ´ Û ¼W¼íì  ´ Û ¼ , for some

positivefinite constantsä � and ä Ï . If thecheckerboardconstraintÛ is additionallyas-

sumedto beconvex andsymmetric,thenwe show (Theorem5.16)thatas  ´ Û ¼ñà â
,

thecapacitydecaysto zeroat therate ¥ C ´ Û ¼Z´ èÐê ë Ï  ´ Û ¼X¼ðì  ´ Û ¼ , where
C ´ Û ¼ is thepack-

ing densityof the set Û . Thus, for example,sincethe packingdensity(in the plane)

of squaresor hexagonsis
C ´ Û ¼ ¿ ¨ , this implies that thecapacityof two-dimensional

channelssatisfyingsquareor hexagoncheckerboardconstraintsis asymptoticallyequal

to ¥ ´ èÑêkë Ï  ´ Û ¼W¼íì  ´ Û ¼ astheareagrowswithoutbound.Similarly, if Û is acircularcon-
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straint,thentheasymptoticcapacityis
Ï Çò ¡ ´ èÐê ë Ï  ´ Û ¼W¼íì  ´ Û ¼ since

C ´ Û ¼ ¿ � ìÌ´ � Ò ` ¼ .
Sincethe constraint Û correspondingto a two-dimensionaĺ e ª â ¼

run length

constraintis neitheropennor convex, the resultsin this paperdo not specializeto the´ e ª â ¼
constraintcase,but they do provide an interestingrelatedcheckerboardcon-

straintresult.

5.2 Preliminaries

Let Ý Ï denotethe two-dimensionalplane.A two-dimensionallattice is a set óôÜõÝ Ï
of theform ó ¿À¦!ö � ¬ø÷ Îdù öQª�÷Ä¤ Þ ° where� ª Î ¤ Ý Ï areindependent.In particular,Þ Ï denotesthe two-dimensionalinteger lattice. Given a set Û�Ü Ý Ï , any functionú ù Û � Þ Ï à ¦¾ÑÌªB¨ß° is calleda labelingof Û . For any set ÛØÜûÝ Ï , let  ´ Û ¼ bethearea

of Û andlet ü ´ Û ¼ ¿]ý Û � Þ Ï ý bethenumberof Þ Ï -latticepointscontainedin Û .

A set Û�ÜþÝ Ï is symmetricif ÿ ¤ Û�� Ybÿ ¤ Û . For any Û�Ü Ý Ï , � ¤ Ý Ï , and� ¤ Ý let Û ¬ � ¿ ¦ ÿ ¬ � ù ÿ ¤ Û ° and �ãÛ ¿ ¦ � ÿ ù ÿ ¤ Û ° . Also, for setsÛ ª ó ÜûÝ Ï
let Û ¬ ó ¿ ¦ ÿ ¬ � ù ÿ ¤ Û ª � ¤ ó ° . Theclosureof Û is denotedby

�Û .

For any
µ ¤ Ý Ï and º ¤ Ý , theset £ ¿ ¦ ÿ ¤ Ý Ï ù ´�µ Ü ÿ ¼ ¬ º�¿ÈÑÍ° is a line,

where
µ Ü ÿ is thedotproductof

µ
and ÿ . A line £ is asupportingline to theset Û�ÜûÝ Ï

if £ � �Û º¿�� andoneof thetwo closedhalfplanesdeterminedby £ containsÛ .

Let � ª Û ª ó ÜûÝ Ï . For eachß ¤ ó , theset Û ¬ ß is calleda ó -translateof Û . The

set ó ÜûÝ Ï is calledan� Û -packing of � if the interiorsof the ó -translatesaredisjoint andarecontained

in � ;� Û -coveringof � if theunionof theclosuresof the ó -translatescontains� ;� Û -tiling of � if it is bothan Û -packingandan Û -coveringof � .
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A rectangleis any set � _�� � 	 a_�
 � � a ¿ ¦ ´ ÿ ª � ¼ ¤ Ý Ï ù ö Ã ÿ Ã � ª ÷ Ã � Ã�
 ° for someö®ª ÷Qª � ª�
 ¤ Ý .

Thefollowing definitionsarefrom [20]. Let Û ª ó Ü Ý Ï anddefine� Ë ´ Û ª ó ¼ ¿ è����������
 � �­� � � 	��c¾ � ´ Û ª ó ª ö®ª ÷Qª � ª�
 ¼� ¸M´ Û ª ó ¼ ¿ è����������
 � �­� � � 	��c¾ � ´ Û ª ó ª ö®ª ÷Qª � ª�
 ¼
where

� ´ Û ª ó ª�öQª�÷ ª � ª�
 ¼ ¿ " � ) �  ! ´ Û ¬ ß ¼ �a� _�� � 	 a_ ¸ 
 � ¸ � a#" ! � _$� � 	 a_ ¸ 
 � ¸ � a " ¬
Thepackingdensityof Û is C ´ Û ¼ ¿ �%�&�� � Ë ´ Û ª ó ¼ (5.1)

wherethesupremumis takenover all Û -packingsó of Ý Ï , andthecoveringdensityofÛ is ' ´ Û ¼ ¿ ������ � ¸ ´ Û ª ó ¼ (5.2)

wheretheinfimumis takenoverall Û -coveringsó of Ý Ï .
The following lemmastatesthat the densestpackingandthe sparsestcovering

usingconvex symmetricsets,areattainedby a latticepackingandlatticecovering,re-

spectively.

Lemma 5.1. [20, pp. 12,17]For everyconvex symmetricset Û�ÜþÝ Ï thereexist latticesT � and T Ï such that
C ´ Û ¼ ¿ � Ë ´ Û ª T � ¼ and

' ´ Û ¼ ¿ � ¸M´ Û ª T Ï ¼ .
A two-dimensionalconstrainedchannel is a setof labelingsof Ý Ï . Suchla-
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belingsarecalledvalid. A constraintis a descriptionof which labelingsarevalid for

a particularconstrainedchannel.A checkerboard constraint is a boundedmeasurable

set Û³ÜôÝ Ï that containsthe origin. The terminology“checkerboardconstraint”was

introducedin [29] to meana“two-dimensionalarrangementof zerosthatmustsurround

everyonein a two-dimensionalbinarycode”,which is consistentwith thepresentdefi-

nition. It wasnotedin [29]:

“For example,in two-dimensionaloptical recordingsystemsbits may be

storedon media in the form of dark or bright patterns. As the storage

“disk” is read,thesepatternspassthroughvariouslensesandotherimage-

forming devices, thusproducingintersymbolinterference(ISI). Checker-

boardconstraintswill reducethis ISI, sonaturallywe wish to analyzesuch

constraints.”

Givena set (iÜ Ý Ï anda checkerboardconstraintÛ , a labeling
ú

of ( is saidto beÛ -valid on ( if
ú ´ � ¼ ¿ Ñ whenever

ú ´ ÿ ¼ ¿ ¨ , for all ÿ ¤ ( � Þ Ï and � ¤ ´ ÿ ¬ Û ¼ �´ (*) ¦ ÿ ° ¼ � Þ Ï . That is,
ú

satisfiesthecheckerboardconstraintÛ on theset ( Ü Ý Ï .
Notethatany Û -valid labelingof a subsetof Ý Ï canbeextendedto an Û -valid labeling

of Ý Ï by makingthe labelingequal0 outsideof the subset. The numberof Û -valid

labelingsof a set (gÜ Ý Ï is denotedby ¯ æ ´ ( ¼ . Thecapacity

½çæ
correspondingto the

checkerboardconstraintÛ is½çæ ¿ è����
 � �­� � � 	��c¾ èÑê ë Ï ¯
æ ! � _$� � 	 a_ ¸ 
 � ¸ � a#" ! � _$� � 	 a_ ¸ 
 � ¸ � a+" ¬ (5.3)

A proofgivenin [16] shows thattheabovelimit exists.

An exampleof a checkerboardconstraintis a run lengthconstraint. For each

non-negative integer e , the two-dimensionaĺ e ª â ¼
run lengthconstraint is definedas
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a) b) c)

e) f)

d)

Figure5.1: Variouscheckerboardconstraints:a) diamond;b) hexagon;c) square;d)
circle;e)

´ e ª â ¼
run length;ande)

´ e ª â ¼
hexagonal-gridrun length.

thefollowing subsetof Ý Ï :Û-, � ¾ ¿ ¦ ´ ÑÍª ÿ ¼ ù YEe Ã ÿ Ã e ° U ¦ ´ ÿ ªZÑ ¼ ù YEe Ã ÿ Ã e ° (5.4)

The capacitiesof variouschannelssatisfyingconvex checkerboardconstraintswere

studiedin [29]. Theseincludedthediamond,hexagonal,square,and
´ e ª â ¼

run length

checkerboardconstraints,andareshown in Figure5.1.

Lemma 5.2. Let ( Ü Ý Ï , let Û bea checkerboard constraint, andlet
ú

bea labeling

of ( . If
ú

is Û -valid then
ú

is Y Û -valid.

Proof. Suppose
ú

is not Y Û -valid. Thenthereexist ÿ ª � ¤ ( suchthat
ú ´ ÿ ¼ ¿ ú ´ � ¼ ¿ ¨

and � ¤ ÿ ¬ ´ Y Û ¼ . This impliesthat ÿ ¤ � ¬ Û andtherefore
ú

is not Û -valid. �
Corollary 5.3. Let (³ÜûÝ Ï , Û bea checkerboard constraint, and

ú
bea labelingof ( .

Then
ú

is Û -valid if andonly if
ú

is
´ Û�U Y Û ¼ -valid.
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Corollary5.3 follows immediatelyfrom Lemma5.2. It follows from Corollary

5.3 that every checkerboardconstraintÛ is equivalentto the symmetriccheckerboard

constraintÛVUøY Û in the sensethat the setsof Û -valid labelingsand( ÛVUøY Û )-valid

labelingsof any set (�Ü Ý Ï areidentical. That is, any non-symmetriccheckerboard

constraintis alsoasymmetriccheckerboardconstraint.Thereforē

æ ´ ( ¼ ¿ ¯ æ . ¸ æ ´ ( ¼
for any set ( Ü_Ý Ï , establishingCorollary5.4 below. Thusno generalityis lost if we

restrictattentionto symmetriccheckerboardconstraintswhencomputingcapacities.

Corollary 5.4. If Û is a checkerboard constraint then

½çæ ¿ ½çæ . ¸ æ .
Lemma 5.5. If Û is a convex symmetriccheckerboard constraintwhich is eitheropenor

closed,and Á is a positiveinteger, then
�Ï Û�Ü ÉZË �Ï Û ¬ � � ¬±¬­¬­¬í¬ � É for any � � ªB¬­¬­¬®ª � É ¤�Ï �Û .

Proof. Let � ¤ �Ï Û . Then
´ Á ¬ ¨ ¼ � ¤ ÉZË �Ï Û and

´ ÁÙ¬ ¨ ¼ ��� ¤ ÉZË �Ï �Û for � ¿ ¨«ª­¬­¬­¬Oª Á .

Since Û is symmetric, Y ´ Ád¬È¨ ¼ ��� ¤ É^Ë �Ï �Û . The quantity ��Y0/ É�Ê� � �	� is a convex

combinationof thepoints
´ Á ¬ ¨ ¼ � ª Y ´ Á ¬ ¨ ¼ � � ª­¬­¬­¬®ª Y ´ Á ¬ ¨ ¼ � É and

ÉZË �Ï Û is aconvex

set. If Û is openthen � lies in the interior of
�Ï Û andthusalsoin the interior of

ÉZË �Ï Û .

Therefore,by convexity, � Y / É�Ê� � �	� ¤ É^Ë �Ï Û (see[17, p. 111,Theorem5]). If Û is

closedthen �ñY / É��� � ��� ¤ ÉZË �Ï �Û ¿ É^Ë �Ï Û . In bothcases,� ¿ ´ �ñY / É��� � �	� ¼ ¬ / É��� � ��� ¤ÉZË �Ï Û ¬ / É��� � �	� . �
Lemma 5.6. Let Û bea convex symmetriccheckerboard constraintwhich is eitheropen

or closed.For any Û -valid labeling
ú

of Ý Ï , anyset 1 Ü �Ï Û , andevery 2 ¤ Ý Ï , the

set 1 ¬ 2 cannotcontainmore thanone Þ Ï -latticepointwith label1.

Proof. Supposeto thecontrarythatthereexist Þ Ï -latticepoints ÿ ª � ¤ 1 ¬ 2 Ü �Ï Û ¬ 2
suchthat

ú ´ ÿ ¼ ¿ ú ´ � ¼ ¿ ¨ . Then ÿîY*2 ª � Y*2 ¤ �Ï Û . Taking Á ¿ ¨ in Lemma

5.5 implies that ÿ�Y32 ¤ Û ¬ � Y42 , andthereforeÿ ¤ Û ¬ � , which contradictsthe

assumptionthat
ú

is Û -valid. �
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Remark 5.7. Suppose
ú

is a valid labeling. In the specialcasewhere the setof Þ Ï -
latticepointswith label1 formsa lattice, Lemma5.6followsfromMinkowski’s Convex

BodyTheorem[5, pp. 71-72.] 2.

Lemma 5.8. Let Û beanopenconvex symmetriccheckerboard constraint, andlet
ú

be

a labelingof Ý Ï . Then
ú

is Û -valid if andonly if theset
ú ¸ � ´ ¨ ¼ is a

�Ï Û -packingof Ý Ï .
Proof. Suppose

ú
is not Û -valid. Thenthereexist distinct ÿ ª � ¤ ú ¸ � ´ ¨ ¼ suchthat � ¤Û ¬ ÿ . SinceÛ containstheorigin, � ¤ �Ï Û ¬ � . If � ¤ �Ï Û ¬ ÿ , then

´ �Ï Û ¬ ÿ ¼ � ´ �Ï Û ¬ � ¼ º¿*�
which implies

ú ¸ � ´ ¨ ¼ is nota
�Ï Û -packing,since Û is open.Soassume� º¤ �Ï Û ¬ ÿ and

likewise ÿ º¤ �Ï Û ¬ � . Let £ � ¿ ¦ ßíÿ ¬ ´ ¨ Yøß ¼ � ù ß ¤õ� ÑÌª­¨��\° denotethe line segment

betweenthepoints ÿ and � .

SinceÛ is convex andÿ liesin theinteriorof
�Ï Û ¬ ÿ , thelinesegment£ � intersects

the boundaryof
�Ï Û ¬ ÿ in exactly onepoint, say � � (see[17, p. 112, Theorem9]).

Similarly, let � Ï bethepointwhere£ � intersectstheboundaryof
�Ï Û ¬ � . By thesymmetry

of Û , onegets� Ï ¿ Yb� � ¬ ÿ ¬ � , andthereforeý � � YÀÿ ý«¿]ý � Ï Y5� ý . Sinceÿ ª � ¤ Û ¬ ÿ
and Û is convex, we have £ � Ü Û ¬ ÿ . Let � ¡ betheuniquepoint on theextensionof £ �
beyond � , thatintersectstheboundaryof theset Û ¬ ÿ . Since Û is symmetricandsince

the line segmentconnectingÿ to � ¡ is containedin Û ¬ ÿ , we have ý £ � ýMÆ ý ÿaY�� ¡ ýO¿�^ý ÿáYÁ� � ý·¿ ý � � YÁÿ ý²¬_ý � Ï Y6� ý . Consequently, � � is betweenthepoints � Ï and � on £ � ,
andhenceall pointsof £ � between� � and � Ï arecontainedin

´ �Ï Û ¬ ÿ ¼ � ´ �Ï Û ¬ � ¼ . Thus,ú ¸ � ´ ¨ ¼ is nota
�Ï Û -packing.

Now supposethat
ú ¸ � ´ ¨ ¼ is not a

�Ï Û -packingof Ý Ï . Thenthereexist ÿ ª � ¤ú ¸ � ´ ¨ ¼ suchthat
´ �Ï Û ¬ ÿ ¼ � ´ �Ï Û ¬ � ¼ º¿7� . If � ¤ �Ï Û ¬ ÿ , then

ú
is not Û -valid, so

assume� º¤ �Ï Û ¬ ÿ (andlikewise ÿ º¤ �Ï Û ¬ � ) andlet £ � , � � , and � Ï bedefinedasabove.

Since
�Ï Û ¬ ÿ is convex, thereexistsasupportingline £ � at thepoint � � to theset

�Ï Û ¬ ÿ
2There is a typographicalerror in thelast line of thestatementof thecorollary in [5]. It shouldread

“whosedifference 89;: 8=< 89>: 9 is in ? .”
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(see[17, p. 143,Corollary6]). Similarly, by symmetry,
�Ï Û ¬ � hasa supportingline£ Ï ¿ Y £ � ¬ ÿ ¬ � at thepoint � Ï . Thelines £ � and £ Ï areparallel.Let @ � denotetheclosed

halfplanedefinedby £ � that contains
�Ï Û ¬ ÿ , and let @ Ï denotethe closedhalfplane

definedby £ Ï thatcontains
�Ï Û ¬ � . Then £ � ÜA@ Ï , £ Ï ÜB@ � , and £ �dº¿È£ Ï for otherwise�Ï Û ¬ ÿ and

�Ï Û ¬ � would bedisjoint. Since � � ¤Ç£ � and � Ï ¤ £ Ï , it follows that � � is

betweenthepoints � Ï and � on £ � , andthereforeý £ � ýÌÆ³ý � � YÁÿ ýÌ¬_ý � Ï YC� ý«¿ ��ý � � YÁÿ ý .
This impliesthat £ � Ü Û ¬ ÿ , andhence� ¤ Û ¬ ÿ . Thus

ú
is not Û -valid. �

5.3 Hexagonalcheckerboard constraints

By ahexagonwemeanany convex © -sidedpolygon,whereit is possiblethatmorethan

twoverticesarecolinear. A checkerboardconstraintishexagonalif it isanopen,convex,

symmetrichexagon. An openregularhexagonis an exampleof a hexagonalchecker-

boardconstraint.By the definition of a hexagon,the diamondandsquareconstraints

shown in Figure5.1a,carealsoconsideredhexagonalcheckerboardconstraints.

Notation: Let D bethesetof all checkerboardconstraintsandlet
ú ù D à Ý . For anyÛ ¤ D and T ¤ Ý , we write è���� + _ æ a �c¾ ú ´ Û ¼ ¿ T to meanthat è���� Å �c¾ ú ´ � Û ¼ ¿ T .

Thatis, theset Û is inflatedwithoutboundby thefactor � but retainsthesameshape.

Theorem 5.9. If ´ is a hexagonalcheckerboard constraint with capacity

½ E andarea ´ ´ ¼ , then è����+ _ E a �c¾
½ E Ü  ´ ´ ¼èÑê ë Ï  ´ ´ ¼¥¿ ¥Ê¬

Proof. It follows immediatelyfrom Lemma5.11andLemma5.12below. �
Theproofof following lemmais aneasyexerciseleft to thereader.

Lemma 5.10. If ´ is a hexagonalcheckerboard constraint, thenthere is a lattice ´ -
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tiling of theplane.

Lemma 5.11. If ´ is a hexagonalcheckerboard constraint, thenè����������+ _ E a �c¾
½ E Ü  Ô �Ï ´ ÚèÑê ë Ï  Ô �Ï ´ Ú Ã ¨«¬

Proof. Let F ¤ ´ ÑÌª­¨ ¼ , andfor each�HG Ñ let ´ Å ¿ � ´ . By Lemma5.10,thereexistsa�Ï ´ ¨ YHF ¼ �´ Å -tiling ó of Ý Ï . Theset ó dependson � and F . Since
�Ï ´ ¨ Y5F ¼ �´ Å Ü �Ï ´ Å

and ´ is open,Lemma5.6 impliesthat for all ß ¤ ó andfor each́
Å
-valid labelingofÝ Ï , atmostone Þ Ï -latticepoint in ß ¬ �Ï ´ ¨ YIF ¼ �´ Å haslabel1. Thenumberof ´ Å -valid

labelingsof � _�� � 	 a_ ¸ 
 � ¸ � a is upperboundedif we independentlyassignan ´ Å -valid labeling

to the Þ Ï -latticepointsin eachof the closedtranslatesß ¬ �Ï ´ ¨ Y3F ¼ �´ Å that intersects� _$� � 	 a_ ¸ 
 � ¸ � a (labelingsof boundarypointsof translatesmay be over counted). For each�HG Ñ , let J Å ¿ �%�&�� ) � ü Ô �Ï ´ ¨ Y�F ¼ �´ Å ¬ ß Ú Ô �Ï ´ ¨ YHF ¼ �´ Å Ú Y ¨«¬
Differenttranslatesof

�Ï ´ ¨ YCF ¼ �´ Å from thetiling ó maycontaindifferentnumbersofÞ Ï -lattice points,but J Åeà Ñ as � à â
. From the definition of J Å , we have for allß ¤ ó , ü Ô ¨� ´ ¨ YHF ¼ �´ Å ¬ ß × Ã  Ô ¨� ´ ¨ Y�F ¼ �´ Å × ´ ¨­¬ J ÅÊ¼ ¬ (5.5)

Definethesetsó � ¿ K ß ¤ ó ù ¨� ´ ¨ YHF ¼ �´ Å ¬ ß­Ü � _$� � 	 a_ ¸ 
 � ¸ � a�Ló-M ¿ K ß ¤ ó ù � º¿ Ô ¨� ´ ¨ YHF ¼ �´ Å ¬ ß × ��� _$� � 	 a_ ¸ 
 � ¸ � a º¿ ¨� ´ ¨ YHF ¼ �´ Å ¬ ß L
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anddenotetheir cardinalitiesas N ¿ ý ó � ý� ¿ ý ó-M ý¢¬
Theintegers N and � countthenumberof translatesof

�Ï ´ ¨ Y3F ¼ �´ Å from thetiling ó
thatarecontainedin therectangleor partially intersecttherectangle,respectively.

Sincefor any distinct ß � ª ß Ï ¤ ó � , thesets
�Ï ´ ¨ YOF ¼ ´ Å ¬ ß � and

�Ï ´ ¨ YPF ¼ ´ Å ¬ ß Ï
aredisjoint,wegetthelowerbound ! � _$� � 	 a_ ¸ 
 � ¸ � aQ" R "� ) �;S  Ô ¨� ´ ¨ YHF ¼ ´ Å ¬ ß ×¿ N Ü  Ô ¨� ´ ¨ Y�F ¼ ´ Å ×¿ N Ü  Ô ¨� ´ Å × ´ ¨ YHF ¼ Ï ¬ (5.6)

Since ´ is open,Lemma5.6 impliesthatat mostone Þ Ï -latticepoint in
�Ï ´ ¨ YF ¼ �´ Å canbelabeled̈ in an ´ Å -valid labeling.By independentlychoosingatmostoneÞ Ï -latticepoint to belabeledwith a1 in eachof the �³¬ N ó -translatesof

�Ï ´ ¨ YHF ¼ �´ Å
that intersect� _�� � 	 a_ ¸ 
 � ¸ � a , we obtainanupperboundon thenumberof ´ Å -valid labelings

of � _$� � 	 a_ ¸ 
 � ¸ � a , namely¯ E-T ! � _�� � 	 a_ ¸ 
 � ¸ � a#" Ã U� ) �>S . �;V Ô ü Ô ¨� ´ ¨ Y�F ¼ �´ Å ¬ ß × ¬§¨ ×Ã ������ );� Ô ü Ô ¨� ´ ¨ Y�F ¼ �´ Å ¬ ß × ¬ ¨ ×XW �;S . � V WÃ Ô  Ô ¨� ´ ¨ Y�F ¼ �´ Å × ´ ¨­¬ J ÅÊ¼ ¬§¨ × � Ë�Y (5.7)¿ Ô  Ô ¨� ´ Å × ´ ¨ YHF ¼ Ï ´ ¨°¬ J ÅÍ¼ ¬ ¨ × � Ë�Y (5.8)
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where(5.7)followsfrom (5.5);and(5.8)followsfrom  Ô �Ï ´ Ú ¿  Ô �Ï �´ Ú . Using(5.3),

thelowerboundin (5.6),andtheupperboundin (5.8),thecapacityof thecheckerboard

constraint́
Å

is upperboundedas½ E T Ã è����
 � �­� � � 	Z�b¾ èÐê ë Ï Ô  Ô �Ï ´ Å Ú ´ ¨ YHF ¼ Ï ´ ¨°¬ J ÅÊ¼ ¬ ¨ Ú � Ë�YN  Ô �Ï ´ Å Ú ´ ¨ Y�F ¼ Ï (5.9)

¿ 8[[9 èÑê ë Ï  Ô �Ï ´ Å Ú Ô �Ï ´ Å Ú ´ ¨ Y�F ¼ Ï ¬ èÑê ë Ï Ô ´ ¨ Y�F ¼ Ï ´ ¨­¬ J ÅÊ¼ ¬ �+ ´ ÈË E\T ¼ × Ô �Ï ´ Å Ú ´ ¨ Y�F ¼ Ï : ]]<Ü è����
 � �­� � � 	Z�b¾ ! ¨­¬ � N " (5.10)

¿ èÑêkë Ï  Ô �Ï ´ Å Ú Ô �Ï ´ Å Ú ´ ¨ YHF ¼ Ï ¬ èÐê ë Ï Ô ´ ¨ YHF ¼ Ï ´ ¨­¬ J ÅÊ¼ ¬ �+ ´ ÈË E-T ¼ × Ô �Ï ´ Å Ú ´ ¨ YHF ¼ Ï (5.11)

wheretheexistenceof thelimit in (5.9)followsfrom theexistenceof thelimit in (5.10);

and(5.11)follows from thefact that � ì N à Ñ as öQª�÷ ª � ª�
 à â
. Since J Å�à Ñ and Ô �Ï ´ Å Ú à â

as � à â
, it follows thatè��������&�Å �b¾ ½ E-T Ü  Ô �Ï ´ Å ÚèÐê ë Ï  Ô �Ï ´ Å Ú Ã ¨¨ Y�F Ï ¬

SinceF waschosenarbitrarily from theinterval
´ ÑÌª­¨ ¼ wehaveè����������Å �c¾ ½ E T Ü  Ô �Ï ´ Å ÚèÐê ë Ï  Ô �Ï ´ Å©Ú Ã �����^ ) _�� � � a ¨¨ YHF Ï ¿ ¨ß¬ �

In orderto establisha lower boundon

½ E , we designa labelingalgorithmforÝ Ï . Weagainconsidertranslatesof inflatedcopiesof
�Ï ´ thattile Ý Ï , andassignlabels

to the Þ Ï -latticepointsin ablockof § ? § neighboringscaledcopiesof
�Ï ´ in thetiling.
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Lemma 5.12. If ´ is a hexagonalcheckerboard constraint, thenè����������+ _ E a �c¾
½ E Ü  Ô �Ï ´ ÚèÑê ë Ï  Ô �Ï ´ Ú R ¨«¬

Proof. For each�HG Ñ let ´ Å ¿ � ´ , anddefineJ Å ¿ ������ )`_ Ë ü Ô �Ï ´ Å ¬ ß Ú Ô �Ï ´ Å Ú Y ¨«¬
By Lemma5.10,onecantile Ý Ï with copiesof

�Ï ´ Å on a lattice. Let ÿ ª � ¤ Ý Ï be

independentvectorssuchthatthelattice ó ¿ ¦ � ÿ ¬ Wa� ù � ª W ¤ Þ ° is a
�Ï ´ Å -tiling. The

lattice ó dependson � . For eachpositiveoddinteger § , definethesetsócb ¿ Kå� ÿ ¬ Wd� ù Y § Y ¨� Ã � ª W Ã § Y ¨� Le b ¿ fg�) �ih Ôkj ¬ ¨� ´ Å ×
anddefine� ¿ ¨ ìÌ´ � § ¼ .

Notethateachtranslate
�Ï ´ Å ¬ j (wherej ¤ ó\b ) canbewritten in theform¨� ´ Å ¬ j ¿ ¨� ´ Å ¬ �Ïÿ ¬ Wa� ¿ ¨� ´ Å ¬ Ï b ¸ Ï" ¶ � � � ¶ ª

where Y b ¸ �Ï Ã � ª W Ã b ¸ �Ï , � � ª­¬­¬­¬Qª � Ï � ¿ml Ï , � Ï � Ë � ª­¬­¬­¬Qª � Ï � Ë Ï S ¿�n Ï , and � ¶ ¿ Ñ for all£ G � � ¬ � W . Thus � ¶ ¤ ¦po �Ï ÿ ªio �Ï � ªZÑÍ° for £E¿ ¨ßª­¬­¬­¬®ª�� § Y � . Since o �Ï ÿ and o �Ï �
lie on theboundaryof

�Ï ´ Å , we have o �Ï ÿ ª�o �Ï � ¤ �Ï �´ Å (and Ñ ¤ �Ï �´ Å ). Thereforeby

Lemma5.5, we have
�Ï ´ Å Ü Ï b ¸ �Ï ´ Å Y / Ï b ¸ Ï¶ � � � ¶ , andtherefore

�Ï ´ Å ¬ / Ï b ¸ Ï¶ � � � ¶ ÜÏ b ¸ �Ï ´ Å Ü Ï bÏ ´ Å . Thus
e bÄÜ Ï bÏ ´ Å andhence� e b Ü �Ï ´ Å .

For all j ª 2 ¤ ó\b , definethehexagonalminicell � g � qc¿ j ¬ � Ô 2 ¬ �Ï ´ Å Ú . The

union U q );�ih � Ô 2 ¬ �Ï ´ Å Ú is equalto � e b which is containedin
�Ï ´ Å . Thus,for each



124j ¤ ó\b , the minicell � g � g lies insidethe hexagonalcell j ¬ �Ï ´ Å , andis in the same

relative positionwithin the § ? § block j ¬ � e b of minicells in the cell j ¬ �Ï ´ Å , as

is the positionof the cell j ¬ �Ï ´ Å within the § ? § block of cells
e b . The vector 2

determinesthepositionwithin j ¬ �Ï ´ Å thattheminicell lies.

Let
ú

bea labelingof
e b definedasfollows. For eachj ¤ ócb , labelexactlyoneÞ Ï -latticepoint in theminicell � g � g with a1 andlabelall other Þ Ï -latticepointsin � g � g

with a0. For each2 ª j ¤ ócb , if 2 º¿ j , thenlabelall the Þ Ï -latticepointsin theminicell� g � q with a0. Labelall other Þ Ï -latticepointswith a0, if they arenot in aminicell (i.e.

all Þ Ï -latticepointsin
´ j ¬ �Ï ´ ÅÌ¼ ) 7 q );�ih � g � q , for eachj ¤ ó\b ).

Soexactlyone Þ Ï -latticepoint in eachof the § Ï cellsis labeled1 andall others

arelabeled0. Eachsuchlabelingis an ´ Å -valid labelingof
e b . In addition,

ú
canbe

extendedto
e b Ë Ï by labelingevery Þ Ï -latticepoint in

e b Ë Ï ) e b with a0. Then
ú

is an´ Å -valid labelingof
e b Ë Ï . Figure5.3 illustratesanexamplelabeling.

Thetotalnumberof suchlabelings
ú

of
e b is a lowerboundto thetotalnumber

of ´ Å -valid labelingsof
e b Ë Ï . Thatis,¯ E-T ´re b Ë Ï ¼ R ¯ E-T ´Qe b ¼R Ug�) � h ü ´ � g � g ¼

R Ô ���s�g ) � ü ´ � g � g ¼ × W � h WR Ô �����g � q );� ü ! ´ j ¬ � 2 ¼ ¬ � � ´ Å " × b Ë
R !  ! � � ´ Å " ´ ¨­¬ J Åut·¼ " b Ë¿ Ô  Ô ¨� ´ Å × � Ï ´ ¨­¬ J Åut©¼ × b Ë

(5.12)

wherewe usedthat fact that
t Ï ´ Å ¿ �Ï ´ Åut . For every 2 ¤ ´ § ¬ � ¼ ó , let

ú q be any

such ´ Å -valid labelingof
e b Ë Ï � Þ Ï andassumeits valueis Ñ elsewhereon Þ Ï . Then
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αH

αH_1
2

Figure5.2: Thecheckerboardconstraintvxw andits scaledversion yz vxw .

Figure5.3: Four {#|~}*�d���4{#|�}*�d� blocksof translates(cells)of ��p�x� for |���� . In
eachblock, outermostrow on eachof the four sideshaspaddingcellsfilled with only
0s. Eachnon-paddingcell hasa |C�H| block of minicells in it. Of all the � �

-lattice
pointsin eachminicell, only thedarkened� �

-latticepointshavelabel1 in theillustrated
labeling.Repeatingthisconstructiongivesan ��� -valid labelingof � �

.
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anextensionto an ´ Å -valid labeling
ú

of all of Þ Ï canbedefinedbyú ´ j ¼ ¿ "q )�� b Ë Ï�� � ú q ´ j Y ´ § ¬�� ¼ 2 ¼ ¬
Although the capacityof a checkerboardconstraintis definedin (5.3) asa limit asa

rectanglegrowsin size,it is straightforwardto show thatthelimit canalsobetakenover

asetsuchas
e b Ë Ï , as § growswithoutbound.Thus,since ´re b Ë Ï ¼ ¿ ´ § ¬Ø� ¼ Ï  Ô ¨� ´ Å × (5.13)

thecapacitycanbelowerboundedusing(5.12)and(5.13)as½ E T R èÐê ë Ï ¯ E\T ´Qe b Ë Ï ¼ ´re b Ë Ï ¼R èÐê ë Ï Ô  Ô �Ï ´ Å Ú � Ï ´ ¨­¬ J Åut·¼ Ú b Ë´ § ¬�� ¼ Ï  Ô �Ï ´ Å Ú¿ Ô §§ ¬Ø� × Ï « èÐê ë Ï  Ô �Ï ´ ÅÒÚ Ô �Ï ´ Å Ú ¬ èÐê ë Ï ´ � Ï ´ ¨­¬ J Åut·¼X¼ Ô �Ï ´ Å Ú ± ¬
For each� , choose§ ¿m� èÐê ë Ï ��� . Thenas � à â

, both
bb Ë Ï à ¨ and � � ¿ � ìÌ´ � § ¼ R� ìÍ´ � èÑê ë Ï � ¼ à â

. Thus J Åut®à Ñ as � à â
. Since

¸������ Ë t Ë����� Ë + ´ ÈË E T ¼ ¿ ¸ Ï ����� Ë t����� Ë � Å Ë + ´ ÈË E ¼ � ¿Ï � ��� Ë � Ï b �Ï ����� Ë Å¾Ës����� Ë + ´ ÈË E ¼ Ã Ï Ë Ï � ��� Ë ����� Ë ÅÏ ����� Ë Å¾Ës����� Ë + ´ ÈË E ¼ à Ñ as � à â
, weget

è����������Å �c¾ ½ E-T Ü  Ô �Ï ´ Å ÚèÐê ë Ï  Ô �Ï ´ Å Ú R ¨«¬ �
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5.4 Openconvexsymmetric checkerboard constraints

In this sectionwe generalizeTheorem5.9to any openconvex symmetriccheckerboard

constraint.Thefollowing lemmaguaranteesthatamongall minimalareahexagonscon-

tainingagivenconvex symmetricset,at leastoneis itself alsoconvex andsymmetric.

Lemma 5.13. [6, p. 122] Let Û·Ü_Ý�� bea convex symmetricset. Thenthere existsa

hexagoncontaining Û that is of minimalarea,symmetric,andconvex.

Thefollowing lemmashows thatthepackingdensityof a convex symmetricset

is achievedby asymmetriccircumscribedhexagonof minimalarea.

Lemma 5.14. [20, p. 12] Let �C����� beaconvex symmetricsetandlet   beaminimal

areasymmetrichexagonthatcontains� . Then¡s¢r�¤£¦¥*§6¢r�¤£�¨;§6¢# P£ .
Lemma 5.15. [11, p. 163] Let © bea convex hexagonand �*�ª��� a convex set. The

cardinality of any � -packing of © is at most §6¢r©«£s¨ §6¢Q P£ , where   is a hexagon of

leastpossibleareacontaining � .

Note that for ¬®­°¯ , if  x± is a minimal areasymmetrichexagonthatcontains¬²� , thenthe ratio §6¢Q¬²�¤£s¨;§6¢# x±�£ is a constant,independentof ¬ . Thus if the term¡³¢´�¤£ appearsinsidea limit as §6¢Q�¤£¶µ · , thenthe ¡s¢r�¤£ canbe broughtoutsidethe

limit. This factis usedin theproofof Theorem5.16below.

Theorem 5.16. If � is an openconvex symmetriccheckerboard constraint with area§6¢´�¤£ , capacity̧º¹ , andpackingdensity¡³¢´�¤£ , then»�¼�½¾ � ¹ ��¿ÁÀ ¸º¹«Â §6¢Q�¤£»�ÃÅÄ � §6¢Q�Æ£ ¥ÈÇa¡s¢r�¤£�É (5.14)

Proof. Let   beasymmetric(by Lemma5.13)hexagoncontaining� , of minimalarea
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¡³¢´�¤£ Â »�¼�½¾\Ë ¹pÌ ¿ÁÀ ¸ÎÍ5Â §6¢´�¤£»�ÃÅÄ � §6¢r�¤£ ¥ »�¼�½¾\Ë Í²Ì ¿ÏÀ ¸ÎÍ5Â §6¢Q P£»�ÃÅÄ � §6¢r O£ ¥*Ç (5.15)

wherethe secondlimit exists by Theorem5.9 and thereforethe first limit exists by

Lemma5.14.Since �C�È  , wehave ¸º¹ÑÐÒ¸ÎÍ andthereforeÊ
Ça¡s¢r�¤£ Â »�¼�½�¼�Ó�Ô¾\Ë ¹pÌ ¿ÁÀ ¸º¹XÂ §6¢´�¤£»�ÃÅÄ � §6¢r�¤£ Ð Ê É

Since§ÒÕ×Ö� �ÙØÚ¥�ÖÛ §6¢Q�Æ£ , in orderto prove thetheoremit sufficesto show thatÊ
¡s¢r�Æ£ Â »�¼�½4Ü�Ý&Þ¾cË ¹�Ì ¿ÁÀ ¸º¹XÂ § Õ Ö� � Ø»�ÃßÄ � § Õ Ö� � ØIà

Ê É (5.16)

Let áHâ5¢r¯�ã Ê £ , andfor each¬H­�¯ , let �-±x¥�¬¦� . Weprove(5.16)by upperboundingthe

numberof �-± -valid labelingsof © Ë�ä×å æ ÌË�ç³è`å�ç³é Ì . Let ê bethemaximumnumberof ë � -lattice

pointsthatcanbe labeled1 on © Ë$ä�å æ ÌËìç³è`å�ç³é Ì without violating thecheckerboardconstraint�-± . By Lemma5.1, thereexistsa Ö� ¢
ÊÚí áî£kï�-± -covering ð of � � thatattainsñ�¢´�¤£ . LetðÁòÙ¥ôóuõÑâ�ðmö¤¢ Ö� ¢

Ê÷í áÙ£&ï�-±¶øÈõZ£²ùú© Ë$ä�å æ ÌËìç³è`å�ç³é Ìüû¥þý�ÿ and � ¥�� ðÁò�� . The setsð and ðÁò
dependonboth ¬ and á , andthequantitiesê and � arebothfunctionsof � , � , � , � , and�-± . For every ¬5­�¯ , define� ± ¥ Ü�Ý&Þ	�

��� � Õ Ö� ¢

ÊÁí áî£kï�-±Úø6õ Ø§ Õ Ö� ¢
Êºí áî£kï�-± Ø

í�Ê
andnotethat � ±xµ ¯ as ¬Oµ · . Also, for all ¬H­�¯ and õÆâ ð ,��� Ê� ¢ Êºí áî£kï�-± ø5õ�� à ¢ Ê ø � ±&£´§ � Ê� ¢ ÊÏí áÙ£&ï�-±��¥ ¢ Ê ø � ±&£�¢ ÊÁí áî£ � § � Ê� �-±��HÉ (5.17)
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Since� is openand Ö� ¢
Ê í áÙ£&ï�-±�� Ö� �-± , Lemma5.6impliesthateachof the � copiesofÖ� ¢

ÊÚí áî£kï�-± intersecting© Ë$ä�å æ ÌËìç³è`å�ç³é Ì cancontainat mostone ëî� -latticepoint with label1

in any �-± -valid labelingof ��� . Thus,ê à � .
Thenumberof �-± -valid labelingsof © Ë�ä×å æ ÌË�ç³è`å�ç³é Ì canbeupperboundedby consid-

eringall possiblecollectionsof � of the ðÁò -translatesof Ö� ¢
Ê í áî£kï�-± , for �Á¥°¯�ã`É`É`É=ãrê ,

andassumingthateachsuchtranslatehasexactlyonepoint labeled

Ê
andnoothertrans-

latehasany pointslabeled

Ê
. This countsevery �-± -valid labelingat leastonce. Since

differentcollectionsof � of the ðÁò -translatesmight yield thesamesetof � pointsbeing

labeled

Ê
, some�-± -valid labelingsmaybecountedmorethanoncein thismanner. Thus,� ¹����`© Ë�ä×å æ ÌË�ç³è`å�ç³é Ì�� à  ! "$#&%'!()+*,)�-. () . #/"10	�
 () � � Ê� ¢ ÊÁí áî£kï�-±Úø6õ �

à  ! "$#&% � � � � � Ü%Ý&Þ	�
2��� ��� Ê� ¢ ÊÁí áî£kï�-± ø5õ��3� "
à  ! "$#&% � � � � � § � Ê� �-± � ¢ ÊÁí áî£ � ¢ Ê ø � ±&£ � " (5.18)

à � § � Ê� �-±��5¢ ÊÏí áî£ � ¢ Ê ø � ±&£4�   ! "$#&% � � � �à � § � Ê� �-± � ¢ ÊÏí áî£ � ¢ Ê ø � ±&£ �  �65 (5.19)

where(5.18)followsfrom (5.17).

Lemma5.8impliesthatin any �-± -valid labeling,the ë � -latticepointswith label

1 in © Ë$ä�å æ ÌËìç³è`å�ç³é Ì are a Ö� �-± -packingof ��� . By the definition of ê , thereexists an �-± -

valid labelingof © Ë�ä×å æ ÌËìç³èuå�ç³é Ì with exactly ê pointslabeled

Ê
. For the Ö� �-± -packingof � �

determinedby thepointslabeled

Ê
in this particularlabeling,let ê " denotethenumber
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of translatesof Ö7 �-± thatlie insidetheboundaryof © Ë$ä�å æ ÌËìç³è`å�ç³é Ì . Then,»�¼�½�¼�Ó�Ôè`å é`å ä×å æ ¿ÁÀ êk§ÒÕ Ö7 �-±³Ø§8�×© Ë�ä×å æ ÌË�ç³è`å�ç³é Ì9� ¥ »�¼�½�¼�Ó�Ôè`å é`å ä�å æ ¿ÏÀ � êê " ��ê " Â §ÒÕ Ö7 �-±aØ§8�×© Ë$ä×å æ ÌË�ç³è`å�ç³é Ì9�
à »�¼�½�¼�Ó�Ôè`å é`å ä�å æ ¿ÏÀ § � © Ë$ä×å æ ÌË�ç³è`å�ç³é Ì��§ Õ Ö7  x± Ø Â § Õ Ö7 �-± Ø§ � © Ë$ä×å æ ÌË�ç³è`å�ç³é Ì�� (5.20)

¥ § Õ Ö7 �-± Ø§ Õ Ö7  x± Ø ¥*¡s¢r�-±�£²¥*¡³¢´�¤£�ã (5.21)

where (5.20) follows from Lemma 5.15 (since the rectangle © Ë�ä×å æ ÌË�ç³è`å�ç³é Ì is a convex

hexagon),and the fact that ê\¨ ê " µ Ê
as � ã:� ã;�²ã<� µ · ; and (5.21) follows from

Lemma5.14.

Let ðÏò ò ¥ óuõ â5ðÏò¦ö Ö7 ¢ Ê í áî£ ï�-±Xø4õ �B© Ë$ä�å æ ÌËìç³è`å�ç³é Ì ÿ and � " ¥=� ðÁò ò>� . Thequantity� " denotesthe numberof ðÁò -translatesof Ö7 ¢ Ê«í áî£cï�-± that lie inside the boundaryof© Ë$ä�å æ ÌËìç³è`å�ç³é Ì . The Ö7 ¢ ÊÁí áî£kï�-± -covering ð of � 7 satisfies»�¼�½�¼�Ó�Ôèuå é`å ä×å æ ¿ÁÀ �p§ÒÕuÖ7 ¢ Êºí áî£kï�-±dØ§8�×© Ë$ä�å æ ÌËìç³è`å�ç³é Ì9� ¥ »�¼�½4¼�Ó�Ôè`å é`å ä�å æ ¿ÁÀ � �� " � � " §ÒÕuÖ7 ¢ ÊÁí áî£kï�-±dØ§8�u© Ë$ä�å æ ÌËìç³è`å�ç³é Ì��
¥ »�¼�½4¼�Ó�Ôè`å é`å ä�å æ ¿ÁÀ !	�
 ) - - § � Ê� ¢ ÊÁí áî£kï�-±Úø5õ��§8�u© Ë$ä×å æ ÌË�ç³è`å�ç³é Ì � (5.22)

à »�¼�½è`å é`å ä�å æ ¿ÁÀ ! 	�
 ) § �?� Ê� ¢ ÊÏí áî£kï�-± ø5õ��6ù © Ë$ä�å æ ÌËìç³è`å�ç³é Ì �§ � © Ë$ä�å æ ÌËìç³è`å�ç³é Ì �¥ ñ � Ê� ¢ ÊÁí áî£cï�-± � (5.23)¥ ñ�¢r�¤£ (5.24)

where(5.22)follows from thefactthat �ß¨1� " µ Ê
as � ã:� ã;�²ã<�üµ · ; and(5.23)follows
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from (5.2).Combining(5.3),(5.19),(5.21),and(5.24),thecapacityis boundedas¸º¹ � à »�¼�½�¼�ÓsÔè`å é`å ä×å æ ¿ÁÀ »�ÃÅÄ 7 Õ×Õ § ÕuÖ7 �-± Ø ¢ ÊÏí áÙ£ 7 ¢ Ê ø � ±&£ Ø  � 5 Ø§ � © Ë�ä×å æ ÌËìç³èuå�ç³é Ì �¥ »�¼�½�¼�ÓsÔè`å é`å ä×å æ ¿ÁÀ ê »�ÃÅÄ 7 Õ § Õ×Ö7 �-± Ø ¢ ÊÏí áÙ£ 7 ¢ Ê ø � ±&£ Ø§ � © Ë�ä×å æ ÌËìç³èuå�ç³é Ì � ø �§ � © Ë$ä�å æ ÌËìç³è`å�ç³é Ì �à »�ÃÅÄ 7 Õ § ÕuÖ7 �-± Ø ¢ ÊÁí áÙ£ 7 ¢ Ê ø � ±�£ Ø§ÒÕ×Ö7 �-±dØ Â×¡s¢r�¤£=ø Ê
§ÒÕuÖ7 ¢ ÊÁí áî£kï�-±aØ Âuñs¢´�¤£�É

Thus,»�¼�½4Ü�Ý&Þ± ¿ÁÀ ¸º¹ � Â § ÕuÖ7 �-± Ø»�ÃßÄ 7 § Õ Ö7 �-± Ø à ¡s¢r�¤£�Â »�¼�½4Ü�Ý&Þ± ¿ÁÀ @ Ê ø »�ÃßÄ 7 ¢�¢ ÊÁí áî£ 7 ¢ Ê ø � ±&£�£»�ÃßÄ 7 § Õ Ö7 �-± Ø Aø÷ñ�¢r�Æ£�Â »�¼�½�Ü%Ý&Þ± ¿ÁÀ
Ê

¢ ÊÁí áÙ£ 7 »�ÃÅÄ 7 § ÕuÖ7 �-± Ø¥ ¡s¢r�¤£�É B
5.5 Arbitrary checkerboard constraints

For a given checkerboardconstraint � , the area §6¢r�¤£ was grown without boundin

Theorem5.16to obtainconvergenceratesfor the capacityof channelsconstrainedby� . As � grows, theareaof � becomesapproximatelyequalto thenumberof ë 7 -lattice

points in � , in the sensethat their ratio approaches

Ê
. A larger classof constrained

channelsmaybeexaminedby relaxingtherequirementthata constrainingsetbeopen

andhavenonemptyinterior. However, theareaof suchasetmaybezero,in whichcase

it is moreusefulto identify thenumberof internal ë 7 -latticepoints.

The following corollary restatesTheorem5.16 in termsof the numberof ë 7 -
lattice points in a constraintinsteadof the areaof a constraint,sinceboth are equal
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asymptoticallyastheconstraintgrows in size.

Corollary 5.17. If � is anopenconvex symmetriccheckerboard constraint, then»�¼�½C�Ë ¹�Ì ¿ÏÀ ¸º¹ Â � ¢Q�¤£»�ÃÅÄ 7 � ¢Q�¤£ ¥ÈÇa¡³¢´�¤£
where ¡³¢´�¤£ is thepackingdensityof � .

Proof. It follows immediately from Theorem 5.16 and the fact that»�¼�½ ¾\Ë ¹pÌ ¿ÁÀ §6¢r�¤£�¨ � ¢Q�¤£¦¥ Ê
.

B
The ¢�Dcãi·Ò£ constraint�FE å À definedin (5.4) is a checkerboardconstraintbut it

is neitherconvex nor open,two propertieswhich wereusedto obtainCorollary 5.17.

Furthermore,¡³¢´�FE å À £ ¥ ¯ . However a similar result is still true. It is known [16]

that the capacity3 ¸GE å À of the two-dimensional¢�D\ã�·Ò£ run lengthconstrainedchannel

asymptoticallydecaysto zeroat therate ¢ »�ÃÅÄ 7 D&£ ¨6D . Thatis,»�¼�½E ¿ÁÀ ¸GE å À Â D»�ÃÅÄ 7 D ¥ Ê É (5.25)

Since
� ¢´�FE å À £²¥ÒÇHD÷ø Ê

for all D , theasymptoticcapacityin (5.25)canbewrittenas»�¼�½C ¢ ¹:IKJ L £ ¿ÁÀ ¸GE å À Â � ¢´�FE å À £»�ÃßÄ 7 � ¢Q�FE å À £ ¥*Ç
which is similar in form to Corollary 5.17, but is for the non-convex and non-open

constraint�FE å À .

In fact, a more generalrate of convergencecan be obtainedfor the capacity

of two-dimensionalchannelswith checkerboardconstraintswhoseinterior containsthe

origin, but without exactly identifying the convergenceconstant.Suchconstraintsare

not necessarilyconvex. The capacityis shown in Theorem5.18 below to still decay

3ThemorecommonnotationMONQP R is usedhere,insteadof themorecumbersomeMTS:UWV X .
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asymptoticallyattherate ¢ »�ÃÅÄ §6¢r�Æ£ £ ¨ §6¢r�¤£ in thesecases.Theorem5.18makesprecise

apredictiongivenin [29]: “Intuiti vely, weexpectthatthecapacityof agivenconstraint

will beinverselyproportionalto thenumberof zeros in theconstraint.”

Theorem 5.18. If � is a checkerboard constraint whoseinterior containsthe origin,

then ¯ZY »�¼�½�¼�Ó�Ô¾\Ë ¹�Ì ¿ÁÀ ¸º¹«Â §6¢r�¤£»�ÃÅÄ 7 §6¢r�¤£ à »�¼�½�Ü�Ý&Þ¾\Ë ¹�Ì ¿ÏÀ ¸º¹«Â §6¢Q�Æ£»�ÃÅÄ 7 §6¢r�¤£ Y�·�É
Proof. Sincethe origin lies in the interior of � , thereis an openregular hexagon ©
containedin � andwhosecenteris theorigin. Since � is boundedit is containedin an

openregularhexagon[ whosecenteris theorigin. © and[ arehexagonalcheckerboard

constraintswith packingdensities¡³¢r©«£Ñ¥ ¡³¢>[x£ü¥ Ê
. Since © �ô�þ�\[ , we have

Ê
à §6¢Q©«£ à §6¢´�¤£ à §6¢�[�£]Y�· and ¸_^ à ¸º¹ à ¸a` . Thus,by Theorem5.9,Ç ¥ »�¼�½± ¿ÁÀ ¸_^~Â §6¢r¬b[�£»�ÃßÄ 7 §6¢r¬c[x£ à »�¼�½�¼�ÓsÔ± ¿ÏÀ ¸º¹«Â §6¢Q¬b[�£»�ÃßÄ 7 §6¢Q¬b[�£¥ §6¢�[x£ Â »�¼�½�¼�ÓsÔ± ¿ÏÀ ¸º¹«Â ¬ 7»�ÃßÄ 7 ¬ 7 ¥ §6¢>[x£§6¢r�¤£ Â »�¼�½�¼�ÓsÔ± ¿ÏÀ ¸º¹«Â §6¢r¬¦�¤£»�ÃÅÄ 7 §6¢r¬¦�Æ£

sothat ¯ZY Çß§x¢´�¤£§x¢�[�£ à »�¼�½4¼�Ó�Ô¾cË ¹�Ì ¿ÁÀ ¸º¹«Â §x¢r�¤£»�ÃÅÄ 7 §x¢r�Æ£ É
Also, by Theorem5.9,Ç ¥ »�¼�½± ¿ÁÀ ¸a`~Â §6¢#¬¦©«£»�ÃÅÄ 7 §6¢#¬¦©«£ Ð »�¼�½�Ü�Ý�Þ± ¿ÁÀ ¸º¹«Â §6¢#¬¦©«£»�ÃÅÄ 7 §6¢#¬¦©«£¥ §6¢Q©«£�Â »�¼�½4Ü�Ý&Þ± ¿ÁÀ ¸º¹«Â ¬ 7»�ÃßÄ 7 ¬ 7 ¥ §6¢r©«£§6¢Q�Æ£ Â »�¼�½�Ü%Ý&Þ± ¿ÁÀ ¸º¹XÂ §6¢Q¬¦�Æ£»�ÃÅÄ 7 §6¢#¬²�¤£
sothat · ­ ÇÅ§x¢r�¤£§x¢Q©«£ Ð »�¼�½�Ü%Ý&Þ¾cË ¹�Ì ¿ÁÀ ¸º¹XÂ §x¢´�¤£»�ÃÅÄ 7 §¶¢´�¤£ É
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B

Notethatspecialcasesof Theorem5.18includewhen � is anopencheckerboard

constraintor when � is theclosureof anopencheckerboardconstraint.

5.6 Capacity relative to a scaledlattice

The resultsobtainedin this paperhave indicatedthe asymptoticcapacitiesof certain

two-dimensionalcheckerboardconstrainedchannels.Thecapacitiesaregivenin terms

of the“area”of theconstraint� . Thequantity §x¢r�¤£ wasdefinedasthetwo-dimensional

Lebesguemeasureof the set � . The units of capacityweregiven as bits per lattice

point locationon the ë 7 -lattice.It is reasonableto askwhathappensto theresultsif the

latticeitself is scaled.For example,supposewe askhow many bits of informationcan

bestoredona lattice áîë 7 subjectto aconstraint� . This is identicalto determininghow

many bitscanbestoredon theusual ë 7 -latticeusingaconstraint¢ Ê ¨�áî£ � .

Let
�ed ¢´�¤£ bethenumberof áîë 7 -latticepointsin � . Thenthearea§6¢Q�¤£ of an

openset � is relatedto
�ed ¢´�¤£ by theestimate§6¢r�Æ£³¨ �ed ¢´�¤£ef®á 7 , wheretheapproxi-

mationbecomesequalityin thelimit as §6¢r�¤£Ùµ · . Thus,usingCorollary5.17,if the

checkerboardconstraint� is open,convex, andsymmetricthentheasymptoticnumber

of bits thatcanbestoredperlatticepointon áîë 7 is»�ÃÅÄ 7 �ed ¢´�¤£�gd ¢´�¤£ ¥ »�ÃßÄ 7 � � Öd � �� � Öd � � f »�ÃÅÄ 7 §6¢r�¤£ í � »�ÃÅÄ 7 á§6¢Q�Æ£�¨×á 7 É
Thecapacityperunit areain theplaneis thereforeasymptoticallyequalto thecapacity

perlatticepointmultipliedby thenumberof latticepointsperunit area,thatis»�ÃÅÄ 7 §6¢Q�¤£ í � »�ÃÅÄ 7 á§6¢´�¤£s¨×á 7 Â Ê
á 7 ¥ »�ÃÅÄ 7 §6¢´�¤£ í � »�ÃÅÄ 7 á§6¢r�Æ£ É
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Thusfor any fixed á , in the limit as §6¢r�¤£ µ · , the capacitystill decaysat

the rate hjiKk � ¾cË ¹�Ì¾\Ë ¹pÌ , eventhoughfor any fixed á�Y Ê
, thecapacityis larger thanfor áÈ¥Ê

. In summary, the asymptoticresultspresentedareindependentof the scalingof the

underlyinglattice,althoughfor finite constraintareastheremaybeadifference.
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references.

This chapter, in full, hasbeensubmittedfor publicationas: Zs. Nagy andK.

Zeger, AsymptoticCapacityof Two-DimensionalChannelswith CheckerboardCon-

straints,IEEE Trans. Inform. Theory, July 2002. Thedissertationauthorwasthepri-

maryinvestigatorof thispaper.



136

References

[1] J. J. Ashley andB. H. Marcus.Two-DimensionalLow-PassFiltering Codes.IEEE
Trans.onCommunications, 46:724–727,June1998.

[2] R.J.Baxter. ExactlySolvedModelsin StatisticalMechanics.AcademicPress,1982.

[3] R. J.BaxterandS.K. Tsang.Entropy of HardHexagons.J. PhysicsA, 13(3):1023–
1030,March1980.

[4] N. J.CalkinandH. S.Wilf. TheNumberof IndependentSetsin aGrid Graph.SIAM
JournalonDiscreteMathematics, 11:54–60,February1998.

[5] J. W. S. Cassels.An Introductionto the Geometryof Numbers. Springer-Verlag,
Berlin, Göttingen,Heidelberg, 1959.

[6] C. H. Dowker. On Minimum CircumscribedPolygons.Bulletin Amer. Math. Soc.,
50:120–122,1944.

[7] K. Engel.On the FibonacciNumberof an l m �
Lattice.FibonacciQuarterly,

28:72–78,1990.

[8] W. H. ErxlebenandM. W. Marcellin.Error-CorrectingTwo-DimensionalModula-
tion Codes.IEEETrans.Inform.Theory, 41:1116–1126,July1995.

[9] T. Etzion. Cascadingmethodsfor runlength-limitedarrays.IEEE Trans. Inform.
Theory, 43:319–324,January1997.

[10] T. EtzionandK. G. Paterson.Zero/positiveCapacitiesof Two-DimensionalRun-
lengthConstrainedArrays.Proc. 2001IEEE Intl. Symp.on Inform. Theory, page
269,Washington,DC, USA, June2001.
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Chapter 6

Capacity Boundsfor the Hard-Triangle
Model

Abstract

A binarylabelingof thetrianglesin a regulartiling of thetwo-dimensional

planesatisfiesthe hard-triangleconstraintif every trianglelabeledwith 1

hasits threeneighborslabeledwith 0s.Weshow thatthecapacityassociated

with this constraintlies in the interval q ¯�Ésr �Htutuv Ê � Êxw ã�¯sÉsr v Ç wuwuy tHz y6{ . The

upperboundis obtainedby boundingthelargestmagnitudeeigenvalueof a

certaintransfermatrix andthe lower boundis establishedby constructing

anencodingalgorithmwhosecodingrateis within

Êx|
of thecapacity.

6.1 Intr oduction

Variousconstraintsimposedonone-dimensionalbinarysequencesareimportantin mag-

neticrecordingapplications.Likewise,two-dimensionalconstraintsplay a role in opti-

cal storagedevices. In particular, run lengthconstraintsin oneandhigherdimensions

have beena subjectof intenseresearch.In two dimensions,suchconstraintshave pri-

marily beenstudiedfor rectangularandhexagonallattices.Weexaminesuchconstraints

for anequilateraltriangularnon-latticetiling of thetwo-dimensionalplane.

138
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A binary sequencesatisfiesa one-dimensional¢�Dcã:nc£ run length constraint if

thereareat most n zerosin a row, andbetweenevery two consecutive onesthereare

at least D zeros. A two-dimensionalbinary rectangulararray is said to satisfya two-

dimensional¢�Dcã:nc£ run lengthconstraint, if it satisfiesthe one-dimensional¢�D\ã<nc£ run

lengthconstraintalongthedirectionsparallelto the coordinateaxes. Suchanarrayis

called ¢�Dcã:nc£ -valid. A physicalmediumwith a two-dimensionalrectangulargrid which

acceptsonly ¢�Dcã:nc£ -valid two-dimensionallabelingsof thegrid pointsis calleda ¢�Dcã:nc£ -
constrainedchannel. Thenumberof ¢�Dcã:nc£ -valid two-dimensionalarraysof size }\m�~
is denotedby �6E å � ¢�} ã;~�£ andthecorrespondingchannelcapacityis definedas¸ Ë 7 ÌE å � ¥ »�¼�½� å � ¿ÁÀ »�ÃÅÄ 7 �6E å � ¢�} ã;~ £}o~ É
It is known for all D and n�Ð�D thatthetwo-dimensional¢�Dcã:nc£ capacitiesexist [18].

A coding technique,called bit stuffing, was first proposedby Lee [21] for

one-dimensional¢r¯�ã<nc£ constraints,then generalizedby BenderandWolf [5] to one-

dimensional ¢�Dcã:nc£ constraintsand then extendedby Siegel and Wolf [30] to two-

dimensional¢�Dcãi·Ò£ constraints.Halevy et.al [14] generalizedbit stuffing to hexagonal

two-dimensionallatticesfor certain ¢�Dcãi·Ò£ constraints.Thetwo-dimensionalbit stuff-

ing algorithmin [30] wasstudiedby Roth,Siegel,andWolf [27] andenhancedlater in

[28]. Encodersfor othertwo-dimensionalrun lengthlimited constraintscanbefoundin

[15], andotherexamplesof two-dimensionalconstrainedcodesareweight-constrained

codes[25] andbursterrorcorrectingcodesusinginterleaving schemes[12].

Of particular interest has been the special caseof two-dimensional ¢�Dcã:nc£ -
constrainedchannelswhen D�¥ Ê

and n*¥ · , which is known as the “hard-square

model”. By exchangingthe rolesof ¯ and

Ê
onecaneasilyverify that ¸ Ë 7 Ì% å Ö ¥ô¸ Ë 7 ÌÖ å À .

Upper and lower boundson the capacityof the two-dimensional¢ Ê ãi·Ò£ -constrained

channelweregivenby Engel[8] andby CalkinandWilf [6]. Thebestknown boundson



140¸ Ë 7 ÌÖ å À [22] arepresentlȳ�É y t w tHz ÊÅÊ r Ê�wuwuy à ¸ Ë 7 ÌÖ å À à ¯�É y t w tuz ÊÅÊ r Ê t r t . Thebit stuffing

encoderfor the ¢ Ê ã�·Ò£ constrainthasbeenshown [27], [28], [30] to achieveanexpected

codingrateof ¯sÉ y t w � wuw , which is within ¯�É Êx| of thecapacity̧
Ë 7 ÌÖ å À .

Runlengthconstraintsonahexagonallatticehavebeenstudiedin [3], [4], [14],

[17], [19], and[34]. In particular, aderivationof thecapacityfor thecaseD ¥ Ê
(known

asthe”hardhexagonmodel”)wasgivenin [4], fromwhichananalyticexpressionfor the

capacitywaspresentedin [17], [26], and[34]. Thecapacitiesarealsocloselyrelatedto

gases,lattices,andIsing modelentropiesin statisticalmechanics[3]. Slightly different

two-dimensionalconstraintswere studiedfor the purposeof determiningthe growth

ratesof thenumberof certainchessconfigurations(e.g. [20], [38]). In additionto run

lengthconstraints,other typesof constraintshave beenstudiedaswell [1], [9], [10],

[11], [13], [23], [31], [32], [33], [35], [36], [37].

In thepresentpaperweconsideranon-latticetiling of thetwo-dimensionalplane

by equilateraltrianglesandusethecenterof eachtriangleto storea bit. Analogousto

thesquareandhexagonalcases,we studya “hard triangle” constrainton thetriangular

tiling. Every trianglewith a 1 in it musthave all threeof its neighboringtriangleshave

0sin them.Weanalyzethecapacityby deriving anupperboundanalyticallyandobtain

a lowerboundby exhibiting a bit stuffing algorithmfor encodingarbitraryinputbinary

sequencesinto thetriangulartiling withoutviolating theconstraint.

In Section6.2 we defineterminology. In Section6.3 we give an upperbound

on the capacityusing transfermatrices. To establisha lower bound,we first intro-

ducea generalhard-triangleconstrainedencoderin Section6.4,andthenusea specific

variable-to-variablelengthencoderto analyzethe codingratein Section6.5. We thus

obtaina lowerboundonthecapacity. Ourvariable-to-variablelengthhard-trianglecon-

strainedencoderis basedon ideassimilar to thebit stuffing encodersof [24], [27], [28],

and[30]. Our mainresults,thehard-triangleconstrainedcapacitybounds,aresumma-

rizedin Corollary6.11.
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6.2 Definitions

Let ë denotetheintegers, ëg� thepositive integers,and � 7 thetwo-dimensionalplane.

For any �È�*� 7 and �OâP� 7 , let � ø�� ¥°ó1�Îø��úö&��âH�Æÿ . A two-dimensionallattice

is aset óx�>�xø��,��ö,�%ãK��âúëÆÿ where� ã;��â � 7 arelinearly independent.

For any �%ãK��âúë , let qj��ãK� { ¥ ��¢4� v ã�¯³£-ø�� ��� �7 ã � 7 �q��%ãK� { ò ¥ qj��ãK� { øÒ¢r¯�ã Ê £ð Ö ¥ ó�qj��ãK� { ö,�%ãK��âúëÆÿð 7 ¥ ð Ö øÒ¢r¯�ã Ê £ð ¥ ð Öb� ð 7
(seeFigure6.1). The notation qj��ãW� { representsa point in ð Ö with respectto the basis� Ë � � å % Ì å��2� �� å���:�6� . Wesaythattwo points(or theircorrespondingtriangles)in ð areneigh-

�
�

��
�

�� �
� � �
�¢¡��

£ ¤¥
£ ¤¥

£ ¤¥¦
¦

¦

Figure6.1: A tiling ðÒ¥Èð Öb� ð 7 of � 7 with equilateraltrianglesof sidelength � v .
bors if thedistancebetweenthemis

Ê
. For any set �C��ð , theclosureof � is denotedbyï� , andit containsthepointsthatareeitherin � or haveat leastoneneighboringpoint in



142� . Notethat ð 7 ¥ )x§ ç �¢� �� å §� � , qj��ãK� { ò=â ð 7 , theset ð Ö is a lattice, ð 7 and ð arenot lattices,

andeverypoint in ð hasthreenearestneighborsatadistance

Ê
.

For any � � ð , a function ¨�öX� í µ ó�¯�ã Ê ÿ is called a labeling of � . A

labeling ¨ of � satisfiesthehard-triangleconstraint if for every õÆâO� , thethreenearest

neighborsof õ arelabeledwith 0swhenever ¨¦¢+õZ£Ï¥ Ê
. In therestof thepaperwe will

call alabelingof � valid if it satisfiesthehard-triangleconstraint,andwill denotetheset

of valid labelingsby ©Á¢´�¤£ . Thecapacityof thehard-triangleconstraintwill bedefined

analogouslyto thehard-squareconstrainedcapacity.

For any string � on analphabetª let « ¢>�ß£ denoteits lengthand � " â¬ª denote

the � th symbolin thestring.Throughoutthepaper
�

will denoteapositive integer, and

randomvariableswill bedenotedwith “hat” notation.

A sequence­� % ã®­� Ö ã`É>É`É of randomvariablestakingonvaluesfrom analphabetª
is calledaMarkov chain, if for all ~PâPë � and � � â¯ª ,° ¢6­� � ¥�� � �>­� �pç Ö ¥±� ��ç Ö ã`É`É>É ã/­� % ¥±� % £²¥ ° ¢6­� � ¥�� � �>­� �pç Ö ¥±� ��ç Ö £�É
A Markov chainishomogeneous(or timeinvariant) if

° ¢6­� � ¥��g�>­� ��ç Ö £²¥ ° ¢6­� Ö ¥²�g�>­� % £
for all ~5âCë � and �Pâ³ª . For every � % ãQ� Ö â�ª , theconditionalprobabilities

° ¢6­� Ö ¥� Ö �>­� % ¥´� % £ of a homogeneousMarkov chainarecalledthe transitionprobabilities. A

Markov chainis stationaryif
° ¢6­� � ¥µ� £¶¥ ° ¢x­� % ¥¶� £ for all ~ªâ ë � and ��â²ª .

We saythat two homogeneousMarkov chainsareidentical if bothMarkov chainstake

on valuesfrom the sameset ª , andhave the sametransitionprobabilitiesandinitial

probabilities.

A binarysequencewith independentidenticallydistributed(i.i.d.) symbolsfrom

thealphabetóx� % ãQ� Ö ÿ is calleda · -sequenceif � % occurswith probability · . Similarly, a

ternaryi.i.d. sequencewith symbolalphabetóx� % ã;� Ö ã;� 7 ÿ is calleda ¢W¸ % ã:¸ Ö £ -sequenceif� % occurswith probability ¸ % and � Ö occurswith probability ¸ Ö . Throughoutthepaper
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Ê ¨ � -sequence.Denotethebinaryandternaryentropy functionsas  7 ¢�º=£ ¥ í º »�ÃÅÄ 7 º í ¢ ÊÁí º=£ »�ÃÅÄ 7 ¢ ÊÁí º=£  � ¢�º ã;»k£ô¥ í º »�ÃÅÄ 7 º í » »�ÃÅÄ 7 » í ¢ Êºí º í »c£ »�ÃÅÄ 7 ¢ ÊÁí º í »k£�É
For ¼ ã;½Aâúë � , definethearray §?¾ å ¿ ��ð as(seeFigure6.3)§À¾ å ¿ ¥0ó�qj��ãW� { öd¯ à � à ¼ ãZ¯ à � à ½Ñÿ � ó�qÁ�%ãK� { ò öa¯ à � à ¼ ã íXÊ

à � à ½ í�Ê ÿ
andlet � ¢�¼ ã;½Ñ£ denotethenumberof valid labelingsof §?¾ å ¿ . Thecapacity̧ ) corre-

ÂÄÃ1Å<Æ�Ç ÈÉKÊ Ë�Å<ÆHÌ
Í�Î ÏÐ Å Ï ÐQÑÂjÆ�Å�Ã<ÇÒ

Figure6.2: Basisvectorsfor ð Ö .

ÈÓ Ê Ë
ÒÔ Ï Ð

Figure6.3: Thearray §?¾ å ¿ . Solid circlesrepresentpointslying in the lattice ð Ö , and
hollow circlesrepresentpointslying in theset ð 7 .
spondingto thehard-triangleconstraintis definedas¸ ) ¥ »�¼�½¾ å ¿ ¿ÁÀ »�ÃÅÄ 7 �=¢�¼ ãQ½ü£� §À¾ å ¿ � ¥ »�¼�½¾ å ¿ ¿ÁÀ »�ÃÅÄ 7 � ¢�¼ ã;½Ñ£� ¢�¼7ø Ê £�¢�½Òø Ê £
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wheretheright handsidefollowssincethecardinalityof §À¾ å ¿ is
� ¢�¼ªø Ê £�¢�½5ø Ê £ . The

existenceof ¸ ) canbe shown usinga similar proof asin [18]. Let Õ�¾ å ¿ ��§?¾ å ¿ be

definedas:Õ�¾ å ¿ ¥×ÖØqj��ãK� { öd¯ à � à ¼ ã�¯ à � à ½ÚÙ � ÖØqj��ãK� { ò ö Ê à � à ¼ ã�¯ à � à ½ í�Ê Ù
(seeFigure6.4). Furthermore,definethefollowing subsetsof Õb¾ å ¿ :ÛgÜÝ

Þß à á
â

Figure6.4: Theset Õ�¾ å ¿ is comprisedof ¢�¼�ø Ê £�¢�½�ø Ê £ pointsof ð Ö (solidcircles)and¼�½ pointsof ð 7 (hollow circles).ãZä ¥ ó�qÁ«�ãK� { öa¯ à � à ½üÿ ¢Q¯ à « à ¼ú£ã òä ¥ ó�qÁ«�ãK� { ò öd¯ à � à ½ í�Ê ÿ ¢ Ê à « à ¼ú£© % ¥ ó�qÁ�%ã;½ { öd¯ à � à ¼�ÿ
(seeFigure6.5).Wecall

ãZä
and

ã òä asoliddiagonalandahollowdiagonal, respectively,

of Õb¾ å ¿ , andwecall
ã %

and © % aboundarydiagonalandaboundaryrow, respectively,

of Õb¾ å ¿ . Note that
ãZä � ð Ö ã³© % � ð Ö ã and

ã òä � ð 7 . Theelementsof
ã %

and © % are

calledtheboundarypointsof Õb¾ å ¿ , andtheremainderof thepointsof Õ�¾ å ¿ arecalled

the internalpointsof Õ�¾ å ¿ .
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ÿ ÿÿ

Figure6.5: Theboundarydiagonal
ã %

, boundaryrow © % , soliddiagonals
ãZä

andhollow
diagonals

ã òä of Õb¾ å ¿ .

6.3 Hard-triangle capacityupper bound

Notethat � ¢Q¯�ã;½Ñ£ is thenumberof one-dimensionalbinarysequencesof length
� ½�ø �

satisfyingthe ¢ Ê ãi·Ò£ constraint. Let ¨ Ö ãT¨ 7 ã`É`É`É ãO¨ æ Ë % å ¿ Ì denotethe valid labelingsof§ % å ¿ . Definethetransfermatrix l ¿ to bea � ¢r¯�ãQ½Ñ£Gm¯� ¢r¯sã;½Ñ£ binarymatrix,suchthat

therowsandcolumnsof l ¿ areindexedby thevalid labelingsof § % å ¿ , andthe ¢��%ãK��£ 	��
entryof l ¿ is 1 if andonly if thelabeling¨¦¢�� £¦¥ ���� ¨ " ¢�� £ if � â § % å ¿¨��×¢�� í q Ê ã�¯ { £ if � â § % å ¿ ø�q Ê ã�¯ {
is valid on § % å ¿ � ¢Q§ % å ¿ ø�q Ê ã�¯ { £ . Then,� ¢�¼ ã;½ü£¦¥ 1ò Â6l ¾ ç Ö¿ Â 1 ¥ 1ò Â�l ¿�ç Ö¾ Â 1
where1 is theall-onescolumnvectorof theappropriatedimensionandprimedenotes

transpose.Thematrix l ¿ meetstheconditionsof thePerron-Frobeniustheorem[2, p.

17], sinceit hasnonnegativeelementsandis irreducible(sincetheall-zeroslabelingof§ % å ¿ canbeplacednext to any valid labelingof § % å ¿ withoutviolatingthehard-triangle

constraint).Thus,thelargestmagnitudeeigenvalue
� ¿ of l ¿ is positive,real,andhas
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multiplicity one.It follows that»�¼�½¾ ¿ÁÀ ¢>� ¢�¼ ã;½Ñ£�£ Ö	� ¾ ¥ � ¿
andtherefore

¸ ) ¥ »�¼�½¾ å ¿ ¿ÁÀ »�ÃßÄ 7 � ¢�¼ ã;½ü£� ¢�¼7ø Ê £i¢�½Òø Ê £ ¥ »�¼�½¿ ¿ÁÀ »�ÃÅÄ 7 »�¼�½¾ ¿ÁÀ ¢>� ¢�¼ ã;½ £�£ Ö	� Ë ¾ � Ö Ì� ¢�½Òø Ê £ ¥ Ê� »�¼�½¿ ¿ÁÀ »�ÃÅÄ 7 � ¿½Òø Ê É
Ontheotherhand,any valid labelingof §À¾ å �;Ës¿ � Ö Ì ç Ö definesavalid labelingof §?¾ å ¿ ø�Z¢�½®ø Ê £�q ¯�ã Ê2{ whenever ¯ à �aY�n , andtherefore�=¢�¼ ã<n�½ü£ à ¢>� ¢�¼ ã;½ü£%£ � . Hence,for

any ½ ÐÈ¯ ,¸ ) ¥ »�¼�½¾ å � ¿ÁÀ »�ÃÅÄ 7 � ¢�¼ ã:n�½ü£� n=¢�¼7ø Ê £i¢�½Òø Ê £ à
Ê� ¢�½Òø Ê £ »�¼�½¾ ¿ÏÀ »�ÃßÄ 7 ¢>� ¢�¼ ã;½ü£%£ Ö	� Ë ¾ � Ö Ì¥ Ê� ¢�½Òø Ê £ »�ÃÅÄ 7 � ¿ É (6.1)

Thusthesequence
 hjiKk � C��7 Ë " � Ö Ì�
 convergesto ¸ ) from above. Table6.1 shows the largest

eigenvalues
� "

for � à Ê v
. Using

� Ö � in (6.1)givesthebound¸ ) à ¯sÉsr v Ç wuwuy tHz y É (6.2)

6.3.1 Remark

Direct computationof eigenvaluesusingstandardlinear algebraalgorithmsgenerally

requiresthestorageof anentirematrix. This restrictsthematrix sizesallowable,dueto

memoryconstraintson computers.By exploiting thefact that thematrix l ¿ is binary

andthe ¢���ãW�&£ 	�� valueis easilycomputable,wewereableto obtainthelargesteigenvalues

of very large matrices. The eigenvalueslisted in Table6.1were computedusing the

powermethodtogetherwith thefollowing result.
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Table6.1: Twelve digits of accuracy of the largesteigenvalue
� "

of thetransfermatrixl " , andthecapacityupperbound 
 hjiKk � C��7 Ë " � Ö Ì�
 for � à Ê v
.� � " 
 hjiKk � C��7 Ë " � Ö Ì�
 numberof rows in l "¯ � Ésr Ê t ¯ vuvuzHtut wuy ¯sÉsr z Ç � Ç � vÊ rsÉ v w �u�Ht Ê vu�Hv,� w ¯sÉsrur w z y v t� Ê�y É �1z w Ç � w³Ê tuz ¯ ¯sÉsr yHy t w ¯ � Êv v r�Ésr Ê ÇÅÇ t Ç y v y t ¯sÉsrßÇ z,�Hzuv yuy

Ç t w É yHw zuv y ¯ w tuvuv ¯sÉsrßÇ y � y � Ê ÇÅÇy � ¯ z É Ç y v ¯ßÇur w r t ¯sÉsrßÇ � y Ç Ê v wuwr y ¯Å¯�É z ¯ w �Hz Ê ¯ur w ¯sÉsrßÇÅ¯urÅ¯Å¯ zut ww ÊßÊ z w É z ÊÅÊxw Ç t ¯ v ¯sÉsr vHz Ê Ç y � y t Çt �1t rßÇ&É w t Ê zHzuv,� Ê ¯sÉsr vHt ¯ Ê � r w r yz r t ysÊ É$¯urur vu�u�Htut ¯sÉsr v wsÊ ¯ur ÊxwuwsÊÅÊÊ ¯ Ê r vut Ç&É Ê t ¯ wsÊ ¯ z ¯sÉsr v r v r y Ç,r v r tÊÅÊ vHz Ê t,� É Ç �u� ÊÅÊ v,� ¯sÉsr v yuw Ç w Ê � Ê vuzHvÊ � zHv w ¯ v É zuv Ç y ¯ur z ¯sÉsr v y �u� Ç v Êxw t ÊßÊÊ v �H� Ça¯ z ¯sÉ z w z ¯ wuy ¯sÉsr v Ç wuw r tuv,� ¯ßÇÅ¯
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Lemma 6.1. [16, pg. 493] Let l be an ~�m ~ matrix with nonnegativereal entries.

Thenfor any ~ -dimensionalpositivevector º , themagnitudeof thelargesteigenvalue �
of l is boundedas ½Ñ¼�ÓÖ�� " � �

Ê
º " �! � # Ö l " �:º�� à � à ½����Ö�� " � �

Ê
º " �! � # Ö l " ��º��½Ñ¼�ÓÖ�� � � � º�� �! "$# Ö l " �º " à � à ½����Ö�� � � � º�� �! "$# Ö l " �º " É

The convergencerateof the power methoddependson the relative sizeof the

largestandsecondlargesteigenvalues,but the secondlargesteigenvalueis generally

unknown. Hence,we iteratedthepower methodcomputationuntil theeigenvaluesap-

pearedto stabilizein the12thsignificantdecimalplace.Theresultingeigenvectoresti-

mateswereusedasthevaluesof º in Lemma6.1 to obtainexactupperboundson the

largesteigenvalues,thusmaking(6.2)anexactinequalityinsteadof anapproximation.

6.4 Hard-triangle constrainedencoding

To obtaina lowerboundon thecapacity̧ ) , we introducethenotionof a hard-triangle

constrainedencoderthat maps ­¹ into a hard-triangleconstrainedlabeling of ð , and

calculatethecodingrateof theencoder. Thecodingrateis a quantitythatmeasuresthe

efficiency of theencoder, andis upper-boundedby thecapacity̧ ) .

A hard-triangleconstrainedencoderis aninjection� ö�ó�¯�ã Ê ÿ À í µ �¹ *,) ©Á¢´�¤£
andits inverseis calledadecoder. Theencoder

�
mapsaninfinite binaryinputsequence

into a labelingof a subsetof ð . An encoderanddecoderaretogethercalleda coding

algorithm.
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Oneway to implementanencoderis to first parseaninfinite binarysourceand

thenindependentlymaptheresultingfinite lengthbinarystringsinto disjoint regionsofð , suchthatno two suchregionshaveneighboringtriangles.Thenzeropaddingcanbe

addedbetweenregionsto assurethe hard-triangleconstraintis not violated,provided

eachparsedstring is mappedinto a region without locally violating the hard-triangle

constraint.This is describedformally below.

Let � be a finite completeprefix code1, and for each �Èâ�� let ���ú�mð . A

hard-triangleconstrainedword encoderis aninjection��� ö�� í µ �¹ *,) ©Á¢´�¤£ (6.3)

thatmapseachelementof � into a labelingof somesubsetof ð . Let  OâÒó�¯�ã Ê ÿ À be

an arbitraryinfinite sequencethat is parsedby � as  O¥! Ë Ö Ì  Ë 7 Ì É`É`É , where  Ë " Ì â"�
for all � . Theelementsof ó�ñ " â�ð Ö ö �«âªë � ÿ are translationvectors if, for all � , the

setsñ " ø���#%$ �'& aredisjoint andno pointsin differentsetsareneighbors.A hard-triangle

constrainedcompositeencoder
�

is definedby:

� ¢( ³£i¢�� £²¥ �� � ��� ¢) Ë " Ì £i¢�� í ñ " £ for all � ¥ Ê ã � ã`É`É`É=ã if � â ñ " ø3� #*$ �+&¯ if ,/� s.t. � â ñ " ø ï� # $ �+&�- � # $ �'& É
Thatis,

� ¢( ³£ is a labelingof translatesof thesets� # $ § & ã�� # $ � & ã`É>É`É composedof thelabel-

ings
��� ¢) Ë Ö Ì £Zã �.� ¢) Ë 7 Ì £Zã`É`É`É . Thelabelingof pointsin ð outsideof any translateñ " øü� #%$ �+&

by ¯ is calledzero padding. It is possibleto choosethewordencoder
���

andtranslation

vectorsñ Ö ã�ñ 7 ã`É`É>É suchthatthecompositeencoderis injective(i.e. is anencoder).

1Thecode / is a prefixcodeif no codeword is a prefix of any othercodeword. Completemeansthat
in thedecodingtree,everynodeis eithera leafor hastwo children.
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Definethefollowing quantitiesfor a wordencoder:

ï0 ¢ ��� £ ¥ !� 
 � ° ¢��&£ « ¢��k£�����u�0 ¢ ��� £ ¥ !� 
 � ° ¢��&£ « ¢��k£� ï���u� É
Theseupperandlower bound,respectively, theaverageratio betweenthe input length

and the numberof points in ð that are labeled,for a particularprefix code � . The

probability
° ¢��k£ is takenwith respectto thedistributionof anunbiasedrandomsource.

If « ¢��&£ is a constantfor all ��â1� , then if � ����� is a constant,
�.�

is a fixed-to-

fixedlengthencoder, andif � ���,� is not a constantthen
�.�

is a fixed-to-variablelength

encoder. Similarly, if « ¢��k£ is not a constant,thenif �����,� is a constant,
���

is a variable-

to-fixedlengthencoder, andif � ���,� is not a constantthen
�.�

is a variable-to-variable

lengthencoder.

If ó2� " ÿ is asequenceof prefixcodeswith increasingcardinality, thenthecoding

rateof acompositeencoder
�

(with respectto � " ) is0 ¢ � £¦¥ »�¼�½" ¿ÁÀ ï0 ¢ �.� � £¦¥ »�¼�½" ¿ÁÀ 0 ¢ �.� � £ (6.4)

provided that the limits exist andareequal. It is known [29, p. 27] that the coding

rate is upper-boundedby the capacity. (Although Shannon’s theoremappliesto one-

dimensionalchannels,a replicaof his proof canbe usedto show the sameresult for

thetwo-dimensionalhard-triangleconstrainedchannel.)Therefore,by determiningthe

numericalvalueof thelimit 0 ¢ � £ , weobtainthelowerbound0 ¢ � £ à ¸ ) for thecapacity

of thehard-triangleconstraint.

In Section6.4.1wepresentanintermediatevariable-to-fixedlengthencoderwith

four input sequences.Basedon this encoder, in Section6.5we introducea variable-to-

variablelengthencodingalgorithmthatmapsaninfinite binaryinputsequence¹ into a
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valid labelingof ð . Thevariable-to-variablelengthencoderparsestheinput into strings¹ Ë Ö Ì ã ¹ Ë 7 Ì ã`É`É`É , andthenbijectively mapseachstring ¹ Ë " Ì into four new stringsthatcan

bemoreeasilymappedinto a hard-triangleconstrainedlabelingof thearray § ¾ Ë+3 $ �'& Ì å 4
by the variable-to-fixed lengthencoder. Thequantity

�
is a parameterof the encoder

andthenumberof soliddiagonalsin thearraythat ¹ Ë " Ì is mappedinto is ¼5¢ ¹ Ë " Ì £=ø Ê
.

The resultinglabeledarrays § ¾ Ë'3 $ �+& Ì å 4 arevalid, and in addition they arede-

signedsuchthatany two of themcanbeplacednext to eachotherwithoutviolating the

hard-triangleconstraint.Thusa slantedquadrantof the two-dimensionalplanecanbe

labeledby thetranslatesof thearrays§ ¾ Ë+3 $ �'& Ì å 4 (seeFigure6.6).Thetiling canbegen-

eralizedto all of ð by alternatelyplacingthearraysin thefour quadrants.Thedefinition

of theencoderanda rigorousproof thatshows the limit in (6.4) exists for theencoder

arepresentedin Section6.5. Our variable-to-variablelengthencodercanbeviewedas

“nearly” a fixed-to-fixed lengthencodersincethe lengthsof both the input andoutput

arelimited to ashortrange.

...

...

. . .

. . .

5
67 ß98+:<; =+>�?A@ B7 ßC8':<; Ý >D?A@ B7 ß98+:<; EF>�?A@ B 7 ß98+:<; G�>D?A@ B7 ßC8':<; Ü >�?A@ B 7 ßC8':<; HF>�?A@ B

Figure6.6: The parsedinput sequence¹ ¥ ¹ Ë Ö Ì ¹ Ë 7 Ì É`É`É is mappedinto labelingsof
translatesof § ¾ Ë'3 $ § & Ì å 4 ãZ§ ¾ Ë+3 $ � & Ì å 4 ã`É>É`É .

We definethevectorsõ % ¥ IJJK	LL M NNO , õ Ö ¥ IJJK)L P M NNO , õ 7 ¥ IJJK PL M NNO andinterpretthemasthe

symbols õ % ¥ 0
0 ã�õ Ö ¥ 0

1 ã�õ 7 ¥ 1
0

in a triangularlabeling. In the following sectionswe definean encoderthat mapsan

arbitrarybinary input sequenceinto a sequenceof Ç -tuplesof stringsover óuõ % ã�õ Ö ã�õ 7 ÿ ,
andthenmapssequenceson óuõ % ã�õ Ö ã�õ 7 ÿ into labelingsof subsetsof ð by mappingthe
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Table6.2: Parametersusedin Sections6.4and6.5.

Parameter Description�
Positive integerarraysidelength.Goesto · .Q " Probabilitythatthe � th ( � ¥ Ê ã � ã v ãZÇ ) inputstringis usedby R� .� Initial labelingof SUT .V Numberof translatesof Õ 4 å 4 in Õ�¾ å 4 .� Positivereal.Goesto ¯ .¸ % ã<¸ Ö ã:¸ 7 ã:¸ � ã;· % ã;· Ö Symbolprobabilitiesin transformedsequences.W Ë Ö Ì ã W Ë 7 Ì ã W Ë � Ì ã W Ë Û Ì Auxiliary strings.� Ë Ö Ì ã:� Ë 7 Ì ã:� Ë � Ì ã:� Ë Û Ì Input strings.

lowerandupperbitsin õ % ã%õ Ö ã�õ 7 into thepositionsqÁ�%ãK� { and qj��ãK� { ò , respectively, for certainqj��ãK� { .
A list of variablesdefinedin Sections6.4and 6.5andtheparametersthey depend

onaregivenin Tables6.2and6.3asa reference.

6.4.1 A variable-to-fixed length encoder

Wedefinethefollowing totalorderingon thepointsof ð Ö :qÁº Ö ã;» Ö { X qjº 7 ã;» 7 { Y[Z ���� » Ö Y¬» 7 or» Ö ¥²» 7 and º Ö ­¬º 7 É
Thatis, qjº Ö ã;» Ö { X qjº 7 ã;» 7 { if thediagonal,whosedirectiongoesfrom bottom-leftto top-

right, that qjº Ö ã;» Ö { lies on is above andto theleft of thediagonalthat qÁº 7 ãQ» 7 { lies on, or

if they lie on thesamediagonalbut with qÁº Ö ãQ» Ö { aboveandto theright of qjº 7 ã;» 7 { .
Next we definea variable-to-fixed lengthencoderto label Õ 4 å 4 and thenuse

theencoderasa building block in a variable-to-variablelengthencoderto label larger
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Table6.3: Variablesintroducedin Sections6.4and6.5andtheparametersthey depend
on.

Notation Parameters DescriptionR� � ã:� Variable-to-fixedlength

encoder. Labels Õ 4 å 4 .ï� � ã Q Ö ã`É`É>É ã Q Û ã:� ã V ã W Ë Ö Ì ã`É>É`É ã W Ë Û Ì Fixed-to-variablelength

encoder. Labels Õ�¾ å 4 .[ Ë ��Ì" � ã Q Ö ã`É`É>É ã Q Û ã:� ã V ã W Ë Ö Ì ã`É>É`É ã W Ë Û Ì ã Numberof symbols ï�� Ë Ö Ì ã>É`É`É ã:� Ë Û Ì mapsinto Õ Ë " Ì4�å 4 from� th inputstring.� � ã Q Ö ã`É`É>É ã Q Û ã:� ã V ã W Ë Ö Ì ã`É>É`É ã W Ë Û Ì Numberof symbols ï�
doesnot mapinto

1st V translatesof Õ 4 å 4 .\ � ã Q Ö ã`É`É>É ã Q Û ã:� ã V ã � ã W Ë Ö Ì ã>É`É`É ã W Ë Û Ì Setof stringsthat ï�
nearlymapsinto

1st V translatesof Õ 4 å 4 .§ � ã Q Ö ã`É`É>É ã Q Û ã V ã � ã:¸ % ã`É`É`É=ã:¸ � ãQ· % ã;· Ö Setof typicalsequences.] � ã Q Ö ã`É`É>É ã Q Û ã:� ã V ã � ã:¸ % ã`É`É`É ã<¸ � ã;· % ã;· Ö ã CompleteprefixcodeW Ë Ö Ì ã`É`É`É ã W Ë Û Ì of size � §Cù \ � .^ � ã Q Ö ã`É`É>É ã Q Û ã:� ã V ã � ã:¸ % ã`É`É`É ã<¸ � ã;· % ã;· Ö ã Bijection from
]

to §Cù \
.W Ë Ö Ì ã`É`É`É ã W Ë Û Ì� � ã Q Ö ã`É`É>É ã Q Û ã:� ã V ã � ã:¸ % ã`É`É`É ã<¸ � ã;· % ã;· Ö ã Variable-to-variablelengthW Ë Ö Ì ã`É`É`É ã W Ë Û Ì encoder. Labels Õ�¾ å 4 .
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portionsof ð . Thenwe take
� µ · . For any internalpoint _ ¥ qj��ãK� { â±Õ 4 å 4 ù ð Ö ,

definethenotation(seeFigure6.7)

_ ò ¥ qj��ãW� { ò_ Ö ¥ qj� í�Ê ãK� {_ 7 ¥ qj� í�Ê ãK�Úø Ê2{
_ � ¥ qj��ãW� ø Ê¢{
_�` ¥ q � ã í«Ê2{

andnotethat _�` is theleastupperboundof thepointsin Õ 4�å 4 ù ð Ö undertheordering X .

acb�dfe gih9j	k�lnmojqpr
s t

s
avua%w a avxa b aydfe gzk�l�pavu*dfe gzk�l�p ua w dfe gih9j	k�l�pa�x{dfe gqk�l.m|jqpac} ac}�dfe g~h9j	k�l�m�jqp

Figure6.7: Theinternalpoint _�â�Õ 4�å 4 ù�ð Ö andtheneighborhood_aò ã�_ Ö ã�_ 7 ã�_ � .
Let � ö ã % � © % í µ ó�¯�ã Ê ÿ be an initial labeling of the boundaryof Õ 4 å 4 .

Thendefine(with respectto � ) a hard-triangleconstrainedencoder R� with inputstrings



155� Ë Ö Ì ã:� Ë 7 Ì â�óuõ % ã�õ Ö ã�õ 7 ÿ�� and � Ë � Ì ã:� Ë Û Ì â�óuõ % ã�õ Ö ÿ�� recursively by

R� ¥ R� Õ � Ë Ö Ì ã:� Ë 7 Ì ã<� Ë � Ì ã:� Ë Û Ì ØR� ¢(_&£ ¥ � ¢(_&£ if _�â ã % � © %

�� R��¢�_dòì£R� ¢(_&£ �� ¥

������������������������������� ������������������������������

� Ë Ö Ìd § Ë'� Ì if _\ãc_dò\â�Õ 4 å 4 - ¢ ã % � © % £ andR��¢�_ Ö £¦¥ R��¢�_ 7 £²¥ R� ¢(_ � £²¥*¯� Ë 7 Ìd � Ë'� Ì if _\ãc_dò\â�Õ 4 å 4 - ¢ ã % � © % £ andR��¢�_ Ö £¦¥ Ê
and R� ¢(_ 7 £¦¥ R� ¢(_ � £²¥Ò¯� Ë � Ìd � Ë'� Ì if _\ãc_dò\â�Õ 4 å 4 - ¢ ã % � © % £ andR��¢�_ Ö £¦¥�¯ and ¢ R��¢�_ 7 £¦¥ Ê

or R��¢�_ � £¦¥ Ê £� Ë Û Ìd�� Ë'� Ì if _\ãc_ ò â�Õ 4 å 4 - ¢ ã % � © % £ andR��¢�_ Ö £¦¥ Ê
and ¢ R��¢�_ 7 £¦¥ Ê

or R��¢�_ � £¦¥ Ê £
á Ö ¢�_&£ ¥ Ê ø1��� 
�� â5¢KÕ 4�å 4 ùIð Ö £ - ¢ ã % � © % £¤ö� X _cã R��¢�� Ö £î¥ R��¢�� 7 £î¥ R��¢�� � £¦¥�¯ 
 ���á 7 ¢�_&£ ¥ Ê ø1��� 
�� â5¢KÕ 4�å 4 ùIð Ö £ - ¢ ã % � © % £¤ö� X _cã R��¢�� Ö £î¥ Ê ã R� ¢(� 7 £²¥ R� ¢(� � £²¥�¯ 
 ���á � ¢�_&£ ¥ Ê ø1��� 
�� â5¢KÕ 4�å 4 ùIð Ö £ - ¢ ã % � © % £¤ö� X _cã R��¢�� Ö £î¥Ò¯�ã � R� ¢(� 7 £²¥ Ê

or R� ¢(� � £²¥ Ê � 
 ���á Û ¢�_&£ ¥ Ê ø1��� 
�� â5¢KÕ 4�å 4 ùIð Ö £ - ¢ ã % � © % £¤ö� X _cã R��¢�� Ö £î¥ Ê ã � R� ¢(� 7 £²¥ Ê
or R� ¢(� � £²¥ Ê � 
 ��� É
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If

�� R� ¢�_dò�£R� ¢(_&£ �� ¥ õ " , thenthepoint _ is labeledwith the lower bit of õ " and _aò is labeled

with the upperbit of õ " . The number á � ¢�_k£ is onemorethanthe numberof symbols

previouslycopiedfrom thestring � Ë � Ì into Õ 4 å 4 . Let

� 4�å é ¥ Ö Õ � Ë Ö Ì ã<� Ë 7 Ì ã:� Ë � Ì ã:� Ë Û Ì Ø âúóuõ % ã�õ Ö ã�õ 7 ÿ � m�óuõ % ã�õ Ö ã�õ 7 ÿ � m�óuõ % ã�õ Ö ÿ � m�óuõ % ã�õ Ö ÿ � ö« ¢W� Ës� Ì £²¥Èá � ¢�_�`�£ í�Ê ã for nÑ¥ Ê ã � ã v ãZÇ Ù
be thesetof strings Õ � Ë Ö Ì ã:� Ë 7 Ì ã:� Ë � Ì ã:� Ë Û Ì Ø that togetherfit perfectlyinto Õ 4 å 4 underthe

mapping R� . Then � 4�å é is aprefixcodeandthemapping

R� ö�� 4 å é í µ ©Á¢4Õ 4 å 4 £ (6.5)

is awordencoderasdefinedin (6.3).

To encodean input, R� first initializestheboundaryelementsof Õ 4 å 4 , andthen

in eachiterationit labelsan internalpoint-pair ¢(_cã�_aò�£ of Õ 4 å 4 . The points ¢(_cã�_aò�£ are

labeledbeforethe points ¢(�×ã���ò�£ if andonly if _ X � . The input string usedto label a

particularinternalpoint-pair ¢(_cã�_aò�£ of Õ 4�å 4 is chosento guaranteethat the labelingofÕ 4 å 4 satisfiesthehard-triangleconstraint.

The encoder R� is invertible. The inversemappingscansthe elementsof Õ 4 å 4
in increasingorderwith respectto X to recover the input sequences.A pseudo-code

descriptionof theencoderis givenin Table6.4. Note that R� is completelydetermined

by
�

andtheinitial labeling � .

In Section6.5.1we definea fixed-to-variablelengthencoderthat labelsthesetÕ�¾ å 4 , wherethe parameter¼ is a function of the input Õ � Ë Ö Ì ã:� Ë 7 Ì ã:� Ë � Ì ã:� Ë Û Ì Ø . The setÕ�¾ å 4 is decomposedinto multiple translatesof Õ 4 å 4 andsomeadditionalsolid diago-

nals
ã � andhollow diagonals

ã ò� , which allows Õ�¾ å 4 to grow largeenoughto accom-
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Table 6.4: The variable-to-fixed lengthhard-triangleconstrainedencoder R� . The al-
gorithmmapsthefinite input strings � Ë Ö Ì ã`É>É`É ã&� Ë Û Ì from � 4 å é into a hard-trianglecon-
strainedlabelingof Õ 4 å 4 .

1. Initialize the elements of
ã % � © % using � .

Let } Ö ¥ Ê
, } 7 ¥ Ê

, } � ¥ Ê
, } Û ¥ Ê

.
2. Let _ ¥ ½Ñ¼�Ó� ó~� â�Õ 4 å 4 ù~ð Ö ö�� is unlabeled ÿ .
3. If both _ 7 and _ � are labeled with 0
4. If _ Ö is labeled with 0
5. Label ¢�_\ãc_dòì£ with � Ë Ö Ì� § . Let } Ö ¥²} Ö ø Ê

.
6. Else
7. Label ¢�_\ãc_dòì£ with � Ë 7 Ì� � . Let } 7 ¥²} 7 ø Ê

.
8. Else
9. If _ Ö is labeled with 0
10. Label ¢�_\ãc_dòì£ with � Ë � Ì� � . Let } � ¥²} � ø Ê

.
11. Else
12. Label ¢�_\ãc_dòì£ with � Ë Û Ì� � . Let } Û ¥²} Û ø Ê

.
13. If all of Õ 4 å 4 is labeled then stop, else go to 2.

modatecertainlong input strings. Thenin Section6.5.2we usethe fixed-to-variable

lengthencoderto definea variable-to-variablelengthencoder. Thevariable-to-variable

lengthencodermapsbinarysequencesto Õb¾ å 4 andis nearlya fixed-to-fixedlengthen-

coder. Thisallowsprecisemathematicalanalysisof its codingrate.

6.5 Hard-triangle capacity lower bound

Usinga finite completebinaryprefix codedefinedin Section6.5.2,a binarysequence¹ is parsedinto asequenceof variablelengthstrings¹ Ë Ö Ì ã ¹ Ë 7 Ì ã`É`É>É . Eachstring ¹ Ë " Ì in

theprefixcodeis mappedinto a hard-triangleconstrainedlabelingof theset Õ ¾ Ë+3 $ �'& Ì å 4 .

Then, the points of § ¾ Ë'3 $ �'& Ì å 4 - Õ ¾ Ë'3 $ �+& Ì å 4 are filled with 0s to ensurethat any two

arrays§ ¾ Ë'3 $ �'& Ì å 4 canbeplacednext to eachother(asin Figure6.6) without violating

the hard-triangleconstraint. Henceforthwe abbreviate ¼H¢ ¹ Ë " Ì £ with ¼ . An analysis
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of the algorithm’s codingrate is given in Section6.5.3by taking the input to be the
Ê ¨ � -sequence­¹ .

6.5.1 An intermediate fixed-to-variable length encoder

For �Ùâ�ó�¯�ã`É`É>É ã V íCÊ ÿ definethefollowing translationsof Õ 4 å 4 , its boundarydiagonalã %
, boundaryrow � % , andanarbitrary � â ð :Õ Ë " Ì4 å 4 � Õ 4�å 4 ø��<q � ø Ê ãZ¯ {ã Ë " Ì% � ã % ø��;q � ø Ê ã�¯ {� Ë " Ì% � � % ø �<q � ø Ê ã�¯ {� Ë " Ì � � í �;q � ø Ê ãZ¯ { É

Let Q Ö ã Q 7 ã Q � ã Q Û be positive reals. Let V âªë � , calledthe numberof translates, and

let � Ë Ö Ì âAóuõ % ã�õ Ö ã�õ 7 ÿ<� Tc� § 4 �)� , � Ë 7 Ì â°óuõ % ã�õ Ö ã�õ 7 ÿ<� Tv� � 4 �(� , � Ë � Ì â óuõ % ã%õ Ö ÿ<� Tc� � 4 �)� , � Ë Û Ì âóuõ % ã�õ Ö ÿ � Tc� � 4 � � . Let S�T � T ç Ö�"$#&%�� ã Ë " Ì% � � Ë " Ì%��
bea unionof boundariesof thefirst V translatesof Õ 4 å 4 , andlet �Hö�S�T í µ ó�¯�ã Ê ÿ be

an initial labelingof S�T . For each�ºâ3ó�¯�ã Ê ã`É`É`É-ã V íÈÊ ÿ let � " ö ã Ë " Ì% � � Ë " Ì% í µ ó�¯�ã Ê ÿ
betherestrictionof � to theset

ã Ë " Ì% � � Ë " Ì%
; thatis � " � � � � � � � � for all � â ã Ë " Ì% � � Ë " Ì%

.

Let W Ë Ö Ì â�óuõ % ã�õ Ö ã�õ 7 ÿ T 4 � , W Ë 7 Ì âÒóuõ % ã�õ Ö ã�õ 7 ÿ T 4 � , W Ë � Ì âÒóuõ % ã%õ Ö ÿ T 4 � , W Ë Û Ì âÈóuõ % ã�õ Ö ÿ T 4 � ,
whicharecalledauxiliary sequences.

For each� , the labeling � " inducesa prefix code � 4 å é*� basedon the labelingofÕ Ë " Ì4 å 4 asin (6.5).Thesequenceof prefixcodes� 4 å é*� ã`É>É`É ã*� 4 å é*�c� § inducesapartitionof
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theconcatenationof theinputandauxiliarystringsasÕ � Ë Ö Ì W Ë Ö Ì ã<� Ë 7 Ì W Ë 7 Ì ã:� Ë � Ì W Ë � Ì ã:� Ë Û Ì W Ë Û Ì Ø� Õ� Ë Ö å Ö Ì ã% Ë Ö å 7 Ì ã� Ë Ö å � Ì ã% Ë Ö å Û Ì Ø�Õ� Ë 7 å Ö Ì ã% Ë 7 å 7 Ì ã� Ë 7 å � Ì ã% Ë 7 å Û Ì ØÙÉ`É`ÉÕ  Ë T ç Ö å Ö Ì ã% Ë T ç Ö å 7 Ì ã% Ë T ç Ö å � Ì ã% Ë T ç Ö å Û Ì Ø�Õ R Ë Ö Ì ã R Ë 7 Ì ã R Ë � Ì ã R Ë Û Ì Ø�Õ ï Ë Ö Ì ã ï Ë 7 Ì ã ï Ë � Ì ã ï Ë Û Ì Ø
(6.6)

where Õ  Ë " å Ö Ì ã% Ë " å 7 Ì ã% Ë " å � Ì ã% Ë " å Û Ì Ø â�� 4 å é*� , R Ës� Ì is asuffix of � Ë � Ì , and ï Ë � Ì is asuffix of W Ë � Ì
for n � Ê ã � ã v ãZÇ . Let ¼ � V � � ø Ê � ø��

Ê
� ��� �~  Û! � # Ö « � R Ë � Ì �)¡

andnotethat Õ�¾ å 4 canbedecomposedas(seeFigure6.8)Õb¾ å 4 � @ T ç Ö�"$#&% Õ Ë " Ì4 å 4 A � @ T�� # Ö ã ò� Ë+4 � Ö Ì A � ã T Ë¢4 � Ö Ì � �� ¾�� # T Ë+4 � Ö Ì � Ö � ã � � ã ò� � ��¤£
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Translatesof
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Figure6.8: The set Õ�¾ÁÀ 4 andthe zeropaddingÂÀ¾ÁÀ 4 - Õ�¾ÁÀ 4 is shown. The set Õ�¾ÁÀ 4
consistsof V translatesof Õ 4 À 4 , a hollow diagonalof padding0s after eachtranslate,
andsome(possible)overflow solidandhollow diagonals.

ThetranslatesÕÄÃ+Å�Æ4 À 4 arefilled with the Ç th 4-tuplein theparsing(6.6);thehollow
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diagonalsÈ�ÉÊ Ã+ËÍÌnÎ	Æ andthesolid diagonalÈÐÏ Ã+ËÍÌnÎ	Æ arepaddedwith 0s;andsomeaddi-

tional “overflow” solid diagonalsÈ�Ñ andhollow diagonalsÈÒÉÑ arefilled with the ÓÔ Ñ ’s
andpadding0s. Thestring ÓÔ Ã Ñ Æ is the suffix of Õ Ã Ñ Æ thatdoesnot getencodedinto the

translatesÖÄÃ+Å�ÆË À Ë .

This is formalizedby definingafixed-to-variablelengthencoder×ØÚÙ.ÛiÜÞÝißcÜ Î ßcÜÞàâá � Ïc�*ã ËÁä ��å ÛiÜÞÝâßcÜ Î ßcÜÞàâá � Ïv� ä ËÁä ��å ÛiÜÞÝißcÜ Î á � Ïc�væ ËÁä ��å ÛiÜÞÝißcÜ Î á � Ïc�vç ËÁä �éè�ê ëì�í�îðï �)ñ �
for whichwe specifythelabeling

×Øóò Õ Ã�Î	Æ ß Õ Ã à Æ ß Õ Ã+ôÞÆ ß Õ Ã'õ�Æ�ö Ù Öø÷ÁÀ Ë è�ê Û�ù{ßûúUá
by:×ü � ×Øóò Õ Ã�Î	Æ ß Õ Ã à Æ ß Õ Ã+ôÞÆ ß Õ Ã'õ�Æ ö×ü ��ý � � þÿÿ� ÿÿ�

ü�� ý��
if
ý��	� Ïù

if
ý�� Û�
 � ��
�� ú � ß 
 { ß £û£û£ ß�
���ß 
 { á�� Ï�� ÎëÊ�� Î È ÉÊ Ã+ËÍÌnÎ	Æ

�� ×ü�� ý É �×ü�� ý����� �
þÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿ� ÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿÿ�

�� ÓØ ò Ô Ã'Å À Î	Æ ß Ô Ã'Å À à Æ ß Ô Ã+Å À ôÞÆ ß Ô Ã+Å À õ�Æ � � ý Ã'Å�Æ É öÓØ ò Ô Ã'Å À Î	Æ ß Ô Ã+Å À à Æ ß Ô Ã+Å À ôÞÆ ß Ô Ã'Å À õ�Æ � � ý Ã'Å�Æ�ö �� if
ý

is aninternalpoint

of ÖÄÃ Ý ÆË À Ë �! " " #� ÖÄÃ Ï$� Î	ÆË À Ëò ÓÔ Ã�Î	Æ ÓÔ Ã à Æ ÓÔ Ã+ôÞÆ ÓÔ Ã'õ�Æ)ö#% Ã'&�Æ if
ý � 
�(<ß*) { � Öø÷ÁÀ Ë ß( � Û"� ��
�� ú � � ú�ß £û£û£ ß*� á�ß
 è ú è )

is even,and+ � ý��-,/. ò ÓÔ Ã Î	Æ ÓÔ Ã à Æ ÓÔ Ã+ôÞÆ ÓÔ Ã+õ�Æ(öÜÞÝ
if
ý

is any other

internalpointof Ö ÷ À Ë
where ÓØ is theencoderdefinedin Section6.4.1with theinitial labeling

ü Å if
ý0� ÖÄÃ+Å ÆË À Ë ;

thestring ÓÔ Ã Î	Æ ÓÔ Ã à Æ ÓÔ Ã¢ôÞÆ ÓÔ Ã'õ�Æ is theconcatenationof thesuffixesof Õ Ã�Î	Æ ß £û£û£ ß Õ Ã'õ�Æ thatdid not
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getencodedinto thefirst
�

translatesof Ö Ë À Ë ;

�� ×ü�� ý É �×ü�� ý�� �� � Ü Å meansthatthepoints
ý

and
ý É arelabeledwith thelowerandupperbitsof thesymbol

Ü Å , respectively; and+ � ý1� � � ( è � � �2
�� ú � � ú ���43 
6587:9�� 
 è ú è )7 � ú £
Thedefault casewhen

�� ×ü�� ý É �×ü�� ý��;�� � ÜÞÝ
(i.e. zeropadding)includestheinternalpoints

which lie on the solid diagonal È Ï Ã+ËÍÌnÎ	Æ and hollow diagonal È ÉÏ Ã¢ËÁÌnÎ	Æ that separateÖÄÃ Ï$� Î	ÆË À Ë andtheoverflow diagonals,aswell asthoseinternalpoints
ý � 
<(<ß*) { � Öø÷ÁÀ Ë

and
ý É for which

( � Û"� ��
=� ú � � ú�ß £â£û£ ß*� á
andeither


 è ú è )
is odd or else+ � ý��->?. ò ÓÔ Ã�Î	Æ ÓÔ Ã à Æ ÓÔ Ã+ôÞÆ ÓÔ Ã'õ�Æ ö .

Theencoder
×Ø

is completelydeterminedby



, @ Î ß £û£û£ ß @ õ , ü ,
�
, and A Ã�Î	Æ ß £û£û£ ßA Ã'õ�Æ and will serve as the secondstageof a variable-to-variablelength hard-triangle

constrainedencoderto bedefinedin Section6.5.2.Notethat
ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã+ôÞÆ ß Õ Ã+õ�Æ�ö canbe

recoveredfrom thelabelingof Öø÷ÁÀ Ë .

Theprocessof encodingtheinput
ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã+ôÞÆ ß Õ Ã'õ�Æ ö is describedin detailbe-

low. The pointsof
� Ï areassigneda fixed initial labeling

ü
(to be determinedfrom

Lemma6.2). ThetranslatesÖ Ã'Å�ÆË À Ë , for Ç � ù ßûú�ß�B#B#Byß�� è ú
, arelabeledwith thesymbols

of Õ Ã Î	Æ ß#B#B�Byß Õ Ã+õ�Æ usingthevariable-to-fixedlengthencoder ÓØ for eachtranslatewith the

fixed initial labelingdefinedby
ü Å . Thehollow diagonalsÈ�ÉÊ Ã¢ËÁÌnÎ	Æ for C � ú�ß 7 ß#B#B#ByßD�

andthesoliddiagonalÈ Ï Ã¢ËÁÌnÎ	Æ arefilled with 0s.

Labelingall
�

translatesof Ö Ë À Ë usingthe encoder ÓØ , andaddingthe padding

hollow diagonalsaftereachtranslatedefinesalabelingof theset ÖøÏ Ã+ËÍÌnÎ	Æ À Ë . ForeachÇ , ÓØ
is avariable-to-fixedlengthencoder, soit is possiblethatto encodethestringsÕ Ã�Î	Æ ß#B#B#B<ßÕ Ã+õ�Æ might requireeithermoreor lessspacein E thanjust theset ÖøÏ Ã+ËÍÌnÎ	Æ À Ë . SupposeallF � @ Î 
 à*G symbolsof thestring Õ Ã�Î	Æ havealreadybeenencoded.In thiscasetheauxiliary
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sequenceA Ã Î	Æ is appendedasa suffix to the string Õ Ã�Î	Æ to be encoded.Similarly, the

auxiliary sequencesA Ã à Æ ß A Ã+ôÞÆ ß A Ã'õ�Æ areaddedassuffixesto thestrings Õ Ã à Æ ß Õ Ã+ôÞÆ ß Õ Ã'õ�Æ , if

necessary, to completethe labelingof Ö Ï Ã+ËÍÌnÎ	Æ À Ë . Notethat
� 
 à

is anupperboundon

thenumberof auxiliarysymbolsused.

Ontheotherhand,it is possiblethatsuffixesof theinputstringsÕ Ã�Î	Æ ß Õ Ã à Æ ß Õ Ã+ôÞÆ ß orÕ Ã+õ�Æ donot getencodedinto Ö Ï Ã¢ËÁÌnÎ	Æ À Ë . In thiscaseany remainingsymbolsof Õ Ã�Î	Æ ß#B#B#B<ßÕ Ã+õ�Æ (in this order)arecopiedinto theoverflow diagonalsuntil all symbolsof Õ Ã�Î	Æ ß#B#B#B<ßÕ Ã+õ�Æ areencoded.

To ensurethat the labelingof the overflow diagonalsis valid, the symbolsare

written into everysecondposition,andareseparatedby 0s(seeFigure6.8). Thepoints
 � ��
!� ú � � ú�ß 
 { ß#B�B#B<ß�
���ß 
 {
(i.e. theremainingelementsof theboundaryrow of Öø÷ÁÀ Ë )

arealsofilled with 0s.Thelastsolidandhollow diagonalsusedto encodethelastinput

symbolsmaycontainunlabeledpointswhicharethenlabeledwith 0s.Theparameter
�

is definedto betheindex of thelastsoliddiagonalgeneratedby theencodingprocedure.

In Section6.5.3wewill choose@ Î ß#B�B#B<ß @ õ and
�

to guaranteethatthesequencesÕ Ã�Î	Æ ß#B#B�B<ß Õ Ã'õ�Æ fill up ÖøÏ Ã¢ËÁÌnÎ	Æ À Ë almostperfectly(for large



andsmall H ), andtherefore

thenumberof overflow diagonalsaddedwill besmall.

For given
� ß @ Î ß#B#B�Byß @ õ ß 
 ß input strings Õ Ã�Î	Æ ß#B#B#B ß Õ Ã+õ�Æ ß auxiliary sequencesA Ã Î	Æ ß�B#B#B<ß A Ã+õ�Æ ß andinitial labeling

ü
of
� Ï ß andfor eachÇ � ù ßûúUß#B#B#B�ß�� è ú

, letI Ã Ñ ÆÅ � numberof symbolsof Õ Ã Ñ Æ A Ã Ñ Æ that
×Ø

mapsinto Ö Ã'Å�ÆË À ËJ Ñ ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã¢ôÞÆ ß Õ Ã'õ�Æ ö � K � @�Ñ 
 à*L è Ï�� ÎM Å � Ý I Ã Ñ ÆÅ B
The quantities

I Ã Ñ ÆÅ and J Ñ ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã¢ôÞÆ ß Õ Ã'õ�Æ ö are determinedby the parameters

 ß@ Î ß#B#B�Byß @ õ ß ü ß8� ß A Ã Î	Æ ß#B#B�Byß A Ã'õ�Æ and Õ Ã Î	Æ ß#B�B#B<ß Õ Ã+õ�Æ . If positive, J Ñ ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã¢ôÞÆ ß Õ Ã+õ�Æ�ö is

thenumberof symbolsof Õ Ã Ñ Æ thatdo not getmappedinto ÖøÏ Ã¢ËÁÌnÎ	Æ � Î À Ë , andotherwise



163J Ñ ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã¢ôÞÆ ß Õ Ã+õ�Æ�ö is minus the numberof symbolsof A Ã Ñ Æ that get mappedintoÖ Ï Ã+ËÍÌnÎ	Æ � Î À Ë . For the fixed initial labeling
ü
, fixedauxiliary sequencesA Ã�Î	Æ ß#B#B#Byß A Ã+õ�Æ ,

andfor any H ß @ Î ß#B#B�B<ß @ õ > ù
, letN � O ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã+ôÞÆ ß Õ Ã+õ�Æ ö �ÛiÜÞÝûßcÜ Î ßvÜÞàâá F Ï�P ã Ë ä G å ÛiÜÞÝâßcÜ Î ßcÜÞàâá F ÏDP ä Ë ä G å ÛiÜÞÝûßcÜ Î á F ÏDP æ Ë ä G å ÛiÜÞÝûßcÜ Î á F ÏDP ç Ë ä G ÙJ Å ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã+ôÞÆ ß Õ Ã+õ�Æ öRQ � H ß Ç � úUß 7 ßTS ß�UWVXB

(6.7)

Theset
N

representsthe4-tuples
ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã¢ôÞÆ ß Õ Ã'õ�Æ(ö that“fit well” into Ö Ï Ã¢ËÁÌnÎ	Æ À Ë . For

eachY thefractionof symbolsof Õ Ã Ñ Æ thatarenotmappedinto ÖøÏ Ã+ËÍÌnÎ	Æ À Ë is smallerthan

about ZPD[ Ë ä . Theset
N

is determinedby

 ß @ Î ß�B#B#Byß @ õ ß ü ß��.ß H ß A Ã Î	Æ ß#B#B#Byß A Ã'õ�Æ .

6.5.2 A variable-to-variable length encoder

For any sequenceÕ � ÛiÜÞÝißcÜ Î ßcÜÞàûá:\ and Y � ù ßâú�ß 7
, let ]®Õ^] Ñ denotethenumberof occur-

rencesof
Ü Ñ in Õ . Thefollowing definitionextendsthosein [7, p. 51]. For any _ Ýûß _ Î ß_ àâß _ ô ß�`ÁÝiß�` Î � 
�ù ßûú

{
suchthat

ú è _ Ý è _ Î ß�ú è _ à è _ ô � 
�ù ßûú
{
, andfor any H > ù

, anH -typical set(with blocklengths
F � @ Î 
 à*G ß F � @ à 
 à*G ß F � @ ô 
 à*G ß F � @ õ 
 à*G ) is definedas

Â �ba ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã+ôÞÆ ß Õ Ã+õ�Æ ö �ÛiÜÞÝißcÜ Î ßvÜÞàâá F Ï�P*ã ËÍä G å ÛiÜÞÝißvÜ Î ßcÜÞàâá F ÏDP ä ËÁä G å ÛiÜÞÝißcÜ Î á F ÏDPcæ ËÁä G å ÛiÜÞÝûßcÜ Î á F ÏDPcç ËÁä G Ù7 � F ÏDP ã ËÁä G Ã'c æ Ã'd$e À d ã ÆFÌ Z Æ , _�f gih ãkj f eÝ  _�f gih ãkj f ãÎ  � ú è _ Ý è _ Î � f glh ãkj f ä , 7 ��Ï�P*ã Ë ä Ã'c æ Ã'dme À d ã Æ � Z Æ7 � F ÏDP ä ËÁä G Ã'c æ Ã'd ä À d æ ÆFÌ Z Æ , _ f g h ä j f eà  _ f g h ä j f ãô  � ú è _ à è _ ô � f g h ä j f ä , 7 ��Ï�P ä Ë ä Ã'c æ Ã'd ä À d æ Æ � Z Æ7 � F ÏDPcæ Ë ä G Ã'c ä ÃonpeÞÆFÌ Z Æ , ` f g h æqj f eÝ  � ú è ` Ý � f gih æqj f ã , 7 ��Ï�Pvæ Ë ä Ãrc ä Ã'n:eÞÆ � Z Æ7 � F ÏDPcç ËÁä G Ã'c ä Ãon ã ÆFÌ Z Æ , ` f g h çqj f eÎ  � ú è ` Î � f g h çqj f ã , 7 ��Ï�Pvç Ë ä Ãrc æ Ã'n ã Æ � Z Æts B
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Theterm _�f g h ãkj f eÝ  _�f g h ãkj f ãÎ  � ú è _ Ý è _ Î � f gih ãkj f ä is theprobabilityof a
� _ Ýûß _ Î � -sequenceuÕ Ã�Î	Æ

of length
F � @ Î 
 à*G beingequalto Õ Ã�Î	Æ � ÛiÜÞÝûßcÜ Î ßvÜÞàûá F Ï�P ã Ë ä G . Similarly, theterms _ f gih ä j f eà _�f g h ä j f ãô  � ú è _ à è _ ô � f g h ä j f ä ßv` f g h æqj f eÝ  � ú è `ÁÝ � f g h æqj f ã ßw` f g h çqj f eÎ  � ú è ` Î � f g h çqj f ã correspond

to the probabilityof a
� _ àûß _ ô � -sequence,a

��Ý
-sequence,anda

� Î -sequenceof lengthsF � @ à 
 à*G ß F � @ ô 
 à*G ß F � @ õ 
 à*G
, respectively. Theset Â is determinedby theparameters
 ß @ Î ß#B#B�B<ß @ õ ß��.ß _ Ýûß�B#B#Byß _ ô ß:`ÁÝiß:` Î .

Let x beabinarycompleteprefixcodeof cardinality ] Âzy N ] , whosecodewords

areof oneof two possiblelengths.2 Let{ Ù x ê Â|y N
beany bijection.Both x and { aredeterminedby theparameters


 ß @ Î ß�B#B#Byß @ õ ß ü ß"� ß H ß_ Ýâß#B#B#B<ß _ ô ß:`ÁÝiß:` Î ß A Ã Î	Æ ß�B#B#Byß A Ã'õ�Æ .
Thecode x parsesaninfinite binaryinput sequence,and { mapsa finite parsed

string to a 4-tupleof H -typical sequences
ò Õ Ã Î	Æ ß Õ Ã à Æ ß Õ Ã+ôÞÆ ß Õ Ã+õ�Æ�ö that is likely to fit into

�
translatesof Ö Ë~} Ë .

Since x is a completeprefix code,a binarysequence� canuniquelybeparsed

into strings � Ã Î	Æ ß � Ã à Æ ß#B�B#B suchthat � Ã'Å�Æ � x for all Ç . Thevariable-to-variablelength

hard-triangleconstrainedencoder
Ø

is definedasthecompositionØ � ×Ø�� { B
The encoder

Ø
is completelydeterminedby the parameters


 ß @ Î ß#B�B#B<ß @ õ ß ü ß��.ß H ß_ Ýâß#B#B#B<ß _ ô ß:`ÁÝiß:` Î ß A Ã Î	Æ ß�B#B#Byß A Ã'õ�Æ .
Eachstring � Ã'Å�Æ � x of theparsedsequence� is transformedinto the typical,

well-fitting strings
ò Õ Ã'Å�} Î	Æ ß Õ Ã+Å�} à Æ ß Õ Ã+Å�} ôÞÆ ß Õ Ã'Å�} õ�Æ ö � ÂRy N by thebijection { , andthen

ò Õ Ã'Å�} Î	Æ ß
2For any �W��� thereexistsacompleteprefixcodewith � codewords,all of length ���r�m�$����� or ���r�m�$�����"��

.



165Õ Ã+Åk} à Æ ß Õ Ã'Å�} ôÞÆ ß Õ Ã'Å�} õ�Æ(ö is mappedinto a hard-triangleconstrainedlabelingof Öø÷ } Ë using

the encoder
×Ø
. The variable-to-variablelength hard-triangle constrained algorithm

consistsof themapping
Ø

andits inverse.Themapping
Ø

is referredtoasthealgorithm’s

encoder, and the inverseis called the algorithm’s decoder. The decodingpart of the

algorithmconsistsof theinversemappings.

6.5.3 Coding rate analysis

Let uÕ Ã Î	Æ be a
� _ Ýûß _ Î � -sequenceand uÕ Ã à Æ a

� _ àâß _ ô � -sequenceon the alphabet
ÛiÜÞÝâß�Ü Î ßÜÞàûá

. Let uÕ Ã+ôÞÆ be a
` Ý

-sequenceand uÕ Ã+õ�Æ a
` Î -sequenceon the alphabet

ÛiÜÞÝißvÜ Î á (see

Figure6.9).

1
0

1
0

Sequence

Symbols

Probabilities

0
1

0
0

0
1

0
0

0
1

0
0

0
1

0
0��� �q� ��� ��� �q� ��� �q� ��� �q�� � �#� � � ��� � �� � ��� � �� � ���

���� �� ��D� �  ��D� �   ��D� �  

� � �¡� � ��� � � ��� � �¢� �#�
Figure6.9: The symbolalphabetsof the sequencesuÕ Ã�Î	Æ ß uÕ Ã à Æ ß uÕ Ã+ôÞÆ ß uÕ Ã+õ�Æ andthe corre-
spondingprobabilityof eachsymbol.

Let thevariable-to-fixed lengthencoder ÓØ map uÕ Ã Î	Æ ß#B�B#Byß uÕ Ã'õ�Æ into a labelingofÖ Ë~} Ë usinga randominitial labeling uü Ù È Ý£��¤|Ý è ê Û�ù ßûú2á
. For Y � úUß 7 ßTS ß�U

let

@�Ñ � ¥§¦ theinternalpoint-pair
�2¨ ß ¨ É � is labeledwith asymbol

from thesequenceuÕ Ã Ñ Æ by ÓØª©«B
Therandominitial labeling uü is calledastandard initialization correspondingto _ Ýûß _ Î ß_ àâß _ ô ß¬`ÁÝiß¬` Î if for Y � ú�ß 7 ßTS ß*U

andfor every internalpoint-pair
�­¨ ß ¨ É � , thequantity



166@�Ñ is independentof
¨

and



. Thecorrespondinglabelingof Ö Ë~} Ë is calleda standard

labelingcorrespondingto _ Ýûß _ Î ß _ àâß _ ô ßp` Ýißp` Î . Let® � a � _ Ýûß _ Î ß _ àûß _ ô ß*` Ýûß*` Î � Ù thereexistsaninitializationof È Ý£��¤�Ý
suchthatthelabelingof Ö Ë~} Ë by ÓØ is astandardlabelings B

It is shown in Section6.5.4that
®

is nonempty.

A fixedinitial labeling
ü

of
� Ï andauxiliarysequencesA~¯ Î±° ß�B#B#B<ß A~¯ õ�° usedby

Ø
areimplied in thefollowing lemma.Theset

N
in thelemmais definedin (6.7).

Lemma 6.2. Let uÕ¢¯ Î±° � ÛiÜÞÝûßcÜ Î ßcÜÞàûá F Ï�P*ã Ë ä G be a
� _ Ýûß _ Î � -sequence, uÕp¯ à ° �ÛiÜÞÝûßcÜ Î ßvÜÞàâá F Ï�P ä ËÍä G a

� _ àûß _ ô � -sequence, uÕ ¯ ôi° � ÛiÜÞÝißcÜ Î á F Ï�Pvæ ËÁä G a
` Ý

-sequence, anduÕ ¯ õ�° � ÛiÜÞÝûßvÜ Î á F Ï�Pvç ËÍä G a
` Î -sequence, for some

� _ Ýûß _ Î ß _ àûß _ ô ß�`ÁÝiß�` Î �	� ®
. For

any

 �³² Ì and any H > ù

there exists
�âÝ �³² Ì such that for every

�µ´b�âÝ
there

is an initial labeling
ü Ù � Ï è�ê Û�ù ßûúUá

and auxiliary sequencesA~¯ Î±° ß#B#B#B ß A~¯ õ�° whose

correspondingset
N

satisfies

¥ òiò uÕ ¯ Î±° ß uÕ ¯ à ° ß uÕ ¯ ôi° ß uÕ ¯ õ�° ö � N ö > ú è H B (6.8)

Proof. Supposethat uÕp¯ Î±° ß#B#B�Byß uÕp¯ õ�° areencodedinto Öø÷ } Ë by
×Ø

whereinitial labelsare

definedby a randomlabeling uü Ù � Ï è ê Û�ù ßûúUá
, which is astandardinitializationcorre-

spondingto _ Ýûß _ Î ß _ àûß _ ô ß�`ÁÝûß�` Î on eachtranslateof Ö Ë�} Ë . Let uA ¯ Î±° � ÛiÜÞÝißvÜ Î ßcÜÞàâá Ï Ë ä
beanauxiliary

� _ Ýûß _ Î � -sequence,uA~¯ à ° � ÛiÜÞÝißcÜ Î ßcÜÞàâá Ï ËÁä anauxiliary
� _ àûß _ ô � -sequence,uA ¯ ôi° � ÛiÜÞÝûßcÜ Î á Ï ËÁä an auxiliary

` Ý
-sequence,and uA ¯ õ�° � ÛiÜÞÝûßcÜÞà�á Ï ËÍä an auxiliary` Î -sequence. We will demonstratethat there is at least one fixed initial labelingü Ù � Ï è�ê Û�ù ßûúUá

andfixedauxiliarysequencesA ¯ Î±° ß#B#B#B ß A ¯ õ�° suchthat(6.8)holds.

Sinceeach Ö ¯'¶ °Ë~} Ë is randomlyinitialized by uü , the labelingof each Ö ¯'¶ °Ë~} Ë is a
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standardlabeling,andthusby thedefinitionof @�Ñ , wehave·¹¸ uI ¯ Ñ °¶»º � @{Ñ 
 à
for every Ç � Û�ù ßâú�ß#B#B#B ß�� è úUá

and Y � ú�ß 7 ßTS ß*U
. For every Y � Û�ú�ß 7 ß*S ß*U á

andany two

distinct Ç � Û�ù ß�B#B#Byß�� è úUá
, therandomvariables uI ¯ Ñ °¶ areindependentandhave finite

variances(independentof
�
). Thereforetheweaklaw of largenumbersimpliesthatfor

every H > ù
and C � ú�ß 7 ßTS{ß*U

,¼k½�¾Ït¿ÁÀ ¥ÃÂÅÄÄÄÄÄ
ú� Ï�� ÎM ¶ � Ý uI ¯ Ê °¶ è @ Ê 
 à ÄÄÄÄÄ Q H�Æ � ú¢B

(6.9)

Therandomvariables uI ¯ Ê °¶ in (6.9)arefunctionsof therandominputsequencesuÕp¯ Î±° ß#B#B#B<ßuÕ ¯ õ�° , therandomauxiliary sequencesuA ¯ Î±° ß#B�B#Byß uA ¯ õ�° , andtherandominitialization uü . It

followsfrom (6.9) that¼�½k¾Ït¿ÁÀ ¥ ÂÇÄÄÄÄÄ
ú� Ï�� ÎM ¶ � Ý uI ¯ Ê °¶ è @ Ê 
 à ÄÄÄÄÄ Q H ß for all C � ú�ß 7 ß*S ß*U Æ � ú8B

(6.10)

Then(6.10)andtheinequalities

¥ÈÂÅÄÄÄÄÄ
ú� Ï�� ÎM ¶ � Ý uI ¯ Ê °¶ è @ Ê 
 à ÄÄÄÄÄ Q H ß for all C � úUß 7 ßTS ß�U Æ, ¥ÈÂ � @ Ê 
 à è Ï�� ÎM ¶ � Ý uI ¯ Ê °¶ Q � H ß for all C � ú�ß 7 ßTS{ß*U Æ, ¥ÈÂÉK � @ Ê 
 à*L è Ï�� ÎM ¶ � Ý uI ¯ Ê °¶ Q � H ß for all C � ú�ß 7 ß*S ß*U Æ� ¥ ò J Ê ò uÕ ¯ Î±° ß uÕ ¯ à ° ß uÕ ¯ ôi° ß uÕ ¯ õ�° ö Q � H ß for all C � ú�ß 7 ßTS ß*U ö
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imply that¼�½�¾Ït¿ÁÀ ¥ ò J Ê ò uÕ ¯ Î±° ß uÕ ¯ à ° ß uÕ ¯ ôi° ß uÕ ¯ õ�° öÊQ � H ß for all C � ú�ß 7 ß*S ß*U öË� ú8B
(6.11)

It followsfrom (6.11)thatthereexists
��Ý

suchthatfor all
�;´/�âÝ

,

¥ ò J Ê ò uÕ ¯ Î±° ß uÕ ¯ à ° ß uÕ ¯ ôi° ß uÕ ¯ õ�° ö Q � H ß for all C � ú�ß 7 ßTS{ß*U ö > ú è H B
Thusfor every

�
theremustexist at leastoneinitial labeling

ü
andauxiliary sequencesA~¯ Î±° ß�B#B#B<ß A~¯ õ�° (all fivedependingon

�
) suchthat

¥ ò J Ê ò uÕ ¯ Î±° ß uÕ ¯ à ° ß uÕ ¯ ôi° ß uÕ ¯ õ�° ö Q � H ß for all C � úUß 7 ßTS ß�U ÄÄ ü ß A ¯ Î±° ß A ¯ à ° ß A ¯ ôi° ß A ¯ õ�° ö > ú è H
(6.12)

wheretheconditioningin (6.12)is ontheeventthattherandominitial labeling uü equalsü
, andtherandomauxiliarysequencesuA ¯ Î±° ß�B#B#Byß uA ¯ õ�° equalA ¯ Î±° ß#B#B#B ß A ¯ õ�° , respectively.

Equivalently, thisgives

¥ òiò uÕ ¯ Î±° ß uÕ ¯ à ° ß uÕ ¯ ôi° ß uÕ ¯ õ�° ö � N ö > ú è H
for every

�;´/��Ý
. Ì

A numberÍ Ý is saidtobeanachievablecodingrateof ahard-triangleconstrained

encoder
Ø

if

Í Ý � ¼�½k¾Z ¿ Ý ¼k½�¾Ë ¿ÁÀ Í � Ø � B
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Theorem 6.3. Thehard-triangleconstrainedalgorithmachievesa codingrateof

Í Ý � ú7 � @ Î�Î ô � _ Ýûß _ Î � � @ à Î ô � _ àûß _ ô � � @ ôTÎ à � `ÁÝ � � @ õTÎ à � ` Î �D� B (6.13)

Proof. The
� _ Ýûß _ Î � -sequence uÕp¯ Î±° � ÛiÜÞÝûßcÜ Î ßcÜÞà�á F Ï�P*ã ËÍä G , the

� _ àûß _ ô � -sequenceuÕ ¯ à ° � ÛiÜÞÝûßvÜ Î ßcÜÞàâá F Ï�P ä ËÁä G , the
`ÁÝ

-sequenceuÕ ¯ ôi° � ÛiÜÞÝûßcÜ Î á F ÏDPcæ ËÁä G , andthe
` Î -sequenceuÕp¯ õ�° � ÛiÜÞÝißcÜ Î á F Ï�Pvç Ë ä G areindependent,andtherefore

¥ òiò uÕ ¯ Î±° ß uÕ ¯ à ° ß uÕ ¯ ôi° ß uÕ ¯ õ�° ö �ÐÏ ö > � ú è H � õ
for

�;´?�âÝ
largeenough(see[7, pp. 51-52]).Hence,usingLemma6.2,� ú è H � õ è H, ¥ òiò uÕ ¯ Î±° ß uÕ ¯ à ° ß uÕ ¯ ôi° ß uÕ ¯ õ�° ö �ÐÏ y N ö, M¯ g h ãkj } g h ä j } g h æqj } g h çqj °�Ñ�Ò^Ó�Ô 7 ��Ï Ë ä ¯ P*ã ¯ c æ ¯ d$e�} d ã ° � Z °FÌ P ä ¯ c æ ¯ d ä } d æ ° � Z °FÌ Pvæ ¯ c ä ¯ n:e�° � Z ° Ì Pvç ¯ c ä ¯ n ã ° � Z °Õ°� ] Ï y N ]  7 ��Ï Ë ä ¯ P*ã ¯ c æ ¯ d$e�} d ã ° � Z ° Ì P ä ¯ c æ ¯ d ä } d æ ° � Z °FÌ Pcæ ¯ c ä ¯ n:ei° � Z ° Ì Pvç ¯ c ä ¯ n ã ° � Z °Õ°

which implies

] Ï y N ] ´ �D� ú è H � õ è H �  7 Ï Ë ä ¯ P*ã ¯ c æ ¯ dme�} d ã ° � Z °FÌ P ä ¯ c æ ¯ d ä } d æ ° � Z ° Ì Pvæ ¯ c ä ¯ npei° � Z °FÌ Pvç ¯ c ä ¯ n ã ° � Z °k° B
(6.14)

Similarly,ú ´ ¥ òiò uÕ ¯ Î±° ß uÕ ¯ à ° ß uÕ ¯ ôi° ß uÕ ¯ õ�° ö �ÐÏ y N ö´ M¯ g h ãkj } g h ä j } g h æqj } g h çqj °�Ñ#Ò¡Ó:Ô 7 ��Ï ËÍä ¯ P*ã ¯ c æ ¯ dme�} d ã ° Ì Z ° Ì P ä ¯ c æ ¯ d ä } d æ °FÌ Z ° Ì Pvæ ¯ c ä ¯ n:ei° Ì Z °FÌ Pvç ¯ c ä ¯ n ã °FÌ Z °k°� ] Ï y N ]  7 ��Ï ËÍä ¯ P*ã ¯ c æ ¯ dme�} d ã ° Ì Z ° Ì P ä ¯ c æ ¯ d ä } d æ ° Ì Z ° Ì Pvæ ¯ c ä ¯ npei°FÌ Z °FÌ Pvç ¯ c ä ¯ n ã °FÌ Z °k°
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which implies

] Ï y N ] , 7 Ï Ë ä ¯ P ã ¯ c æ ¯ d e } d ã °FÌ Z °FÌ P ä ¯ c æ ¯ d ä } d æ °FÌ Z °FÌ P æ ¯ c ä ¯ n e ° Ì Z ° Ì P ç ¯ c ä ¯ n ã °FÌ Z °Õ° B (6.15)

Every string Ô � x haslength
F ¼�Ö8× à ] Ï y N ] G or onelonger. Recall that Öø÷ } Ë is ex-

tendedto
Ï ÷ } Ë by zeropadding,and

Ï ÷ } Ë occupies
7�� � � ú � ��
=� ú �

pointsof E .

Therefore(6.14),thedefinitionof theset
N

, and ØÚÙ Ñ"Û ¥ � Ô � � ú
imply thatthecoding

rateis lowerboundedas

Í � Ø � � MÙ Ñ#Û ¥ � Ô � . � Ô �7¡� � � ú � ��
Ü� ú �´ F ¼�Ö8× à ] Ï y N ] G7¡� � �2
Ý� ú � � ú � ��
Ü� ú � � à ËÁÌ àà ËÁÌnÎ � ú"Þp� H �»7¢
�� ú � M Ù Ñ#Û ¥ � Ô �´ ¼kÖ8× à �D� ú è H � õ è H � è ú7¡� � �2
Ý� ú � � ú � ��
Ü� ú � � à ËÁÌ àà ËÁÌnÎ � ú"Þp� H �»7¢
�� ú �� F � @ Î 
 à G  � Î ô � _ Ýûß _ Î � è H � � F � @ à 
 à G  � Î ô � _ àûß _ ô � è H �7¡� � ��
�� ú � � ú � ��
Ü� ú � � à ËÍÌ àà ËÍÌnÎ � ú"Þp� H �ß7¢
Ü� ú �� F � @ ô 
 à*G  � Î à � ` Ý � è H � � F � @ õ 
 à*G  � Î à � ` Î � è H �D�7¡� � ��
Ü� ú � � ú � ��
�� ú � � à ËÁÌ àà ËÁÌnÎ � ú"Þp� H �ß7¢
Ü� ú � B (6.16)

Theterm
ú"Þp� H �|7p
³� ú

in thedenominatoris anupperboundon thenumberof points

occupiedby theinputsymbolsandzeropaddingin theoverflow diagonalsof Öø÷ } Ë , and

thefactor
à ËÁÌ àà ËÁÌnÎ accountsfor thepadding0sin

Ï ÷ } Ë	à Ö ÷ } Ë in theoverflow diagonals.

Using(6.15)andthefactthat
�á´?� �2
â� ú �

for any inputstring Ô � x , thecodingrate
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is upperboundedas

Í � Ø � � ·Èã . � Ô �7¡� � � ú � �2
Ý� ú �mä, 3 ¼�Ö8× à ] Ï y N ] 97¡� � ��
Ü� ú � � ú � ��
Ü� ú �, � @ Î 
 à � Î ô � _ Ýûß _ Î � � H � � � @ à 
 à � Î ô � _ àiß _ ô � � H �7¡� � �2
Ý� ú � � ú � �2
Ý� ú �� � @ ô 
 à � Î à � ` Ý � � H � � � @ õ 
 à � Î à � ` Î � � H � � ú7¡� � �2
Ý� ú � � ú � ��
Ü� ú � B
(6.17)

Taking limits first as

 ê å

andthen H ê ù
, the theoremfollows from (6.16)and

(6.17). Ì
For the parameters


 ß _ Ýûß _ Î ß _ àâß _ ô ßª`ÁÝiß�` Î ß H the valueof
�

is inducedby

Lemma6.2andTheorem6.3.Forafixedvalueof
�
, theexistenceof theinitial labeling

ü
andtheauxiliarysequencesA ¯ Î±° ß�B#B#Byß A ¯ õ�° usedby theencoder

Ø
is givenin Lemma6.2.

Theparameters@ Î ß#B#B#Byß @ õ arecalculatedin (6.29)-(6.32).

6.5.4 Coding rate maximization

In thissectionweconsiderthelabelingof theset Ö Ë~} Ë by ÓØ , wheretheinputsequencesuÕp¯ Î±° ß#B#B�B<ß uÕp¯ õ�° aretherandomsequencesintroducedin Section6.5.3,andwherewecon-

structa specificrandominitial labeling uü Ù È Ý-�!¤|Ý è�ê Û�ù{ßûúUá
to bedefinedin what

follows. Therandomlabelsof thepoints

 Ç ß C�æ ß�
 Ç ß C8æFÉ � Ö Ë~} Ë aredenotedby uç � Ç ß C � anduç � Ç ß C � É , respectively. We will alsouse uç �2¨ � and uç �2¨ � É to denotetherandomlabelsof

thepoints
¨ � 
 Ç ß C�æ and

¨ É � 
 Ç ß C8æFÉ .
The elementsof È Ý are assignedlabels from the stationaryhomogeneous

Markov chain uè ¯ Î±° andtheelementsof
¤�Ý

areassignedlabelsfrom thestationaryhomo-

geneousMarkov chain uè ¯ à ° (seeFigures6.10aand6.10b).

Thetransitionprobabilitiesé Î ß é àiß é ô ß é õ areconstrainedsuchthatthestationary
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10
1−π1

π1

π2

1−π2

10
1−π3

π3

π4

1−π4

(a): êë ¯ Î±° (b): êë ¯ à °
Figure6.10:ThehomogeneousMarkov chains uè ¯ Î±° and uè ¯ à ° .

distributionsof the Markov chains uè ¯ Î±° and uè ¯ à ° arethe same;thusthe labelingof È Ý
determinesthelabel uç � ù{ß 
 � , which is usedto initiate thelabelingof

¤|Ý
. Furthermore,

in this sectionwe show thattheparameters_ Ýûß _ Î ß _ àâß _ ô ß¢`ÁÝißp` Î ß é Î ß é àiß é ô ß é õ canbe

chosensuchthattheresultinglabelingof Ö Ë~} Ë is a standardlabeling,i.e. each@�Ñ takes

on a constantvaluefor every internalpoint-pair
� 
 Ç ß C8æ ß�
 Ç ß C8æ É � . Specifically, we prove

thatConditions(i), (ii), and(iii) below imply that @�Ñ is constantfor every internalpoint

of Ö Ë~} Ë , and in Appendix6.7 we show that the parameterscanbe chosento satisfy

Conditions(i)-(iii).

Condition (i): The probability distribution of the randomvariables ¦ uç � ù ß 
 è ú � ßuç � ú�ß 
 è ú � ©
is identicalto theprobabilitydistribution of therandomvariables¦ uç � ù{ß 
 � ß uç � ú�ß 
 � © .

Condition (ii): The probability distribution of the random variables ¦ uç � ú�ß 
 � ßuç � ú�ß 
 è ú � ©
is identicalto theprobabilitydistribution of therandomvariables¦ uç � ù{ß 
 � ß uç � ù ß 
 è ú � ©

.

Condition (iii): Therandomvariables uç � ù ß 
 è ú �
and uç � ú�ß 
 � areconditionallyin-

dependentgiven uç � ú�ß 
 è ú �
.

The points

 ú�ß 
 è ú æ ß-
�ù ß 
 è ú æ ß-
Dù ß 
 æ ß4
�úUß 
 æ appearingin Conditions(i)-(iii) are

illustratedin Figure6.11.
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ìTíì$î ì ì*ïìTð
ñ

ò ó
ò ìTð^ôöõ ÷*ø òÇùì*ïúôöõ ûlø òÇù

ìTí$ô�õ ûiø òÐü û ù íì~ô�õ ûiø òÐü û ùì$îýôöõ ÷*ø ò0ü û ù

Figure6.11:Thepointsappearingin Conditions(i)-(iii).

Lemma 6.4. Let þ � È Î¡à ¤|Ý . If Condition(i) holds,thentheprobabilitydistributionof

therandomvariables ¦ uç � þ � ß uç � þ%É � ß uç � þ Î � ß uç � þ à � ß uç � þ ô � © is identicalto theprobability

distributionof ¦ uç � ú�ß 
 è ú � ß uç � ú�ß 
 è ú � É ß uç � ù ß 
 è ú � ß uç � ù{ß 
 � ß uç � úUß 
 � © .

Proof. The lemmais trivially true for þ � 
 ú�ß 
 è ú æ . Supposethe lemmais true forþ � 
 ú�ß Y � ú æ (where
ù , Y Q 
 è ú

). We show that it holds for þ � 
�úUß Yýæ . Letÿ Î ß ÿ àâß#B#B#Byß ÿ�� � Û�ù ßûú2á
. Then

¥ ¦ uç � þ � � ÿ Î ß uç � þ É � � ÿ àûß uç � þ Î � � ÿ ô ß uç � þ à � � ÿ õ ß uç � þ ô � � ÿ�� ©� ¥ ¦ uç � þ � � ÿ Î ß uç � þ É � � ÿ à ÄÄ uç � þ Î � � ÿ ô ß uç � þ à � � ÿ õ ß uç � þ ô � � ÿ�� © ¥ ¦ uç � þ Î � � ÿ ô ÄÄ uç � þ à � � ÿ õ ß uç � þ ô � � ÿ�� © ¥ ¦ uç � þ à � � ÿ õ ß uç � þ ô � � ÿ�� ©«B (6.18)

In what follows we rewrite eachof the factorsof (6.18). First, by thedefinitionof the

encoder ÓØ ,

¥â¦ uç � þ � � ÿ Î ß uç � þ É � � ÿ à ÄÄ uç � þ Î � � ÿ ô ß uç � þ à � � ÿ õ ß uç � þ ô � � ÿ�� ©� ¥ ¦ uç � úUß 
 è ú � � ÿ Î ß uç � úUß 
 è ú � É � ÿ à ÄÄuç � ù ß 
 è ú � � ÿ ô ß uç � ù ß 
 � � ÿ õ ß uç � ú�ß 
 � � ÿ�� © B (6.19)
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Furthermore,sincethelabelsof È Ý form ahomogeneousMarkov chain,

¥§¦ uç � þ Î � � ÿ ô ÄÄ uç � þ à � � ÿ õ ß uç � þ ô � � ÿ�� ©� ¥ ¦ uç � ù ß 
 è ú � � ÿ ô ÄÄ uç � ù ß 
 � � ÿ õ ß uç � ú�ß 
 � � ÿ�� © B (6.20)

Finally,

¥ ¦ uç � þ à � � ÿ õ ß uç � þ ô � � ÿ�� ©� ¥ ¦ uç � ù ß 
 è ú � � ÿ õ ß uç � ú�ß 
 è ú � � ÿ�� © (6.21)� ¥ ¦ uç � ù ß 
 � � ÿ õ ß uç � ú�ß 
 � � ÿ�� © (6.22)

where(6.21) follows from the inductionhypothesis,andCondition(i) implies (6.22).

Combining(6.18)with (6.19),(6.20),and(6.22)yields

¥§¦ uç � þ � � ÿ Î ß uç � þ É � � ÿ àûß uç � þ Î � � ÿ ô ß uç � þ à � � ÿ õ ß uç � þ ô � � ÿ�� ©� ¥§¦ uç � ú�ß 
 è ú � � ÿ Î ß uç � ú�ß 
 è ú � É � ÿ à ÄÄuç � ù ß 
 è ú � � ÿ ô ß uç � ù ß 
 � � ÿ õ ß uç � ú�ß 
 � � ÿ�� © ¥§¦ uç � ù ß 
 è ú � � ÿ ô ÄÄ uç � ù ß 
 � � ÿ õ ß uç � ú�ß 
 � � ÿ�� © ¥ ¦ uç � ù ß 
 � � ÿ õ ß uç � ú�ß 
 � � ÿ�� ©� ¥§¦ uç � ú�ß 
 è ú � � ÿ Î ß uç � ú�ß 
 è ú � É � ÿ àâß uç � ù ß 
 è ú � � ÿ ô ß uç � ù ß 
 � � ÿ õ ßuç � ú�ß 
 � � ÿ�� © B
Ì

Corollary 6.5. If Condition (i) holds, then the sequence of labelsaË¦ uç � ù ß Y � ß uç � úUß Y � © s ÝÑ � Ë formsa stationaryhomogeneousMarkov chain.

Proof. Thefactthatthesequencea ¦ uç � ù{ß Y � ß uç � ú�ß Y � © s ÝÑ � Ë is a Markov chainfollows
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from the definitionof ÓØ . Lemma6.4 implies that this Markov chainis stationaryand

homogeneous. Ì
Lemma 6.6. If Conditions(i)-(iii) hold, thenthelabelsof È Î form a stationaryhomo-

geneousMarkov chain identicalto thelabelsof È Ý .
Proof. For Y � Û�ù ß#B#B#B ß 
 è úUá

, let þ � 
 ú�ß Y¬æ and þ ô � 
�ú�ß Y � ú æ be two

neighboringpoints on the solid diagonal È Î . By Lemma 6.4, the joint probabil-

ity distribution of ¦ uç � þ � ß uç � þ ô � © is identical to the joint probability distribution of¦ uç � ú�ß Y è ú � ß uç � úUß Y � © . This fact combinedwith Condition(ii) implies that theprob-

ability distribution of ¦ uç � þ � ß uç � þ ô � © is identical to the probability distribution of¦ uç � ù ß Y è ú � ß uç � ù{ß Y � © . Therefore,to provethelemmait sufficesto show thatthelabels

of È Î form aMarkov chain.

The sequencea uç � úUß Y � s ÝÑ � Ë is a Markov chain if andonly if the reversese-

quence a uç � ú�ß Y � s ËÑ � Ý is a Markov chain. We show that a uç � úUß Y � s ËÑ � Ý is a Markov
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chain.Let ÿ � Û�ù ßûúUá
, and

7 , Y , 

. Then,

¥§¦ uç � ú�ß Y � � ÿ ÄÄ uç � ú�ß Y è ú � ß#B#B#B ß uç � ú�ß%ù � ©� M& e } ����� } & [�� ã Ñ � Ý } Î � ¥ ¦ uç � ú�ß Y � � ÿ ÄÄ uç � ú�ß Y è ú � ß#B#B�Byß uç � ú�ß%ù � ßuç � ù{ß Y è ú � � ý Ñ$� Î ß�B#B#Byß uç � ù{ß%ù � � ý Ý © ¥ ¦ uç � ù{ß Y è ú � � ý Ñ$� Î ß�B#B#Byß uç � ù{ß%ù � � ý Ý ÄÄ uç � ú�ß Y è ú � ß#B#B#B ß uç � ú�ß%ù � ©� M&me�} ����� } & [�� ã Ñ � Ý } Î � ¥â¦ uç � ú�ß Y � � ÿ ÄÄ uç � ú�ß Y è ú � ß uç � ù{ß Y è ú � � ý Ñ$� Î © ¥§¦ uç � ù{ß Y è ú � � ý Ñ$� Î ß�B#B#Byß uç � ù{ß%ù � � ý Ý ÄÄ uç � ú�ß Y è ú � ß#B#B#B ß uç � ú�ß%ù � ©
(6.23)� M&me�} ����� } & [�� ã Ñ � Ý } Î � ¥ ¦ uç � ú�ß Y � � ÿ ÄÄ uç � ú�ß Y è ú � © ¥§¦ uç � ù{ß Y è ú � � ý Ñ$� Î ß�B#B#Byß uç � ù{ß%ù � � ý Ý ÄÄ uç � ú�ß Y è ú � ß#B#B#B ß uç � ú�ß%ù � ©
(6.24)� ¥§¦ uç � úUß Y � � ÿ ÄÄ uç � úUß Y è ú � ©

where(6.23) is obtainedusingCorollary 6.5; and(6.24) follows from Condition(iii)

andLemma6.4. Ì
Lemma 6.7. Let þ � È ¶ à ¤|Ý for Ç � Û�ú�ß#B#B�Byß 
 á

. If Conditions(i)-(iii) hold, thenthe

probabilitydistributionof ¦ uç � þ � ß uç � þ É � ß uç � þ Î � ß uç � þ à � ß uç � þ ô � © is identicalto theprob-

ability distributionof ¦ uç � ú�ß 
 è ú � ß uç � ú�ß 
 è ú � É ß uç � ù ß 
 è ú � ß uç � ù ß 
 � ß uç � úUß 
 � © .

Proof. The lemmahasbeenproved for þ � È ÎËà ¤�Ý in Lemma6.4. Supposethatþ � È à à ¤|Ý . By Lemma6.6,theprobabilitydistributionof thelabelsof È Î is identical

to theprobabilitydistributionof thelabelsof È Ý . Sincethelabelsof
¤�Ý

formastationary

homogeneousMarkov chain,it follows thatLemma6.4,Corollary6.5,andLemma6.6

canbegeneralizedto thesolid diagonalsÈ Î and È à . Repeatedlyapplyingthis ideato
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Table6.5: Thenumericalvaluesof theparametersthatmaximizeÍ Ý .é Î é à é ô é õù¡B
	���ùpU
� ú ù¡B'Þ�	pU8U8U
� ù¡B
	�� ú"ÞpU�ù ù�B'Þ
	2ù������

_ Ý _ Î _ à _ ô `ÁÝ ` Îù¡B U.ú#U�Þ��pU ù¡BFú�	Uù¢Þ�� ú ù¡B'S�	¢Þ
	{ú�ú ù¡B 7 U�Þ
��	�� ù�B�	Uù�	Uù8Þ
� ù¡B
��	����8Þ��

@ Î @ à @ ô @ õù¡B U�Þ�ù 7 �¢S ù¡B ú 7 �¢U��{ú ù¡B 7 �¢U.ú�� 7 ù�B ú�ú#Þ úiù¢U
consecutivesoliddiagonalsprovesthelemma. Ì
Theorem 6.8. Let þ � Ö Ë~} Ë y E Î bean internal point of Ö Ë~} Ë . If Conditions(i)-(iii)

hold, thentheprobabilitydistributionof ¦ uç � þ Î � ß uç � þ à � ß uç � þ ô � © is independentof þ and

.

Proof. Followsfrom Lemma6.7. Ì
Corollary 6.9. If Conditions(i)-(iii) hold,then @�Ñ is a constantfor everyinternalpoint-

pair andfor all Y � ú�ß 7 ßTS{ß*U
.

Conditions(i)-(iii) translateinto asetof equationsfor theparametersé Î ß é àiß é ô ßé õ ß _ Ýûß _ Î ß _ àûß _ ô ß8` Ýiß and
` Î listedin Appendix6.7. Optimizationof (6.13)subjectto

equations(6.25)-(6.32)givesthenumericalresultsin Table6.5.

Theorem 6.10. Thehard-triangleconstrainedencoder
Ø

achievesa codingrateof Í Ý �ù¡BoÞ 7 ���¢S ú 7 ú�	
, which is within

ú��
of thecapacity.

Proof. Substituting the numerical values of Table 6.5 into (6.13) gives Í Ý �ù¡BoÞ 7 ���¢S ú 7 ú�	
. Usingtheupperboundon � î from Section6.3gives

� î è Í Ý
� î � ú è Í Ý

� î , ú è ù¡BoÞ 7 ���¢S ú 7 ú�	ù¡BoÞ8S¢U�	�	������
� Q ù¡B'ù�ù��8S8Þ��Uù�ù8S Q ú�� B
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Theorem6.10and(6.2) give our main result,assummarizedin the following

corollary.

Corollary 6.11. Thecapacity� î of thehard-triangleconstraint is boundedasù¡BoÞ 7 ���8S{ú 7 ú�	 , � î , ù¡B'Þ¢S¢U�	�	������
��B
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Appendix

6.7 Equationsusedto obtain thenumerical valuesof Ta-

ble 6.5

Recall that
¨ � 
�úUß 
 è ú æ ß ¨ Î � 
�ù ß 
 è ú æ ß ¨ à � 
�ù ß 
 æ ß ¨ ô � 
 ú�ß 
 æ asshown in

Figure6.11. Let ¥ ¦ uç � ù{ß 
 � � ù¢© ��� . Correspondingto the labelingsof
¨ àâß ¨ ô and

the labelingsof
¨ Î ß ¨ thereare4 equationsimplied by Condition(i). Theseequations,

generatedby ¥ ¦ª¦ uç �2¨ à � ß uç �­¨ ô � © � ¦ uç �2¨ Î � ß uç �­¨ � © � � ÿ Î ß ÿ à � © aregivenbelow for� ÿ Î ß ÿ à � �
0 0 : � é ô � é àT`ÁÝ � � � é Î é ô � ú è _ Î � è é à*` Ý � é Î � ú è é ô � ` Ý �
0 1 : �

è
� é ô � é à è é àT`ÁÝ � � � é Î � ú è ` Ý è é ô � ú è _ Î è `ÁÝ �D� è é à � ú è `ÁÝ ���

1 0 : é õ è � é õ � ` Î è é à�` Î � � �D� é à è é Î � ` Î � � ú è é Î � é ô � ú è _ ô è ` Î ���
1 1 :

� ú è �
� � ú è é õ � � � ú è é à � � ú è ` Î � � � � é à è é à*` Î è é ô � ú è _ ô è ` Î �� é Î � ` Î � é ô � ú è _ ô è ` Î � è ú �D� B

Corresponding to the labelings of
¨ àiß ¨ Î and the labelings of

¨ õ ß ¨ there

are 4 equations implied by Condition (ii). These equations, generatedby¥ ¦�¦ uç �­¨ à � ß uç �2¨ Î � © � ¦ uç �­¨ õ � ß uç �2¨ � © � � ÿ Î ß ÿ à � © aregivenbelow for
� ÿ Î ß ÿ à � �

0 0 : � é Î � é à é õ `ÁÝ � � � é ô è é Î é ô _ Î è é ô _ ô � é Î é ô _ ô è é à é õ `ÁÝ ��6� ú è �
� � ú è é à � é õ ` Î

0 1 : �
è

� é Î ��� é ô � é Î � _ Î è _ ô � � _ ô � � � ú è �
� é õ � ú è é à � `ÁÝ è ` Î � è ` Î �

1 0 : é à è � é à � � � é Î è é Î é ô è é à � ú è é õ ��� `ÁÝ� � � é à è é Î � ú è é ô � è é ô � é õ è é à é õ � ` Î � � ú è é õ � � é à � ` Ý è ` Î � � ` Î �
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1 1 :
� ú è �

� � ú è é à � � � ú è é õ � � ú è é à � `ÁÝ è ` Î � è ` Î � � � � é õ è é Î `ÁÝ � é à*` Ýè é à é õ `ÁÝ �Ú� é Î è é à è � ú è é à � é õ � ` Î è é ô � ú è é Î � `ÁÝ è ` Î � è ` Î ��� B
Theequationscorrespondingto Condition(iii) areof theform¥§¦ª¦ uç �­¨ ô � ß uç �2¨ � ß uç �2¨ Î � © � � ÿ Î ß ÿ àiß%ù � ©¥ ¦ª¦ uç �2¨ � ß uç �­¨ Î � © � � ÿ àiß%ù � © � ¥§¦ª¦ uç �­¨ ô � ß uç �2¨ � ß uç �­¨ Î � © � � ÿ Î ß ÿ àûßûú � ©¥ ¦ª¦ uç �­¨ � ß uç �2¨ Î � © � � ÿ àâßûú � ©
whereÿ Î ß ÿ à � Û�ù ßûúUá

. Thelist of equationsis givenbelow for
� ÿ Î ß ÿ à � �

0 0 : � ä � ç n:e�Ì�� ¯ � ã � æ ¯ Î � d ã ° � � ä � ç n:ei°� ä n e Ì�� ¯ � ã � æ ¯ Î � d ã ° � � ä n e Ì � ã ¯ Î � � æ °�n e ° � � ¯ Î � � ã ° � æ ¯ Î � d æ ° Ì ¯ Î � �:° ¯ Î � � ä ° � ç n ãn ã � � ä n ã Ì�� ¯k¯ � ä � � ã ° n ã Ì ¯ Î � � ã ° � æ ¯ Î � d æ � n ã °Õ°
0 1 : � � ã � æ d ã Ì ¯ Î � �:° � ä � ç ¯ Î � npei°� ä � � ä npe � � ¯ � ä ¯ Î � npei° � � ã ¯ Î � n:e � � æ ¯ Î � d ãl� n:ei°Õ°k°� � ¯ Î � � ã ° � æ d æ Ì ¯ Î � �:° ¯ Î � � ä ° � ç ¯ Î � n ã °¯ Î � � ä ° ¯ Î � n ã °FÌ�� ¯ � ä � � ä n ã � � æ ¯ Î � d æ � n ã ° � � ã ¯ Î � n ã � � æ ¯ Î � d æ � n ã °k°Õ°
1 0 : � � ã ¯ Î � � æ °�n:eÞÌ ¯ Î � �:° � ä ¯ Î � � ç °�npe� ä n:eÞÌ�� ¯ � ã � æ ¯ Î � d ã ° � � ä n:eÞÌ � ã ¯ Î � � æ °�n:ei° � � ¯ Î � � ã ° ¯ Î � � æ °�n ã Ì ¯ Î � �:° ¯ Î � � ä ° ¯ Î � � ç ° n ãn ã±� � ä n ã Ì�� ¯k¯ � ä � � ã ° n ã Ì ¯ Î � � ã ° � æ ¯ Î � d æ�� n ã °Õ°
1 1 : ¯ � ä ¯ Î � � ç ° � � ¯ � ä � � ã ¯ Î � � æ ° � � ä � ç °Õ° ¯ Î � n:e�°� ä � � ä npe � � ¯ � ä ¯ Î � npei° � � ã ¯ Î � n:e � � æ ¯ Î � d ãl� n:ei°Õ°k°� ¯ � ¯ Î � � ã ° ¯ Î � � æ °FÌ ¯ Î � �:° ¯ Î � � ä ° ¯ Î � � ç °Õ° ¯ Î � n ã °¯ Î � � ä ° ¯ Î � n ã °FÌ�� ¯ � ä � � ä n ãl� � æ ¯ Î � d æ�� n ã ° � � ã ¯ Î � n ãl� � æ ¯ Î � d æ�� n ã °k°Õ° B

Theabove setof equationscorrespondingto Conditions(i)-(iii) canbereduced

thefollowing setof independentequations:

� é ô � é àT`ÁÝ � � � é Î é ô � ú è _ Î � è é àT`ÁÝ � é Î � ú è é ô � ` Ý � (6.25)é õ è � é õ � ` Î è é àT` Î � � ��� é à è é Î � ` Î �Ú� ú è é Î � é ô � ú è _ ô è ` Î ��� (6.26)

� é Î � é à é õ `ÁÝ � � � é ô è é Î é ô _ Î è é ô _ ô � é Î é ô _ ô è é à é õ `ÁÝ ��6� ú è �
� � ú è é à � é õ ` Î (6.27)é à é õ `ÁÝ � � � é Î é ô � ú è _ Î � è é à é õ ` Ý �é à*`ÁÝ � � � é Î é ô � ú è _ Î � è é àT` Ý � é Î � ú è é ô � ` Ý �� � � ú è é Î � é ô � ú è _ ô � � � ú è �

� � ú è é à � é õ ` Î` Î è é àT` Î � � ��� é à è é Î � ` Î �Ú� ú è é Î � é ô � ú è _ ô è ` Î ��� B (6.28)

Notethat È Ý y ¤|Ý � 
Dù ß 
 æ , andthereforethestationarydistributionof uè ¯ Î±° and



181uè ¯ à ° generatingthelabelsof È Ý and
¤|Ý

mustbeidentical.Thus � is theprobabilitythat

any point of È Ý-�!¤�Ý is labeledwith 0. Therequirementthat the labelsof È Ý and
¤|Ý

form stationaryhomogeneousMarkov chainsimpliesthefollowing equations.

� � � é Î � � ú è �
� é à

� � � é ô � � ú è �
� é õ B

Theparameters@ Î ß @ àûß @ ô ß @ õ in termsof theotherparametersaregivenas:

@ Î � � é Î é ô (6.29)@ à � � � ú è é Î � é ô (6.30)@ ô � é à è � � é à è é Î � ú è é ô �D� (6.31)@ õ � ú è é à � � � é à è é ô è é Î � ú è é ô �D� B (6.32)
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Chapter 7

Conclusionsand Comments

Themathematicalcharacterizationof two andhigherdimensionalconstrainedchannels

is moredifficult thantheone-dimensionalcase.Unlike in onedimension,thereareno

known generalformulasfor the numberof ! -dimensional( ! ´ 7
) arrayssatisfyinga

given constraint,or for the valueof the capacityassociatedwith the constraint. For��� ß Y � run lengthlimited constraintsin ! ´ 7
dimensionstheexactvalueof thecapacity

is only known whenit equalszero[11], [13]. In ! � 7 ß*S
dimensions,andfor some

valuesof
�

and Y (suchthat � ¯#" °$ } Ñ > ù
), upperandlowerboundson � ¯#" °$ } Ñ havebeengiven

in [8], [10], [15], [17], [18], [20], and[23]. In particular, the two-dimensional
� ù ßûú �

constraint(or, equivalently,
� ú�ß å �

constraint)hasbeenstudiedby severalauthors(see

[8], [17], [18], [20], and[23]) and � ¯ à °Ý } Î � � ¯ à °Î�} À is now known upto its first ninedecimal

digits. The ideasin [8] weregeneralizedin [15] to obtainupperandlower boundson

� ¯ ôi°Ý } Î . However, thematrix computationsusedto establishboththeupperandthelower

boundsin [8] and[15] rely on the fact that the transfermatricescorrespondingto the� ù{ßûú �
constraintaresymmetric.Sincethis propertydoesnot hold for any othervalues

of
�

and Y (in any dimension),the methodof [8] cannot beusedto obtainnumerical

boundson � ¯#" °$ } Ñ in general.

The
� ú�ß å �

constraintonatwo-dimensionalrectangulargrid andthe
� ú�ß å �

con-

185
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straintonatwo-dimensionalhexagonalgrid areknown in statisticalphysicsasthehard-

squareand hard-hexagonmodels,respectively. In a seriesof intriguing publications

Baxter[2], [3], Baxter, Enting,andTsang[4], andBaxterandTsang[5] assertedexact

solutionsto thehard-squareandhard-hexagonmodelsin termsof infinite matrix equa-

tionsandinfinite productsof polynomials.Basedon theseresultsandusingthetheory

of modularfunctions,Joyce[12] presentedaclosedformulafor thegrandpartitionfunc-

tion persite for the hard-hexagonmodel. Thespecialcasewhenthe activity is Ô � ú
givesthe exact solutionfor the hexagonal

� ú�ß å �
constraint. However, both Baxter’s

andJoyce’s papersareratherdifficult to understandin termsof basicprinciples. An

interestingopenproblemis to presentaneasy-to-understandderivationfor thespecial

caseÔ � ú
basedon thework by BaxterandJoyce.

Upperandlower boundsfor certaintwo-dimensionalcheckerboardconstraints

canbe found in [23], and the asymptoticvalueof the capacityassociatedwith open

convex symmetriccheckerboardconstraintswasdeterminedin [16]. Thecheckerboard

constraintscanbeviewedasgeneralizationsof theone-dimensional
��� ß å �

constraints

to two dimensions. A questionthat naturally arisesis how one-dimensional
��� ß Y �

constraintscanbe generalizedto two-dimensionalconvex constraintsfor Y Q å
. A

possiblegeneralizationandfuture researchtopic is the following. Let
ñ&%(' à

be a

checkerboardconstraint,andlet � $ ß � Ñ �)'
, suchthat

ù Q�� $ , � Ñ . For a labeling
*ÚÙ

Z
à ê Û�ù{ßûúUá

of theintegerlattice,let
�

bethecollectionof latticepointswith label

1. We saythat
*

is
� ñ $ ß ñ Ñ � -constrained,if the translatesof

ñ $ �+� $ ñ by all points

in
�

definea packingof Z
à
, andthe translatesof

ñ Ñ �,� Ñ ñ by all pointsin
�

define

a coveringof Z
à
. The analysisof two-dimensional

� ñ $ ß ñ Ñ � -constrainedchannelsis a

possiblefutureresearchproblem.

Encodinganddecodingalgorithmsfor one-dimensionalrun lengthlimited se-

quenceshave beenextensively studied. Optimal and nearly optimal variablelength

codeshave beenconstructedfor one-dimensionalrun length limited, charged con-
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strainedsequences[7]. Block codesfor one-dimensional
� � ß Y � -constrainedchannels

arepresentedin [6], [21], and[22]. However, efficient two-dimensionalencodersonly

exist for a few constraints.Encodersfor the two-dimensional
� úUß å �

constrainthave

beenstudiedin [17], [18], and[20]. Anotherpossiblefutureresearchproblemis to de-

viseefficient encodingalgorithmsfor two-dimensional
��� ß Y � constraints,and

� ñ $ ß ñ Ñ �
constraintsdescribedin thepreviousparagraph.

Finally, an interestingtheoreticalproblemfor future researchin the field of��� ß Y � -constrainedcodesis to determinethe limit
¼k½�¾
" ¿ËÀ � ¯#" °$ } Ñ asa function of

�
and Y .

Thereareconnectionsbetweenmultidimensionalcapacitiesandotherworks in coding

theoryandgraphtheory. Theasymptoticnumberof binarycodeswith distance2 was

determinedby Korshunov andSapozhenko [14] andSapozhenko [19], andtheasymp-

totic numberof independentsetsin a regulargraphwasfoundby Alon [1]. In addition,

GalvinandKahn[9] studiedthestatisticalmechanicsproblemof phasetransitionsin the

hard-coremodelon Z " , which is closelyrelatedto the ! -dimensional
� ù ßûú �

constraint.

Eachof the resultsin [1], [9], [14], and[19] canbeusedto (independently)conclude

that
¼�½k¾
" ¿ÁÀ � ¯
" °Ý } Î � ú 5¢7

(andthereforealso
¼�½�¾
" ¿ÁÀ � ¯#" °Î�} À � ú 587

). We conjecturethat in the

specialcaseswhen Y � å
andwhen

� � ù
, thefollowing hold.

Conjecture 7.1. For all
� ´ ù

, thecapacitiesof the ! -dimensional
� � ß å �

run length

constraint satisfy ¼�½k¾
" ¿ÁÀ � ¯#" °$ } À � ú

� � ú B
Conjecture 7.2. For all Y ´!ù

, the capacitiesof the ! -dimensional
� ù ß Y � run length

constraint satisfy ¼k½�¾
" ¿ÁÀ � ¯
" °Ý } Ñ � YY � ú B
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