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A one-dimensionabinary sequenceatisfiesthe (d, k) run length constraintif
the numberof consecutie Osis at mostk, andbetweerary two 1sin the sequencare
at leastd 0s. An n-dimensionabinary array satisfiesthe (d, k) run length constraint
if the one-dimensionald, k) constraints satisfiedalongevery directionparallelto the
coordinateaxes. Otherclasse®f constraintanalsobe defined. For example,a two-
dimensionatheclerboardconstrainis aboundedneasurablsetS ¢ R? thatcontains
the origin. A binary labelingof Z? satisfiesthe checlerboardconstraintS, if for ev-
eryt € Z? thatis labeledwith 1, every otherpoint of Z? in S + ¢ is labeledwith Os.
Constrainesdtodesareusedin digital recordingapplicationssuchasmagneticandopti-
cal datastoragesystemswherethe constraintsnodelcertainphysicalpropertiesof the
recordingdevice.

Every constraintreduceghe averageamountof informationthatcanbe stored

Xiv



perunitarea.Theaveragenumberof informationbitsthatcanbestoredperpositionin a
constrainedodeis upperboundedy thecapacityassociatewith theconstraintandthe
capacitycanbeachievedasymptoticallyasthenumberof informationbits grows. In this
dissertatiorwe investigatesomeproblemsrelatedto two andhigherdimensionald, k)
run lengthconstrainectodes two-dimensionatheclerboardcodes,anda constrained
codedefinedon a two-dimensionatriangulargrid. In eachproblemwe determinethe
valueof or boundsonthecapacityassociatewith thegivenconstraintandalsoefficient

encodingalgorithms.
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Chapter 1

Intr oduction

1.1 Definitions

We considercommunicatiorsystemsn which bits aresentacrossa perfectchanneli.e.
no errors)but for which only certaininput patternsareacceptableThesechannelsare

calledconstainedchannels Shannonn his 1948paper{16] wrote (on page9):

“Definition: ThecapacityC' of adiscretechannels givenby

C = lim log N(T)

T—00 T
whereN(T) is thenumberof allowedsignalsof durationT".”
Thenhe provedthefollowing importantresult(on page27):

“Theoem9: Let a sourcehave entrofy H (bits persymbol)andachannel
have acapacityC (bits persecond).Thenit is possibleto encodeheoutput
of thesourcen suchaway asto transmitattheaveragerate% — e symbols
per secondover the channelwheree is arbitrarily small. It is not possible

to transmitatanaveragerategreateithan "



Thisresulthasprovidedthebasisfor all noiselesgonstraineaodingresearclin thelast
50years.In particular it appliesto therunlengthconstraintstudiedn thisdissertation.
AlthoughShannors Theoren® is statedor one-dimensionathannelgwheretime T is
the parameter)it caneasilybe extendedto higherdimensionathannelssuchasthose
studiedin this dissertation.

A one-dimensionablock codeof lengthm is anarbitrarysubsetA of {0, 1}™,
andthe elementsof A arethe codevords Codesare usedto storeor to transmitin-
formation,andtherearemary aspect®nehasto considerin the designof a code. We
will concentrat®n codeswith largenumbersof codevordsgivenparticularconstraints.
A constained codeis a codethat the constrainecchannelaccepts. As an example,
supposea channelacceptsall binary sequencesf length m not containingthe pat-
tern 10. Thenexamplesof constraineccodesare 4; = {0,1}, A, = {00,01, 11},
Az = {000,001,011,111}. Therateof acodeA of lengthm is definedas

p= log, | A
m
assumindheelement®f 4 areequiprobableTheratedescribeiow mary information

bits are senton averageper transmittedbit in a block code. The capacityof a one-

dimensionatonstraineadchannels thus

1
C = lim sup max M
m—00 m

wherefor eachm, themaximizationis overall codesA,, C {0, 1}™ thattheconstrained
channelaccepts. One classof codeswe will considerin this dissertationis defined

below.

n practice,limsup” canusuallybereplacedy “lim”.



3

Definition 1.1. A binary code A,, of lengthm is (d, k)-constained (or “run length
constained”) if for everycodevord in A,, thereare atleastd consecutivegeiosbetween

everytwo onesandthelengthof anyrun of zeosis at mostk.?

Let N\%* denotethe numberof (d, k)-constrainedinary sequencesf length
m. If d = 1 andk = oo thenary m-bit binaryword thatendsin a0 is compatiblewith
ary precedingn — 1 bitsthatsatisfythe (1, co) constraintandary m-bit word ending
in a1 mustactuallyendin a01, andis thereforecompatiblewith any precedingn — 2
bits thatsatisfythe (1, co) constraint.Thuswe gettherecursion

N(laoo) — N(lﬂoo) + N’n::f;)

m m—1

whichis a Fibonaccisequencevith initial conditionle(l’“’) =2 andNél’“’) = 3. The
capacitycanthus be exactly computedas C o, = log, % It canbe shovn more

generally{18] that N\¢* satisfiegherecursion

N0 = NR) | NG NG

m m—d—1 m—d—2
fork < co andm > d + k, and

N,,(r:j’k) — N(dak) + N dik)

m—1 m—d—1

2 Someslightly differentdefinitionsof a (d, k) constrainhave appearedh theliterature[4], [7], [10],
[15], [19], [20], [21]. Suchdefinitionsincludethefollowing: (1) A binarysequences (d, k)-constrained,
if the numberof zerosbetweenconsecutie onesis at leastd and at mostk; (2) A binary sequence
satisfiesa (d, k) runlengthconstraintf every run of zeroshaslengthatleastd andat mostk (if two ones
areadjacenin the sequenceve saythata run of zerosof lengthzerois betweerthem);(3) Binary (d, k)
sequencearedescribedy two integers,d andk, 0 < d < k, suchthatthereareat leastd andat most
k zerosbeforeandafterevery one. However, thesedefinitionsleadto peculiaritiessuchasthe following.
Definition (2) impliesthatevery m x m two-dimensionaérrayis notvalid wheneverd > 2 andm > k,
anddefinitions(1) and(3) imply thateveryall-zerosstringis valid.



for k = co andm > d + 1. ThecorrespondingapacityCy , is givenby
Cd,k = 10g2 )\

where) is thelargestrealroot of the polynomial

for k < oo, and

d+1—xd—1

for k = oo.

In mary magneticrecordingsystemshe informationis written andreadalong
tracks, and thereforethe bits are viewed as a one-dimensionabinary sequence.To
increasethe reliability of thesedatastoragesystemsa typical requirements thatthe
sequencef databits satisfycertainconstraintssuchasa (d, k) runlengthlimited con-
straint. Alternative storagemedia(e.g. holographicmemory)motivatesthe study of
two and higher dimensionalconstraints. A tutorial on someof thesetopicsis given
in [4]. The following definition extendsthe definition of (d, k)-constrainedcodesand

capacitiego higherdimensions.

Definition 1.2. Abinaryn-dimensionain; x ms x - - - X m,, arrayis (d, k)-constained

if it is (one-dimensionalld, k)-constainedin eat of then coodinateaxisdirections.

Figurel.1shovsanexampleof atwo-dimensiona(l, 3)-constrainedodavord.

Thecapacitycorrespondingo then-dimensionald, k) constrainis definedas

" log, Nirygiss..m
0(513: lim ng 1,M2,...,Mn

’ mi,mz,...,Mp—00  TN1M9 - - - My,



O+ OO

R O O O

o o |+ | O
O OBk

Figurel.1: Exampleof (1, 3)-constrainec¢odevordona4 x 4 array

WhereN,(,?j%?,.__ .m, denoteshenumberof (d, k)-constrainedn; x my X - - - X m,, arrays.

Theexistenceof Cff,z hasbeenshovnin [6], andasimilarproofcanbeusedo show that
Cgﬁj exists.Thecapacitthg’fk) is anupperboundon the averagenumberof information
bits thatcanbe storedperunit volumein the n-dimensionakpacewithoutviolating the
(d, k) constraint.

Forn > 2, theexactvalueof Cgﬁj isonly knownin afew case49]. For example,
C’gﬁg =0if k = d (for everyn > 1), andC(()fQ > 0if k > 1 (for everyn > 1). In one
dimensiorthecapacityis positvewhenaerk > d > 0. Thecapacityisamonotonically
nonincreasindgunction of n andd, anda monotonicallynondecreasinfunction of k.

Thefollowing resultwasshowvnin [6].

Theorem 1.3. (Kato and Zeger, 1999) For everyk > d > 1,
Ch=0sk=d+1.

The specialcasewhend = 1 andk = oo hasbeenof particularinterest. By
exchangingherolesof 0 and1 onecaneasilyverify thatCéﬁ) = C{"o)o foralln > 1. For
n = 1, asnotedearlier N&**") is aFibonaccsequencaith initial conditions{ %" =

2andN{""V = 3, andthusC{) = log, 15 ~ 0.694242. In two dimensionsEngel[3]



andlaterCalkin andWilf [2] gave closeupperandlowerboundsonthe (0, 1) capacity

Thefollowing upperandlower boundsarefrom [2].

Theorem 1.4. (Calkin and Wilf, 1998) Thecapacityof thetwo-dimensiona(0, 1) con-

straint satisfies
0.5879 < C{Y) < 0.5883.

Boundsonthecapacityof thethree-dimensiondDb, 1) constrainiverepresented
in [10]. However, the proofsin [2] and[10] rely on matrix inequalitiesanddo not pro-
videimplementablencodingprocedureskor a practicalapplication efficientencoding
algorithmsareneededhatachieve aratecloseto thevalueof thecapacity Suchanalgo-
rithm for two-dimensiona(d, oo) constraintsvasproposedy Siegel andWolf (1998),
known asa “bit stuffing” algorithm[17]. The expectedencodingrate of the algorithm

wasdeterminedn [14].

Theorem 1.5. (Roth, Siegel, and Wolf, 1999) Therateofthetwo-dimensionabit stuf-

ing algorithmfor the (1, co) constaintis
p = 0.583056.

The performanceof the algorithmwasfurtherimprovedin a subsequenpaper
[15]. The authorsmappedsequencesf independenbits into new binary sequences
with differentprobability distributions,using“distribution transformers”andachiered

thefollowing encodingate[15].

Theorem 1.6. (Roth, Siegel, and Wolf, 2000) Therateof thetwo-dimensionabit stuf-

ing algorithmfor the (1, co) constaint with two distribution transformes is

p = 0.587277.



The original bit stuffing algorithmcanbe generalizedo threedimensionsand
thecorrespondingatewasdeterminedn [12].

In two dimensions(d, k) constraintsequirethatabinarylabelingof theinteger
lattice have a specifiedminimum andmaximumnumberof zerosbetweenconsecutie
onesboth “horizontally” and“vertically”. Additional constraintssuchasrun length
constraint@longdiagonalsanalsobeimposedn orderto moreaccuratelymodelprac-
tical devices. Theasymptotidehaior of constraintglefinedoy opencornvex symmetric
two-dimensionatetswereexaminedin [11]. Thefollowing analogousesultfor thede-

cayrateof thetwo-dimensionabapacitycfo)o (asd grows)wasgivenin [6].

Theorem 1.7. (Kato and Zeger, 1999)

: d @ _
Jim, (lg—d) Cae =1

Constraineccodescanbe definednot only on the two (or higher)dimensional
integer lattice, but, moregenerally on any point set. Differentpoint setswith different
mathematicapropertiege.g. numberof nearesheighborsaveragenumberof points
perunit area) canbe usedto modeldifferentpracticalapplicationsBinary constrained
codesdefinedon the two-dimensionahexagonallattice were studiedin [1] and[8].
Thedefinitionof ahard-triangleconstraintandnumericalbboundson the corresponding

capacitycanbefoundin [13].

1.2 Organizationof the Dissertation

Eachof thefive Chapter22-6 in this dissertatioris a copy of a publishedor submitted

co-authoregournalpaper Theseareasfollows:



Chapter2 | H. Ito, A. Kato, Zs. Nagy, andK. Zeger.

ZeroCapacityRegion of MultidimensionalRunLengthConstraints.
Electronic Journal of Combinatorics6(1)(R33),1999.

Chapter3 | Zs.NagyandK. Zeger.

CapacityBoundsfor the Three-Dimensiongl0,1) RunLength
Limited Channel.

IEEE Transaction®n InformationTheory
46(3):1030—1033viay 2000.

Chapted | Zs.NagyandK. Zeger.

Bit Stufing AlgorithmsandAnalysisfor RunLengthConstrained
Channelsn Two andThreeDimensions.

IEEE Transaction®n InformationTheory
(submittedNovember2002).

Chaptes | Zs.NagyandK. Zeger.

AsymptoticCapacityof Two-DimensionalChannels

with CheclerboardConstraints.

IEEE Transaction®n InformationTheory(submittedJuly 2002).
Chapte6 | Zs.NagyandK. Zeger.

CapacityBoundsfor theHard-TriangleModel.

IEEE Transactionon InformationTheory
(submittedNovember2002).

Thecharacterizationf thezerocapacityregionfor threeandhigherdimensional
run lengthconstraintavasgivenin [5]. Necessarandsufficient conditionsfor C’g;c) to
converge to 0 asthe dimensionn goesto infinity werealsoestablishedn [5]. These
resultsare presentedn Chapter2. My contrikution in [5] wasthe constructionof n-
dimensional(d, d + 2)-constraineccodeswith positive codingrate,which areusedin
theproofof Theoren2.1.

The capacityof the two-dimensional0, 1) run lengthconstraintplayedanim-
portantrolein [6] for obtainingboundson the capacitieof otherrunlengthconstraints.
Boundsonthecapacityof thethree-dimensiondD, 1) constraingivenin [10] canplaya
similarrole for obtainingdifferentthree-dimensiondoundsandarealsoof theoretical
interest.Thisresultis givenherein Chapter3.

A generalizatiorof the two-dimensionabit stufiing algorithmto threedimen-

sions,andan analysisof the codingratefor both two andthreedimensionshave been



presentedh [12]. Thealgorithmsandtheanalysisarepresentedn Chapterd.
Anotherclassof two-dimensionatonstraintscalled checlerboardconstraints,
aredefinedby two-dimensionaboundedneasurablsets. The constraintspecifiexer
tain required0’s that mustsurroundevery 1 that appearin the binary labeling of the
two-dimensionainteger lattice. We examinedthe asymptoticbehaior of opencon-
vex symmetriccheclerboardconstraintdn [11], anddeterminedhe rate at which the
capacitygoesto zeroastheareaof theconstraingrows. Chapter5 presentsheseadeas.
The definition of the hard-triangleconstraint,and upperandlower boundson
thecapacitycorrespondingo this constraintanbefoundin [13]. Theupperboundwas
calculatedusingtransfematricesandthelowerboundwasobtainedoy generalizinghe
bit stuffing algorithmto the hard-triangleconstraint.Theseresultsarepresentedherein
Chapter6. Thelastchapterof the dissertatiorsuggestduture problemsin thefield of

constraineaoding.
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Chapter 2

Zero Capacity Regionof
Multidimensional Run Length
Constraints

Abstract

For integersd andk satisfying0 < d < k, a binary sequences saidto
satisfyaone-dimensiongld, k) runlengthconstrainif therearenevermore
thank zerosin arow, andif betweerary two onesthereareatleastd zeros.

Forn > 1, then-dimensionald, k)-constrainecapacityis definedas

logy Nividng,..m
Cén}c) — llm 0g2 1,7M2,...,Mn

mi1,ma,... ,Mn—>00 mimso - - - mn

WhereN,Sffji,’,f?,___ .m,, denoteshenumberof m; xmsyx- - - xm,, n-dimensional

binaryrectangulapatternghatsatisfytheone-dimensiondld, k) runlength
constrainin thedirectionof everycoordinateaxis. It is provenfor all n > 2,
d>1,andk > d thatcglk) = 0 if andonlyif £ = d + 1. Also, it is proven
for everyd > 0 andk > d thatlim,, C’g}g = 0if andonlyif £ < 2d.

12
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2.1 Intr oduction

A binarysequences (d, k)-constained(or “runlengthconstrained”)f thereareatmost
k consecutie zerosandbetweerevery two onesthereareat leastd consecutie zeros.
An n-dimensionapatternof zerosandonesarrangedn anm; x msy X - -+ X m,, hyper
rectanglds (d, k)-constainedif it is (1-dimensional)d, k)-constrainedn eachof the

n coordinateaxisdirections.Then-dimensional d, k)-capacityis definedas

10gy N gy...m
C(gflk) — hm ng 1,M2,... ,Mn

mi1,m2,...,Mp—>00 m1m2 LRI mn

7

WhereN,g‘f%“Q),,,,,mn denoteshenumberof (d, k)-constraineghatternsonanm; x ms x

-+ x m, hyperrectangle A simpleproofwasgivenin [5] thatshavs the existenceof
two-dimensionald, k)-capacitiesanda slight modificationof the proof canshaw that
the n-dimensional(d, k)-capacitiesxist. The capacitycg’k) representshe maximum
numberof bits of informationthat canbe storedasymptoticallyper unit volumein n-
dimensionakpacewithoutviolating the (d, k) constraint.

Thestudyof 1-dimensionald, k)-capacitiesvasoriginally motivatedby appli-
cationsin magneticstorage Interestin 2-dimensionald, k)-capacitieshasrecentlyin-
creasediueto emepging2-dimensionabpticalrecordingdevices,andthe3-dimensional
(d, k)-capacitiesnayplayarolein futureapplicationsaswell. A tutorialonthesetopics
is givenin [4]. Capacitiesn four andhigherdimensiongield naturalgeneralizationsf
interestingnmathematicafjuestionsn lower dimensions.

In generalthe exact valuesof the variousn-dimensional(d, k)-capacitiesare
not known exceptin a few caseg6]. For example,in all dimensionsjf £ = d the
capacityis zero,andif d = 0 thecapacityis positvefor all £ > 1. In onedimensiorthe
capacityis positve whenaerk > d > 0. Thecapacityis known to bea monotonically
nonincreasingunctionof n andd anda monotonicallynondecreasingunctionof k. It

wasrecentlyshavn [5] thatwhenererk > d > 1, the2-dimensionaktapacityis zeroif
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andonly if £ = d + 1. Thesefactsaresummarizedn our Lemmaz2.3.

Someinterestingfactsareknown aboutthe capacitiefor d = 0 andk = 1 in
threeandlowerdimensionsin onedimension N is known [6] tobeaFibonaccee-
quencewith initial conditionsN 5! = 2 and N{**) = 3, andthusthe 1-dimensional
(0, 1)-capacityis thelogarithmof thegoldenmean,namelyCé,ll) = log, % ~ 0.694.
Verytight upperandlowerboundsonthe (0, 1)-capacityweregivenfor two dimensions
in [2] andfor threedimensionsn [7]. Thesewo andthreedimensional0, 1)-capacities
areCy?) ~ 0.58789116 andC’} ~ 0.52, givenhereto theirknown accuracies.

In this paperwe presentwo mainresultsthatcharacterizehe zerocapacityre-
gionfor finite dimensionsandin thelimit of large dimensionsThefirst resultgeneral-
izesthezerocapacitycharacterizatiom [5] to all dimensiongreatethanone.Namely
it givesa necessarandsufficient conditionon d andk for the capacityto equalzero.
This conditionturnsout to be exactly the sameasin dimension2. The secondresult
givesanecessargndsufficientconditionon d andk, suchthatthe capacityapproaches
zeroin thelimit asthedimensionn grows to infinity. Theseresultsaresummarizedn

thefollowing two theorems.

Theorem2.1. For everyn > 2,d > 1,andk > d,

cW=0sk=d+1.

)

Theorem2.2. For everyd > 0 andk > d,

lim CV = 0& k< 2d.

n—00 ?

The following lemmacontainsuseful facts about capacitiesfor variouscon-

straintsandis usedto establishTheorem®.1and?2.2.



Lemma?2.3.

(a) Cg}QH > Cg‘k); wheneern > 1, 0<d <k
(b) Cg}g > 0(51)1,,6; wheneern >1, 0<d<k
(c) C’f,fﬁjl) < Cg;c); wheneern >1,0<d<k
(d) C’ﬁ) =0; wheneern>1,d>0

(e) C’g;)dﬂ > y@mys Wheneern >1,d >0
) C((,’;) > 0; wheneern>1,k>1

(@) C{) > 0; wheneer0 < d <k

(h) ¢} =0 if andonlyif k=d+1; wheneerl<d<k.

15

Proof. (a) FoIIowsfromthefactthatN,(,Z;%t_l,),mn > N,(,Z;fi’,ﬁ),__,,mn sinceary patternthat

satisfieghe(d, k) constraintalsosatisfieghe (d, k + 1) constraint.

(b) Follows from N{xdE) > NimdiLE)

(c)
(n+1;d,k)
C(n+1) — ]_im 10 2 le,mz,... yMn+41
d.k m1,M2,. ;M 100 MM ... Myt

(n;d;k) m

< lim 10g2 (Nm1777’rL27'-- TMn ) i

T m1,ma,... ,Mpt1—00 mimsg...Mpy1

(n;d;k)
_ lim 10g2 le,mg,... Mn
mi,mz,...,Mp—00  M1Mo ... My

= oy

(d) OS5y = 0 sinceNY*? < d + 1. Theresultthenfollows by inductionand

from themonotonicityin part(c).
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(e)LetT = {1,2,...,m}, wherem is amultiple of 2(d + 1). Any mapping
f:T" — {0,1} satisfying f(z1, z2,... ,z,) = 1 when2(d + 1) divides)"" | z;,
andf(zy,zs,... ,z,) = 0 whend + 1 doesnotdivide > | z;, inducesa (d, 2d + 1)-
constrainegbatternon7™. Sincethevalueof f(z1, zo, . .. , z,) canbechoserarbitrarily
when} " | z; = (d + 1) mod2(d + 1), thenumberof (d, 2d + 1)-constrainegatterns
onT™ is atleast2m"/(2@+1) andhenceNi&24tl) > om"/(2(d+1) Thus

m™/(2(d + 1)) 1

Cifaanr 2 Jim —2 o = 2(d+1)

(f) Followsfrom (a) and(e).

(9) It is known [1] thatC[(i’lgo = 0(51_)1,2(1_1 for d > 1, andalsothatfor 0 < d <
k < oo, the 1-dimensionakapacityis the logarithm(base2) of the largestreal root of
theequationX*+! — Xxk-d _ xk-d-1 _ ... _ X _ 1 = 0. Theequationclearlyhasa
rootgreaterthanl, andthustheresultfollows.

(h) Thiswasprovenin [5]. O

2.2 Proofof Theorem?2.1

Proof. Lemma2.3(c),(h)sh(wsthatC(gffjl)+1 = 0foralld > 1andall n > 2. To prove
C((if;) > 0fork > d+2, it sufiicesby Lemma2.3(a),(h)}to proveC‘((if’d)+2 > 0foralld > 1
andn > 3. Thisis shavn belaw in Proposition2.5for evend > 0, andin Proposition
2.6for oddd > 3. A specialcaseof LemmaZ2.3(e)shavs theresultfor d = 1 andfor

all n > 3. Thiscompleteshe proofof Theoren?2.1.

The following definitionsare usefulfor proving Proposition2.5and2.6. Let
S ={0,1,...,d+1}. ThesetS™ isann-cube andary mappingg : S™ — {0, 1} isabi-

nary n-cube A row of ann-cubeis ary setof theform {(cy, ... ,ci_1, 2, ¢cr1,--- ,¢n) :
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z € S} for somefixedl, andsomefixedc; € Sforj=1,...,01-1,I1+1,... ,n. A
binaryn-cubeg is a permutationn-cubeif g equalsl onceperrow of S™.

A binaryn-cubeg is (d, d + 2)-constrainedunlessg takesthe valueonetwice
on someconsecutie d pointsin somerow of S™. It is clearthat permutationn-cubes
are (d,d + 2)-constrained.A setof permutationn-cubesis (d, d + 2)-compatibleif
the concatenationf any two of the cubesalongaface(i.e. with translationbut without
rotation)is also(d, d+ 2)-constrainedlf Sy, ... , S, aresubset®f S, eachconsistingof
two consecutieintegers thesmallerof whichis even,then$; x - - - x S, isabi-subcube
of S™. If apermutatiom-cubeg equalsl exactly onceperrow in abi-subcubethenthe
restrictionof g to the bi-subcubas saidto be a permutatiorbi-subcube

A binaryn-cubeh is areversal of apermutatiom-cubeg if A equalsl — g onthe
memberf a (possiblyempty)subsebf all the bi-subcubesn S™, on eachof which g
is apermutatiorbi-subcubeandh equalsg elsevhere.A reversalh of ary permutation
cubey is alsoa permutationcube,andg andh togetherform a (d, d + 2)-compatible
set. More generally ary collectionof reversalsof a given permutationm-cubeformsa
(d,d + 2)-compatibleset(seeLemma?2.4). In Proposition®2.5and 2.6, we construct
a(d,d + 2)-compatiblefamily of reversalsof a certainpermutationn-cube,andthen
obtainalowerboundonthe (d, d + 2)-capacityfrom the cardinalityof the family.

A mappingf : S* — S is alatin n-cubeif on every row of S*, f is a per
mutationof S. This definition is a generalizatiorof a latin square,althoughalter
nate definitionshave beengivenin [3]. For ary permutationn-cubeg, ary | < n,
andaryc; € S(forj =1,...,1 - 1,1 +1,...,n — 1), therelationz — y deter
minedby g(ci, ... ,¢1,2,¢41, ... ,cn_1,y) = 1 is a permutation. This leadsus to
definea correspondencketweenpermutationn-cubesandlatin (n — 1)-cubesasfol-
lows. Letg : S™ — {0, 1} beapermutationn-cubeandfor each(zy, zs, ... ,z,-1) €
S™1 let y(xy, ... ,z, 1) bethe uniqueelementof S suchthat g(zy, za, ..., Tn 1,

y(z1,...,7,_1)) = 1. Thenthe mappingg : S*! — S definedby g(zi, z», ...,
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Tn_1) = y(z1,...,Tn_1) IS alatin (n — 1)-cube,andthe correspondence — g is bi-
jective (seeLemmaz2.4). The barnotationwill be exclusively usedfor latin cubes.For
ary integersa > 0 andb > 0, we usethenotation“a modbd” to meantheuniqueinteger

a— L4

Lemma?2.4. Lete, : S™ — S beasequencef mappingslefinedrecussivelyfor n > 3

by

én(:vl, e ,xn) = é2(én_1(.131, v ,J?n_l), J}‘n) (21)
whee e, is a latin squae. Theng, is a latin n-cubefor all n > 2, andthe setof all

reversalsof the correspondingpermutation(n + 1)-cubee,, is (d, d + 2)-compatible

Proof. Useinductionon n. Assumee,, ... ,é,_; arelatin cubes(for n > 3) andfix

all but oneof the agumentsey, ... ,z, of &,. If z;,...,z, ; arefixedthene, is a
permutatiorof S sincefixing thefirst algumentof e, yieldsa permutatiorof S. Like-

wise, if z,, andall but oneof z,, ... ,z,_; arefixed,thenby theinductionhypothesis
én—1(z1,... ,zn—1) IS apermutatiorof S ande, is a permutatiorof S sinceits second
argumentz,, is fixed. Thuse,, is alatin n-cube.

Let h beabinary(n + 1)-cubeh : ™' — {0, 1} satisfying

hon,. . ) = 1 if 2y =&n(ze,. .., 20)
0 otherwise.
Thenh is a permutation(n + 1)-cubesinceg, is a latin n-cube,andh = &, from
the definition of the bar notation. This shaws that thereexists a unique permutation
(n + 1)-cubeh (i.e. e,,) correspondingo thelatin n-cubeg,.
The permutation(n + 1)-cubee, hasrows of lengthd + 2, eachcontaininga

singleone. For ary collectionof bi-subcubespn eachof whiche,, is a permutatiori-
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subcubeary row of S™*! canintersectat mostoneof thesebi-subcubesThisimplies
thatary facevise concatenatiomof any two reversalsof e,, will only have pairsof ones
atdistancesl, d + 1, or d + 2 apart,andthusary setof reversalsof e, is (d, d + 2)-

compatible.

Proposition2.5. For everyn > 2 andeveryevend > 0,

(n) 1
Cd,d+2 Z m

Proof. Defineamappinge, : S? — S suchthat

_ (x1 + 22 —2) mod(d +2) if z; andz, areodd
62(.’1)1, £U2) = (22)
(1 + z2) mod(d +2) otherwise
asin Figure2.1. Themappinge, is alatin squaresincee, is a permutatiorof thesetS
wheneitherthe first or secondcomponents heldfixed. For eachn > 3, use(2.1)to

recursvely definethelatin n-cubee, : S™ — S.
Foreachn > 2,letzq, ... , z, beary setof evenintegersfrom S. We claimthat
forary yi,... ,y, € {0,1},
B (x1+---+z,)mod(d+2) if Y7 y iseven
en(‘rl + Y1, .- axn+yn) =
(14+a+---+a,) mod(d+2) if > visodd
To prove this claim,useinductiononn. It is easyto seefrom (2.2) thattheclaimis true

for n = 2. By (2.1)andtheinductionhypothesis,

én(xl + Y1,-.. ,Tn + yn)
Ea((x1 + -+ Tp1) mod(d + 2), z, +yn) if S0y, iseven
&((14 x4+ 2, 1) mod(d +2), 2, +y,) if S0y isodd



20

Equivalently when)_" , y; is even

én(T1+ Y1, s Tn + Yn)
é((x1+---+x,-1) mod(d +2), z,) if y, =0
e2((l+z1+---+2x,_1)mod(d+2), z,+1) ify,=1
= (x1+---+2z,) mod(d+2),

andwhen)_" , y; is odd

en(T1+ Y1, - s Tn + Yn)
e((x1+- -+ xp_1)mod(d+2), z,+1) ify,=1
e((l+z1+ -+ z,1) mod(d+2), z,) if y, =0
= (I14+z +---+z,) mod(d +2),

thusproving theclaim.

Theclaimjust provedimpliesthatthe correspondingermutation(n + 1)-cube

e, satisfies

1 if Yy iseven

en(T1 + Y1y s Tng1 + Yns1) = _ L
0 if >0 v isodd

for ary evenintegerszy, ... ,z,41 € S suchthatz,s = )., «; mod(d + 2), and
for ary y1,...,yns1 € {0,1}. Thustherestrictionof e, to eachbi-subcube{(z; +

Yy yTnt1 + Yns1) © Y1,---,Yns1 € {0,1}} is a permutatiorbi-subcube.Thenthe

d+2
2

cardinalityof thesetof all reversalof e, is 2("z)", andLemma2 givesthelowerbound

2\n—1
log, 2(%5%) B 1
@d+2r 2 i(d+2)

Ci >
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Proposition2.6. For everyn > 2 andeveryoddd > 3,

d—3
C’(n) S ; n—1+ 5 .
“e =@y |

Proof. Defineamappinge, : S? — S suchthat

(2.3)

B z1+x2 —2 if z; andz, areodd
62(931, 302) = .
z1 + x5 Otherwise

for 2| 5| + 2|%] < d — 3. Thevaluesof &, for 2| 5| 4+ 2| %] > d — 3 (i.e. below
thebold 2-stepstaircasdine in Figures2.2 and2.3) aredefinedasfollows. The points
on the diagonalline above the main diagonalhave value d, as doesthe bottomright
cornerof the square. Thus, d appearsoncein eachrow andin eachcolumnin the
square.The portionof the next higherdiagonalthatlies below the 2-stepstaircasdine
hasvalued — 1. Theareabelov andincludingthe maindiagonalof the squaregxcept
thebottomrow andtherightmostcolumn,is partitionedinto diagonalstripsof width 4.

Eachdiagonalstrip is formedby repeatinghe staircaseatternshapeof
®[+|O]
ol-|e

Thebottomrow is formedby repeatinghe pattern

andtherightmostcolumnis formedby repeatinghe pattern

(For thecased = 1 mod4 the bottom-rightmostliagonalstrip is truncatedat width 3,

andthe above patternsarecut off accordingly asillustratedin Figure2.2.) Within ary
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givendiagonalstrip, all labelscontaininga particularsymbolrepresenthesamanteger.
In particularin the jth diagonal(for j = 1,2, ..., [‘Z’J + 1), thesquarelabel, 0],
@, M, and ] represendj —2,45—3,45—4,45—5,and4j — 6 respectrely (for j = 1,
(=] and representl — 1 andd + 1, respectrely). Forary i € {0,1,...,d — 2} it can
be seenthatthe value: appear®ncein every row andcolumnof thetop left 2| % | + 2
rows andcolumns andthevalue: appear®ncein every row andcolumnof the bottom
rightd — 2 L%J rows andcolumns.Also, themaindiagonalof S? containsonly thevalue
d+1, andthevalued — 1 appearsn therightmostcolumnat (z;, ;) = (1,d+2), in the
bottomrow at (z1,z2) = (d + 2, 1), andin alternatingpositionson the diagonalsthat
lie two above andtwo belav the maindiagonalof S%2. Thevalued — 1 appearsn the
rightmostcolumnat (z;, z2) = (1, d+ 2) andin thebottomrow at (z;, z2) = (d+2,1),
andthesepointsdo notlie onthediagonalgwo belowv nortwo above themaindiagonal.
Consequentlyevery number0,1,... ,d + 1 appearsexactly oncein eachrow andin

eachcolumnin theoriginal (d+2) x (d+2) squareS?, shaving thate, is alatin square.

Using(2.1)andthedefinitionof &, justgiven,recursvely definefor eachinteger
n > 3, thelatin n-cubee, : S — S. Forary n > 2, if z4,... ,z, areevenintegers

from S suchthat) " | z; < d — 3, thenforary 1, ... ,y, € {0,1},

T+ +xz, if Y yiseven
én(m1+y17"'7xn+yn): " ] =t 1_
1+z+---+a, If > yisodd

from thesameproofasin Propositior2.5,but with theaddedconstrain® ") | z; < d—3.

As in Proposition2.5, the setof reversalsof the permutation(n + 1)-cubee,
d—3

is (d, d + 2)-compatible.Thereare 2 permutatiorbi-subcubesn this case

n
andthevolumeof the (n + 1)-cubeS™*! (i.e. thedomainof e,,) is (d + 2)"**. Hence
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d—3
o P i
d,d+2 = (d+2)" n—1

2.3 Proofof Theorem?2.2

Proof. Lemma 2.3(e) gives lim,, Cﬂ’dH > 0 for every d > 0, and thus
limy, 00 C((ifjj > (0 for every k > 2d + 1 by LemmaZ2.3(a). LemmaZ2.7 belowv im-

pliesthatC}) < (5%)"" Cfi) wheneerd < k < 2d, andhencelim, o, CJf) = 0.

Thistogethemwith Lemma2.3(d)completeshe proof of Theorem?.2.

O
Lemma2.7. If n > 2andl1 < d < k < 2d then
n k—d n—1
Cai < f gy 10
Proof. Let! andm bepositiveintegersandletV = {1,2,...,m}. Definethefollowing

n-dimensionahyperrectanglegfor j = 1,2,... ,1):

T = {(xlv"'7xn—laxn):xla"'7xn—1€‘/rv_d§$n<(k_d+1)l}
Up = {(@1,..-,Zn1,%0) 1 21,..., 21 €V, —d <z, <0}
Ui = {(z1,...,Tn_1,20) :

T, n 1 €V, (k—d+1)(j—-1) <z, < (k—d+1)j}

andletU = Ué’:o U;. Notethatthereis a gapof width onebetweenconsecutie sets
U; andU;,; (To help visualizethe proof, the caseof n = 3 is illustratedin Figure

2.4). A binary mappingon U is saidto be (d, k)-constrainedf it inducesa (d, k)-
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constrainedoatternon eachU;. Let Ny and Ny, be the numbersof distinct (d, k)-
constrainednappingson 7" andU; (for j = 0,1, ... ,1), respectrely. We shov that
Nr < [T} Ny,

Tothisend,it sufficesto exhibit aninjectionfrom thesetof all (d, k)-constrained
mappingon T to thoseon U. Thuswe demonstratéhatevery (d, k)-constrainednap-
pingonT is completelydeterminedy its restrictionto U.

Assumethe contrary Thenthereexist two (d, k)-constrainedmappingsf, :
T — {0,1}andf; : T — {0, 1} thatagreeonU butdifferonT. Let(ci, ... ,cp_1,¢n) €
T besuchthat fo(c1, - - - ,cno1,¢n) 7# fi(c1,- -, Cno1,Cn)-

Sincef, andf; agreeonU, ¢,, mustbeamultipleof £ —d+1. Let J bethesmall-
estnonngativeinteger;j suchthatfo(cy, ... ,ch1, (k—d+1)j) # fi(cr, ..., cn1, (k—
d + 1)j). Without lossof generalityassumefy(cy, ... ,¢, 1, (k — d + 1)J) = 0 and
filer, .. ,en1, (k—d+1)J) =1. Notethat(k —d+1)(J+1)—1 < (k—d+1)J+d
sincek < 2d. Also, sincef(c1, ... ,cn_1,(k —d+1)J) =1, f; mustequalzerofor at
leastd consecutie positionsnext to this point. Thus f;(cy, . . . ,¢n—1,2) = 0forall z in
therange(k —d+1)J —d <z < (k—d+1)(J + 1), excludingz = (k —d + 1)J.
Thereforefy(cy, . .. ,cn—1,x) = 0 for this samesetof z’s, sinceeitherz isin U or else
becausef the choiceof J. But by assumptionfo(ci, ... ,cn1,(k —d+ 1)J) = 0,
so a string of £ + 1 zerosin a row occursfor f, (fromz = (k. —d+ 1)J —d to
z = (k—1+d)(J + 1) — 1) contradictingthe (d, k) constraint.This provesthatevery
(d, k)-constrainednappingon 7' is uniquely determinedby its restrictionto U. This
establishethat Ny < Hé‘:o Ny,.

Now, let M denotethe numberof distinct (d, k)-constrainedmappingson an

(n — 1)-dimensionalhypercubeof side lengthm. Clearly, Hi’:o Ny, < MG+,
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sinceNy, < M?andNy, < M* 4forj=1,2,... 1. Thus,
l
c" = lim log, N < lim 108 10 Ny
| b (k= d+ )+ d)mnt B (= d o+ 1)1+ d )t
(k—d)l+d
< lim log, M
l,m—o0 ((k —d+ 1)l +d)mn—l

_ oy (E-ditd L logy M k—d o)
s (k—d+1)l4+d mse mrl kE—d+1 %

2.4 Comments

Ford =1, Lemma2.3(e)impIiesthathfQ > 1/4forn > 3. A morecomplicatedroof
canshow thatCl(fg) > C’éf’l)/Q foralln > 2 (notethatCéﬁ) > 1/2 by Lemma2.3(e)).
For oddd > 3 Proposition2.6 gives(]é,’z;+2 > 2(‘;%;)2 whereasa slightly betterlower

boundC’éi}Jr2 > 2(‘;%)2 wasgivenin [5, Theoren2]. Proposition®2.5and2.6 establish
thatC(([;)+2 > 0. Alternatively it is possibleto prove Cc(if’d)ﬂ > 0 in asimplermanney

but with wealer lower boundson Cgf}H thanthosegivenin thesepropositions.

This chaptey in full, is a reprint of the materialasit appeardn: H. Ito, A.
Kato, Zs. Nagy, andK. Zeger, Zero CapacityRegion of MultidimensionalRun Length
ConstraintsElec.J. Combinatorics6(1)(R33),1999.
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%

oO| 1| 2| 3] 4| 5( 6| 7| 8| 9(110|11|12|13]|d-2|d-1| d|d+]
1| Oof 3| 2| 5| 4| 7| 6] 9| 8111|1013 |12]|d-1{d-2|d+] d
2| 3| 4 5] 6| 7| 8| 9/10(11|12|13|14|15| d|d+]} O 1
3| 2| 5| 4] 7| 6| 9| 8111013 |12|15|14|d+] dj 1| O
4| 5|1 6| 7] 8| 9|]10(11|12|13 |14 |15 d|d+® O| 1| 2| 3
5| 4|1 7| 6] 9| 8(11(10|13|12|15|14|d+) df 1| O 3| 2
6| 7| 8 9110|1112 13|14 (15| d|d+g O| 1] 2| 3| 4| 5
7/ 6| 9| 8111013 |12|15|{14|d+y dj 1| O| 3| 2| 5| 4
8| 9/10(11)12|13(14 (15| d|d+} 0| 1| 2| 3| 4| 5| 6| 7
9| 81111013 |12 (15|14 |d+)] df 1| O] 3| 2| 5| 4| 7| 6
101112 | 13|14 |15| d|d+y 0| 1| 2| 3] 4| 5| 6| 7| 8| 9
11 (10113 |12 |15| 14 |d+) dg 1| Of 3| 2| 5| 4| 7| 6| 9| 8
1213|114 |15| d|d+® O 1| 2| 3| 4| 5] 6| 7| 8| 9|10|11
131211514 |d+y dfj 12| O 3| 2| 5| 4] 7| 6| 9| 8|11 |10
d-2|d-1lf d|(d+® O 1| 2| 3| 4| 5] 6| 7| 8| 9]10|11|12]|13
d-1|d-2(d+y df 1| O 3| 2| 5| 4] 7| 6 9| 8]11|10|13]|12
d|d+®j of 1| 2| 3| 4| 5| 6| 7| 8| 9|10|11]12|13|d-2|d1
d+1 d I 1| o 3| 2| 5| 4| 7| 6 9| 8|11|10(13|12]|d-1|d-2

Figure2.1: Latin squarez, for d = 16 (evend)
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% \ d+1
‘—o 1| 2| 3| 4| 5| 6] 7
XX | 1| o| 3| 2| 5| 4| 7| 6
2| 3| 4| 5| 6| 7] 8| 9
3| 2| 5| 4| 7| 6| 9| 8 3
4| 5| 6| 7| 8] 9|10]|11
5 4| 7| 6| 9| 8|11]10
6| 7| 8| 9|10]|11]12]13
7| 6| 9| 8]11|10(13]|12 7
8| 9|10|11|12]13]|d-3|d2
9| 8|11|10(13]|12|d-2| d-3f
10 | 11 | 12 | 13 | d-3| d-2] +
11 10|13 |12 |d-2 d-6
d-5| d-4| d-3| d-2
d-4| d-5| d-2
d-3| d-2f +
d-2 d-2
+ =d-1 —=|+

d
d-1=16 2 6 10 14
d+1=18 3 7 11 15
0 4 8 12
1 5 9 13 d=17=
2 6 10 14
=1 =2 =3 =4 =5

Figure2.2: Latin squarez, for d = 17 (d = 1 mod 4)
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+=d1
% s d+1
r ol 1| 2| 3|4 |5 |6 |7 |8 |9 |10]11|12]13[d5|d-4|d-3|a-2]+
X | 1] ofl 3| 2|5 |a |7 |6 |o |8 |11]10]|13]12|d4|ds5|d2|ds| —
2| 3| 4| s| 6| 7| 8| 9|10]|11|12]13|d5|d4|d3|d2]+ ® O
3| 2| 5| 4| 7| 6| 9| 8|11 10|13 12]d4|ds5|d-2|d-3] O|—|@| 3
4l 5| 6| 7| 8| 9|10]11|12|13|d-5|d-4|d3|d2f+ ® +|O
5| 4| 7| 6| 9| 8|11|10]|13]12|d4|d5|d-2|a-3] O|l—|® —
6| 7| 8| 9| 10 1112 |13|d-5|d-4|d-3| d-2f + ® + O ® O
7| 6| o| 8| 11 19 13|12 |d4|d-5|d-2| d-3] Ol—| @ Ol—|@| 7
8| o|10|11]12 |13 |d5|d4|d3|a2]+ ® + 0O ® + 0O
9| 8|11 |10 13| 12| d-4| d-5| d-2| d-3] O|l—|@® Ol—|@® —
10| 11|12 |13 45 -4 | d-3| d-2] + ® + O ® + O ® O
11|10 |13 | 12 -4 [d-5 | d-2| d-3] O|—|® O|—|® O|—|®@|  ds8
12 | 13 | d-5| d-4| d-3| d-2f + ® +|O ® +|O ® + 0O
13 | 12 | d-4| d-5| d-2| d-3} Ol—|® O|—|@® O|—|@® —
d-5| d-4| d-3| d-2f + ® + O ® + O ® + O ® O
d-4| d-5| d-2| d-3} Ol—|® O|—|@® O|—|® O|—|@|  d4
d-3| d-2f + ® + O ® + O ® + O ® + O
d-2| da-3] Ol—|@® Ol—|@ Ol—|@ Ol—|@ —

+ =d-1=|+ ® +|O ® + O ® + O ® + O ® O
d—= Ol—|@® Ol—|@® Ol—|@® Ol—|@® Ol—|@®
d+1= | — @O — @0 — 1@ 0 — @0 — @O0l |=—d

4j-6 — d-1=18 2 6 10 14

4j-5 . d+1=20 3 7 11 15 d=19=

4-4 @ 0 4 8 12 16

473 O 1 5 9 13 17

4j-2 + 2 6 10 14

i=1 j=2 i=3 j=4 j=5

Figure2.3: Latin squarez, for d = 19 (d = 3 mod 4)
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Figure2.4: lllustrationof thesetsT" andU; for threedimensionsn the proof of Lemma
2.7.



Chapter 3

Capacity Boundsfor the
Three-Dimensional0, 1) Run Length
Limited Channel

Abstract

The capacityC’é?l) of a3-dimensional0, 1) runlengthconstraineachannel

is shown to satisfy 0.522501741838 < C{) < 0.526880847825 .

3.1 Intr oduction

A binary sequenceatisfiesa 1-dimensionald, k) run lengthconstraintf the number
of consecutie Osis at mostk, andbetweenary two 1sin the sequenceareat leastd
0s. An n-dimensionabinary arrayis saidto satisfya (d, k) run lengthconstraint,f it
satisfieghe 1-dimensional(d, k) runlengthconstraintalongevery directionparallelto
a coordinateaxis. Suchan arrayis calledvalid. The numberof valid n-dimensional
k)

arraysof sizem; x my X ... X m, is denotecby N,(,‘f; ma,... m, @Ndthe corresponding

capacityis definedas

(d.k)
(n) . 10g2 le,m2,...mn
Cir = lim .
4 m1,M2,...Mp—>00 m1m2 R mn

By exchangingherolesof 0 and1 it canbeseerthatcéﬁ) = Cl(”o)o foralln > 1.

31



32

A simpleproof of the existenceof the 2-dimensionald, k) capacitiexanbe foundin
[7], andtheproof canbegeneralizedo n-dimensions.
It is known (e.g. see[8]) thatthe 1-dimensional0, 1)-constrainedcapacityis

thelogarithmof thegoldenratio,i.e.

G = log, = 0.694242 . ..

1++5
2

andin [2] very closeupperandlower boundsweregivenfor the 2-dimensional0, 1)-
constrainectapacity The boundsin [2] werecalculatedwith greaterprecisionin [10]
andareslightly improvedhere(seeRemarksectionat endfor moredetails),now agree-

ing in 9 decimalpositions:
0.587891161775 < C§) < 0.587891161868 . (3.1)

Theseboundswerealsoindependentlybtainedto 8 decimalpositionsin [3]. A lower
boundof C’ézl) > 0.5831 wasobtainedn [9] by usinganimplementablencodingoroce-
dureknown as"bit-stuffing”. Theknown boundson 0321) have playedausefulrolein [7]
for obtainingboundson other(d, k)-constraintsn two dimensionsThe 3-dimensional
(0, 1)-constrainedoundsgivenin the presenipapercanplay a similar role for obtain-
ing different3-dimensionaboundsandarealsoof theoreticainterest.In fact,arecent
tutorial papel6] discusseaninterestingconnectiorbetweerrunlengthconstraineda-
pacitiesin morethanonedimensiorandcrossvord puzzlegbasednwork of Shannon
from 1948). In the presenipaperwe considerthe 3-dimensional0, 1) constraintand
by extendingideasfrom [2] andusingtwo nex boundsour mainresultis to derive (in

Sections3.2and3.3) thefollowing boundson the 3-dimensional0, 1) capacity
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Theorem3.1.
0.522501741838 < C§) < 0.526880847825

It is assumedhenceforthin this paperthatd = 0 andk = 1. Two valid m; x
my rectanglesanbe put next to eachotherin 3 dimensionswithout violating the 3-
dimensional0, 1) constraintif they have no two zerosin the samepositions. Define
atransfermatrix 1,,, ., to bean N,(,?;f,)nz X NT(,?;},)M binary matrix, suchthatthe rows
andcolumnsareindexedby thevalid 2-dimensionain; x ms patternsandanentry of
Tm,i,m, 1S 1if andonly if the correspondingwo rectanglesanbe placednext to each
otherin 3 dimensionsvithoutviolating the (0, 1) constraint.Then,

N (D) —1.7ms 19— .pm2—11 _ 1/ .pm-11 (3.2)

mi,m2,m3 mi,m2 mi,m3 m2,m3

wherel is the all onescolumnvectorandprime denotedransposeThe matrix T, , m,

meetsthe conditionsof the Perron-Frobeniutheorem[1], sinceit hasnonngative real
elementsandis irreducible(sincethe all onesrectanglecanbe placednext to ary valid
rectanglewithoutviolatingthe (0, 1) constraint). Thereforehelargestmagnitudesigen-
valueAn,, m,, of T, m,, IS positive, real,andhasmultiplicity one.Thisimpliesthat

lim (N(O,l) )1/m3 = Amyimas

mi1,Mm2,m
m3— 00 1,M2,MM3
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and

10g2 N"S'?{ ,7)712 N3

3 .
Cél) = lim
’ m1,Mm2,m3—00 mi1meins
: (0,1) 1/m
_ lim log, hmms—>00(Nm1’,m27m3)/ °
mi1,ma—00 mimes
— llm 10g2 Amlymz
mi1,m2—00 mi1me
. l/mz
. log, hme—)OO Aml,mz
= lim
m1—+00 my
log, A
. 2 im
= lim =271 (3.3)
mi1—00 mq

. T | Amym 1 A .
WhereA ,, = limym, 00 Adl™2,. Thequantitiesg22mme gng °gfn1 L canbeviewedas

mi1ms2

capacitiesorrespondingo 3-dimensionahrrayswith two fixed sides(lengthsm, and
my), andonefixedside(lengthm;), respectiely.
Upperandlowerboundsonthe3-dimensionatapacitycanbecomputedlirectly

from theinequalitieg(similarto the 2-dimensionatase asnotedin [10])

10g2 Aml,m2
(m1 + 1)(7712 + 1)

10g2 Aml ,1M2

(3)
< G = mims

but thesedo not yield particularlytight boundsfor valuesof m; andms, for which the
correspondingalueof A,,, ., couldbecomputedoy us. (e.g. Table3.1showvsthatthe
eigervaluesA,,, ,, correspondo matriceswith morethan40 million elementsvhen
roughlym;ms > 20). Theupperandlower capacityboundsderivedin this paperagree
to within £0.002 andwerecomputedusinglessthan100Mbytesof computermemory
3.2 Lower boundon Cé?’l)

To derive alower boundon 0531) we generalizea methodof Calkin andWilf [2]. Since

Tmym, 1S @ symmetricmatrix, the Courant-FischeMinimax Theorem[4, pg. 394]
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impliesthat
AP > 2 Tmima” (3.4)

for any nonzerovectorx andary integerp > 0. Choosingx = 74 .. 1 for ary integer

1,M2

g > 0, andusingidentity (3.2) gives

1.7pt2¢ 1 1.7l q

P my,ma mi1,p+2q+1 (3 5)
mi,ma — 2 - -1 . '
L 1. qul,,ml 1. T,'nnfgqﬂl
Thus,
) P 1/maq
27001 = lim  AYmm2) ) = lim ( lim AP/™
mi,ma—00 1,12 mi1—00 \ Ma—00 1,z
1/m1 . 1/m1
> Lm (Am1,p+2q+1> _ i, 00 Ay pragi _ Apiogia (3.6)
= —_ - 1 .
m1=00 \ Ay 2041 limy,; oo An{:’;q 1 Asg+1

andthereforefor any oddintegerr > 1 andary integerz > r,

1 A,
g (A—) . (3.7)

This lower boundon 0531) is analogougo a 2-dimensionaboundin [2], but A,
and A, arenot eigervaluesassociatedvith transfermatricesof 2-dimensionakrrays
here,andcannoteasilybe computedasin the 2-dimensionatase.Insteadwe obtaina
lower boundon A, andanupperboundon A,.. From(3.5)and(3.6) alower boundon

A,ls

1I_Tm2711 1/((v—u)mz) A 1/(v—u)

ma—oo 2 T ma—moo \ 1. Tgluz_ll Az,u

whereu is an arbitrary positve odd integer, v > «, andA,, andA, , arethe largest
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eigervaluesof thetransfematricesT’, , andT} ,, respectrely.

To find anupperboundon the quantity A, for a givenr, we apply a modified
versionof a methodin [2]. We saythata binary matrix satisfiesthe (0, 1) cylindrical
constaintif it satisfiesheusual2-dimensiona(0, 1) constrainafterjoining its leftmost
columnto its rightmostcolumn(i.e. theleft andright columnscanbe put next to each
otherwithoutviolatingthe (0, 1) constraint) A binarymatrix satisfieghe (0, 1) toroidal
constaint if it satisfiesthe usual2-dimensional0, 1) constraintafter both joining its

leftmostcolumnto its rightmostcolumn,andits top row to its bottomrow.

Proposition3.2. Lets bea positiveinteger andlet T,,, ,, bethetransfermatrixwhose
rowsandcolumnsare indexedby all (0, 1)-constainedm; x my rectanglesLetB,,, ,

denotethe transfermatrix whoserows and columnsare indexed by all cylindrically

(0,1)-constainedm, x s rectanglesThen,

Trace[TS, .] =1 B2 '1

mj,m2 mj,S

Proof. TracdT}, ,,,] isthenumberof m; x my x (s + 1) valid arrays whosefirst and

1,m
lastm; x m, rectanglesrethesamepr equivalentlythenumberof 3-dimensionain; x
mo X s valid arrayswhosefirst m; x ms rectanglecanbe put afterthelastonewithout
violating the (0, 1) constraint. Viewing these3-dimensionahrraysalongtheir side of
lengthms,, they canbe describedasa sequenc®f m, cylindrically (0, 1)-constrained
2-dimensionatectangle®f sizem; x s (seeFigure3.1),andthusthe numberof arrays

countingin this manneiis the sumof the entriesin B™21 O

mi,s °

Theproofabove generalizeshe 2-dimensionaVersionin [2]. Let s beapositve
eveninteger Thenfor every positve integer m; andm,, the matrix 7' hasnon-

mi,m2

negative eigervaluesandthusary oneof its eigervaluesis upperboundedy its trace.
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A T T 1. T 41
W=
477
my = ZZ
7 7
2 m,

2s

Figure3.1: Cylindrically (0, 1)-constrainedn; x s rectanglesisedto build cylindric
my X mg X s arrays.

Hence,

Amymy < TraCG[Ts :|1/3 = (11 ; Bmz—ll)l/s (3.8)

miy,m2 mi,s

which givesthefollowing upperboundon A,

A, = lim AY™ < lim (1. Bmi1) o = glfs (3.9)

7,8 7
ma—00 ’ ma—>00 ’

whereg, , is thelargesteigervalueof B, ; (notethat B, ; satisfieghe Perron-Frobenius
theorenfor thesamereasonssfor T,,,, ,,,, in Section3.1).

Thelowerboundon C((,?’l) in (3.7)cannow bewrittenas

Ay 1/(v—u) r andu odd, s even
(3) (m) z>r>1
C = — log, s el (3.10)
7,8 =
§>2

To obtainthe bestpossiblelower bound,the right handside of (3.10) shouldbe max-
imized over all acceptablehoicesof r, z, u, v, ands, subjectto the numericalcom-
putability of the quantitiesA, ,, A, ,,, and¢, ;. Table3.1shavsthelargesteigervalues

of varioustransfermatriceswhich were numericallycomputable.Fromthis table, the
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bestparametersve couldfind for thelowerboundin (3.10)onthe capacitywerer = 3,

z=4,u=5,v=6,ands = 10, yielding

1 9346.35893701

1 210273425568 ___ > () 599501741838,
4— 3 782 (80481.0598379)1/10 =

) >

3.3 Upper bound on C’)

Proposition3.3. Lets; ands; bepositiveevenintegersandlet B;, . denotethetrans-

fer matrix whoserows and columnsare indexed by all toroidally (0, 1)-constained

1 *
5182 10g2 81,82°

s1 % sy rectangleslf £, . isthelargesteigervalueof B; thenCé?l) <

81,82

Proof. Let T),, m, and B, s, bethe sametransfermatricesasdefinedin Section3.2,
andlet &, , denotethe largesteigervalue of B,,, ,,. From Proposition3.2 andthe

argumentusedto obtaininequality(3.9) we canalsoconcludethat

Am1 S 51/31

mi,81°

Also, the sameargumentusedto obtain(3.8) gives

€m1,sl < (TraCG[BS2 ])1/52 — (1’ (B* )mlfll) 1/s2

mi,S1 51,82

andthus

A}r{;’nl < é‘l/(mlsl) < (1’ (B* )ml—ll)l/(mlslsz) ‘

— >M1,81 81,82

This usesthefactthat B;, ,, satisfieshe Perron-Frobeniutheorem(for the samerea-

sonsasfor T,,,, m, in Section3.1). SinceCé?l) = lim,, 00 lOg, A,l,{lml, we have

203,31) = lim A:rflml < (5* )1/(51s2).

51,8
mi1—00 1,52
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- S5g
LS S

23

Figure3.2: Toroidally (0, 1)-constrained; x s, rectanglesisedo build doublycylindric
mi X 81 X Sg alrays.

O

Propositior3.3generalizesnupperboundin [2] andis illustratedin Figure3.2.

Notethat B, ,, = Bj;

2,52

andthusé,,, = & ,,- Thebestparametersve wereableto
find (from Table3.1) weres; = 4 ands, = 6, andtheresultingeigervalue gave the
following upperbound:

1

cl¥ <
0L = 94

log, 6405.69924332 < 0.526880847825.

3.4 Remark

Directcomputatiorof eigervaluesusingstandardinearalgebraalgorithmsgenerallyre-
quiresthe storageof anentirematrix. This severelyrestrictsthe matrix sizesallowable,
dueto memoryconstraintson computers.By exploiting the factthat our matricesare
all binary, symmetric,andeasilycomputablewe wereableto obtainthe largesteigen-
valuesof muchlargermatrices.Specifically the eigervaluesusedto obtainthe capacity

boundsn Theoren3.1werecomputedusingthefollowing result.
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Lemma3.4. [5, pg. 493] Let A beann x n matrixwith nonngativeentriesonly. Then

for anyn-dimensionapositivevectorx wehave

m1n—§ax< <max—§ax
1<i<n ij%j < p(A 1<i<n St

and

n n
Qiq Qiq
min ; E — < p(A) < max x; y 2,
1<j<n - T; 1<j<n — Li
— Z:

whee p(A) denoteghe spectal radiusof the matrix A.

The corvergencerate of the power methoddependsn the relative size of the
largestandsecondargesteigervalues but the secondargesteigervaluesaregenerally
unknown to us. Hence,we iteratedthe eigervalue computationuntil the eigervalues
appearedo stabilizein the 14th significantdecimalplace(computingAy4 5, A, €310,
and¢; ). Theresultingeigervectorestimatesvere usedasthe valuesof x in Lemma
3.4to obtainexactupperandlower boundsonthelargesteigervalues.

Similarly, we obtainedheupperboundin (3.1)with thepower method(comput-
iINg Ay 91, A1 23, andé; 24). Originally theseboundsverecomputedn [2] as0.587891161
< Cézl) < 0.588339078 (computingA, 13, A1 15, andé; g) andwere laterimprovedin
[10] (computingAs 13, Ar14, aNdEy 14) 10 0.587891161775 < Cf) < 0.587891494943.
Thelowerboundin (3.1)is from[10].

We expectthe boundsin (3.10)andin Proposition3.3 to improve in the future

asincreasec¢omputationapeecandmemoryexpandmoreof Table3.1.

This chapterin full, is areprintof thematerialasit appearsn: Zs. NagyandK.
Zeger, CapacityBoundsfor the Three-Dimensiong0,1) RunLengthLimited Channel,
IEEE Trans.Inform. Theory 46(3):1030—1033Vlay 2000. Thedissertatiorauthorwas

the primaryinvestigatorof this paper
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Table3.1: Thelargesteigevaluesof thetransfermatricesT, 5, By, and B , areAqp,
&b, ANAE;,, respectiely. Thevaluesfor B, areonly givenwhenb is even, andfor

b whenboth a andb areeven. Eigervalueentriesin the tablewith a “*” next to
themindicatethat they were computedusingthe power method,insteadof by direct
computation(seeRemarksection).TheeigervaluesA, , and§, , aresymmetricin their
indices.

a b| Aap rowsof Tg b | €ap rows of B, p b rowsof B} ,
1 1 | 1.61803398875 2
2 | 2.41421356237 3 | 2.41421356237 3
3 | 3.63138126040 5
4 | 5.45770539597 8 | 5.15632517466 7
5 | 8.20325919376 13
6 | 12.3298822153 21 | 11.5517095660 18
7 | 18.5324073775 34
8 | 27.8550990963 55 | 26.0579860919 47
9 | 41.8675533183 89
10 | 62.9289457252 144 | 58.8519350815 123
11 | 94.5852312050 233
12 | 142.166150393 377 | 132.947794048 322
13 | 213.682559741 610
14 | 321.175161677 987 | 300.345852027 843
15 | 482.741710897 1597
16 | 725.584002895* 2584 | 678.525669346 2207
17 | 1090.58764423* 4181
18 | 1639.20566742* 6765 | 1532.89283597* 5778
19 | 2463.80493521* 10946
20 | 3703.21728345* 17711 | 3463.03987027* 15127
21 | 5566.11363689* 28657
22 | 8366.13642876* 46368 | 7823.53857819* 39603
23 | 12574.7053170* 75025
24 | 18900.3867144* 121393 | 17674.5747630* 103682
2 2 | 5.15632517466 7 | 5.15632517466 7 | 5.15632517466 7
3 | 11.1103016575 17
4 | 23.9250625386 41 | 21.9287654025 35 | 21.9287654025 35
5 | 51.5229210280 99
6 | 110.954925971 239 | 100.236549238 199 | 100.236549239 199
7 | 238.942175857 577
8 | 514.563569622 1393 | 463.203410887 1155 | 463.203410887 1155
9 | 1108.11608218* 3363
10 | 2386.33538059* 8119 | 2146.04060032* 6727 | 2146.04060032* 6727
11 | 5138.98917320* 19601
12 | 11066.8474924* 47312 | 9949.63685703* 39203 | 9949.63685703* 39203
3 3 | 34.4037405361 63
4 | 106.439377528 227 | 94.2548937790 181
5 | 329.331697608 827
6 | 1018.97101980* 2999 | 884.498791440 2309
7 | 3152.75734322* 10897
8 | 9754.81971205* 39561 | 8421.60680806* 30277
9 | 30181.9963196* 143677
10 | 93384.9044989* 521721 | 80481.0598378* 398857
4 4 | 473.069084944 1234 | 404.943621498 933 | 355.525781764 743
5 | 2102.73425567* 6743
6 | 9346.35893702* 36787 | 7799.87080772* 26660 | 6405.69924332* 18995




Chapter 4

Bit Stuffing Algorithms and Analysis
for Run Length Constrained Channels
In Two and ThreeDimensions

Abstract

A rigorousdervationis given of the codingrate of a variable-to-ariable
lengthbit stufing coderfor atwo-dimensiona(l, co)-constrainedhannel.
The coderstudiedis “nearly” a fixed-to-fixed length algorithm. Thenan
analogousvariable-to-ariablelength bit stuffing algorithmfor the three-
dimensional1, co)-constrainechannels presentedandits codingrateis
analyzedisingthetwo-dimensionamethod.Thethree-dimensionaloding
rateis demonstratetb beatleast0.502, whichis provento bewithin 4% of

thecapacity

4.1 Intr oduction

A binarysequencsatisfieghe (d, k) run lengthconstaint if thenumberof consecutie
Osis at mostk, andbetweenary two 1sin the sequencareat leastd 0s. A subsetbf
Z" satisfiegshen-dimensionald, k) constraintf it satisfiegshe one-dimensionald, k)

constraintalongdirectionsparallelwith every coordinateaxis. Runlengthconstrained
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binary sequences oneandmoredimensionshave applicationan magneticandopti-

cal datastoragesystemsandhave beenstudiedextensvely [9]. Othertwo-dimensional
constraintsuchasasymmetricun lengthconstraintsfunlengthconstraintalongdiag-

onals,andconstraintdefinedby two-dimensionaketsarealsoof theoreticalandprac-
tical interest[1], [6], [14], [20], [21], [23]. Three-dimensionatonstraintsverestudied
in [7] and[13], andthe positive capacityregion of generaln-dimensionakun length
constraintswas determinedn [10]. The mathematicabknalysisof high dimensional
constraintoftenis moredifficult thanthe one-dimensionatase.

For practical applications,implementableand efficient coding schemesare
neededbut only afew suchalgorithmsexist for two andhigherdimensionatonstraints.
Someexamplesfor conserative and weight-constraine@rrayscanbe foundin [15],
[21], and[22].

An importantspecialchanneis whend = 1 andk = oo (or equivalentlywhen
d = 0 andk = 1) andthis papemwill concentratexclusively onthe (1, c0) runlength
constraintIn onedimensionthe (1, co) constrainedhannekapacityis known exactly.
In two dimensionsthe channelcapacityhasbeenstudiedby Calkin andWilf [3] and
Engel[5], andfor threedimensionst wasstudiedin [13]. The capacityof the (1, co)
constraintis not known exactly in two andhigherdimensiongout hasbeenvery accu-
ratelyupperandlower boundedn two andthreedimensions.

Oneparticularlyefficientalgorithmfor codingundera (1, co) constrainis called
“bit stuffing” andwasfirst proposedn 1988by Lee[12] for theone-dimensionalo, k)
constraint. Bit stuffing wasthengeneralizedn 1993 by Benderand Wolf [2] to the
one-dimensionald, k) constraintandin 1998 by Siegel and Wolf [19] to the two-
dimensional(d, o) constraint. In 2002 Halevy et. al [8] generalizedbit stufiing to
hexagonaltwo-dimensionalatticesfor certain(d, co) constraints.

An analysisof atwo-dimensionabit stuffing algorithmfor the (1, co) constraint

waspresentedby Roth, Siegel,andWolf [16]. Thealgorithmconvertsaninfinite unbi-
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asedndependenandidenticallydistributed(i.i.d.) binaryinput sequencénto a biased
i.i.d. sequencebeforemappingthe bitsinto Z2. In a subsequenpaper[17] they im-
proved the bit stuffiing encoder(i.e. increasedhe coding rate closerto the channel
capacity)by cornverting the input into two biasedi.i.d. sequences.They alsousea
randomizednitial labelingof certainpointsin Z? in orderto facilitateanalysis.

The coding rate calculationsin [16], [17], and [19] were performedwithout
a preciselydefinedmappingfrom unbiasednput sequence$o biasedsequencesand
withoutprescribinghow theinfinite biasedsequences encodedisingfinite sizeregions
in Z2. Onespecific(andefficient)implementatiorof the Roth-Sigel-Wolf codingalgo-
rithm would be to transformthe unbiasednput sequencénto a biasedsequenceising
an ideal arithmeticdecoder and then encodethe biasedsequenceusing bit stuffing.
However, a rigorousanalysisof suchimplementatiorappeardlifficult becauseof the
behaior of arithmeticcodersonfinite lengthinput sequences.

In this paper we first examinea close variant of the Roth-Sigel-Wbolf two-
dimensionalalgorithm using their sameunderlyingbit stuffing building block. Our
encodemapsaninfinite binary sequencénto a (1, oo)-constrainedabelingof Z2, by
parsingtheinputusingaprefixcode.Theencoders variable-to-ariablelengthanduses
adeterministianitial labeling,in contrasto theencodersn [16], [17], and[19]. Wegive
arigorousdervationfor the codingrateof our two-dimensionahlgorithm(our coding
rateis exactly the sameastheirs,asexpected) We thenmodify thetwo-dimensionaél-
gorithmto createathree-dimensionallgorithmbasedn bit stufiing thatmapsaninput
binarysequencénto Z* andsatisfieghe (1, co) constraintFinally, thetwo-dimensional
codingrateanalysisis used(in part)to rigorouslyderive the codingrate of the three-
dimensionahlgorithm.We prove thatthe codingratein threedimensionss within 4%
of thethree-dimensionathannekapacity

The paperis organizedasfollows. In Section4.2 basicdefinitionsand termi-

nology are introduced. Two-dimensionabit stuffing is describedn Section4.3 and
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our variable-to-ariablelength algorithm and analysisare givenin Section4.4. The
two-dimensionatodingratederiationis givenin Theoremé.2. Three-dimensiondit
stuffing is describedn Section4.5 and our variable-to-ariablelengthalgorithmand
analysisaregivenin Section4.6. Thethree-dimensionatodingrateresultis givenin
Theorem4.7 andits maximumvalueis givenin Theorend.19.Varioustediouscalcula-

tionsarerelegatedto the Appendix.

4.2 Preliminaries

For ary binarystring s letl(s) denoteits length,

s| thenumberof 1sin the string,and
s; theith bit in the string. Let Z denotethe integersandZ™ the positive integers. For
arny n € Z*, let Z" bethe n-dimensionalintegerlattice. Throughouthe paperN will

denotea positive integerandrandomvariableswill be denotedwith “hat” notation.Let

H(z) = —zlogyz — (1 — z)log,(1 — )

denotethebinaryentroyy function.
A sequencel,, iy, ... of randomvariablestaking on valuesfrom a set A is

calledaMarkov chain, if for alln € Z* anda,, € A,

P(ﬁn = an\ﬂn_l = 0p—-1y--- ,ﬁo = ao) = P(’lALn = an\ﬁn_l = an_l).

A Markov chainis homaeneougor timeinvariant) if P(u,, = a|t, 1) = P(4; = alto)
foralln € Z* anda € A. Foreverya,b € A the conditionalprobabilitiesP(u; =
alty = b) of ahomogeneouMarkov chainare calledthe transitionprobabilities A
Markov chainis stationaryif P(i, = a) = P(iy = a) foralln € Z* anda € A.
We saythattwo homogeneouMarkov chainsareidenticalif both Markov chainstake

on valuesfrom the sameset A, and have the sametransitionprobabilitiesand initial
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probabilities.

Forary S C Z", afunctionf : S — {0,1} is alabelingof S. Let Ay)(S)
denotethesetof all labelingsof S thatsatisfythen-dimensionald, k) constraint.Such
labelingsarecalledvalid. The capacitny[}j of then-dimensionald, k) constraint(or

of theconstraineathannel)s

log, |AJ) (R

(n) _
Ca = Jim —— 0
whereRY = {0,1,...,m — 1}" (therearevariousotherequivalentdefinitions). The

exactvalueof the capacityis notknown in general.If d = k thenC{}) = 0, andit has
beenshown [10], [11] thatif & > d > 1 andn > 2 theanif’k) =0<=k=d+1.

Numericalupperandlower boundson 01(220 wereestablishedn [3], andthesebounds

2)
,00

werelaterimprovedin [23] andthenin [13]. Thebestknown boundson Cf agreen

thefirst 9 decimalplacesas

0.587891161775 < c® < 0.587891161868.

l,00 =

Numericalboundsonthethree-dimensionaiapacitycf?go werecalculatedn [13] as

0.522501741838 < C'®) < 0.526880847825. (4.1)

l,00 =

The n-dimensionalcapacityassociatedvith a constraintis a theoreticalboundon the
averagenumberof informationbits that can be storedper positionin Z". The lower
boundin (4.1),however, wasnot derivedusinga constructve encodingechnique.

A constrainedodingalgorithmsenesasa methodfor mappinganinputbinary
informationsourceinto the lattice Z" suchthatthe constraintis not violatedandsuch
that the information sourcecan be perfectly recoveredfrom the labelingof Z™. The

quality (or efficiengy) of a codingalgorithmis generallydescribedoy its codingrate.
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The codingrate of an algorithmis a measureof the averageratio betweenthe length
of the input andthe numberof pointsin Z" thatarelabeledfor a particularinput, in
thelimit astheamountof sourceinformationgrows to infinity. The codingrateof ary
codingalgorithmprovidesalower boundon the capacityof the constraint.

An n-dimensional1, co)-constraineéncoderis aninjection

EM {01} — | AL(S)
Sczn

andits inverseis called a decoder The encoder€™ mapsan infinite binary input
sequencento alabelingof asubsebf Z". An encodelanddecoderaretogethercalled
acodingalgorithm

Oneway to implementanencodelis to first parsethe infinite binary sourceand
thenindependentlymap eachresultingfinite lengthbinary string into disjoint regions
of Z", suchthatno two suchregionshave neighboringpoints. Thenzeropaddingcan
beaddedbetweerregionsto assurehe (1, co) constrainis notviolated,providedeach
parsedstring is mappedinto a region without locally violating the (1, c0) constraint.
Thisis describedormally below.

Let V be a finite completeprefix codé, andfor eachv € V let S, Cc Z". A

n-dimensional1, co)-constrainedvord encodelis aninjection

&Y v — [J AL(S) (4.2)

Sczn»
that mapsthe elementsof V' into labelingsof subsetf Z™. Let z € {0,1}* bean
arbitraryinfinite binarysequencéhatis parsecby theprefixcodeV asz = z(12(?) . .,

wherez® ¢ V for all i. If two pointsin Z" areadistancel apart,thenwe call them

ThecodeV is a prefixcodeif no codavordis a prefix of any othercodavord. Completemeanghat
in thedecodingree,every nodeis eitheraleaf or hastwo children.
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neighbos. For ary setS C Z", theclosue of S is denotedby S, andit containsthe
pointsthat areeitherin S or have at leastone neighboringpointin S. The elements
of {t; € Z" : i € Z*} arecalledtranslationvectos if for all 4, the setst; + S,
aredisjoint and no pointsin differentsetsare neighbors. An n-dimensional(1, co)-

constraineadompositeencode£™ (with respecto V) is definedoy:

EP (N (uw—1t;) foralli=1,2,..., if uet,+ S,
S(n)(z)(u) _ 14 (z)( ) ] ®
0 if distuet;+S,6\S,0
Thatis, £M™(z) is a labeling of translatesof the setsS,u), S, @), ... composedf the

labelingsg{” (z1), €5 (=), .. .. Thelabelingof pointsin Z" outsideof ary t; + S
by 0 is calledzeio padding It is possibleo choosegheword encodeE‘(,") andtranslation
vectorsty, t, . .. suchthatthecompositeencodeis injective (i.e. is anencoder).

Definethefollowing quantitiesfor a word encoder:

T (8‘(;‘)) = ZP(v) : lgj,)

|
(&) = Y P Tg’ |

~— -

Theseupperandlower bound,respecitrely, the averageratio betweerthe input length
andthe numberof pointsin Z" that are labeledfor a particularprefix codeV. The
probabilityP(v) is takenwith respecto thedistribution of anunbiasedandomsource.

If {(v) is aconstantor all v € V, thenif |S,] is aconstantﬁ‘(f) is a fixed-to-
fixedlengthencoderandif |.S,| is notaconstamthens‘(f) is a fixed-to-variabldength
encoderSimilarly, if {(v) is nota constantthenif |S,| is aconstantﬁ‘(f) is avariable-
to-fixedlengthencoderandif |S,| is notaconstamtheng‘(f) is a variable-to-variable
lengthencoder

If {V;} is asequencef prefix codeswith increasingcardinality thenthe coding
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rateof acompositeencode€™ (with respecto V;) is

) e (o) = i ()
providedthatthelimits exist andareequal.lt is known [18] thatthecodingrateis upper
boundedy the capacity

In this paperwe discussspecificcodingalgorithmsrelatedto the concepbf “bit
stuffing” for which the following particularparametechoicesapply: For n = 2, the
codeV; is a prefix codewith at mosttwo codevord lengths;the setsS, areparallelo-
gramswith onefixed sidelength (the othersidelengthdependon v); the translation
vectorsaresuchthatthe parallelogramss, lie next to eachotherin parallelrows, with
zeropaddingbetweentherows. For n = 3, thecodeV; is a prefix codewith at most
two codevord lengths;the setsS,, areparallelepipedsvith two fixed sidelengths(the
third sidelengthdepend®nv); thetranslationvectorsaresuchthatthe parallelepipeds
S, arenext to eachotherin parallelrowsin three-dimensionapacewith zeropadding
betweertherows.

For n = 2, thebit stuffing techniqueof [16] and[19] prescribesow the word
encoderf‘(,”) operatesthatis, how aword from a prefix codeis mappedo a parallelo-
gramin Z2. Themainideais thata stringis copieddirectly into a parallelogranbit by
bit but skippingover Oswhichwereaddedvheneeral appearegreviouslyin z(). For
theencodedefinedin Section4.4,anda givenprefix codeV, thelengthof onesideof
theparallelogramss fixedandthe othersidelengthis afunctionof the parsedvord 2
beingprocessedThen,asthe prefix codegrowsin size,sodoesthefixedsidelengthof

theparallelograms.
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(xy) (x+1y)
D,D,D, S

YT Roﬂrow'ow'rof.f.f 9r Jor Jor Jor Jor s
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X

Ryﬁ

0 X
Figure4.1: Theparallelogram x y andits diagonalsD; androws R;.

4.3 Two-dimensionalbit stuffing

A binary sequencas calleda p-sequencef the bits arei.i.d. andif a 1 occurswith
probabilityp. Throughouthis paperlet @ be a1/2-sequencands a p-sequenceFor

X,YeZtie{0,...,X},andj € {0,...,Y} let

X Y
AXY - UD, - U R]
=0 j=0

ThesetAx y is aparallelogranwhosediagonalsandrows are D; and R, respectiely,
asshavnin Figure4.1. Thesetof points Dy U R, is calledtheboundaryof Ax y.
Oneway to mapabinarysequence into a (1, co)-constrainedabelingof Ax y
is the following. The bits wy, w,, ... arewritten into the diagonalsof Ay y top to
bottom, andleft to right (i.e. along Dy, thenD;, ..., upto Dx). To ensurethatthe
resultinglabeling of Ay y is (1, co)-constrainedgevery time a 1 is written, extra Os
arewritten (saidto be “stuffed”) in the positionsto the right andbelow the 1. These
positionsare skippedin the processof labelingthe next diagonal. This procedures

continueaduntil Ax y is filled up, i.e. until every elementf A x y is assignedh label.
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Figure4.2: A methodof mappinganinfinite binarysourcento Z? satisfyingthe (1, co)
constraint.The sourceis mappednto labelingsof translate®f A x y separatedy rows
anddiagonalf 0s. Theshadedreadndicatethe padding0s.

Thusafinite numberf inputsequenceitsaremappednto a(1, co)-constrained
labelingof Ax y. An arbitrarynumberof bits of the input canbe encodednto Ax y
by choosingX andY” large enoughpor into a collectionof translate®f Ax y by using
thesamemappingontranslate®f A x y with zeropaddingrows anddiagonaldetween
translatesasshowvnin Figure4.2. Notethatabit sequencenappednto A x y cannever
beaproperprefix of adifferentbit sequencenappednto A y.

Thebit stuffing methodproposedy Siegel andWolf [19] is basedntheabore
encodingschemewith the following modifications. To increasethe performancethe
unbiasedsourcew is transformednto a sequence, whosebits areindependentbut
whose0Os and 1s have unequalprobabilities. The transformatiorincreaseshe average
lengthof afinite input sequencérom w, but the transformedits of § moreefficiently
fit into Ax y if thebiasis carefullychosensincefewer 1sin s impliesfewer stuffed Os
in Ay y. To make the mathematicaanalysisof the algorithmsimplerin [16] and[17],
the boundarydiagonal D, andboundaryrow R, are“initialized” with randomlabels
independenof the sequence. Their initialization of the boundarypointsguarantees
thatfor everyi € {0,..., X}, thelabelsof D; form a stationaryMarkov chain. The
initialization degradegshe performancef the algorithm,but the degradationis negligi-

bleasX andY getlarge. Roth,Siegel,andWolf [16] studieda certaintwo-dimensional
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Table4.1: Parametersisedin Sectionst.3and4.4.

Parameter Description

N Positive integerparallelogransidelength. Goesto cc.

7y Probabilityof unstufed bit by £?). Functionof p.

A Initial labelingof U.

T Tamgetnumberof translate®f Ay x in Ax n.

€ Positve realtypical sequencéolerance Goesto 0.

P Probabilityof 1 in transformedsequenceOptimized.
o Auxiliary binarystring. p-sequence.

s Inputbinarystring.

bit stuffing algorithm,andcomputedhat the expectedcodingrateis within 1% of the
capacitnyo)o. The algorithmwaslaterimprovedin [17] with anencodingratewithin
0.1% of thecapacityC{..

A list of variablesglefinedn Sectiongt.3and4.4andtheparameterthey depend

onaregivenin Tables4.1and4.2 asareference.

4.3.1 A variable-to-fixed length bit stuffing encoder

Herewe defineavariable-to-fixedlengthencodeto label A y ; andthenusetheencoder
asabuilding blockin avariable-to-ariablelengthencodeto labellargerportionsof Z2.
Thenwetake N — oo.

Definethefollowing total orderingon the pointsof Z?2:

Ty — Y < Ty — Y2 OF
(z1,11) < (22,72) =
T1 — Y1 = Tz — Yo ANdzy > 29

for ary (CEl, yl), (332, yg) € Z2. Thatis (iEl, yl) < (.rz, y2) if the diagonalthat (CEl, yl)
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Table4.2: Variablesntroducedn Sectionst.3and4.4 andthe parametershey depend
on.

Notation| Parameters Description
ED |IN, A Variable-to-fixed lengthencoderLabelsA y .
E® | N,y,\,7, ,o |Fixed-to-ariablelengthencoderLabelsAx .
QY | N,y,\ 7, ,o,s|Numberof bits£?® mapsinto A%{N.
q N,v,\, 7, ,o | Numberof bits£? doesnotmapinto
1str translate®f Ay .
B N,v, A\, T, € Setof stringsthat£® nearlymapsinto
1str translate®f Ay n.
A N,vy, ,7,6p Setof typical sequences.
T N,v,\,T,€,p Completeprefix codeof size| A N B|.
t N,vy, A\, T,€,p BijectionfromT'to A N B.
E® | N,v,\ 1,6p,0 | Variable-to-ariablelengthencoderLabelsAx .
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lies onis above andto the left of the diagonalthat (z-, y2) lies on, or if they lie onthe
samediagonalbut with (z1, y; ) above andto theright of (x2, ys).

Forary u = (u1,u2) € Ay, lety, = (ug — 1, uz) andu; = (uq, uz + 1) bethe
left andtop neighborsof u. Also letu, = (N — 1, N) betheleastupperboundof the
pointsin Ay, x undertheordering=<. Let A : RyUD, — {0, 1} beaninitial labelingof
theboundaryof Ay y. Thendefineatwo-dimensionalariable-to-fiedlength(1, co)-

constrainedit stufiing encode€ ® recursvely, with inputstrings € {0, 1}*, by

AMu) if u € Ry U Dy
ED(s)(w) = { 0 if E@(s)(w) =10rED(s)(uy) = 1
Saw) Otherwise

Bu) = 1+{ve Ayn \ (DoURy) : v < u,g(z)(s)(vl) + 1,5(2)(5)(%) # 1}|.

The numberg(u) is onemorethanthe numberof previously nonstufed bits in Ay .

Let
VN,)\ = {8 S {0, 1}* : l(S) = B(ub) — 1} (43)

bethesetof all binarystringswith lengthg(u,) — 1, i.e. suchastring perfectlyfits into

A,y underthebit stufiing mapping€®. ThenVy , is aprefix codeandthemapping

ED : Vyy — A (A )

is aword encoderasdefinedin (4.2).

To encodea given binary input sequencethe encoder€ @ first initializes the
boundaryof Ay . Thenit labelsthe pointsof Ay  in increasingorderwith respect
to theordering=, suchthatevery pointof Ay y is labeledeitherwith abit of theinput

sequencer with a “stuffed” 0 to ensurethatthe labelingis (1, co)-constrained.The
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Table4.3: The variable-to-fied length (1, co)-constrainedwo-dimensionabit stuff-
ing encoder€®. The algorithmmapsa finite input string s from V., into a (1, oo)-
constrainedabelingof Ay x.

1. Initialize the elements of Dy U Ry using A. Let: = 1.
2. Let(uy,ug) = min{(vl, ve) € Ay n : (v1,v2) IS unlabeled}.
3. If (u; — 1, uz) is labeled with 1 or (u;,us + 1) is labeled with 1
4, Label (u1, us) with O.
5. Else
6. Label (Ul, ’LL2) with s;. Leti =17+ 1.
7. If all of Ay n is labeled then stop, else go to 2.
encoder€? is invertible; the inversemappingscansthe diagonalsDy, Ds, ..., Dy

skippingover stuffed Os to recover the input sequence A pseudo-codéescriptionof
theencodeis givenin Table4.3.

The encode£® is completelydeterminedy the integer N andtheinitial la-
beling \. If N is a fixed constantthen£® is a variable-to-fixd length encoder as
definedin [16] and[19] (they actuallyuseda moregeneraparallelogramA x y instead
of Ay n). In Section4.4.1we definea fixed-to-\ariablelength encoderby letting a
parametetX bea functionof theinputs. ThesetAx y is decomposedhto multiple
translateof Ay n, which allows Ax n to grow large enoughto accommodateertain
longinputstrings. Thenin Section4.4.2we usethefixed-to-\ariablelengthencodeito
definea variable-to-@ariablelengthencoder Thevariable-to-ariablelengthencodelis
“nearly” afixed-to-fixedlengthencoderwhich allows precisemathematicahnalysisof

its codingrate.
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4.4 A two-dimensional variable-to-variable length en-
coder

Usingafinite completeprefix codedefinedin Sectiond.4.2,asequencev is parsednto
finite variablelengthstringsw™, w(® . ... Eachstringw in theprefix codeis mapped
into a (1, co)-constrainedabelingof the setA x @) v whereX (w() is a positive in-
tegerchosensothatthe mappedprefix codefits into Ay, x Usingbit stufiing. The
infinite sequencef finite lengthstringsw™, w?, . . . is mappednto labelingsof trans-
latesof the parallelograms y,,a) n; Ax@w®) .- -- thattile a quadrantof Z>. The
translatesareseparatedy onediagonalandonerow of zeropadding(seeFigure4.3).

Thetiling canbe generalizedo all of Z2 by alternatelyplacingthe parallelogramsn

Figure4.3: Translateof the parallelogramsA x )y v, - - -, Ax(w®),n, - - areused
to encodethe wordsw®, ..., w® ..., respectiely. The shadedareasindicatethe
padding0s.

thefour quadrantsHenceforthwe abbreviate X (w®) with X.
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4.4.1 An intermediate fixed-to-variable length encoder

For each: > 0 definethe following translationsof Ay n, its boundarydiagonalD,

boundaryrow Ry, andanarbitraryu € Z2:

AV = Ayn+i(N+2,0)

D = Dy+i(N +2,0)
R{) = Ro+i(N+2,0)
u® = u—i(N+20).

Let~y beapositverealnumberLetr € Z*, calledthetarget numberof translatesand
lets € {0, 1}L”N2J beaninputstring. For eachj > 1 let

j—1

U; = J0y uRY)

=0
be a union of boundariesof translatesof Ay, andlet A : Uy, — {0,1} be an
initial labeling of U, satisfyingA(u) = 0 for all u ¢ U,. For eachi > 0 let \; :
DY U RY — {0,1} betherestrictionof A to thesetD{? U RY; thatis A;(u) = M)
forallu € DS U RY. Let o beaninfinite binarystringcalledanauxiliary sequence

For eachi, thelabeling\; inducesa prefix codeVy,,, basedon IabelingA%),N,

asin (4.3). The sequencef prefix codesVy »,, Vv, - -- inducesa partition of the

concatenationf theinputandauxiliary stringsas
SO = Z(O)Z(l) ..
Let

T = max {7’, min{i : s is aprefix of 20 .z(i)}} )
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Ayy Dna Dr(n+2)-1 Dx

AHI-DN+20) A+ 1)(N+2,0)

Figure4.4: The set Ax y consistsof 7, translatesof Ay y, anda diagonalof zero
paddingaftereachtranslate.

be the numberof translateof Ay x usedto performthe labeling. Thatis, s will be
encodednto alabelingof AﬁS?N, . ,A%’“];”. Later, we will forcer, to becloseto the

targetr, with high probability. Let

X = 1(N+2)-1

Ta—1 Ta
Axn = (U Ag@,w) U (U Dj(N+2)—1> :
i=0 j=1

TheparallelogramA x v is decomposeéhto 7, translatesA Y, to befilled with infor-
mationbits andstuffed Os,anddiagonalsD;y2)-1, to befilled with zeropadding(see
Figure4.4).

Thisis formalizedby defininga fixed-to-\ariablelengthencoder

£ : {0, 13" — | AP (5)

b
SCZ?

by specifyingthelabeling€® (s) : Ax y — {0, 1} as:

ED () (u®) ifue Ay forayi=0,...,7,—1

0 ifUGDj(N+2)_1 foraryjzl,... s Ta

where£® is the encoderdefinedin Section4.3.1. The encoderf® is completely

determinedy N, 7, o, v, A andwill sere asthe secondstageof avariable-to-ariable
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length(1, co)-constrainedit stufiing encodetto be definedin Section4.4.2. Notethat
s canberecoveredfrom thelabelingof A x .

The processof encodingthe input string s is describedn detail belonv. The
pointsof U, areassigneafixedinitial labelingusing). Thetranslatef\y, ... , A%
arelabeledwith thebits of s usingthevariable-to-fiedlengthencode€® andthefixed
initial labelings),, ... A._1, respectiely. TheintertranslatediagonalsD;y2)-1, for
j=1,2,..., 7, arefilled with Os.

Labelingall 7 translate®f Ay x usingthe encode£® (with theinitialization
A; ontheith translate)andaddingthe paddingdiagonalsafter eachtranslate definesa
labelingof the set A, (v 42)—1,n- Each&® is a variable-to-fixed lengthencoderso it
is possiblethatto encodeexactly | 7yN?| input bits might requireeithermoreor less
spacen Z? thanjust thesetA,(n12)-1,n. If sistooshortto labelall of A;ni9)-1,n,
then £? usesthe auxiliary sequencer asinput to finish labeling Ar(Nt2)-1,n, and
if s is too long to label A, (y12)-1,~, then€£® continuesthe encodingprocessand
mapsthe remainingbits of s into the additionaltranslatesA%,)N, e ,A%’“gl), using
theauxiliary sequence to finishfilling thelasttranslateagfgl), andusingtheall zero
initialization on the boundaryelementsf the additionaltranslates.The inter-translate
diagonalsD(, 1y w+2)-1, - - - , Dr,(v+2)—1 arefilled with padding0s. In Sectiord.4.3we
will chooser and+y to guaranteghats fills up A;(n2)—1,5 almostperfectlywith high
probability, andthereforethe numberof additionaltranslatesvill typically be small.

For agivenr, v, N, binaryinput strings € {0, 1}L”N2J, auxiliary binary se-

guencer, andinitial labeling of U, andfor eachi = 0,1,... ,7 — 1 let

Q® = numberof bitsof s that€® mapsinto A§)

o) = [N -3 Q0.

If positive,¢(s) is thenumberof bits of s thatdo notgetmappednto A, (y2)—1,n, and
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otherwiseg(s) is minusthe numberof bits of o thatgetmappednto Ar(ni2)-1,n- FOr
ary e,y > 0andX : U, — {0,1}, let

B= {s € {0, 1}L”N2J 1q(s) < Te} ) (4.4)

The set B representshe stringsthat “fit well” into A;(y49)-1,n, i.€. for everys € B

thefractionof bits of s thatarenotmappednto A, (y2)—1,n IS smallerthanaboutAﬂi,2 .

Note thateventhoughB is a function of the encode£® by way of ¢(s), B is in fact
independenof the auxiliary sequence, sinces € B wheneer g(s) < 0. ThesetB is

determinedy N, v, A, 7, €.

4.4.2 Restriction to typical sequences

For ary ¢ > 0, thetypical setA of blocklength|7yN?| with respecto p is definedas
[4, p. 51]:

A = {56{0,1}WN2J:

o LN | EEIre) < plsl(q — pylTrN?]-lsl < QfLmNzJ(H(p)fe)} _

Thetermp!*l(1 — p) L] -I# is the probabilityof alength|7yN?| p-sequencé being
equalto s. ThesetA is determinedy N, v, 7, €, p, andanelementof A is calledan
e-typical sequence

Let T be a completeprefix codeof cardinality| A N B|, whosecodevordsare

oneof two possibldengthg, andlet

t:T— ANB

2Foraryi > 2 thereexistsacompleteprefix codewith i codevords,all of length|log, i | or |logs, i | +
1.
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beary bijection.Botht andT aredeterminedy theparameterv, v, A, 7, ¢, p.
ThecodeT parsesaninfinite input sequencand: mapsa finite parsedstringto
ane-typical (with respecto p) sequenca thatis likely to fit into thefirst 7 translate ®f
An,n. SinceT is acompleteprefix code,a binary sequencev canuniquelybe parsed
into stringsw®,w® ... € T. A variable-to-variablelength (1, co)-constained bit

stufing encodei€ @ is definedasthe composition

@) = £2) 5y

Theencode€® is completelydeterminedy the parametersV, v, A, 7, €, o, p.

Thatis, eachstringw® € T of the parsedsequencev is transformednto the
typical, well-fitting string s € A N B by the bijection ¢, and thens® is mapped
into a (1, co)-constrainedabelingof Ay y usingthe encode€®. Thetransformation
t approximategransformingan infinite 1/2-sequencénto a p-sequencevith anarith-
meticdecoderThevariable-to-variabldengthtwo-dimensiona{l, co)-constainedbit
stufing algorithm consistsof the mapping€® andits inverse. The mapping€® is
referredto asthe algorithm’s encoderandtheinverseis calledthe algorithm’s decoder

(seeFigure4.5).

.. S ,\?...S S
LW, W —= ¢t Ay 2t £2)

labeling ofZ*

Sy Sy v - Sy - - _
w, Wy, .. <— 1 CRCRRA 1] (5(2)) !

Figure4.5: A two-dimensiona(1, co)-constrainedit stuffing algorithm.Theinputbits
wy, ws, . .. aremappednto thesequence,, ss, . . ., whichis encodednto alabelingof
72 by X,

Notethatit is guaranteedby the encoder£ @ thatthelastdiagonalof Ax  is
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] ~—Y ] =
1-11, 1
(@):aM (b): 4@

Figure4.6: Thehomogeneoublarkov chainsi() andi® generatinghelabelsof: (a)
aboundarydiagonal;and(b) aboundaryrow.

filled with Os. An additionalrow Ry, of paddingOsis addedio Ax y to ensurehata

tiling by the parallelogramslefinesa valid labelingof Z2.

4.4.3 Codingrate analysis

Considerthe encoder® with the boundaryelementsD, and R, assignedandom
initial labelsindependentlyf the p-sequenceé by the stationaryhomogeneoublarkov
chainsi® andi®, respectiely (seeFigures4.6aand4.6b).

The transitionprobabilitiesr, 7, w3 are constrainedsuchthat the stationary
distribution of the Markov chainsi™") and 1 arethe same;thusthe labelingof D,
fixesthelabel of theorigin, whichis usedto initiate thelabelingof Ry. It followsfrom
theresultsan [16] and[17] thatfor ary p theparameters;, 7, w3 canbechosero guar
anteethatthe labelsof eachdiagonalD; (1 < ¢ < N) form a stationaryhomogeneous
Markov chainidenticalto the Markov chaini(?) labeling D, (seeTheoren#.4). If 7,
™y, T3 arechosensuchthatthe labelsof the D;’s form identical Markov chains,then
theinitializationis calleda standad initialization correspondingo p andthe resulting
labelingof Ay n is astandad labelingcorrespondingo p.

Let

=P ((m, y+ 1) and(z — 1, y) bothlabeledwith 0 by é(?)) .
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For a standardnitialization , the probabilityy dependonly on the probabilityp (i.e.
it is independenof V) andis the probabilitythatany positionin Ay y is unstufed by
X,

Henceforthwe assumehatthe auxiliary sequencé is a p-sequenceAn initial

labeling\ of U, usedby £?) is impliedin thefollowing lemma.

Lemma4.1. For the p-sequenceé ¢ {O,l}L”NZJ, andany N € Z*, ande,y > 0,
there existsty € Z* sud thatfor everyr > 7y theris aninitial labeling : Uy, —

{0,1} suchthat
P(3€B)>1—ce (4.5)

Proof. Supposéhatfor somer € Z* thep-sequencé is encodednto Ax x by £@),
with arandominitial labeling) of U, thatassigngabelsusingtheMarkov chaingi® for
thetranslatesD((f) (0 < i < 1), theMarkov chainj(® forthetranslated%((f) (0<i<T),
andinitializes D{ and R{” with Osfor i > r. By usinga randomauxiliary sequence
&, wewill demonstrat¢hatthereis atleastoneinitial labeling : U,, — {0, 1} such
thatfor any auxiliary sequence, (4.5) holds.

SinceeachAY is initialized by ;, the labeling of eachAY  is a standard

labeling,andthusby the definitionof v, we have
E [Q(ﬂ — yN?

foreveryi € {0,1,...,7 — 1}. Forary two distinct: € {0,1,... ,7 — 1}, therandom
variablesQ® areindependenandhave finite variancegindependenof 7). Therefore

theweaklaw of largenumbergmpliesthatfor everye > 0,

7—1
1 N
i - E () _ N2 =
TIEEOP (‘7’ Q YN*| < 6) 1. (4.6)

=0
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TherandomvariablesQ® in (4.6) arefunctionsof the randominput p-sequence, the

randomauxiliary sequencé, andtherandominitialization A of U,. Then(4.6)andthe

<6>§P

inequalities

S <)

=0 ( =0
T—1 )
< ( T’)/N2 QY < 7’6)
=0
= P(q(8) < Te)
imply that
lim P (¢(8) < 7¢e) = 1. 4.7)

T—00

It follows from (4.7)thatthereexistsa y suchthatfor all 7 > 7,
P(q(5) <7e) >1—e.
Thustheremustexist atleastoneinitial labeling A (dependingn 7) suchthat
P (q(3) <TelA) >1—¢ (4.8)

wherethe conditioningin (4.8) is on the eventthat the randomlabeling A equalsthe
fixedlabeling\.

Equwalently, for every r > 7,

P(seB)>1—e
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A numberr® is saidto be an achievable coding rate of a two-dimensional
(1, 0o )-constrainedit stufiing algorithm&®) if
r@ =1lim lim r (5(2)) .

e—0 N—oo

Theorem4.2. Thetwo-dimensionabit stufing algorithmachievesa codingrate of
r® = vH(p).

Proof. For N € Z* ande > 0, let, bedefinedasin Lemma4.1. It isknown [4, pp. 51-

52]thatT > 1, canbechosenarge enoughsuchthatthe p-sequencé < {0, 1}LT"N2J

satisfies
PeA)>1—ce
ThereforeusingLemmad4.1,
1-2 < P(s€e AnB)

< Z o= TN | (H(p)—e)

SEANB

— |AnB|.2 L Ee-
whichimplies

AN B| > (1 - 2¢) - 2l HE)-0), (4.9)
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Similarly,
1 > P(s€ANB)
> SEAZOB o= | TYN? | (H(p)+e)
= |AnN B _glTN?](Hp)+e)
whichimplies

|An B| < 2lV|HE)), (4.10)

Any stringz € T haslengtheither|log, |[A N B|| or |log, |A N B||+1. NotethatA x x

togethemith onerow of zeropaddingoccupieg X +1)(N +2) pointsin Z2. Therefore
(4.9),thedefinitionof thesetB, and) _, .. P(z) = 1 imply thatthecodingrateis lower
boundedas

2\ _ I(z)
r(€?) = X PE) (X +1)(N+2)

z€T

[log, [A N B]
T(N +2)% + [35] (N +2)? ;P(z)
logy (1 — 2¢) + | TyN?] (H(p) —€) — 1
= (N +2)2 + [3] (N +2)?

(4.11)

Theterm [37¢] in thedenominatois anupperboundon thenumberof additionaltrans-
latesof Ay x neededafterthefirst 7 translatessinceevery input bit is mappednto at
mostthreebits by £?), and eachtranslatecan be labeledby at most N2 bits. Using

(4.10)andthefactthatX > (NN + 2) — 1 for ary inputword z € T, thecodingrateis
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upperboundedas

2 I(2)
r(e®) = B [(X+ 1)(N+2)]
[log, |A N B
- T(N + 2)2
TyN?(H(p) +€) +1
- T(N + 2)?

(4.12)

Takinglimits asN — oo ande — 0, thetheoremfollowsfrom (4.11)and(4.12). O

For the parametersV, p, ¢, the valueof 7 neededo male r (£?)) ascloseto
vH (p) asdesireds impliedin Lemma4.1andTheoremd.2. For afixedvalueof 7, the
existenceof theinitial labeling A usedby the encodei€? is givenin Lemma4.1. The
parametety is afunctionof p (see(4.20)).

Notethatif p is closeto 0, thenthe p-sequencé containsfewer 1s, andfewer
stuffed Os areforcedinto the labelingof A x x» makingthe encodemoreefficient (i.e.
increasingy). This in turn makes X smaller However, small valuesof p have the
disadantageof decreasing? (p). Thusto maximizethecodingrater(?) = vH (p), there
is atradeof betweerincreasinganddecreasing in therange[0, 1]. (Themaximumof

r® is attainedfor p in therange0, 1], sinceboth~y andH (p) decreasesp goesabore

1/2))

4.4.4 Codingrate maximization

Many of theresultsin this paperarebasecdn thefollowing propertyof Markov chains,

whoseproofis includedherefor completeness.

Lemma4.3. Letuy, 14, ... beaMarkov chainthattakesonvaluesfroma setA. Letu*
bearandomvariablethattakeson valuesfromthesetA*, andfor somen € Z*, let 4*

be conditionallyindependenof 4, if 4, 1,..., 4o are given. Thena* is conditionally
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independendf 4, if 4,,_, is given.

Proof. Leta* € A*.

P(i* = a*|in, Gn_1)

= Z P(ﬂ* = a"|lp, Up_1,Upn_2 = Qn_2,... ,lg = ao)
ag,...,ap_2€A
'P(’&n—Z =0p—2,--- aﬁO = Qo ’lln, an—l)
wherethe summations takenover all valuesay, . . . , a,_» suchthatthe eventwe con-

dition on haspositive probability. By theassumptiorof thelemma,

P(’a* = a*|’an)’an—la ’&/’n—Z = a’n—2’ AR 1,&0 = a/())

~ %

= P(0" = a"|Up_1,Un—2 = An2,... , T = ay).

Furthermoresincethereversesequence 4 }f:n is aMarkov chain,it follows that

P('an—2 = Qn-2,--- 7'&0 = ao‘ﬂnvﬁn—l) = P(ﬁn—Z = 0n-2;--- ,ﬂo = ao‘ﬁn—l)-
Hence,

P(4* = a*|ty, Un-1)

N .l N N
= E P(U* =a |Up—1,Up—2 = Ap—2,... , Uy = ao)

ag,...,Gn—2€A

-P(’an_z = 0p—2y--- ,120 = a0|11n_1)

= P(@" = a*|in_1).
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Let thep-sequencé beencodednto alabelingof Ay n usingtheencode®
with a randominitial IabelingX assignedo the boundaryelementsD, U R, asde-
finedin Section4.4.3. Let F'(v) denotethe randomlabelassignedo the pointv € Z2.
To simplify the notation,we will useﬁ(vl, ..., v;) to denotethe joint randomvari-
ables(F(v;),... , F(v;)) for ary integer j andfor vy, ... ,v; € Ay n. Necessarand
sufficient conditionsfor the labelson eachdiagonal D, ... , Dx to form a Markov
chainidenticalto thelabelsof D, aregivenin Theoremé4.4 belaw. In thetheoremthe
randominitial labelingassignedo the boundaryelementsD, U R, is that definedin

Sectiond.4.3,andtheparameters andy aregivenin Figure4.1.

Theorem4.4. Let the p-sequenceé be encodednto a labelingof Ay x usingthe en-
coder€® with therandominitial labelingassignedo theboundaryelementsD, U R,.

Thefollowing statementare equivalent.

1. Thelabelsassignedo theelement®of D;, for i € {1,..., N}, forma stationary
homaeneoudMarkov chainidenticalto thelabelsof Dj (i.e. thelabelingof Ay x

is a standad labeling).

2. Thelabelsassignedo theelement®f R;, for j € {1,..., N}, forma stationary

homaeneoudMarkov chainidenticalto thelabelsof R,.

3. Thetransitionprobabilitiesof the Markov chainsj() and 4® satisfy

_ 2 Ty = 2p Ty = 2(1-p) )
1+p+4/(1+3p)(1-p)’ 1+p+4/(1+3p)(1-p)’ 1-p+4/(1+3p)(1—p)

4. Thejoint distribution of the randomvariablesF((z,v)), F((z + 1,v)), F((z —

A

L,y—1)), F((z,y — 1)), forz,y € {0,...,N — 1} isindependentf the choice

of x andy.
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Figure4.7: ThediagonalsD; andD;; of Ay n.

Proof. The equivalenceof Conditionsl, 2, and3 follows from theresultsin [16]® and
[17]. We show thatConditionsl, 2, and3 aretogetherequivalentto Condition4. For a
fixed: € {0,..., N —1}, considethepointsa; = (i + j,j) andb; = (i +j + 1, 5), for
0 < j < N, of thediagonalsD; and D, (seeFigure4.7). Let vy, vo, v3, v4 beavalid

labelingof thepointsay 1, by 1, ax, by, for 0 < k£ < N. Then

P(ﬁ(akflabkflaakabk) = (’1)1,1)2,’1)3,’1)4))

= P(F(ak) = ’U3) -P

A

(ak—17bk) = (’U1,1)4) ﬁ'(ak) = ’03)

P(F(bk_l) = V9

(
(ar—1, ar, by) = (U1,U3,U4))
(

F(ak) = ’U3)

>
—~
)
x
L
)
™
SN—r
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—
[
=
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~
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=
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~

where(4.13)follows from the definition of the bit stuffing encoderand(4.14)follows
from Lemmad4.3with @; = F(a;) anda* = F(by), sincethelabels{ﬁ(aj)}EZN forma

Markov chain,and F'(b;) is independenof F(a,_1) if F'(ax), Fagy1),. .. , F(ao) are

(4—3q)—/(4—39)>—4(1—¢) (4—3q)
2(1—q)(4—39) )

3Equation(24)in [16] is incorrect.It shouldreadz =
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given. Conditionsl and2 imply thatthefirst threetermsof (4.14) areindependenbf
the diagonali andthe positionk, andthe lastterm of (4.14)is independenof : andk
by the definitionof the bit stuffing encoder Hence,Conditionsl and2 togetherimply
Condition4.

To prove the converse,first notethat Dy, N Ry = {(0,0)}, andthereforethe
Markov chainsi®) and(? musthave the samestationaryprobabilities.Let o denote

the stationaryprobability of the state0. Then,

a = am+(1—a)(l—m) (4.15)
a = am+ (1—0a). (4.16)
Furthermore, by Condition 4 we have P(F((0,0)) = F((-1,-1)) = 0)

= P(F((1,0)) = F((0, —1)) = 0) whichimplies

amp, = P

= amms(l—p)+am(l—m)+ (1 —0a)(l—m)+m(l—a)

= am(m(l—-p)+1-m)+1—« (4.17)



andP(F((0,0)) = F((1,0)) = 0) = P(F((-1,-1)) = F((0,~1)) = 0) which

implies

amy = P (F((0,0)) = 0,F((1,0)) = 0, F((-1,~1)) = 0, F((0,~1)) = 0)
+P (£((0,0)) = 0, F((1,0)) = 1, F((~1,-1)) = 0, F((0,-1)) = 0)
+P (F((0,0)) = 1, F((1,0)) = 0, F((~1,~1)) = 0, F((0,~1)) = 0)
= ammy(l —p) +am(l —p)(1 —m3) + (1 — a)(1 - m)

= am(l1—p)+ (1 — a)(1—m). (4.18)

The solutionof (4.15)-(4.18)for m, w3, w3 in termsof p givesthe formulasin Condi-

tion 3. O

Remark 4.5. Equationg4.15)-(4.18)mply that

1 (1-p)
a=_ (1 + N _p)) (4.19)

whee o = P(F((O, 0)) = 0). Theconditionsof Theoem 4.4 imply that for a bit

stufing encoder€® with standad initialization, the probability that the label of any

point(z, y) € Ay, n is 0 equalsa (independendf z andy).

UsingTheoremst.2,4.4,Remark4.5,andthefactthat

v =am (4.20)

theachievablecodingrater® canbewritten asa functionof p as

r® =5 H(p) = am - H(p) (4.21)
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sincea andm; areimplicit functionsof p. Thelargestcodingrateis foundby maximiz-
ing (4.21)overtheparametep. In [16] thismaximizationwascomputecapproximately

as

max r® = 0.58305621.
pe[0,3]

andoccurredat p = 0.3556. The performanceof the bit stufiing algorithmwas later
improvedin [17]. The authorsimplicitly split a sourceinto two subsourcesandapply
differenttransformers$o eachsubsourceo createtwo differentbiasedsourcedor stuff-
ing. The authorsobtainedthe approximatesxpectedcodingrateof their encoderg )’

as
r (@) = 0.587277.

In the presenipaperwe generalizeour previously describedwo-dimensionabariable-
to-variablelength(1, co)-constrainedit stufiing encodei€® to threedimensions\We
shawv (in Theoremd.19)thatthethree-dimensionalgorithmachieresthe approximate

codingrateof

r®) = 0.502005.

4.5 Three-dimensionabit stuffing

In this sectionwe describeageneralizatiomf thetwo-dimensionabit stufiing algorithm
to threedimensions.Often, identical notationto that usedin earlier sectionsfor two-

dimensionabit stufiing will beredefinedor threedimensionsn ananalogousvay.
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ForX,Y,Z € Z* andi € {0, ... , Z}, definethe set
LY = Ax,yo~+ (0,4,1),

atranslateof theparallelogramA x v, = Ax vy, definedin Sectior4.3. Let
Z
Axyz = U 7@
1=0

asshavnin Figure4.8. ThesetL(? is calledtheithlayerof Ax y 5. Forj € {0,... , X}
andm € {0,...,Y} let

0 _ . ;
D;7 = {(y+4,4,0):0<y <Y}
RY = {(z+m,m,0):0<z <X}
be the samesubsetof L(® = Axy, asin Section4.3. Fori € {1,...,Z}, define

similar subset®n eachlayer L), namely

DY = DY +(0,i,0) ={(y+j,y+i,4):0<y <Y}
RY) = RO +(0,i,i)={(z+m,m+1i,1):0<z <X}

for j € {0,...,X}andm € {0,...,Y} (seeFigure4.8). The pointsin L©®, D",
Réi), fori € {1,...,Z}, arecalledthe boundaryof Axy 7. Thatis, the boundary
pointsconsistof the entirefirst layer L(®) andthefirst diagonalandfirst row on every

otherlayer. Thenon-boundaryointsof Ay y, z aretheinternal points

Notation: Everypointof Ay y ; canbedeterminedy thelayer, thediagonalon
agivenlayer, andtherelative positionwithin the diagonalwherethe pointlies. There-

fore, to simplify the notationtheelementof Ay v,z will beaddressedy athree-tuple
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LAy, +022)

z=0 L Ay vo

Figure4.8: Layersof Ay y z areshovn ontheleft handside. Therelative positionof
layersL™ andL® is illustratedon the right handside. The diagonalsD{”, D{*, D'”
andtherows R{", R?) areshaded.
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[i.j.KI=(i—k,i—k,i)
_ (1] [i.,0]

X+j—k

Figure4.9: The coordinatesi, j, k| denotethe point on theith layer, jth diagonal kth

position.In the Cartesiarcoordinatesystenthis pointis [z, j, k] = (X +j — k, Y +i —

k7).

(4,7, k], wherei € {0,...,Z} determineshelayerL®, j € {0,..., X} determineshe
diagonalD{” onlayer L), andk € {0,... , Y} is thepositionwithin thediagonalD".

Thepoint[, 7, k] hascoordinates X + j — k,Y + i — k, ¢) in the Cartesiarcoordinate

system(seeFigure4.9).

An efficientthree-dimensionalodingalgorithmwould beto transformthe unbi-
asednput sequencénto a biasedsequenceandusea three-dimensionajeneralization
of thebit stuffing encodeto mapthebiasedsequenceto a(1, co)-constrainedabeling
of Z3. To performa rigorousanalysisof the codingrate,we introducea closevariant
of thisimplementationWe presentathree-dimensiondlit stufiing algorithmsimilarto
thetwo-dimensionabnedefinedin Sectiord.4.

The three-dimensionahlgorithm's encoderis denotedby £®), and works as
follows. As in two dimensionsa sequencew is parsedinto the sequencef strings
w®, w®, .. usingacompleteprefix code.Then,thestringw® is mappednto (s
s2), wheres(!) is ane-typical stringwith respecto p; of length|7v; N*| ands(?
is an e-typical string with respectto p, of length |7y N3|. Thevalueof 7 is defined

similarly asin the two-dimensionakase;~;, v, aredefinedin Section4.6.3; and p;
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Table4.4: Parametersisedin Sectionst.5and4.6.

Parameter Description

N Positive integerparallelepipedidelength. Goesto cc.

Yi Probabilityof a bit copiedfrom theith (i = 1, 2) inputstringby £®).

A Initial labelingof U,.

T Numberof translate®f Ay y n IN Ay v z.

€ Positvereal. Goesto 0.

D Probabilityof 1 in ith (i = 1, 2) transformedequence.

oM, 6@ | Auxiliary binarystrings.

s, s@ | Inputbinarystrings.

andp, are calculatedin Section4.6.4. Then, the three-dimensiondixed-to-\ariable
length (1, co)-constrainecbit stufiing encoder€® maps (s, s4)) into a (1, 00)-
constrainedabelingof Ay y z. Theexactdefinitionsof £3) and€®) aregivenin Sec-
tion 4.6.

A list of variableglefinedn Sectiongt.5and4.6andtheparameterthey depend

onaregivenin Tables4.4and4.5asareference.

4.5.1 A variable-to-fixed length encoder

Theordering=< definedin Sectiond.3.1is extendedo Z3 in thefollowing way. For ary
(21,1, 21), (T2, 42, 22) € Z2, let
21 < z9 OF
(T1,91,21) < (T2, Y2, 22) =
21 = zg and(z1, y1) < (T2, 92)
Notethatthe orderingof theelementsn Ax y,z with respecto < is equialentto lexi-

cographicorderingif we usethecoordinates, j, k] to representhe pointsof Axy, 7.
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Table4.5: Variablesntroducedn Sectionst.5and4.6 andthe parametershey depend
on.

Notation| Parameters Description
EBG) | N, A Variable-to-fixedlength
encoderLabelsAy y n.
EG) I N, v1,72, A, T, LoD o) Fixed-to-\ariablelength
encoderLabelsAy v, z.
QY| Ny, 9, A, T, .o, g@ ) 5@ | Numberof bits £3) maps

into sth translateof Ay, v, v
from jth input string.

g | Ny AT ,o), o Numberof bits £(®)
doesnot mapinto

1str translate®f Ay n .

B | Nyy1,72, A, 7, €, ;o) o Setof stringsthat&®
nearlymapsinto
1str translate®f Ay v v
A N, V1,72, ,T,€ D1, D2 Setof typical sequences.
T | Nyyi, 92, ATy €01, p2, 00, 0@ Completeprefix code
of size|A N B|.
t N, ¥1,72, A, T, €, p1, pa, o), @ Bijectionfrom T'to 4 N B.
EB) | N,y1,72, A\, 7, €, p1, p2, 0, 0 Variable-to-ariablelength

encoderLabelsAy v z.




80

Table4.6: The variable-to-fied length (1, oo)-constrainedhree-dimensionabit stuff-
ing encode€®). Thealgorithmmapss™ ands® into a (1, co)-constrainedabelingof
AN NN

1. Initialize the elements of L( and JY, (D(()i) U R((f)) using \.
Let m; =1 and my = 1.
2. Let(zo,y0,20) = mjn{(x,y,z) € Aynn : (2,y,2) is unlabeled}.
3. If (.%‘0 — 1, 9o, Zo), (LL‘(), Yo + 1, Zo), or (LL‘(), Yo, 20 — 1) is labeled with 1
4, Label (.’L‘(), Yo, 20) with 0.
5. Else
6. If (zo + 1, 90,20 — 1) and (zg,y0 — 1,20 — 1) are labeled with O
7. Label (zo, yo, 20) With sta). Let my = my + 1.
8. Else
9. Label (zo, yo, 20) With 3% Let my = msy + 1.
10. If all of Ay n,n is labeled then stop, else go to 2.
Let

N
A:LOy (U (D((f) URE)"’)) —{0,1}

i=1
be aninitial labelingof the boundaryof Ay y ~. The three-dimensionafariable-to-

fixedlengthbit stufiing encoder
5(3) : VN’)‘ — Af’go(AN,N,N)

labelsthe pointsof Ay n n in increasingorderwith respectto the ordering<. The
setVy,, consistsof pairsof strings (s, s()) thatperfectlyfit into Ay underthe
mapping€® (analogouso the two-dimensionatasein (4.3)). For (s, s®)) € Vy ,,

every point of Ay y x is labeledeitherwith abit of s®) or s or with astuffed 0. A

pseudo-codelescriptionof £®) is givenin Table4.6. Note thatin Step6 the encoder
makesa decisionwhetherthefirst or the secondnput stringis usedto labelthe current
position. Thisselectiorprocesensureshattheencoders invertible(seeRemark4.18).

Theinversemappingscanghe elementf Ay y x In increasingorderwith respecto
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theordering=, skippingover stuffed Osto recover theinputsequences.
In the following section€®) is usedto definea three-dimensionalariable-to-

variablelength(1, co)-constrainedit stuffing encoder

4.6 A three-dimensionalariable-to-variable length en-
coder

A three-dimensionalariable-to-@ariablelength(1, co)-constrainedbit stuffing encoder
£) is definedanalogouslyo thetwo-dimensionaéncode€®). Usingafinite complete
prefix codedefinedin Section4.6.2,aninput sequencey is parsednto variablelength
stringsw®, w®, . ... Eachstringw® is mappednto a (1, co)-constrainedabelingof

a translateof the setAy v (@), WhereN is a parameteof the encoderandwhere
Z(w®) is apositive integerchosersothatthe mappedorefix codefits into A NN, Z(w®)

usingbit stuffing. Henceforthwe abbreiate Z(w®) with Z. An analysisof the coding

rateof £() is givenin Section4.6.3whentheinputis the 1/2-sequence.

4.6.1 An intermediate fixed-to-variable length encoder

ThesetAy n z canbedecomposeds
T—1 T Z

ANnz = (U (AvnnN +z’[N—1—2,0,0])> U (U L(j(N+2)1)> U U L& .
i=0 j=1 k=7(N+2)

The translatesAy y v + I[N + 2,0, 0] are labeledwith information bits and stuffed
0s, the layers LUN+2)-1) gre paddedwith 0s, and someadditional“overflon” layers

LeW+2) - L2 arefilled randomly
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We next definea fixed-to-\ariablelengthencoder
E® - {0,131 ) s fo, 1) — ) APL(s)
Sez3

by specifyingthelabelingE® (sM),s®) : Ay n.z — {0,1} as:

,

E® (20D 262) (u®)  if u € Ay nn +i[N +2,0,0]

forsome; =0,...,7—1
(§(1)§(2))6(U) |f u = [U]_, U2, U3] € AN,N,N’
£8) (50, ™) (u) = 4 uy € {7(N+2),...,2Z},
u, even,

§(u) <1(5MWs3)

0 otherwise

where

o(u) = %(N +1)+us+1+ (ug —7(N+2))(N+1) [(N;_ 1)-‘ :
£®) istheencodedefinedn Sectiond.3.1; (201, 2(2)) isaparsingof (sVo®), s o)
for someauxiliary sequences™®, ¢); and 5@ is the sufiix of s® (for i = 1,2)
thatdoesnot getencodednto thefirst 7 translateof Ay y . The default casewhen
EB) (sMs®) (v) = 0includesthoseu whichlie in theintertranslatdayersL U +2)-1)
forj = 1,2,...,7, aswell asthoseu = [uy,us2,us] € Aynn for which u; €
{r(N +2),...,Z}, andeitheru, is oddor elsed(u) > I (315?).
Theencode€® will sene asthe secondstageof a variable-to-ariablelength

encoderandis definedwith respecto the fixed andfinite auxiliary binary sequences
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c® e {0,1}"™ ando®@ e {0,1}"™ which aredescribedn Lemma4.6. For ary
inputstringss® € {0, 1}L177°] ands® e {0,1}17"]  thelabelingZ® (s®), s@) :

Annz — {0,1} labelsthesetAy y 7 in thefollowing way. Let

U, = Lj ((Cj (Dg“ U Rfj)) U L(°>) +[§(N +2),0, 0])

§=0 i=1

beaunionof boundarie®f thefirst r translate®f Ay n n.

Theelementof U, areassigned fixedinitial labeling (to bedeterminedrom
Lemma4.6). Thetranslate®f Ay v n arelabeledwith s ands® usingthevariable-
to-fixed lengthbit stufiing encode® for eachtranslatewith the fixedinitial labeling
A ontheboundarypoints.

Labeling all 7 translatesof Ay y n usingthe encoderé®, and adding the
paddinglayersafter eachtranslatedefinesa labeling of the setAy v -(nv42)-1. In @
similar mannerasin two dimensionsif the sequence) is shorterthanthe necessary
bits to label Ay n,r(n+2)-1, the auxiliary sequencer!) is appendedis a suffiix to the
strings("). Likewise, the auxiliary sequence? is usedif all bits of 52 areencoded
beforethe labelingof Ay v ,(nv+2)-1 IS complete.Note that7 N3 is anupperboundon
thenumberof auxiliary bits needed.

It is also possiblethat some bits of s(!) or s do not get encodedinto
Annr-(v+2)-1- In this case first the unencodedits of s are copiedinto the even
numberediiagonalsD{" ™2 DIV F2) - of thefirst overflow layer L(¥+2) with
a paddingdiagonalof Os separatinghem. Unlike in two dimensionstheinput bits are
copiedbit by bit into thesediagonalsj.e. without usingbit stuffiing. The encodercon-
tinuesthis processon consecutie layersuntil all bits of s(!) areencodedAfter that,the
remainingpits of s() areencodedisinga similar method.Thelastlayerusedto encode
the lastinput bits may containunlabeledoointswhich arelabeledwith 0s. Finally, an

additionallayerof paddingOsis addedwhoseindex is definedto be Z.
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The paddingdiagonalson eachoverflow layer guaranteehat the labeling of
thelayersL"V+2) . L{#) is (1, co)-constrainedBy choosingr appropriatelyand
by adjustingthe parametersy; and~,, it will be guaranteedhat s/ ands® fill up
A n-(n+2)—1 almostperfectly(for large N andsmalle), andthereforethe numberof
overflov layersaddedwill besmall.

For givenT, v1, v2, N, binaryinputstringss®) ands®, auxiliary sequences™

ando®, andinitial labeling\ of U,, we definethe quantities:

le) = numberof bits of stV that€® mapsinto Ay y x + i[N + 2,0, 0]
ng) = numberof bits of s that€® mapsinto Ay y n +i[N + 2,0, 0]
a:1(s®,5) = lengthof thelongestsufiix of s notmappednto Ay nr(v+2)-1

2(s, s®) = lengthof thelongestsufiix of s notmappednto Ay, x - (v+2)-1-

If theauxiliary sequence® (for i = 1, 2) is usedduringencodingtheng; (s, s()) is
minusthe numberof bits of ¢(*) thatgetmappednto AN Nr(N+2)-1- FOrany e,vi,v2 >

0 andfor fixed )\, o), c(?  |et

B = {(s(1>,s<2>)e{o,1}LmN3J x {0,13L72N°] .

ni(sM, s?) < 1e, ny(sW, s?) < 7'6} . (4.22)

ThesetB representthe pairsof stringsthat“fit well” into Ay n -(v+2)1-
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4.6.2 Restriction to typical sequences

Let

A= {(s1,5®) e {0,131 ) g0, 131w
9 L‘r’le:iJ (H(p1)+e) < p| \(1 _pl)L771N3J—|s\ <2 L771N3J(H(p1)—e)

Y

o=l HEre) < plslq )Nt sl < 9= [t (H(m)—e)}

be e-typical sequence@airss™) ands(? with respecto p; andp,, of lengthTy; N* and
Ty, N3, respectiely.
Let T be afinite completeprefix codeof cardinality|A N B| whosecodevords

areoneof two possibldengths.Let
t:T— ANB

be ary bijection. The codeT parsesan infinite input sequenceandt¢ mapsa finite
parsedstring to a pair of e-typical (with respecto p; andp,, respectrely) sequences
(sM), s®) thatarelikely to fit into thefirst 7 translateof Ay . SinceT is acom-
pleteprefix code,abinarysequencey canuniquelybe parsednto a sequencef words
D w® ... suchthatw® e T. We definea three-dimensionafariable-to-variable

w(

length(1, oco)-constainedbit stufing encodei€ ®) is definedasthe composition
£B) — gB) o4

Thatis, astringw(® € T of theparsedsequencey is transformednto thetypical, well-

fitting string (s®Y, s(?) € AN B by thebijectiont, andthen (s®Y), s¢?) is mapped
into a (1, oo)-constrainedabelingof Ay x 7 usingthe bit stufiing encoder£®). The
variable-to-variabldengththree-dimensiong]l, co)-constainedbit stufing algorithm

consistof the mappingt, a bit stuffing encodera bit-stuffing decoderandtheinverse
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mappingof t. Themappingg® is referredto asthealgorithmsencoderandtheinverse
is calledthealgorithms decoderAn arbitrarynumberof wordsw(® canbetransformed
into (s, s(2)), andmappednto labelingsof translate®f Ay, v, z,. Thetranslatesre

separatethy paddingOsin threedimensionsimilarly asin two dimensions.

4.6.3 Codingrate analysis

Let 5V be a p;-sequencand 5 be a p,-sequence.Let the variable-to-fixed length
encoder€® map 3 and 5? into Ay n . Beforethe encoding,let the boundary
elementsZ(® U (Ufil (fo’ U RE,”)) be randomlyassignednitial labelsby \. For

everyinternalpoint |, j, k] define

v(i,5,k) = probabilitythat[i, 7, k] is labeledwith a bit from )

v(i,4,k) = probabilitythat[i, j, k] is labeledwith a bit from 3

asin Steps7 and9 of Table4.6.

The randominitial Iabelingj\ is calleda standad three-dimensionahitializa-
tion correspondindo p; andps if for I = 1, 2 andfor everyinternalpoint[i, 5, k] (where
i,5,k € {1,...,N}) the quantityv,(s, j, k) = 7 is independentf 7, j, k, N. The
correspondindabelingof Ay n v is calleda standad three-dimensionablbeling cor-

respondingo p; andp,. Let

Q= {(pl,p2) : thereexistsarandominitialization
A LOy (Ufil (D((f) U R((f))) — {0, 1} suchthat

thelabelingof Ay y.n by £@) is astandardabeling} .

It is shavn in Section4.6.4that Q2 is nonempty(in the paragraphprecedingRemark

4.18).
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A fixedinitial labeling\ of U,, andauxiliary sequences® and¢? usedby

£B), areimpliedin thefollowing lemma.ThesetB in thelemmais definedin (4.22).

Lemma4.6. Considerthep,;-sequencé® e {0, 1}LT71N3J andthep,-sequencé® ¢
{0, 1}L”2N3J for some(py,p2) € Q. Forany N € Z* andanye > 0, ther exists
7o € ZT sud thatfor anyr > 7, theris aninitial labeling A : U, — {0,1} and

auxiliary sequences® ando® sud that
P((sM,5®) eB)>1-e

Proof. Supposéhats(!) ands® areencodednto Ay v z by £® suchthattherandom
initial labelsdefinedby A : U, — {0,1} constitutea standardthree-dimensional
initialization correspondindo p; andp, on eachtranslateof Ay y n. Furthermorelet
theauxiliary sequencé® € {0, 1}711\’3 beap;-sequencandlettheauxiliarysequence
6@ € {0,1}N° beap,-sequence.

Sincethe labeling of eachtranslateof Ay v~ is a standardabeling, by the

definitionof 4, and-,, for everyi € {0,1,... ,7 — 1} wehave

E[le)} = 7N

E[sz)} = 7N

Forl = 1,2 andary two distinct: € {0,1,...,7 — 1}, the randomvariables@ﬁ”
areindependenwith finite varianceqindependentf 7). Thus,the weaklaw of large

numberampliesthatfor everye > 0,

-1 (4.23)

T—00

T—1
. 1 ~
lim P ( ;;le) — N3 <e

T—1
1 ~
lim P ( =3 QP — N < e> = 1 (4.24)
T =0

T—00
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The randomvariablest(.” in (4.23)and (4.24) arefunctionsof the randominput p, -
sequence&® andthe p,-sequencg®, the randomauxiliary sequences™®) ands?,

andtherandominitialization \ of U.. It follows from (4.23)and(4.24)that

T—1 T—1
1 A 1 A
lim P (‘— Y OW N <6, =D QY — 1N < e) = 1. (4.25)
T—00 T Py T o
Then(4.25)andtheinequalities
1 T—1 1 T—1
P([=) QMmN <6 =) QY —1N?| <
T =0 T j=0

imply that
lim P (g1 (3, 5%) < 1€, g2 (3, 5®)) < 7€) = 1. (4.26)
T—00

It follows from (4.26)thatthereexistsa, suchthatfor all 7 > T,

P (ql (§(1), §(2)) < TE€, Q2 (é(l), .§(2)) < 7'6) >1—e.

Thustheremustexist atleastoneinitial labeling\ andauxiliary sequences® ando(?

(all threedependingn 7) suchthat

P (q1 (§(1), 3(2)) < T€, Qo (§(1), §(2)) < 7'6|)\, 0(1), 0(2)) >1—c¢ (4.27)
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wherethe conditioningin (4.27)is on the eventthatthe randomlabeling  equalsthe
fixedlabeling\, andthe randomauxiliary sequencesé® ands equale®™ ando(®,

respectrely. Equivalently, for every r > 7,
P((5",5®) eB)>1-c

|

A numberr® is saidto be an achievable codingrate of a three-dimensional

(1, 00 )-constrainedit stufiing algorithm&®) if

r® =1lim lim r (8(3)) .

e—+0 N—oo

Theorem4.7. For any (p1,p2) € , the three-dimensionabit stufing algorithm

achievesa codingrate of

r® = Y1H (p1) + Y2 H (p2).

Proof. Let (py,p2) € Q, andlet the p;-sequencé(®) andthe p,-sequencé® beinde-

pendentWe have
P ((30,52) € 4) > (1—¢)?

for 7 > 74 largeenough(see[4, pp. 51-52]). Therestof the proofis similarto theproof

of Theoremé4.2 andis thereforeomitted. O

Asin two dimensionsfor givenparameter®, py, p, €, thevalueof 7 isinduced
by Lemma4.6 andTheoremd.7. For afixed 7, theinitial labeling A andthe auxiliary
sequences?) ando® areimpliedin Lemma4.6. The parameters; andy, aregiven

in (4.40)and(4.41)of Appendix4.8.
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4.6.4 Codingrate maximization

The following lemmasaboutthe two-dimensionaktandardabeling of Ay x follow
from Theoremd.4 andthe definitionof thetwo-dimensionabit stuffing encoderThese
resultsarenecessaryor the analysisof the three-dimensionalgorithm. Let \’ denote
a standardwo-dimensionafrandominitialization of the boundaryof Ay » by the sta-
tionary homogeneouMarkov chainsi(!) and?). ThediagonalsD; and D;., in the

following lemmaareillustratedin Figure4.7.

Lemma4.8. Let the p-sequence be encodednto the parallelogram Ay n by E?
usinga standad initial labeling \'. For afixedi € {0,... ,N — 1}, leta; = (i + 4, j)
andb; = (i + j + 1, j) denotethe element®f thediagonalsD; and D, 4, respectively

Thesequence{ﬁ(aj, b;) };VZO formsa stationaryhomaeneoudMarkov chain.

Lemma4.9. Let the p-sequences be encodednto the parallelogram Ay n by E?
usinga standad initial labeling \'. For i € {0,... , N}, let therandomvector F'(D;)
denotethe labels of the diagonal D;. The sequence{F(Di)}iNz0 forms a stationary

homaeneoudMarkov chain.

Henceforthin this sectionwe considerthe labeling of the set Ay n n by the
encode£®), wherethe input sequencearethe p;-sequencé®) andthe p,-sequence
5® andwherethe boundaryelementsof Ay n,n areassignedandominitial labelsby
A:LOy (Uf\i1 (D((f) U R((f))) — {0, 1} describedn whatfollows.

Theinitial labelsof L(®) arechoserindependentf theinputsequenceandsuch
thatthe labelsof L) constitutea standardwo-dimensionalabeling. More precisely
let p € [0,1], andlet m;, 7, 73 be definedasin Theorem4.4. The diagonaID(()O)
andtherow R\” areinitialized by the stationarynhomogeneouslarkov chainsg(!) and
[2) | respectiely. Let 6’ be anauxiliary p-sequencéndependenof 5 ands®), used
only to initialize L(®. Usingé’ andthe two-dimensionabit stufing encode€®, we

label the remainderof the elementsof L(®). Thus, the resultinglabelingof L© is a
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standardwo-dimensionalabeling. The pointsof D((,i) andR((f) on eachlayer L) (for
i € {1,...,N}) areinitialized independentljor eachi by the Markov chains(!) and
4@ usedto initialize D andR\”, respectiely.

Note that p is a parameteof the above randominitialization of Ay y x. We
shaw thatp, andp, canalsobe expressedn termsof p suchthattheresultinglabeling
of An,nn by £®) is astandardhree-dimensiondabelingcorrespondingo p; andp..

Let the randomlabel of the point [, j, k] € Ay n . be denotedby F(i, j, k).
Ourgoalis to prove thatif Ay x x is labeledoy £®), thenConditions(a)-(d) below are
sufficient for thelabelsof Ay v n to beastandardabeling. In Appendix4.8 we shav
thatthereexistparameters, ms, 73, p, p1, P2, SUchthatConditiong(a)-(d) aresatisfied.

Let A = [0,0,0], B = [0,1,0], C = [1,0,0], D = [1,1,0], £ = [0,0,1],
F=10,1,1],G =[1,0,1], X = [1,1, 1], asshawvn in Figure4.10.

Condition(a)  Thejoint distributionof F'(B, D, F, ) is identicalto
thejoint distributionof £'(A,C, £, G).

Condition(b)  Thejoint distributionof (£, F, G, ) is identicalto
thejoint distributionof £'( A, B,C, D).

Condition(c)  Thejoint distributionof £(C, D, G, ) is identicalto
thejoint distributionof F'( A, B, &, F).

Condition(d)  Thejoint randorrwariablesF(S, G) areconditionally

independenof F'(B, D) given F'(F, ).
In the following we shawv that Conditions(a)-(d) imply that for every z €

Avnny IF A+2,B+2,...,H+ 2z € Aynn, thenthe labelsof the translates
F(A+:v, B+z,C+z,D+zx,E+z, F+z,G+z, H+z)havethesamgoint probability
distribution asthe IabeISF(A, B,C,D,E, F,G,H). First,we show thatit holdsfor the
translateon thediagonalsD{”, D, D{V, DV In thefollowing lemma,the elements

a, by, ¢, dy areshovnin Figure4.11.

Lemma4.10. Leta; = [0,0,(], b = [0,1,1], ¢ = [1,0,I], d; = [1,1,]] denotethe
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p® D
o0y 42000
FHoLl c=[1,o,0]
GALOA 1,1,0
H=[1,1,1] =[1.1.0]

Figure4.10: The elementsf D, D%, DV, DYV thatappeaiin Conditions(a)-(d).
Thelabelsrepresenthe centersof thecubes.

elementaf DI, D”, D{V, D, respectivelyif thelabelingof A . v v by E®) satisfies
Condition(b), thenfor all I € {1,..., N}, thejoint distribution ofﬁ‘(al_l, bi_1, ¢i—1,

di_1, a;, by, ¢, d;) isidenticalto thejoint distribution ofﬁ(ao, bo, co, do, a1, b1, c1, dy).

Proof. Thelemmatrivially holdsfor [ = 1. Supposehelemmais truefor [ = k, where
1 < k < N. We will shav thatthejoint distribution of F'(ay, bk, ck, di, ari1, bri1,
ce+1, digr) IS identicalto thejoint distribution of F'(ag, by, co, do, a1, by, c1, dy). Let
v, v, ... ,vs € {0,1} beavalid labelingof the pointsay, by, ck, di, ax+1, bkt1, Cri1,

dy1, respectrely. Then,

P(F(ak,bk, Chy Ay Qo115 Ok 41, Cht1, s1) = (V1, Va, U3, Va, Vs, Vg, V7, Vs))
= P(F(a’ka bk7 Ck, dk) = ('Ul, V2, U3, 'U4))
P (F(ars1,bes1) = (U5:U6)‘F(ak:bkackadk) = (v1, v2, V3, v4))

'P(F(Ck+1adk+1) = (127,Us)‘ﬁ(ak,bk,ck,dk,ak+1,bk+1) = (v1, V2, V3, V4, V5, Vg)).
(4.28)
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Figure4.11: ThediagonalsD{”, D%, D{, DIV,

In whatfollows, we rewrite eachof thethreetermsin (4.28).Firstwe have

P(F‘(ak) bka C, dk) = (Ula V2, U3, 'U4))
= P(F(ala bla C1, dl) = (Ul, V2, Us, ’U4)) (429)

= P(F(a’()abOacOadO) = ('U]_,'U2,'U3,U4)) (430)

where (4.29) follows from the induction hypothesis(summingout four terms), and

(4.30)follows from Condition(b). Furthermore,

P(ﬁ’(ak+1,bk+1) = (v5,vﬁ)‘ﬁ’(ak,bk,ck,dk) = (vl,vz,vg,m))
= P(ﬁ(ak+1abk+1) = ('USa'U6)‘F(ak,bk) = (Ul,vz)) (4.31)
= P(F(al,bl) = (05,06)|F(a0,b0) = (Ul,vz)) (4.32)

= P(ﬁ‘(ala bl) = (1)5, ,U6)|F(a0) bOa Co, do) = (vla V2, U3, ’U4)) (433)

where(4.31)follows from Lemma4.3with @; = F'(a;,b;) anda* = F(cx, dy), since
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thelabels{ F(a;, b;) }L) form a stationaryhomogeneousarkov chainby Lemma4.8;
(4.32)follows from Lemma4.8; and(4.33)holdssincetheinitial labelsof ¢, andd, are
chosenindependenthof theinitial labelsof ag, by, a1, b,. Finally, sincethe algorithm

useshesameprocedurdo labelc,,; andd,; asit did to labelc; andd;, we have

P (F(ckr1, dp1) = (vr,vs)| F(ar, be, ek, d, ars1, br1) = (v1, va, v3, va, Vs, U6) )

= P(F(Cladl) = (U7’Us)‘F(QO’b01CO’dOaalabl) = (Ul,Uz,U3,U4,U5,U6))-

(4.34)
Combining(4.28)with (4.30),(4.33),and(4.34)gives
P(F(akvbka ckadkva’k—l—l)bk—f—l)ck—i—ladk—f—l) = ('Ul,'1)2,1)3,1)4,1)5,’1)6,’1)7,’1)8))
= P(F(GOabOaCOadO) = (1)171)27’1)3”04))
(F (a1,b1) = (vs, Vg |F ag, bo, co, do) = (01,02,03,04))
(131 cl)dl ’U7)U8 |F aO)b0)007d0aa1)b1) ('Ul,Uz,U3,U4,U5,'U6))
= P(F(G'O)bOchad()aal)bl)Cladl) = (’U17U27’U37’U47’U57’U67’U771)8))'
This completegheinductionargument. O

Theelementsy, by, ¢;, d; in thefollowing corollaryareillustratedin Figure4.11.

Corollary 4.11. Leta; = [0,0,1], b; = [0,1,1], ¢, = [1,0,1], d; = [1,1,1] denotethe
elementof D”, D, DY, DIV, respectively If the labeling of Ay y.x by £® sat-
isfiesCondition(b), thenthe sequencef labels{ F(a;, by, ¢;, d;)} ¥, formsa stationary

homaeneoudvarkov chain.

Proof. Thefactthatthe sequencd F'(a;, by, ¢, d;) 1Y, is a Markov chainfollows from
thedefinitionof the bit stuffing encoderLemma4.10impliesthatthis Markov chainis

stationaryandhomogeneous. O
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Lemma4.12. Letay, 4o, . .. 4, anday, ah, . .. 4, befinite sequencesf randomvari-
ables. If (;,4}) is a Markov chain, and ; is conditionallyindependenof 4;_, given

1

a;, fori=1,2,...,m, thena; is a Markov chain.

Proof. To prove the lemmait suficesto shav that the reversechaina,,, ..., 4 is
a Markov chain. Let 4; take on valuesfrom the alphabetA. Letv € A andk €

{2,...,m}. Then,

P(a),_, = vy, ..., 04,)
= Y Py = 0|y Ay, A = gy Gy = )
Uy Um EA
P = uk,- -+, G = U | Wy - .., Tly) (4.35)
= ) P, = |, i =) Pl =u, ., = U |8, .., 1L,
= Y P, =v|ig) Pl =, .. ;= Ui, ..., d,)  (4.37)
U y--- Um EA
= P(d}_, = vl|iy})
wherethe summationn (4.35)is takenover all valuesuy, . . . , u,, suchthatthe condi-

tioning eventhaspositive probability; (4.36) follows since (ai, a;) is a Markov chain;
and (4.37) follows from the assumptiorthat @; is conditionally independentf 4;_,

givend;, foreveryi =1,2,... ,m. O

Theelementsy, b;, ¢, d; in thefollowing lemmaareillustratedin Figure4.11.
Lemma4.13. Leta; = [0,0,1], b = [0,1,1], ¢ = [1,0,1], d; = [1,1,]] denotethe
elementof DI, DY, D" DM respectively If a three-dimensionabit stufing al-

gorithm £®) labeling Ay, n v SatisfiesConditions(a), (b), and (d), thenthe sequence

of labels { F(b;, d,)}fio forms a stationary homa@eneousMarkov chain identical to

{F’(al, Cl)};io.
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7

Figure4.12: ThedlagonaIsD

D(O) pw. p)
i

Jj—1 Jj—1

Proof. Let i, = F(a;,¢;) andd, = F(b;,d;). Corollary4.11impliesthat (i, @}) is a
Markov chain. FurthermoreCondition(d) andLemma4.10imply that; is condition-
ally independentf 4; , givenu;. Hence theconditionsof Lemma4.12holdfor ¢, and
4;, andtherefores; is a Markov chain. Condition(a) andLemma4.10imply thatthe

Markov chain{F(b;, d;)}, , is identicalto theMarkov chain{ F'(a;, ) },.,. m

Lemma4.14 belov generalizes emma4.10to the pointsof L U LY, The

elementsy, by, ¢, d; in thefollowing lemmaareillustratedin Figure4.12.

Lemma4.14. Letj € {1,... ,N}. Leta; =[0,7 — 1,1], b, =[0,5,1], . = [1,5 — 1,1],

= [1,5,1] denotetheelementof DI, DI, DV, DIV, respectivelylf thelabeling
of Ay NN by £G) satisfiesConditions(a), (b), and(d), thenfor all I € {1,... , N}, the
joint distribution of F(a,_l, bi_1,c-1,di_1, a1, by, ¢, dy) is identicalto thejoint distribu-

tion Ofﬁ(ao, b(), Co, d(), ay, bl, C, dl)

Proof. Recallthatthe randomvectorF( )denotesthe labelsof the dlagonaID(z
fori,j € {0,..., N}. Sincethelabelsof L form a standardwo-dimensionalabel-

ing, {F(Dﬁo))}j.vzo is a stationaryhomogeneou#larkov chainby Lemma4.9. Us-
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ing Lemma4.3 with 4; = F(D'”) anda* = F(D{), it follows that #(D{) is
conditionallyindependenof F(Dil)) given F(D§°)). Moreover, the joint distribution
of (F(DY), (D)) is identicalto the joint distribution of (F(D{), F(D{")) by
Lemma4.13. Similarly, the joint distribution of (F(D{”), F(D{")) is identicalto the
joint distribution of (F(D(()O)),F(DP))) by Lemma4.9. The abore agumentimplies
that the joint distribution of (F(D{"), £(D\”), F(D{")) is identicalto the joint dis-
tribution of (F(D"), F(D{"), F(D{")). In otherwords, when the algorithmlabels
thediagonalD(l), it encountershe sameprobabilitydistribution on the neighboringdi-
agonalsD{”), D\ D) asit did on the diagonalsD{", DI, D{” whenlabeling D{".
ThereforeLemma4.10,Corollary4.11,andLemmad.13holdfor theelement®f thedi-
agonalsD”, D{ DM D Repeatinghis agumentfor consecutie diagonalsD{”,

DY, DM, DY), (fori = 2,3,..., N — 1) generalizes emma4.10to the elementsof

LO y L, 0

Lemma4.15belov generalizedemma4.14to the pointsof Ay n . Theele-

mentsay, by, ¢;, d; in thefollowing lemmaareillustratedin Figure4.13.

Lemma4.15. Leti,j € {1,...,N}. Leta, = [i — 1,5 — 1,1], b, = [i — 1,4,1],
1) 1)(z 1) D(l)

a = [i,j — 1,1], d; = [i,],1] denotethe elementsof D] 1 i1

(3)
D}, re-
spectively If the labeling of Ay n .~ by £®) satisfiesConditions(a)-(d), thenfor all
le {1, cee N}, thejOint distribution of ﬁ’(al_l, bl—l, Ci—1, dl—l, ay, bl, cr, dl) is identical

to thejoint distribution of F'(ag, by, co, do, a1, by, ¢1, dy).

Proof. Let j € {1,...,N}. Lete¢, = [1,7 — 1,k] anddy = [1,4,k] (where
k € {0,...,N}) denotethe elementof Dﬁ’l andD](.l), respectrely (seeFigure4.12).
It follows from Lemma4.14andCondition(c) thatthelabelsF'(cy_1, di_1, cx, di,) have
the sameprobability distribution asthelabeIsF(A, B,E,F) (whereA = [0,0,0],B =
[0,1,0],€ = [0,0,1],F = [0,1,1], asin Figure4.10). Thusthe labelsof L®) satisfy
Condition4 of Theorem4.4. This impliesthatthe probability distribution of the label-
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Figure 4.13: ThediagonalsD{" "), DY, DY DY, theinternal point d;, andits
neighbos.

ingsof L) by thethree-dimensionalit stufing encodetis the sameasthe probability
distribution of a labelingof L)) generatedy £® usinga standardhree-dimensional
initialization and an auxiliary p-sequences’ asinput (i.e. identicalto the probabil-
ity distribution of the initial labelingsof L(?)). Therefore,the sameargumentsused
to shav Lemma4.10,Corollary4.11,Lemma4.13,andLemma4.14for the elements
of L® u LM canbe usedto prove the sameresultsfor the layersL(Y) U L®) ...

LWN-1) g L), 0

Remark 4.16. Asnotedin the proof of Theoem4.4,sinceD{’ N RS = {[i, 0, 0]}, for
i € {0,..., N}, thestationaryprobabilitiesof the Markov chainsj(") and 2® mustbe
identical. Leta denotethestationaryprobability of thestate0. If thelabelingof Ay n x
by £®) satisfiesConditions(a)-(d), it follows from Lemma4.15and Condition(c) that

the probability distribution of the labelingsof L® (for i € {0,..., N}) is identicalto



Table4.7: Thenumericalvaluesof the parametershatmaximizer(®).

b

™

T2

3

(07

0.255838

0.832393

0.212958

0.787042

0.824431

h

D2

71

Y2

0.343793

0.255838

0.350456

0.21531
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the probability distribution of the labelingsof L(®). Hence

P(F(ij.k)=0) =a=g—"=7 (H \/(1+3p)(1—p)>

for every[i, j, k| € Annn.

Theorem4.17. If the labelingof Ay y x by £®) satisfiesConditions(a)-(d), thenthe

labelingof Ay v n is a standad three-dimensiondhbeling

Proof. Considethepointsin Figure4.13fori, j, k € {1,..., N}. Lemma4.15implies
thatthejoint probability distribution of F(ak_l, Ck—1, Ck, be_1, by ) iSs independenof the

layers, thediagonalj, andthe positionk, which provesthetheorem. O

Conditions(a)-(d) translatento a setof equationdor the parameters, m, 73, a, p1,
P2, p (seeAppendix4.8). Using Condition3 in Theorem#.4,(4.19),and(4.38)-(4.41),
we expressedhe parameters;, mo, 73, a, p1, P2, V1, Y2 iN termsof p. Therefore for
m, T, T3, O, D1, P2, P, 71, Y2 € [0, 1], thatalsosatisfy Condition3 in Theorem4 .4,
(4.19),and (4.38)-(4.41),it follows that (p;,p2) € Q, i.e. the correspondindabeling
of Ay nn by £0) is a standardabeling. Optimizationfor the achievable codingrate

r®) = ~,H(p;) + 7. H(p,) overp € [}, 1] givesthenumericalresultsin Table4.7.

Remark 4.18. Conditionga)-(d) with theadditionalrequiementhatp; = p, yieldthe

trivial solutionp = p; = p, = 0. Thus,to obtaina nontrivial solution,it wasnecessary
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to usetwo sequencest) ands® with parametesp;, # p,.

Theorem 4.19. Thethree-dimensionabit stufing encoder€®) achievesa codingrate

of
r®) = 0.50200500727

which is within 4% of the capacity

Proof. Substitutinghe numericalvaluesgivenin Table4.7into theformulay, H(p;) +
v2H (p;) determinedn Theorem4.7 givesr® = 0.50200500727. Usingthe boundsin
(4.1)weget

o, —r® ~,_ 0502005

Theo T g DOV 03923 < 4%.
c® =7 052250174 < 4%
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Appendix

4.8 Equations correspondingto the three-dimensional
bit stuffing algorithm usedto obtain Table 4.7

In this appendixwe list the equationsisedto obtainTable4.7. The equationsaregiven
in their initial form without ary cancellationof variables. Recallthat. A = [0, 0, 0],
B =10,1,0],C = [1,0,0], D = [1,1,0], £ = [0,0,1], F = [0,1,1], G = [1,0,1],
‘H = [1,1,1] asshownn in Figure4.10.

Correspondingo eachvalid labelingof A,C, £, G andB, D, F, H thereare16
equationsmplied by Condition(a). TheseequationsgeneratedbyP(F(A,C, £,G)=

F(B,D,F,H) = (v1, v, v3,v4)) aregivenbelow for (vy, vy, vz, v4) =

0000: o= 1+ a(m(2—mp)—2
+a(l + m3(m — (1 —p) — 2) + 72(1 — mp)(1 — mp1)))
0001: o?m(1—m)=ca’mns(l—mp)p:
0010: a?(1 —m)m = ammp(l — a(l —w3(1 — mps)))
0011: o?(1—m)? = a?rinipp,
0100: am(l—a)(l—m) =a(l —m3)(1 —a(l —m3(1 —mp)(l—mp1)))
0101: amm(l—a)=a’mm(1 —m3)(1 —mp)ps
0110: a(l—a)(1—m)(1 —m) =a?mmn3(1l — m3)p(1l — m1p2)
0111: am(l—a)(l—m) = a’r?r3(1 — 73)pps
1000: am(l—a)(l—m)=a(l—m3)(1—mp)(l—a(l —ms3+ mm3p2))
1001: a(l—a)(1—m)(l—m) =a’mms(1l — m3)(1 — m1p)ps
1010: amm(l —a)=am(l— m3)p(l — a(l — 73 + mw3ps))
1011: am(l—a)(l —m) = a’n?r3(1 — m3)pp2
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1100: (1—a)%(1—m)? = a?(1 —m3)2(1 — mp)(1 — mp2)

1101: m(1— a)*)(1 —m) =a?m(1 —7m3)%(1 — mp)pe
1110: m(1—a)*(1 —m) =a’m (1 —m3)%p(1 — mips)
1111: 72(1 — a)? = a272(1 — 73)%pp2

Correspondindo eachvalid labelingof B, D, A,C and F,H, &, G thereare9

equationsmplied by Condition(b). Theseequationsgeneratedby P (ﬁ‘(B, D,AC) =

F(F,H,E,G) = (v1,v2,v3,v4)) aregivenbelow for (vy, vs, v3, v4) =

0000

0001:
0010:

0011:
0100:
0110:
1000:
1001:
1100:

D a?my = (1-m)? —a(l—m)(2—m —2m — (1 —p))

+a?((1 = m2)? = mi (1 = m)(2 — p) + 71 (1 — p)(ma(p2 — 1) + (1 = p2)))
ams(1—a) = (12 + a1 — 1 — m))(1 = @)(1 = m3) + a1 (1 — p))
ams(l—a) =m — 72 + a1l — m — ma)(1 — 2m2) —a2(1 — my — 2y + 72
+2mymg — mym3(1 — p1) + w2m3(1 — py) — (1 — mp) (1 — 73)(1 — p2))
(1-a)? = (m + a1l — m — m))?

a’my(1 — m3) = a’17(1 — p)(p2 — m3(p2 — p1))

a(l = a)(1 —m) = &®mi (1 — m1)(p2 — m3(p2 — p1))

a?m3(1 —m3) = amp((1 — a)(1 —m) + am (1 — ps))

a(l —a)(1 —m3) = am(m2 + a(l — 7 — m2))p

012(1 - 7T3)2 = azﬂfppz

Correspondingdo the valid labelingsof A, B, £, F andC,D, G, H thereare8

equationsmplied by Condition(c). Someequationsaretautologies theseareomitted.

Theseequationsgeneratety P (F (A, B,&, F) = F(C,D, G, H) = (v1, vs,v3,v4)) are

givenbelow for (vq, va,vs,v4) =

0000: 0471'171'3(1 —p) = CY7I'17T3(1 — a(p2 — 71'3(]. — Wlp)(pz _pl)))
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0001: ammp = a®mm3(ps — m3(1 — mp)(ps — p1))

0010:

0100: am(l—ms)(1—p) =am(l—ms)(1—alps—m3(1 — T1p)(p2 — p1)))
0101: am(l—ms)p=a?m (1 —ms)(ps — m3(1 — mp)(p2 — p1))

0110:

1000:

1010:

Theequationgorrespondingo Condition(d) areof theform

P(ﬁ(B,D,f,Hagag)=(vl,vz,v3,ﬂ4,vs,vﬁ)) _P(F(B,D,}—,H):(Ub02,113,1)4))
P(F(f,?‘[,5,g)=(’03,'v4"1)5,'1)6)) P(ﬁ’(f,H)z(vg,v4))

where(vs, v4, vs, v6) is avalid labelingof the points(F, H, £, G). Someequationsare
tautologies theseareomitted. Thelist of equationds givenbelow for (vy, vs, v, v4,

Us, UG) =

000000: ((1—a)(l—m)(l—m —a(l —m —mmrs(2—Dp)))
+a?mimi (1 —p)(1 - p1))
(1 —m)? —a(l —m)(2 —m — 2my — m (1 — p)) + &2((1 — my)?

—m1(1 = m3)(2 — p) + 731 — p)(ms(p2 — p1) + (1 — p2))))
_ 1ta(mrs(2—m1p)—2+a(l+ms(m1p—2)+72(1—7m1p)(1—71p1)))
- 14+ami (—p+a(l—mip) (73 (p2—p1)—p2))
. ((a—1)7r2—a(1—7r1)7r3)(—(a—1)(1—7r2)+a7r171'3(1—p))
000001: (@(m1 +ma—1)—m2)(—(a—1)(1—m2)+am (1—p))
_ l4a(n3(2-mp—2)+a(l+ms(mip—2)+73(1-m1p)(1-71p1)))
= 1+ami(a(l—m1p)(ms(p2—p1)—p2)—p)




000010:

000011:
000100:
000110:
001000:
001001:
001100:
010000:

010001:
010010:

010011:
010100:
010110:
011000:
011001:
011100:

104

((a — Dmy(a(l + 73 — 2mym3) — 1) — ((a — 1)272)+
a(l —m)ms(l + a(mms(1 —p1) — 1))
(mg — 72 + a(m +mo — 1)(2me — 1) + ®(my + 279 — 2my 79 — 72

+mms(l = p1) — wimy(1— p1) +m (1 — po)(1 —m)(1 —73) — 1))

_ I4a(m3(2-mp)t+e(l+ms(rip—2)+n3(1-mp)(l-71p1))—2)

- 14+ami (a(l—m1p)(m3(p2—p1)—p2)—D)
(r2(a—1)—amz(1—m1))? _ l+a(ms(2—mip)+a(l+ms(mip—2)+ni(1—mip)(l—m1p1))—2)

(re—a(mi+m2—1))2 1+ami(a(l—m1p) (73 (p2—p1)—p2)—p)
—a?nin(1—p)p: _ —a?my73(1—mip)p1
a?n?(1—p)(ra(p2—p1)—p2) ~ o?mi(1—m1p)(w3(p2—p1)—p2)
—a2(1—71'1)71'171'§p1 _ —062771773(1_77117)171

a?(1—my)mi(m3(p2—p1)—p2)

— a?mi(l-mip)(ms(p2—p1)—p2)
ammsp((a—1)(1-m2)—amims(1-p2)) _ ammsp(l+a(ns(l-mip2)—1))
armip((a—1)(1—m2)—am1(1—p2)) amip(l—anipz)

(
(

a—1)ra—a(l—m1)mws)p
a(mi+ma—1)—m2)p

amimsp(l+a(ms(l1—mip2)—1))
amip(l—amips)

amims(
amy

(ami(1 —m3)((a — 1)(1 — m2) — amms(1 — p)(1 — p1)))
(1 —m2)? + a(l — m2)(2me + 71 (2 — p) — 2) + 2((1 — mp)?

—mi(1— m)(2 —p) + 721 — p)(ms(p2 — p1) + (1 —p2)))
— —o(l=ms)(1+o(ms(1—mip)(1—mip1)—1))
1+ami(a(l—m1p)(mws(p2—p1)—p2)—p)
a(l—m1)(1-m3)((e—1)(1—m2)—amiw3(1—p)) —a(l—ms)(1+a(mrs(1—m1p)(1—m1p1)—1))
(a(mitme—1)—m2)((a—1)(1-m2)—ami(1-p)) 1+ams (a(1-m1p)(7s(p2—p1)—p2)—p)
(—am (1 —m3)((a— D)my — a(l — m)m3(1 — p1)))

(mg — w2 + a(my + 7y — 1)(2mg — 1) + ?(my + 29 — 2my 7y — 72

+mms(1—py) — w2ms(1— py) + (1 — m)my (1 — 73) (1 — py) — 1))
_ —a(l-m3)(1ta(mrs(l—mip)(1—m1p1)—1))
—  l4am(a(l-m1p)(rs(p2—p1)—p2)—D)
a(l—m)(1—m3)((a—L)me—a(l—m1)m3) _ —a(l—m3)(1+o(mz(l—mip)(1—m1p1)—1))
(re—a(mi+m2—1))2 — l4+am(a(l—mip)(73(p2—p1)—p2)—p)
o?nf(1—ms)ms(1—p)p1 a®mi (1—m3)m3(1—m1p)p1
a?ri(1-p)(wa(pa—p1)—p2) ~ a’mi(l—mip)(m3(p2—p1)—p2)
o?(1—my)mi (1—m3)msp1 o?m1(1—ms)ms(1—m1p)p1
a?(l1—m1)mi(ms(p2—p1)—p2) ~ o?mi(l—mip)(ws(p2—p1)—p2)
a?n?(1—m3)msp(l—p2) —a?m;(1—m3)m3p(1—m1p2)
amip((a—1)(1—m2)—anri(1—p2)) amip(l—am1ps)
a?(1—m)mi(l—7s)msp _ —a?mi(l—ms)wsp(l—m1p2)
armi(a(ri+me—1)—m2)p — armip(l—amip2)




100000:

100001:
100010:

100011:
100100:
100110:
101000:
101001:
101100:
110000:

110001:
110010:

110011:
110100:

105

(ami (1 —m3)(1 —p)((@—1)(1 — m2) — amms(1 — p2)))
(1 —m9)2 + a1l — m)(2my + 71 (2 — p) — 2) + &?((1 — m)?

—m1(1 = m2)(2 = p) + 73(1 — p)(m3(p2 — p1) + (1 — p)))) "

_ —o(l—mg)(1—mp)(1+a(rs(1—mips)—1))
1+ari(a(l—m1p)(73(p2—p1)—p2)—p)
arni(l—m3)((a—1)m2—a(l—n1)ms)(1—p) _ —a(l—m3)(1—mip)(1+a(rs(1—m1p2)—1))
(a(m1t+m2—1)—m2)((@—1)(1-72)—ami(1-p)) 1+ami(a(l—m1p)(m3(p2—p1)—p2)—p)

(—a(l =m)(1 —m3)((@—1)(1 = m) — amms(l — p2)))
(mg — w2 + a(my + 7y — 1)(2me — 1) + ?(my + 2w — 2my 7y — 73

+mms(1 —p1) — wim3(1 — py) + (1 — mp)m (1 — m3)(1 — p2) — 1))

_ —o(l-ms3)(1-mp)(l1+a(rs(1—mips)—1))

—  ltam(a(l-mip)(w3(p2—p1)—p2)—p)

1-m3)((a—1)m2—o(l—mi)ms) _ —a(l—ms)(l1—mip)(1+o(rs(1—m1pa)—1))

(re—a(m1+m2—1))2 14ami(a(l—m1p)(73(p2—p1)—p2)—p)

(1-p)(A-ms)p2 __ _ oPmims(l—w3)(1—m1p)p>

~ a?my(1-mip)(m3(p2—p1)—p2)

a?mimg(1—mn3)(l—mip)p2

a?mi(1-mip)(ms(p2—p1)—p2)

—am (1-m3)p(l+a(ms(1-—m1p2)—1))
amip(l—amip2)

—ami(1—m3)p(l+a(mz(1—m1p2)—1))
amip(l—amips2)

-1

a(l=m1)(

o?ring
a 71'1(1 —p)(73(p2—p1)—p2)
a?mi(1—m1)(1—73)m3pa
27y (1—m1)(m3(p2—p1)—p2)
—am (1-m3)p((a—1)(1—ma)—amims(1—p2)) _
amip((e@—1)(1-m2)—amri(1-p2))
—ari(l—73)((a—1)me—ams(l—m1))p __
ari(a(ri+me—1)—m2)p -

(*mf(1 = p)(1 —p2)(1 = 73)?)
((1—71'2)2+Ol(1—71'2)(271'2+71'1 2 — p)

(
—m (1 —m)(2 — p) + 71(1 — p)(ms(p2 — p1) + (1 — p2)))
a?(1—m3)?(1—mp)(1—m1p2)
~ l4ami(a(l—m1p)(rs(p2—p1)—p2)—p)

a271'1(1—7r1)(1—7r3)2(1—p)
(a(m1tme—1)—m2)((a—1)(1-m2)—ami(1-p)) ~

(a?m (1 —mp)(1 —m3)*(1 — p2))
(mg — 72 + a(my +mo — 1)(2me — 1) + @?(my + 279 — 2my 79 — 72

+mmy(l —p1) — mims(1 — p1) + (1 — m)m (1 — m3)(1 — p2) — 1))
_ o?(1—m3)?(1—m1p)(1—mip2)
~ 14ami(a(l—m1p)(rs(p2—p1)—p2)—D)
a?(1-m)2(1—m3)2 _ a?(1—m3)2(1—m1p)(l—71p2)
(r2—a(mit+m2—1))2 = 1l+ami(a(l-mip)(3(p2—p1)—p2)—p)
—a?n}(1—m3)*(1—p)p2 —a?m(1—m3)?(1—m1p)pa
a?m}(1—p)(w3(p2—p1)—p2) ~ a2mi(l-m1p)(ms(p2—p1)—p2)

2) + a?((1 — m)?

a?(1—m3)2(1—mp)(1—m1p2)
1+am (a(l—m1p)(m3(p2—p1)—p2)—D)

-1
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. —a’m(1-m1)(1—73)2p _ —a?mi(1-m3)?(1—mip)p
110110: a27r1(1—17r1)(7T13(p2—;1)—12>2) - a27r1(1—17711?)(373(112—1)11)—12?2)

) —a?n?(1-m3)’p(1—p2) _ o?mi(1—ms)?p(1—m1p2)
111000 e i m)—an(-m) =  amp(i-amp)

. —alri(1-m)(1-m3)%p _ a?mi(1—73)%p(1—71p2)
1 1 1 O O 1 Toam (OL1(7T1—|—7:2—1)—31'2)1) - :17r1p(f—a7r1p2)1 :

111100:
Substitutingrom Theoremd.4 andfrom (4.19)the quantities

2 _ 2p _ 2(1-p)

- 1+p+4/(1+3p)(1-p)’ 2= 1+p++4/(1+3p)(1-p)’ s 1—p+4/(1+3p)(1-p)’

—1 1-p
4T3 (1 * (1+3p)(1—p)> '

The above equationscorrespondindo Conditions(a)-(d) reduceto at mosttwo inde-

pendenequationsA setof independengquationsve usedto expressp; andps is

2—-(1-p?(1+p)+ @2+ (1 —p)(1+p))/(1+3p)(1—p)

= 1 (4.38)
1+p++/(1+3p)(1-p)
1-p—20-p?+21-p)1-p) + /(1 +3p)(L—p) _ 1. (4.39)
1-p++/(1+3p)(1-p)
The parameters; and~y, aregivenin termsof theotherparameteras
v = o?mms(l —mp) (4.40)

Yo = 0427T1(1 — m3(1 — mp)). (4.41)
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Chapter 5

Asymptotic Capacity of
Two-DimensionalChannelswith
Checkerboard Constraints

Abstract

A checlerboardconstraintis a boundedneasurableetS C R?, contain-
ing theorigin. A binarylabelingof the Z? lattice satisfieghe checlerboard
constraintS if whenevert € Z? is labeled1, all of the other Z*-lattice
pointsin thetranslatet + S arelabeled0. Two-dimensionathannelghat
only allow labelingsof Z? satisfyingcheclerboardconstraintsare studied.
Let A(S) bethe areaof S, andlet A(S) — oo meanthat S retainsits
shapebut is inflatedin sizein theform a.S asa — oc. It is shavn thatfor
ary opencheclerboardconstraintS, thereexist positive reals K; and K,
suchthatas A (S) — oo, thechannekapacityCs decaygo zeroatleastas
fastas(K; log, A (S))/A (S) andatmostasfastas(Kslog, A (S))/A(S).
It is alsoshawvn thatif S is an openconvex andsymmetriccheclerboard
constraint,thenas A (S) — oo, the capacitydecaysexactly at the rate
46(S)(logy A (S))/A(S), whereé(S) is the packingdensityof the setS.
An implicationis thatthe capacityof suchcheclerboardconstraineahan-

nelsis asymptoticallydeterminedonly by the areasof the constraintand
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thesmalleshexagonthatcanbe circumscribedboutthe constraintin par
ticular, this establisheshat channelswith square diamond,or hexagonal
checlerboardconstraintsall asymptoticallyhave the samecapacity since

§(S) = 1 for suchconstraints.

5.1 Intr oduction

One-dimensionathannelssatisfyingrun length constraintsaare importantin magnetic
recordingapplicationsandtwo-dimensionathannelssatisfyingrun length constraints
have beenconsideredn relationto opticalrecordingapplicationgseethereferencem
[14]). One-dimensiondld, k) runlengthconstraintsequirethatin ary binarysequence,
the numberof consecutie Os be at mostk, andbetweenary two 1sin the sequence
be at leastd 0s. Two-dimensionalun length constraintgequirethat one-dimensional
runlengthconstraintde satisfiedboth horizontallyandvertically in atwo-dimensional
rectangulabinaryarray

An importantspecialtwo-dimensionathannelis onesatisfyingthe (d, co) run
lengthconstraint.In two dimensionsthe (1, co) constraintfor example hasbeenstud-
ied in termsof computingthe channelcapacity[4], [7] andfor efficient codingalgo-
rithms[21], [22]. The capacityof the (1, co) constraineahannels not known exactly,
but hasbeenvery accuratelyupperandlower bounded.

If atwo-dimensionald, co) run length constraintis further constrainedalong
onediagonaldirectionto similarly only allow (d, co) constrainedequencege.g.in the
northwest-southeadtrectionasshovn in Figure5.1f), thenthisis equivalentto achan-
nelthatallows binarylabeledpatternsof a hexagonalgrid (asopposedo arectangular
grid) suchthata (d, o) runlengthconstrainimustbe metalongthethreenaturalaxesof

the hexagonalgrid. A complicatechon-rigorou$ derivationof the capacityfor thecase

1Baxter commentson his derivation[2, p. 409]: “It is not mathematicallyrigorous,in that certain
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d = 1 (known asthe "hard hexagonmodel”) wasgivenin [3], from which ananalytic
expressiorfor the capacitywaspresentedhn [15], [19], and[26].

Variousinterpretation®f two-dimensionatun lengthconstrained¢apacitieap-
pearin otherfieldsof study For example thetwo-dimensiona(1, co) capacityis equal
to the growth rate (as N — oo) of the numberof configurationsof mutually non-
attackingprinceson an N x N chessboardwherea “prince” actsas a chesspiece
thatcanmoveto ary squarethatsharesanedgewith its currentlocation. Likewise, the
analyticcapacityin [15], [19], [26] givesthe growth rate of the numberof configura-
tions of mutually non-attackingorinceson a hexagonalchessboardThe growth rates
of the numberof certainconfigurationsof mutually non-attackingchesspieceson an
N x N chessboarthave beenextensvely studied(e.g. for kings, in [18], [30]). The
capacitycalculationsin [4] wereformulatedin termsof countingindependensetsof
verticesin graphs. The capacitiesare alsocloselyrelatedto gases]attices,andlsing
modelentropiesn statisticalmechanic$2].

In additionto run length constraintspthertypesof constraintscan be usedto
modeltwo-dimensionathanneldor certainapplicationd1], [8], [9], [10], [12], [13],
[23], [24], [25], [27], [28]. For example, run length constraintsalong diagonalsin
both directions(northwest-southeasind northeast-southwestian be imposed,in ad-
dition to horizontaland vertical constraints. An exampleof a circularly symmetric
two-dimensionakonstraintoccursby requiringthatary pointin the two-dimensional
Z? latticebelabeled0 if it is within a prescribedlistancefrom alattice pointwith label
1. In otherwords,eachl mustbe surroundedy a certaincircle of 0s.

One could alternatvely requirethat every 1 be surroundedby Os falling in a
givensizedhexagon,squarepr moregenerallyary othershapeof interest.In generala

large classof suchtwo-dimensionatonstraintcanbe characterizethy somebounded

analyticity propertiesof x areassumedandthe resultsof Chapterl3 (which dependon assuminghat
variouslarge-latticelimits canbeinterchangedareused.However, | believe thattheseassumptionsand
thereforeg(14.1.18)-(14.1.2% arein factcorrect!
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measurabléwo-dimensionaket S, andthe requirementhatfor every 1 storedin the
plane,it mustat leastbe surroundedy a setof Osarrangedn the shapeof S. Sucha
codeis saidto satisfythe constraintS. Theseconstraintsaare known ascheclerboard
constraintg29]. Two-dimensional(d, o) constraintsare examplesof checlerboard
constraintsjn which casethe set S is the union of the intervals [—d, d] on both the
horizontalandverticalaxesin theplane(i.e. a“+” shape)Lik ewisethe hexagonal-grid
constrainistudiedin [2] is acheclerboardconstraint.

In this paperwe focus on the asymptoticbehaior of the capacity of two-
dimensionalchannelssatisfyingcheclerboardconstraints. In the specialcaseof the
two-dimensionald, o) runlengthconstrainec¢hannelthe asymptotidbehaior of the
capacityis well understoodIt wasshavn in [16] thatthe capacitydecaygo zeroatthe
exactrate(log, d)/d asd — oo. For agenerakheclerboardconstrainttheasymptotics
analogoudo run length constraintsare whenthe constraintS retainsits shapebut is
inflatedin sizein theform a.S asa — oo.

As a goesto infinity, theamountof informationthatcanbe storedperunit area
shrinksto zero. In otherwordsthe capacitydecaysto zero. We determinethe rate at
whichthecapacitygoesto zero,asafunctionof theareaA(S) of theconstraintfor cer
tain classe®f checlerboardconstraintsif the checlerboardconstraintS is assumedo
beopen,thenwe shav (Theoremb.18)thatas A (S) — oo, thecapacitydecaydo zero
at a rate boundedbetween( K log, A(S))/A(S) and (K, log, A(S))/A(S), for some
positive finite constantd; and K. If thecheclerboardconstraintS is additionallyas-
sumedbo be corvex andsymmetric thenwe shov (Theoremb.16)thatas A (S) — oo,
thecapacitydecaydo zeroattherate46(S)(log, A (S))/A (S), whered(S) is thepack-
ing densityof the setS. Thus, for example,sincethe packingdensity(in the plane)
of squarer hexagonsis 6(S) = 1, thisimplies thatthe capacityof two-dimensional
channelsatisfyingsquareor hexagoncheclerboardconstraintss asymptoticallyequal

to4(log, A (S))/A (S) astheareagronswithoutbound.Similarly, if S isacircularcon-
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straint,thenthe asymptotiaccapacityis %(logz A(S))/A(S) sinces(S) = n/(2v/3).
Sincethe constraintS correspondingo a two-dimensional d, co) run length

constraintis neitheropennor corvex, the resultsin this paperdo not specializeto the

(d, 00) constraintcase,but they do provide an interestingrelatedcheclerboardcon-

straintresult.

5.2 Preliminaries

Let R? denotethe two-dimensionaplane. A two-dimensionalattice is asetT ¢ R?
of theform T = {ku + Mv : k, A € Z} whereu,v € R? areindependentln particular
Z? denotesthe two-dimensionainteger lattice. Givena setS C R?2, ary function
f:SnZ? — {0,1} iscalledalabelingof S. For ary setS C R?, let A (S) bethearea
of S andlet A (S) = |S N Z?| bethenumberof Z?-lattice pointscontainedn S.

A setS c R?issymmetridf r € S & —z € S. Forary S ¢ R?, y € R?, and
acRletS+y={z+y:z€ S}andaS = {azx: z € S}. Also, for setsS, T C R?
letS+T ={rx+y:z €S,y € T} Theclosureof S is denotedoy S.

Forary a € R? andb € R, thesetl = {zr € R?: (a-x) + b = 0} isaline,
whereq - z is thedot productof ¢ andz. A linel is asupportingline to thesetS c R?
if 1N S # 0 andoneof thetwo closedhalfplanesdeterminedy I containss.

LetR,S,T C R?. Foreacht € T, thesetS +t is calledaT-translateof S. The

setT c R?iscalledan

e S-paing of R if theinteriorsof the T-translatesredisjoint andare contained

in R;
e S-coveringof R if theunionof theclosureof theT-translatesontainsk;

e S-tiling of R if it is bothan S-packingandan S-coveringof R.
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A rectangleis ary sethﬁj; ={(z,y) e R? : ks <z < p, A <y < v} for some
K, A\ 1,V € R.

Thefollowing definitionsarefrom[20]. Let S, T ¢ R? anddefine

p+(S,T) = limsup p(S,T,k, A, u, V)
Ky, [, V—>00

p—(S,T) = liminf p(S,T, kK, A, p,v)
Ky, [, V—00

where

34 ((s )N RE’j’;’?_A)>

p(S, Tk, A\, pyv) = 5
(w,v)
A<R(—~,—A>)

The padking densityof S is
6(S) = sup p+(S,T) (5.1)

wherethe supremunis takenover all S-packingsT’ of R?, andthe covering densityof

Sis
6(S) = ir%f p—(S,T) (5.2)

wheretheinfimumis takenoverall S-coveringsT of R2.
Thefollowing lemmastatesthat the densespackingandthe sparsestovering
usingcorvex symmetricsets,areattainedby a lattice packingandlattice covering, re-

spectvely.

Lemma5.1. [20, pp. 12,17]For everycorvex symmetricetS C R? ther existlattices

L, and Ly sudh thaté(S) = p (S, L1) and(S) = p_(S, Ls).

A two-dimensionaktonstained channelis a setof labelingsof R2. Suchla-
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belingsarecalledvalid. A constraintis a descriptionof which labelingsare valid for
a particularconstrainechannel. A chedkerboad constaint is a boundedmeasurable
setS C R? thatcontainsthe origin. The terminology“checkerboardconstraint’was
introducedn [29] to meana“two-dimensionahrrangemendf zeiosthatmustsurround
everyonein atwo-dimensionabinarycode”,which is consistentvith the presendefi-

nition. It wasnotedin [29]:

“For example,in two-dimensionabptical recordingsystemsbits may be
storedon mediain the form of dark or bright patterns. As the storage
“disk” is read,thesepatterngpassthroughvariouslensesandotherimage-
forming devices, thus producingintersymbolinterference(IS1). Checler-

boardconstraintaill reducethis ISI, sonaturallywe wish to analyzesuch

constraints.

GivenasetV Cc R? anda checlerboardconstraintS, alabeling f of V is saidto be
S-validonV if f(y) = 0 wheneer f(z) = 1,forallz € VNZ?andy € (z + S) N
(V \ {z}) N Z2. Thatis, f satisfieghe checlerboardconstraintS onthesetV c R2.
Notethatary S-valid labelingof a subsebf R? canbe extendedio an S-valid labeling
of R? by makingthe labelingequal 0 outsideof the subset. The numberof S-valid
labelingsof asetV C R? is denotedoy Ns(V'). ThecapacityCs correspondingo the

checlerboardconstraintsS is

log, Ng (RETZL/\))
05 == lim

KALV—S0 4 (REA—L’:,)—,\)) (5.3)

A proofgivenin [16] shavsthattheabove limit exists.
An exampleof a checlerboardconstraintis a run length constraint. For each

non-ngative integerd, the two-dimensionald, o) run lengthconstrint is definedas



2y )

e) f)

Figure5.1: Variouscheclerboardconstraints:a) diamond;b) hexagon;c) square;d)
circle; e) (d, oo) runlength;ande) (d, o) hexagonal-gridrun length.

thefollowing subsebf R2:

Saeo ={(0,2) : =d <z <d}U{(z,0): —d <z <d} (5.4)

The capacitiesof various channelssatisfyingcorvex checlerboardconstraintswere
studiedin [29]. Theseincludedthediamond hexagonal squareand(d, co) runlength

checlerboardconstraintsandareshowvn in Figure5.1.
Lemmab5.2. LetV C R?, let S bea chederboad constaint, andlet f bea labeling

of V. If fis S-validthenf is —S-valid.

Proof. Supposgf isnot—S-valid. Thenthereexistz,y € V suchthatf(z) = f(y) =1

andy € z + (—S). Thisimpliesthatz € y + S andthereforef is not S-valid. O

Corollary 5.3. LetV c R?, S bea chederboad constrint,and f bealabelingof V.
Thenf is S-valid if andonlyif f is (S U —S)-valid.
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Corollary5.3follows immediatelyfrom Lemmab.2. It follows from Corollary
5.3 that every checlerboardconstraintS is equivalentto the symmetriccheclerboard
constraintS U — S in the sensethat the setsof S-valid labelingsand (S U —S)-valid
labelingsof ary setV c R? areidentical. Thatis, ary non-symmetriccheclerboard
constrainis alsoasymmetriccheclerboardconstraint.ThereforeNg(V) = Ngy_s(V)
for ary setV C R2, establishingCorollary5.4 belon. Thusno generalityis lost if we

restrictattentionto symmetriccheclerboardconstraintavhencomputingcapacities.
Corollary 5.4. If S is achedkerboad constaintthenCs = Cg_s.

Lemmab5.5. If Sisaconvex symmetrichedkerboaid constaintwhich is eitheropenor
closedandk is a positiveinteger, then S C 515 +u; +. .. +uy foranyus, ... ,uy €

S.

N

Proof Lety € 1S. Then(k + 1)y € 215 and(k + 1)u; € ELSfori =1,... ,k.
Since S is symmetric,—(k + 1)u; € ’gilS‘. The quantityy — Zle u; IS a corvex
combinatiorof thepoints(k + 1)y, —(k + L)us, . .. , —(k + 1)u and®tL S is aconvex
set. If S is opentheny liesin theinterior of 15 andthusalsoin theinterior of ££15.
Therefore by corvexity, y — Zle u; € %S (see[17, p. 111, Theorem5]). If S is
closedtheny — Y8 | u; € 5415 = 515 In bothcasesy = (y— Y b, u;)+ 3 4, u; €

k41 k
TS i O

Lemmab5.6. LetS beacorvex symmetrichederboad constaint which is eitheropen
or closed.For any S-valid labeling f of R?, anyset@ C 1S, andeveryw € R?, the

setQ + w cannotcontainmore thanoneZ2-lattice pointwith label 1.

Proof. Supposéo thecontrarythatthereexist Z2-latticepointsz,y € Q+w C %S—i—w
suchthat f(z) = f(y) = 1. Thenz — w,y —w € 1S. Takingk = 1 in Lemma
5.5impliesthatz — w € S + y — w, andthereforer € S + y, which contradictshe

assumptiorthat f is S-valid. O
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Remark 5.7. Supposef is a valid labeling In the specialcasewhee the setof Z2-
lattice pointswith label 1 formsa lattice, Lemmab.6 follows from Minkowski's Convex

BodyTheoem[5, pp. 71-72.]2.

Lemma5.8. Let.S beanopencornvex symmetrichederboard constaint, andlet f be

alabelingof R2. Thenf is S-valid if andonlyif thesetf!(1) is a ; S-pading of R?.

Proof. Supposef is not S-valid. Thenthereexist distinctz,y € f~(1) suchthaty €
S+z. SinceS containgheorigin,y € 1S+y. If y € 15+z, then(1S+2)N(35+y) # 0
whichimplies f~!(1) is nota ; S-packing,sincesS is open.Soassumey ¢ 1S + z and
likewisez ¢ 1S +y. Letly = {tz + (1 —t)y : t € [0,1]} denotetheline segment
betweerthepointsz andy.

SinceS is corvex andz liesin theinteriorof .5+, theline segment, intersects
the boundaryof %S + z in exactly onepoint, sayr; (see[l17, p. 112, Theorem9]).
Similarly, letr, bethepointwherel, intersectsheboundaryof §S+y. By thesymmetry
of S, onegetsry = —r; + x + y, andthereforer; — z| = |ry — y|. Sincez,y € S+ z
andS is corvex, we havely, C S + z. Letr3 bethe uniquepoint on the extensionof [,
beyondy, thatintersectghe boundaryof thesetS + z. SinceS is symmetricandsince
the line sggmentconnectinge to r; is containedn S + z, we have |ly| < |z — r3| =
2|z — | = |r1 — x| + |ra — y|. Consequentlyr; is betweerthe pointsr, andy onlj,
andhencaeall pointsof [, betweenr; andr, arecontainedn (35 + )N (35 +y). Thus,
f71(1) isnota £.S-packing.

Now supposehat (1) is nota £ S-packingof R?. Thenthereexist z,y €
f71(1) suchthat (S + ) N (35 +y) # 0. If y € 15 + «, then f is not S-valid, so
assumey ¢ %S-i—a: (andlikewisex ¢ %S—i—y) andletl,, r{, andr, bedefinedasabove.

Since%S + x IS corvex, thereexistsa supportindine [; atthepointr, to theset%S +x

°Theris a typagraphicalerror in thelast line of the statemenof thecorollary in [5]. It shouldread

“whosedifferencetz; — Sz, isin A
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(see[17, p. 143,Corollary 6]). Similarly, by symmetry 1S + y hasa supportingline
l, = =l +x +y atthepointr,. Thelinesl; andl, areparallel.Let P, denoteheclosed
halfplanedefinedby I, thatcontains;S + «, andlet P, denotethe closedhalfplane
definedby [, thatcontains%S +y. Thenl; C P, I, C Py, andl; # l, for otherwise
:S + z and 1S + y would bedisjoint. Sincer, € I, andr, € I, it follows thatr; is
betweerthe pointsr, andy only, andthereforelly| < |ry — z| + |r2 — y| = 2|r; — z|.

Thisimpliesthatl, C S + x, andhencey € S + x. Thusf is not S-valid. O

5.3 Hexagonalcheckerboard constraints

By ahexagonwe meanary corvex 6-sidedpolygon,whereit is possiblethatmorethan
two verticesarecolinear A checlerboarcconstrainis hexagonalif it isanopen,convex,
symmetrichexagon. An openregular hexagonis an exampleof a hexagonalchecler-
boardconstraint. By the definition of a hexagon,the diamondand squareconstraints
shawvn in Figure5.1a,carealsoconsideredhexagonalcheclerboardconstraints.
Notation: Let U bethesetof all checlerboardconstraintandlet f : U — R.. Forary
S € UandL € R, wewrite limy(s)_,o f(S) = L to meanthatlim,_, f(aS) = L.

Thatis, thesetS is inflatedwithoutboundby thefactora but retainsthe sameshape.

Theorem5.9. If H is a hexagonalchederboad constaint with capacityCy andarea

A(H), then

Proof. It followsimmediatelyfrom Lemma5.11andLemma5.12below. O

Theproof of following lemmais aneasyexerciseleft to thereader

Lemmab5.10. If H is a hexagonal chederboad constaint, thenthere is a lattice H-
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tiling of theplane

Lemmab.11. If H is a hexagonalchedkerboad constaint, then

lim sup Cy -
A(H)—o0 log,

Proof. Letg € (0,1), andfor eacha > 0 let H, = aH. By Lemma5.10,thereexistsa

1(1 — B)H,-tiling T of R?. ThesetT depend®n« andg. Sincez(1 — 3)H, C 1H,

and H is open,Lemmab.6impliesthatfor all ¢ € T andfor eachH,-valid labelingof

R?, atmostoneZ?-latticepointin ¢ + 1(1 — 8) H, haslabel1. Thenumberof H,-valid

labelingsof RE‘j’;’LA) is upperboundedf we independentlyassignan H,-valid labeling
to the Z*-lattice pointsin eachof the closedtranslates + (1 — 3)H, thatintersects
RE’j’:,)_ N (labelingsof boundarypoints of translatesmay be over counted). For each
a>0,let

s A(3(1—B)H, +1)
« T e AQR(-p)H,)

Differenttranslateof 2(1 — 8)H, from thetiling 7' may containdifferentnumbersof
Z2-lattice points,but e, — 0 asa — oco. Fromthe definition of ¢,, we have for all

teT,

A (1(1 _ §)A, +t> < 4 (%(1 ~B) a) (1+e). (5.5)

Definethesets

1 . )

T, = {t eT:0+# (%(1 —B)H, + t) NRM ) # %(1 —B)H, + t}
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anddenotetheir cardinalitiesas

n = [T

Theintegersn andm countthe numberof translate®f 1(1 — 8)H, from thetiling T
thatarecontainedn therectangleor partially intersectherectanglerespectrely.
Sincefor ary distinctt;, t; € T;, thesets}(1 — 8)H, + t; andi(1 — 8)H, +t»

aredisjoint, we getthelowerbound

, 1
A(RED)) > ;A <§ B8)H, + t)
= n-A <%(1 - ﬁ)Ha>
= n-4A (%Ha) (1- B2 (5.6)

SinceH is open,Lemmab.6 impliesthatat mostone Z2-lattice pointin (1 —
B)H, canbelabeledl in an H,-valid labeling.By independentlghoosingat mostone
Z*-lattice pointto belabeledwith a 1 in eachof them + n T-translatesf (1 — 8)H,
that intersectRE‘_"”)_ »)» We obtainanupperboundon the numberof H,-valid labelings

of R namely

IN

N, (RET:,LA))

11 <A (%(1 — B)H, +t> + 1)
teT;UT,
1 ) T,UTs |
< sup (A (—(1 - B)H, + t) + 1>
teT 2

< (4(30-mm)a+a)+ 1)m+n 5.7)
- <A <%Ha> (1—B)(1+ ea) + 1) " s
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where(5.7)followsfrom (5.5);and(5.8)followsfrom A (: H) = A (1H). Using(5.3),
thelowerboundin (5.6),andtheupperboundin (5.8),the capacityof thecheclerboard

constraintH, is upperboundedas

l0g, (A (JHa) (1 - 8)2(1 + &) +1)™""

e S e A () (1 B ©9)
N YA (@-820+e) + 5y
A(3Ha) (1- B)? A(3Hs) (1- By
Ao (1+7) (5.10)
L _lmAGH) (0= 0700+ iy ) 511)

A(3Ha) (1 - B)? A(3Hq) (1 - )2

wheretheexistenceof thelimit in (5.9)followsfrom theexistenceof thelimit in (5.10);
and(5.11)follows from thefactthatm/n — 0 ask, A\, u,v — oo. Sincee, — 0 and

A (3H,) — oo asa — oo, it follows that

lHa 1
limsupCh, - 1He)

——=c < inf = 1.
a—0Q0 10g2 A (%Ha) B ﬁel(ovl) 1 - 52

|

In orderto establisha lower boundon Cy, we designa labelingalgorithmfor
R2. We againconsidettranslate®f inflatedcopiesof %H thattile R?, andassignlabels

to the Z2-lattice pointsin ablock of v x v neighboringscaledcopiesof %H in thetiling.
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Lemmab.12. If H is a hexagonalchedkerboad constaint, then

lim inf Cjg -
A(H)—o0 log, A

Proof. Foreacha > 0let H, = aH, anddefine

B A(3H, +1)

“ = BTAQH)

By Lemma5.10, onecantile R* with copiesof 1H, on a lattice. Let z,y € R? be
independentectorssuchthatthelatticeT = {iz + jy : 4, j € Z} isa;H,-tiling. The

lattice T depend®n «. For eachpositive oddinteger+y, definethesets

. . -1 .. -1
T, = {Z$+in—%§2a]§77}

1
B, = |J <z + §Ha)
z€Ty
anddefines = 1/(27).
Notethateachtranslate%Ha + z (wherez € T,) canbewrittenin theform
2v—2
1 1 1
sHo+2=cHa+iz+jy =S Ha+t > g,
=1
Where—’yT_1 <1,7 < %, Uty -en , U = %, U241y - - - 5 U24i425 = %, andul = 0 for all
I > 2i+2j. Thusy, € {+iz,+1y,0} forl =1,...,2y — 2. Sincetiz and+3y
lie ontheboundaryof 1 H,, we have £z, +1y € 1H, (and0 € 1H,). Thereforeby
Lemmas.5, we have LH, ¢ 221 H, — Y772 v, andthereforel H, + Y202 w; C
2y—1 2 2
2=H, C 2H,. ThusB, C 3 H, andhencesB, C ;H,.
Forall z,w € T,, definethehexagonalminicell D, ,, = z + o (w + £+ H,). The

unionUyer, o (w + 1 H,) is equalto 0B, whichis containedn 1 H,. Thus,for each
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z € T,, theminicell D, , lies insidethe hexagonalcell z + {1 H,, andis in the same
relative positionwithin they x v block z + ¢ B, of minicellsin thecell z + {H,, as
is the positionof the cell z + } H,, within they x ~ block of cells B,. The vectorw
determineshe positionwithin z + %Ha thattheminicell lies.

Let f bealabelingof B, definedasfollows. For eachz € T, labelexactly one
Z?-latticepointin theminicell D, , with a1 andlabelall otherZ2-lattice pointsin D, ,
with a0. Foreachw, z € T.,, if w # z, thenlabelall the Z2-lattice pointsin theminicell
D, ,, with a0. Labelall otherZ?-latticepointswith a0, if they arenotin aminicell (i.e.
all Z*-lattice pointsin (z + 3 Hy,) \ Uwer, Dz, for eachz € To)).

Soexactly oneZ?-lattice pointin eachof they? cellsis labeledl andall others
arelabeled0. Eachsuchlabelingis an H,-valid labelingof B,. In addition, f canbe
extendedo B, ., by labelingevery Z*-latticepointin B, ., \ B, with a0. Thenf is an
H,-valid labelingof B, . Figure5.3illustratesanexamplelabeling.

Thetotal numberof suchlabelingsf of B, is alowerboundto thetotal number

of H,-valid labelingsof B, ;,. Thatis,

Ny, (By12)

%
=
=
oS!

\Y
—
=
—
-
—~
S
~
N——
&

2

(mf A z+0w)+2H ))7
> < < >1+EM))7
( ( ) 1+ew>)”2 (5.12)

wherewe usedthatfactthat § H,, HM Foreveryw € (y + 2)T, let f,, beary

2

suchH,-valid labelingof B, N Z? andassumets valueis 0 elsavhereon Z2. Then
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Figure5.3: Four (y + 2) x (y + 2) blocksof translategcells) of £ H, for y = 3. In
eachblock, outermostow on eachof the four sideshaspaddingcellsfilled with only
0s. Eachnon-paddingcell hasay x « block of minicellsin it. Of all the Z2-lattice
pointsin eachminicell, only thedarkenedz?2-lattice pointshave label1 in theillustrated
labeling.Repeatinghis constructiorgivesan H,-valid labelingof Z2.
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anextensionto an H,-valid labeling f of all of Z? canbe definedby

@)= Y fulz= (v +2)w).

we(y+2)T

Although the capacityof a checlerboardconstraintis definedin (5.3) asa limit asa
rectanglegrowsin size,it is straightforvardto showv thatthelimit canalsobetakenover

asetsuchasB, .., asy grows withoutbound.Thus,since
9 1
A(By2) = (7 +2)°A §Ha (5.13)

the capacitycanbelower boundedusing(5.12)and(5.13)as

log, N, (By+2)
Cr 2 T A(B,)
log, (A (%Ha) a?(1+ ew))'72
(v +2)%4 (3Ha)
_ (L)z (long (3Ha) , logy(0*(L +eaa))>
v+ 2 A(iH,) A(3H,) '

For eacha, choosey = |log, . Thenasa — oo, both 35 — 1 andao = a/(2y) =

—log, 02 - —2log, o -
logy A(2Ha) — logy(e?A(LH))
— 0 asa — oo, we get

a/(2log, a) — oo. Thuse,, — 0 asa — oo. Since

2log,(27) < 24-2log, log, @
2log, a+log, A(%H) — 2log, a+log, A(%H)

liminf Cy, -
aoo M log, A
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5.4 Opencornvexsymmetric checkerboard constraints

In this sectionwe generalizelheoremb.9to any opencorvex symmetriccheclerboard
constraint.Thefollowing lemmaguaranteethatamongall minimalareahexagonscon-

taininga givencorvex symmetricset,atleastoneis itself alsocorvex andsymmetric.

Lemma5.13. [6, p. 122] Let S C R? bea corvex symmetricset. Thenthere existsa

hexagoncontaining$ thatis of minimalarea,symmetricand convex.

Thefollowing lemmashows thatthe packingdensityof a convex symmetricset

is achiezedby a symmetriccircumscribedhexagonof minimal area.

Lemma5.14. [20, p. 12] LetS C R? beacorvex symmetricetandlet H bea minimal

areasymmetridhexagonthatcontainsS. Thend(S) = A(S) /A (H).

Lemma5.15. [11, p. 163] Let R bea corvex hexagonand S ¢ R? a corvex set. The
cardinality of any S-pading of R is at mostA (R) /A (H), whee H is a hexagon of

leastpossibleareacontainingsS.

Notethatfor oo > 0, if H, is a minimal areasymmetrichexagonthatcontains
aS, thentheratio A (aS) /A (H,) is a constantjndependendf . Thusif the term
§(S) appearsnsidealimit as A (S) — oo, thenthe §(.S) canbe broughtoutsidethe

limit. Thisfactis usedin theproof of Theorenb.16below.

Theorem5.16. If S is an opencorvex symmetricchedkerboad constaint with area

A (S), capacityCs, andpading densityd(.S), then
= 45(S). (5.14)

Proof. Let H beasymmetric(by Lemma5b.13)hexagoncontainingS, of minimalarea
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1 , A(S) AH)
5(S)  A(S)—oo T log, A(S) A(H:)[r—lmo 7 Jog, A(H) — 4 (5-15)

wherethe secondlimit exists by Theorem5.9 and thereforethe first limit exists by

Lemmab.14.SinceS C H, wehave Cs > Cy andtherefore

b - liminf Cg - A(S)

— > 1.
46(S)  A(S)—oo log, A(S) —

SinceA (15) = 1A (S), in orderto prove thetheoremit suficesto shaw that

L-limsu C -ﬂ<1 (5.16)
5(5) A(S)_)OIO) o ]ngA(%S) - .

N

Lets € (0, 1), andfor eacha > 0, let S, = aS. We prove (5.16)by upperboundinghe
numberof S,-valid labelingsof RE’j’;’LA). Let p bethe maximumnumberof Z2-lattice
pointsthat canbe labeledl on Rgﬁ":,)f A without violating the checlerboardconstraint
Sa. By Lemmab.1, thereexistsa (1 — 3)S,-coveringT of R? thatattainsf(S). Let
T'={teT:(3(1-p8)5S +t)N RE‘j’:,)_,\) # 0} andg = |T'|. ThesetsT andT"
dependon botha andg3, andthe quantitiesp andg arebothfunctionsof «, A, u, v, and

S.. Foreverya > 0, define

€q = Sup

teR? A (%(1 - ﬁ)s’a)

andnotethate, — 0 asa — oco. Also, forall « > 0 andt € T,

A (%(1 —B)Sa + t) < (1+e)A (%

(1- ﬂ)&)

= (1+e)(1-p8)°A (%Sa> . (5.17)
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SinceS isopenand(1 — )5, C 15,, Lemma5.6impliesthateachof theg copiesof
;(1—P)5, intersectingRE’j’:’)fA) cancontainat mostone Z2-lattice point with label 1
in ary S,-valid labelingof R2. Thus,p < g.

Thenumberof S,-valid labelingsof RE‘_":,)_A) canbe upperboundeddy consid-
eringall possiblecollectionsof i of the T"-translateof %(1 — B)S,, fori =0,...,p,
andassuminghateachsuchtranslatehasexactly onepointlabeledl andno othertrans-
late hasary pointslabeledl. This countsevery S,-valid labelingatleastonce. Since

differentcollectionsof i of the T”'-translatesnight yield the samesetof ¢ pointsbeing

labeledl, someS,-valid labelingsmaybecountednorethanoncein thismannerThus,

N, (RET:,)*AJ

IN

ZZHA( )5 +1)

=0 7T’ teT
|7 =i

52() (g (o059

IN

k] I

< 0(3)( ( ) ﬁ)2(1+ea)>i (5.18)
< (a(zs) u-mrasa) (1)
< (A (%Sa) 1+ea)>p24 (5.19)

where(5.18)followsfrom (5.17).

Lemmab.8impliesthatin any S,-valid labeling,the Z2-lattice pointswith label
1in RE‘_";’?_A) area 1S,-packingof R?. By the definition of p, thereexists an S,-
valid labelingof RE‘j’;’L\) with exactly p pointslabeled1. For the 1S,-packingof R?

determinedby the pointslabeledl in this particularlabeling,let p; denotethe number



of translate®f 15, thatlie insidethe boundaryof RE’j’;’)_/\).

lim inf

Ky, [, V—00 A (R(N,

pA (lS

)
)
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Then,
1
— it (2) p . (55%)
K, p,v—00 \ D; A(REJ:L,\))
A(RM) 1
< liminf <(1 ’A’)- A(3%) 5 50
L CIIC N
_ A(3S.) _
— m_d(sa)_d(b“), (5.21)

where (5.20) follows from Lemma5.15 (since the rectangleRE’j’:’)_A) is a convex

hexagon),andthe factthatp/p; — 1 ask, A\, u,v — oo; and (5.21) follows from

Lemma5.14.
LetT" = {t e T':

¢; denotesthe numberof T'-translatesof (1

3(1

—B)S,+tC RE“’;’?_M} andg; =

|T"|. Thequantity

— B)S, thatlie inside the boundaryof

RET:,)—,\)- The (1 — 8)S,-coveringT of R? satisfies

— 8)3.)

lim inf ( (1

»)

Ky A, 4y V—00 A (R(Ha

IN

lim inf
Ky U,V —>00

a0\ A G (1— B)S.)
(%> A( )
ZA ot

teTlI

(5.22)

lim inf
Ky U,V —00

(B,v)
seed) )

teT
R s
6 (%(1 - ﬂ)§a> (5.23)
8(S) (5.24)

where(5.22)follows from thefactthatq/g; — 1 ask, A, u, v — oo; and(5.23)follows
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from (5.2). Combining(5.3),(5.19)(5.21),and(5.24),the capacityis boundedas

Cs < liminf logy ((A (55a) (1 = 8)°(1 +€))"29)

* Ky, Uy V—00 A (REMV,) ))
_ Kl)\imuiggoplo& ( ( )(i - B)?(1+ ea)) n (ZI
BT ()
log, (A (55.) 1= BP(L+ea)) 1
- YCEN Ot aaa-ms)

Thus,

A (35a) log, (1 - 8)*(1 +€a))
li C 22 < §(9) -1 1 2 <
o 1o 2A(% Sa) () v ( * log, A (15,)

1
+6(S) - 1i
(5) B0 P (T Ao, 4 (25.)

= 5(9).

5.5 Arbitrary checkerboard constraints

For a given checlerboardconstraintS, the area A (S) was grown without boundin
Theoremb5.16to obtaincorvergenceratesfor the capacityof channelsconstrainedy
S. As S grows, theareaof S becomespproximatelyequalto the numberof Z?-lattice
pointsin S, in the sensethat their ratio approacheg. A larger classof constrained
channelanay be examinedby relaxingthe requirementhata constrainingsetbe open
andhave nonemptyinterior. However, theareaof sucha setmaybezero,in which case
it is moreusefulto identify the numberof internalZ2-lattice points.

The following corollary restatesTheorem5.16in termsof the numberof Z2-

lattice pointsin a constraintinsteadof the areaof a constraint,since both are equal
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asymptoticallyasthe constrainigrowsin size.

Corollary 5.17. If S is anopencornvex symmetrichedkerboad constaint, then

_\V gy
A(S)—o00 log, A (S) 9(5)

wheee §(S) is the pading densityof S.

Proof It follows immediately from Theorem 5.16 and the fact that

limA(S)_moA(S) /A (S) =1. O

The (d, oo) constraintS, «, definedin (5.4) is a checlerboardconstraintbut it
is neithercorvex nor open,two propertieswhich were usedto obtainCorollary 5.17.
Furthermore§(Ss) = 0. However a similar resultis still true. It is known [16]
thatthe capacity C, o, of the two-dimensionald, co) run lengthconstrainecchannel

asymptoticallydecaydo zeroattherate(log, d)/d. Thatis,

. d
dli)nolo Cao - gy d 1. (5.25)

SinceA (S40) = 4d + 1 for all d, theasymptoticcapacityin (5.25)canbewritten as

lim Cd,oo . A (Sd’oo)

_\"a0) _y
A(Sd,00) 00 log, A (Sd,oo)

which is similar in form to Corollary 5.17, but is for the non-cowex and non-open
constraintSy o.

In fact, a more generalrate of corvergencecan be obtainedfor the capacity
of two-dimensionathannelith checlerboardconstraintsvhoseinterior containghe
origin, but without exactly identifying the corvergenceconstant.Suchconstraintsare

not necessarilycorvex. The capacityis shovn in Theorem5.18 below to still decay

3The morecommonnotationCy, ., is usedhere,insteadof themorecumbersomé€s, __ .
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asymptoticallyattherate(log A (S))/A (S) in thesecasesTheorenb.18makesprecise
apredictiongivenin [29]: “Intuiti vely, we expectthatthe capacityof a givenconstraint

will beinverselyproportionato the numberof zeosin the constraint.

Theorem5.18. If S is a chedkerboad constaint whoseinterior containsthe origin,

then

A A
0 < liminf Cg - (5) <limsupCl - (5) < 0.

1 ) o\
A(S) oo logy A(S) = 4(s)—o0e log, A (S)

Proof. Sincethe origin lies in the interior of S, thereis an openregular hexagon R
containedn S andwhosecenteris the origin. SinceS is boundedt is containedn an
openregularhexagon@ whosecenteris theorigin. R and@ arehexagonakheclerboard
constraintswith packingdensitiesi(R) = 6(Q) = 1. SinceR C S C @, we have
1<A(R)<A(S)<A(Q) <xxandCq < Cg < Cg. Thus,by Theoremb.9,

. A(aQ) o A(aQ)
- : < LS St 28
4 o}l—galo Co log, A (aQ) — 11o{gloro1f Cs log, A (aQ)
2
= A(Q)-liminfCs - oo _ AW -lim inf C - A(as5)

a—0o log,a2  A(S) e-o log, A (aS)

sothat

4A(S) < liminf Cg - A(S)

0< 2
AQ) ~ A(5)=0 ° log, A(S)

Also, by Theorenb.9,

. A(aR) A(aR)
4 = 1 >1
st Cr log, A (aR) 1(11n_)s013p Cs log, A (aR)
a? A(R) A (aS)
= A 1 = -1
(®) 1in_)sogp Cs log,a?2  A(S) linf;.fp Cs log, A (a.S)
sothat
0o > 4A(5) > limsup Cs A(5)
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O

Notethatspecialcase®f Theorenb.18includewhens$ is anopencheclerboard

constrainor whensS is the closureof anopencheclerboardconstraint.

5.6 Capacityrelativeto a scaledlattice

The resultsobtainedin this paperhave indicatedthe asymptoticcapacitiesof certain
two-dimensionatheclerboardconstrainedhannelsThe capacitiesaregivenin terms
of the“area” of theconstraintS. Thequantity A(.S) wasdefinedasthetwo-dimensional
Lebesguameasureof the set'S. The units of capacitywere given as bits per lattice

pointlocationonthe Z2-lattice. It is reasonabléo askwhathappenso theresultsif the

latticeitself is scaled.For example,supposeve askhow mary bits of informationcan

bestoredon alattice 3Z? subjectto a constraintS. Thisis identicalto determininghow

mary bits canbe storedon the usualZ?-latticeusinga constraint(1/3)S.

Let Ag (S) bethenumberof 3Z*-lattice pointsin S. ThentheareaA (S) of an
opensetS is relatedto Ag (S) by theestimated (S) /As (S) &~ 52, wheretheapproxi-
mationbecomegqualityin thelimit asA (S) — oco. Thus,usingCorollary5.17,if the
checlerboardconstraintS is open,convex, andsymmetricthenthe asymptoticnumber

of bits thatcanbe storedperlattice pointon 3Z? is

log A5 (5) _ 10824 (55) 1o, 4(5) — 2108,8
As (S) A (%S) A(S) /6

The capacityperunit areain the planeis thereforeasymptoticallyequalto the capacity

perlattice point multiplied by the numberof lattice pointsperunit areathatis

log, A(S) —2log, 8 1 _ logy A(S) —2log, B

A(S)/6? g2 A(S) '
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Thusfor ary fixed g, in thelimit as A (S) — oo, the capacitystill decaysat
the rate%, eventhoughfor ary fixed 8 < 1, the capacityis largerthanfor g =
1. In summarythe asymptoticresultspresentedreindependenof the scalingof the

underlyinglattice,althoughfor finite constraintareagheremaybea difference.
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Chapter 6

Capacity Boundsfor the Hard-Triangle
Model

Abstract

A binarylabelingof thetrianglesin aregulartiling of the two-dimensional
planesatisfiesthe hard-triangleconstraintif every triangle labeledwith 1
hasits threeneighbordabeledwith 0s. We shaw thatthecapacityassociated
with this constraintlies in the interval [0.628831217,0.634775895]. The
upperboundis obtainedby boundingthe largestmagnitudesigervalueof a
certaintransfermatrix andthe lower boundis establishedy constructing

anencodingalgorithmwhosecodingrateis within 1% of the capacity

6.1 Intr oduction

Variousconstraintsmposednone-dimensionddinarysequenceareimportantn mag-
neticrecordingapplications Lik ewise,two-dimensionatonstraintplay arole in opti-
cal storagedevices. In particular run lengthconstraintsn oneandhigherdimensions
have beena subjectof intenseresearchIn two dimensionssuchconstraintshave pri-
marily beenstudiedfor rectangulaandhexagonalattices.We examinesuchconstraints

for anequilaterakriangularnon-latticetiling of thetwo-dimensionaplane.

138
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A binary sequencesatisfiesa one-dimensionald, k) run length constaint if
thereareat mostk zerosin a row, andbetweenevery two consecutie onesthereare
at leastd zeros. A two-dimensionabinary rectangulamarrayis saidto satisfya two-
dimensional(d, k) run lengthconstaint, if it satisfiesthe one-dimensionald, k) run
lengthconstraintalongthe directionsparallelto the coordinateaxes. Suchan arrayis
called(d, k)-valid. A physicalmediumwith atwo-dimensionatectangulagrid which
acceptnly (d, k)-valid two-dimensionalabelingsof thegrid pointsis calleda (d, k)-
constainedchannel Thenumberof (d, k)-valid two-dimensionabrraysof sizem x n

is denotedby v4 (M, n) andthe correspondinghannelcapacityis definedas

C® — iy 19827ak(min)
dk m,n—00 mn )

It is known for all d andk > d thatthetwo-dimensiona(d, k) capacitiesxist [18].

A coding technique,called bit stufing, was first proposedby Lee [21] for
one-dimensionaf0, k) constraintsthen generalizedoy Benderand Wolf [5] to one-
dimensional(d, k) constraintsand then extendedby Siegel and Wolf [30] to two-
dimensionald, o) constraintsHalevy et. al [14] generalizedit stuffing to hexagonal
two-dimensionalatticesfor certain(d, co) constraints.The two-dimensionabit stuff-
ing algorithmin [30] wasstudiedby Roth, Siegel, andWolf [27] andenhancediaterin
[28]. Encoderdor othertwo-dimensionatun lengthlimited constraintcanbefoundin
[15], andotherexamplesof two-dimensionatonstrainedtodesareweight-constrained
codegq25] andbursterrorcorrectingcodesusinginterleasing scheme$12].

Of particular interest has been the special caseof two-dimensional(d, k)-
constrainecchannelsvhend = 1 andk = oo, which is known asthe “hard-square
model”. By exchangingthe rolesof 0 and1 onecaneasilyverify thatC} = CPL.
Upper and lower boundson the capacityof the two-dimensional(1, oo)-constrained

channelwveregivenby Engel[8] andby CalkinandWilf [6]. Thebestknown boundson
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O, [22] arepresently0.587891161775 < C{) < 0.587891161868. The bit stuffing
encodeffor the (1, oo) constrainhasbeenshowvn [27], [28], [30] to achieve anexpected
codingrateof 0.587277, whichis within 0.1% of the capacityC\"..

Runlengthconstraintoon a hexagonalattice have beenstudiedin [3], [4], [14],
[17],[19], and[34]. In particulay a derivationof the capacityfor thecased = 1 (known
asthe”’hardhexagonmodel”)wasgivenin [4], from whichananalyticexpressiorfor the
capacitywaspresentedh [17], [26], and[34]. The capacitiesarealsocloselyrelatedto
gaseslattices,andlsing modelentropiesn statisticalmechanic$3]. Slightly different
two-dimensionakonstraintswere studiedfor the purposeof determiningthe growth
ratesof the numberof certainchessconfigurationge.g. [20], [38]). In additionto run
length constraintspthertypesof constraintshave beenstudiedaswell [1], [9], [10],
[11], [13], [23], [31], [32], [33], [35], [36], [37].

In thepresenpapemwe consideianon-latticetiling of thetwo-dimensionaplane
by equilaterakrianglesandusethe centerof eachtriangleto storea bit. Analogousto
the squareandhexagonalcaseswe studya “hard triangle” constrainton the triangular
tiling. Everytrianglewith a1 in it musthave all threeof its neighboringtriangleshave
Osin them.We analyzethe capacityby derving anupperboundanalyticallyandobtain
alower boundby exhibiting a bit stufing algorithmfor encodingarbitraryinputbinary
sequencemto thetriangulartiling withoutviolating the constraint.

In Section6.2 we defineterminology In Section6.3 we give an upperbound
on the capacityusing transfermatrices. To establisha lower bound, we first intro-
ducea generahard-triangleconstrainesgncodeiin Section6.4,andthenusea specific
variable-to-ariablelengthencodeito analyzethe codingratein Section6.5. We thus
obtainalowerboundonthecapacity Ourvariable-to-ariablelengthhard-trianglecon-
strainedencodeiis basednideassimilarto thebit stuffing encoder®f [24], [27], [28],
and[30]. Our mainresults,the hard-triangleconstrainectapacityboundsaresumma-

rizedin Corollary6.11.
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6.2 Definitions

Let Z denotetheintegers,Z* the positive integers,andR? thetwo-dimensionaplane.
Forarny S C R? andu € R? letS +u = {s +u : s € S}. A two-dimensionalattice
isaset{iu + jv : i,j € Z} whereu,v € R? arelinearlyindependent.

Foraryi,j € Z, let

4] = i(v3,00+5 (4,3)

gl =[]+ (0.0)
o= {[i,jl:4,j€Z}
T, = T1+(0,1)

T - T1UT2

(seeFigure6.1). The notation(s, j| represents pointin 77 with respecto the basis

{(ﬁ,o),(%,g)}. We saythattwo points(or their correspondingriangles)in 7" areneigh-

o e o0
S

Figure6.1: A tiling 7' = Ty U T, of R? with equilateratrianglesof sidelength+/3.

borsif thedistancebetweerthemis 1. Forary setS C T, theclosue of S is denotedy

S, andit containghe pointsthatareeitherin S or have atleastoneneighboringpointin
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S. NotethatT, =71 (+£,3), [i, j]' € T», thesetT: is alattice,T> andT arenotlattices,
andevery pointin T hasthreenearesheighborsata distancel.

Forary S C T, afunctionf : S — {0,1} is calleda labelingof S. A
labelingf of S satisfieghehard-triangleconstaint if for everyt € S, thethreenearest
neighborsof ¢ arelabeledwith Oswheneer f(t) = 1. In therestof the paperwe will
callalabelingof S valid if it satisfieghehard-triangleconstraintandwill denotetheset
of valid labelingsby L(S). The capacityof the hard-triangleconstrainwill be defined
analogouslyo thehard-squareonstraineatapacity

For ary string s on analphabetA let [(s) denoteits lengthands; € A denote
thesth symbolin thestring. Throughouthe paperN will denotea positive integer, and
randomvariableswill bedenotedwith “hat” notation.

A sequence@y, iy, . .. of randomvariablegakingonvaluesfrom analphabet4

is calledaMarkov chain, if for all »n € Z™ andu,, € A,
P('&n = un‘an—l = Up—1y--- ,’lAI,O = Uo) = P('&n = un‘an—l = un_l).

A Markov chainis homaeneougor timeinvariant) if P(u,, = u|t, 1) = P(t4; = u|to)
foralln € ZT andu € A. For everyug, u; € A, theconditionalprobabilitiesP(4; =
u1|Go = uo) of ahomogeneouMarkov chainarecalledthetransitionprobabilities A
Markov chainis stationaryif P(4, = u) = P(4y = u) foralln € Z* andu € A.
We saythattwo homogeneouMarkov chainsareidenticalif both Markov chainstake
on valuesfrom the sameset.A, and have the sametransitionprobabilitiesand initial
probabilities.

A binarysequencavith independenidenticallydistributed(i.i.d.) symbolsfrom
thealphabet ug, u, } is calleday-sequencéd u, occurswith probabilitys. Similarly, a
ternaryi.i.d. sequencevith symbolalphabet{u, u, us} is calleda (¢, ¢1)-sequencé

ug occurswith probability ¢ andwu; occurswith probability ¢,. Throughouthe paper
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w will denotea 1/2-sequenceDenotethe binaryandternaryentropy functionsas

Hy(z) = —zlogyx — (1 —z)logy(l —x)

Hs(z,y) = —zlogyz—ylogyy— (1—z—y)logy(1—z—y).
For X,Y € Z*, definethearrayAx,y C T as(seeFigure6.3)
Axy ={[1,j]: 0<i< X,0< i <Y}U{[},j]: 0<i< X,-1<j <Y —1}

andlet v(X,Y") denotethe numberof valid labelingsof Ax y. ThecapacityCr corre-
1]
3

(43)

(V3.0
1,0

Y

wfS S

X

Figure6.2: Basisvectorsfor 7.

Figure6.3: Thearray Ax y. Solid circlesrepresenpointslying in thelattice T}, and
hollow circlesrepresenpointslying in thesetTs.

spondingo the hard-triangleconstrainis definedas

: ]0g2 V(Xa Y) : ]0g2 V(Xa Y)
Cr = lim 027\t )
T T xvoeo |Axy XY 500 2(X + 1)(Y + 1)
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wheretheright handsidefollows sincethe cardinalityof Ax y is2(X +1)(Y +1). The
existenceof Cr canbe shovn usinga similar proof asin [18]. LetUxy C Axy be

definedas:
Uxy ={[1,j]: 0<i<X,0<j<Y}U{[1,5] : 1 <i<X,0<j<Y -1}

(seeFigure6.4). Furthermoredefinethefollowing subset®f Ux y:

Y

o o o o o

X

Figure6.4: ThesetUy y is comprisedf (X +1)(Y + 1) pointsof T; (solidcircles)and
XY pointsof T, (hollow circles).

Dy = {l,j]:0<j<Y} (0<1

IN
IN

)

X
X)

IN

D, = {l,j]:0<j<Yy—1} (1<I

Ry = {[i,Y]:0<i<X}

(seeFigure6.5). We call D; andD; asolid diagonalandahollowdiagonal respecttely,
of Ux,y, andwe call D, andR, aboundarydiagonalandaboundaryrow, respectrely,
of Uxy. NotethatD; C Ty, Ry C Ty, andD; C T,. Theelementof D, andR, are
calledthe boundarypointsof Ux y, andthe remainderf the pointsof Ux , arecalled

theinternal pointsof Ux y.
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5 . . . . .
\VAVAV VAVAVA
/NN NN/
IVAVAV VAVAYS

Figure6.5: TheboundarydiagonalD,, boundaryrow Ry, soliddiagonalsD; andhollow
diagonalsD; of Uxy.

6.3 Hard-triangle capacity upper bound

Notethatv(0,Y") is thenumberof one-dimensiondbinary sequencesf length2Y” + 2
satisfyingthe (1, c0) constraint. Let f1, fa,..., fuo,v) denotethe valid labelingsof
A, y. Definethetransfermatrix My to bear(0,Y) x v(0,Y") binarymatrix, suchthat
therows andcolumnsof My areindexedby thevalid labelingsof 4, y, andthe (, j)™

entryof My is 1if andonly if thelabeling

flu) =

fi(u) if ue Agy
f](u — [1, 0]) |f S AO,Y + [1, 0]

isvalidon Agy U (Ao y + [1,0]). Then,
v(X,YV)=1 My '-1=1-My "1

wherel is the all-onescolumnvectorof the appropriatedimensionand prime denotes
transposeThe matrix My meetsthe conditionsof the Perron-Frobeniutheorem2, p.
17], sinceit hasnonn@ative elementsandis irreducible(sincethe all-zeroslabelingof
Ayy canbeplacednext to ary valid labelingof A, y withoutviolatingthehard-triangle

constraint).Thus,thelargestmagnitudesigervalueAy of My is positve,real,andhas
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multiplicity one.lt follows that

lim (v(X,Y)Y¥ = Ay

X0
andtherefore
. 1/(X+1)
= 1m = lim = — 11m .
T xV502(X+ )Y +1) vooo 2(Y +1) 2Y500 Y + 1

Ontheotherhand,ary valid labelingof Ax v 1)-1 definesavalid labelingof Ax y +

i(Y +1)[0,1] whenerer0 < i < k, andthereforev(X,kY) < (v(X,Y))*. Hence for

aryY >0,
. log, v(X, kY) 1 : 1/(X+1)
= <
Cr = X+ DV 1) = oy + 1) A og (& Y)
1
= ———log, Ay. 6.1
2(Y + 1) 08y Ay ( )

Thusthe sequence{ 120(%111‘) } cornvergesto Cr from above. Table6.1 shows the largest

eigervaluesA; for ¢ < 13. UsingA;; in (6.1) givesthebound

Cr < 0.634775895. (6.2)

6.3.1 Remark

Direct computationof eigervaluesusingstandardinear algebraalgorithmsgenerally
requiresthe storageof anentirematrix. Thisrestrictsthe matrix sizesallowable,dueto
memoryconstraintson computers By exploiting the factthatthe matrix My is binary
andthe(i, j)™ valueis easilycomputableywe wereableto obtainthelargesteigevalues
of very large matrices. The eigervalueslisted in Table6.1were computedusing the

power methodtogethemwith thefollowing result.
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Table6.1: Twelve digits of accurag of the largesteigervalue A; of the transfermatrix
M;, andthecapacityupperbound{

2(i+1)

‘°g2Ai} fori < 13.

i A, {g’(ffl‘) } numberof rowsin M;
0 | 2.61803398875 | 0.694242 3

1 |6.37228132327 | 0.667953 8

2 115.2974271890 | 0.655870 21

3 |36.6144845358 | 0.649293 55

4 | 87.5793507833 | 0.645252 144

5 1209.453046768 | 0.642541 377
6 | 500.907291067 | 0.640600 987
7 11197.91174803 | 0.639145 2584
8 | 2864.78199321 | 0.638012 6765
9 | 6851.06632288 | 0.637106 17711
10 | 16384.1807109 | 0.636365 46368
11 | 39182.4221132 | 0.635747 121393
12| 93703.9345069 | 0.635224 317811
13 | 224090.979075 | 0.634776 832040
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Lemma6.1. [16, pg. 493] Let M beann x n matrix with nonngativereal entries.
Thenfor anyn-dimensionapositivevectorz, the magnitudeof thelargesteigenvaluep

of M is boundedas

min — ZM”:E] < p < max — ZMz]x]

1<i<n T; < 1<i<n ;
n n
M;; M;;
min x, < p < max z; .
1<j<n Py Z; 1<j<n P Z;

The corvergencerate of the power methoddependson the relative size of the
largestand secondargesteigervalues,but the secondargesteigervalueis generally
unknovn. Hence,we iteratedthe power methodcomputatioruntil the eigervaluesap-
pearedo stabilizein the 12th significantdecimalplace. Theresultingeigervectoresti-
mateswereusedasthe valuesof z in Lemma6.1to obtainexactupperboundson the

largesteigervaluesthusmaking(6.2) anexactinequalityinsteadof anapproximation.

6.4 Hard-triangle constrainedencoding

To obtainalower boundon the capacityC, we introducethe notionof a hard-triangle
constrainedencoderthat maps«w into a hard-triangleconstrainedabeling of 7', and

calculatethe codingrateof theencoderThe codingrateis a quantitythatmeasureghe

efficiengy of theencoderandis upperboundedy the capacityC'r.

A hard-triangleconstraineegncoderis aninjection

£:{0,1}° — | J L(S

SCcT

andits inverseis calledadecoder Theencode€ mapsaninfinite binaryinputsequence
into alabelingof a subsebf T'. An encoderanddecoderaretogethercalleda coding

algorithm
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Oneway to implementan encodeiis to first parseaninfinite binary sourceand
thenindependentlynaptheresultingfinite lengthbinary stringsinto disjoint regionsof
T, suchthatnotwo suchregionshave neighboringriangles.Thenzeropaddingcanbe
addedbetweerregionsto assurehe hard-triangleconstraintis not violated, provided
eachparsedstring is mappednto a region without locally violating the hard-triangle
constraint.Thisis describedormally below.

Let V be a finite completeprefix codé, andfor eachv € V let S, c T. A

hard-triangleconstrainedvord encoderis aninjection

Ev:V — | L(S) (6.3)

SCT
thatmapseachelementof V' into a labelingof somesubsebf T'. Letz € {0,1}* be
an arbitraryinfinite sequencehatis parsedoy V asz = 212 ... wherez®) ¢ v
for all i. Theelementof {4, € T} : i € Z*} aretranslationvectos if, for all i, the
setsd; + S, aredisjointandno pointsin differentsetsareneighbors A hard-triangle

constraineadompositeencodel€ is definedby:

Ev(ZN(u—6;) foralli=1,2,...,ifucb+S,u
E(2)(u) = | ]
0 if istueb;+S,m\S,0
Thatis, £(z) is alabelingof translate®f thesetsS,q), S,e), . .. composedf thelabel-

ings&y (1), &y (23), . ... Thelabelingof pointsin T outsideof ary translated; + S,
by 0 is calledzeio padding It is possibleto choosegheword encode€y andtranslation

vectorsdy, 0, . .. suchthatthecompositeencodeliis injective (i.e. is anencoder).

ThecodeV is aprefixcodeif no codavordis a prefix of ary othercodavord. Completemeanshat
in thedecodingree,every nodeis eitheraleaf or hastwo children.



150

Definethefollowing quantitiesfor a word encoder:

(&) = Y P(v)

veEV ‘Sv|
_ Sopy @)
ﬁ(gv) = UGZVP( )‘Sv|

Theseupperandlower bound,respecitrely, the averageratio betweerthe input length
andthe numberof pointsin T that are labeled,for a particularprefix codeV. The
probabilityP(v) is takenwith respecto thedistribution of anunbiasedandomsource.

If I(v) is aconstantfor all v € V, thenif |S,| is a constantfy is a fixed-to-
fixedlengthencoderandif |S,| is not a constanthen&y is a fixed-to-variabldength
encoder Similarly, if (v) is not a constantthenif |S,| is a constantfy is avariable-
to-fixedlengthencoderandif |S,| is not a constanthené&y is a variable-to-variable
lengthencoder

If {Vi} is asequencef prefix codeswith increasingcardinality thenthe coding

rate of acompositeencode€ (with respecto V;) is

r(€) = lim 7 (&) = lim r (y,) (6.4)
i—00 i—00
provided that the limits exist andare equal. It is known [29, p. 27] thatthe coding
rateis upperboundedby the capacity (Although Shannors theoremappliesto one-
dimensionalchannelsa replicaof his proof canbe usedto shaov the sameresultfor
thetwo-dimensionahard-triangleconstraineachannel.)Therefore py determiningthe
numericalalueof thelimit r (£), we obtainthelowerboundr (£) < Cr for thecapacity
of the hard-triangleconstraint.
In Section6.4.1we presenanintermediatevariable-to-fixedlengthencodewith
four input sequencesBasedon this encoderin Section6.5we introducea variable-to-

variablelengthencodingalgorithmthatmapsaninfinite binaryinput sequencev into a
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valid labelingof T'. Thevariable-to-ariablelengthencodeparsegsheinputinto strings
w®, w® . andthenbijectively mapseachstringw® into four new stringsthatcan
be moreeasilymappednto a hard-triangleconstrainedabelingof thearray A x () n
by the variable-to-fixed lengthencoder The quantity N is a parametenof the encoder
andthe numberof solid diagonaldn thearraythatw(® is mappednto is X (w®) + 1.
The resultinglabeledarrays A x ), v arevalid, andin additionthey arede-
signedsuchthatary two of themcanbe placednext to eachotherwithoutviolating the
hard-triangleconstraint. Thusa slantedquadranif the two-dimensionaplanecanbe
labeledby thetranslate®f thearraysA x ), v (SeeFigure6.6). Thetiling canbegen-
eralizedto all of T by alternatelyplacingthearraysin thefour quadrantsThedefinition
of theencoderanda rigorousproof thatshawvs thelimit in (6.4) exists for the encoder
arepresentedn Section6.5. Our variable-to-ariablelengthencodercanbe viewed as
“nearly” a fixed-to-fixed lengthencodersincethe lengthsof both the input and output

arelimited to ashortrange.

Y
AX (w),N
Ax (w®),N A X (w®),N
AX (w0),N AX (w®),N AX(wO N
Figure 6.6: The parsednput sequencer = wMw® ... is mappedinto labelingsof

tranS|ate$)f AX(w(l)),N’ Ax(w(z))7N, e e e

We definethe vectorst, = (z) — (?) 1y = (;) andinterpretthemasthe

ty = ,t1: ,t2:

in a triangularlabeling. In the following sectionswe definean encoderthat mapsan

symbols

arbitrary binary input sequenceénto a sequencef 4-tuplesof stringsover {t,, 1, t2},

andthenmapssequencesn {ty, t;, t,} into labelingsof subsetof 7' by mappingthe
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Table6.2: Parametersisedin Sections$.4and6.5.

Parameter Description
N Positive integerarraysidelength. Goesto co.
Vi Probabilitythattheith (i = 1,2, 3, 4) inputstringis usedby £.

Initial labelingof J,.
Numberof translate®f Uy x in Ux .
€ Positvereal. Goesto 0.
0o, b1, P2, 03, U0, Y1 | Symbolprobabilitiesin transformedequences.
oW, oc@ o6 54 | Auxiliary strings.
s 52 5B) 54 | Inputstrings.

10-( 70-(

lowerandupperbitsin t, t1, t2 into thepositiongi, j] and[z, j]', respectiely, for certain
[4, 5]
A list of variablegdefinedn Section®.4and 6.5andtheparameterthey depend

onaregivenin Tables6.2and6.3asareference.

6.4.1 A variable-to-fixed length encoder

We definethefollowing total orderingon the pointsof 7;:

1 < y2 O
[T1, 3] <[22, y2) =

= Y2 andz; > x,
Thatis, [z1, 11] < [z, y2] if thediagonal whosedirectiongoesfrom bottom-leftto top-
right, that[z,, y;] liesonis above andto theleft of the diagonalthat[z,, y,] lies on, or
if they lie onthesamediagonalbbut with [z, y;| abore andto theright of [z, ys]-
Next we definea variable-to-fied length encoderto label Uy x andthenuse

the encoderasa building block in a variable-to-ariablelengthencodetto labellarger
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Table6.3: Variablesntroducedn Sections.4 and6.5andthe parametershey depend
on.

Notation| Parameters Description
E N, A Variable-to-fiedlength
encoderLabelsUy .
£ Ny, ooy A 1,0 . 0@ Fixed-to-\ariablelength
encoderLabelsUx v .
QY | Ny,...,mA70®, .. o, Numberof symbols
s, sW mapsinto Uy from
jthinputstring.
q Ny, ..o,y 1,00 . o@ Numberof symbols€

doesnot mapinto

1st7 translate®f Uy n.
B Ny, s\ 16,00 0 0@ Setof stringsthat&
nearlymapsinto

1str translate®f Uy .
A N, Y1y oe V4, Ty € G0y - - - 5 O3, W0, Y1 Setof typical sequences.
G N, Y1y ee Y, A, T €, Oo, - - -, B3, %0, Y1, | Completeprefix code

oW .. oW of size|AN B].
g N, Y1, oo Y, A\ T, € o, - - -, O3, %0, Y1, | Bijectionfrom G to AN B.
oW .. oW

E N, Y1y oe 3V, A Ty € G0, - - - 5 O3, U0, Y1, | Variable-to-ariablelength
oM .. oW encoderLabelsUx .
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portionsof T'. Thenwetake N — oo. For ary internalpointa = [z, j] € Uy ny N T1,

definethe notation(seeFigure6.7)

a = [i,j]

ap = [i—1,]]

az = [t—1,7+1]
az = [i,7+1]

a = [N,-1]

andnotethata, is theleastupperboundof thepointsin Uy y N7} undertheordering<.

Y
N ERVAVAVAVAVA
as as a= [Z,]]
o o = [l
! v a; = [l - ]-7.7}
a2:[l_1)]+1]
ag = [i,j +1]
) - li-1i+1

Figure6.7: Theinternalpointa € Uy y N T; andtheneighborhood’, a;, as, as.

Let A : Dy U Ry, — {0,1} beaninitial labeling of the boundaryof Uy v.

Thendefine(with respecto \) a hard-triangleconstrainedncode with inputstrings
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s 5@ € {tg,t1,ta}* ands®) | s € {t,,t,}* recursiely by

A= E(sW 5@ 5@ )

Ma) = Ma)ifa€ DyUR,
( s(ﬂll)(a) if a,a’ € Uy n \ (Do U Ryp) and
May) = Maz) = Masg) =0
5,2%22)(11) if a,a’ € Uvn \ (Do U Rp) and
. Xa1) = 1andX(ay) = A(as) =0
() -
A(a)

s&  fa,d €Uny\ (DoURy) and
A(a1) = 0 and(A(az) = 1 or Aaz) = 1)

8244)((,) if a,a’ € Uy,n \ (Do URy) and
Ma1) = 1and(A(as) = 1 or A(az) = 1)

Bila) = 1+|{be UnnNT0)\ (DoUR):

b < a, A(b1) = A(bs) = A(bs) = 0}‘
Bola) = 1+ {be(UN,NmTl)\(DouRO);
b < a,Ab) =1, A(b2) = A(bs) = 0}‘
Bsla) = 1+ {be(UN,NmTl)\(DOURO):

b < a,A(b) =0, (i(bQ) — 1orA(by) = 1)}

Bala) = 1+ {b € (UnnNTi)\ (DoU Ro) -
b= aAb) =1, (:\(b2) — 1ori(bs) = 1)} .
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If ~ = t;, thenthe pointa is labeledwith the lower bit of ¢; anda’ is labeled
Aa)
with the upperbit of ¢;. The numberg(a) is one more thanthe numberof symbols

previously copiedfrom thestrings*) into Uy . Let

Vip = {(sM,@,s® sW) € {to,t1,t2}" x {to, t1,2}" x {to, t1}* x {to,t1}" :

I(s"™) = Bi(ap) — 1, fork =1,2,3,4}

be the setof strings (s, s®, s®), s*)) thattogetherfit perfectlyinto Uy, » underthe

mappingé. ThenVy , is aprefix codeandthe mapping
E:Vyr— L(Uny) (6.5)

is aword encodelasdefinedin (6.3).

To encodeaninput, € first initializes the boundaryelementsof Un,n, andthen
in eachiterationit labelsan internalpoint-pair (a, a’) of Uy n. Thepoints(a,a’) are
labeledbeforethe points (b, ¢') if andonly if a < b. Theinput string usedto labela
particularinternalpoint-pair(a, a’) of Uy n is choserto guaranteghatthe labelingof
Un,n satisfieghe hard-triangleconstraint.

The encodef€ is invertible. The inversemappingscansthe elementsof Unn
in increasingorderwith respecto < to recover the input sequencesA pseudo-code
descriptionof the encodeiis givenin Table6.4. Notethat€ is completelydetermined
by N andtheinitial labeling .

In Section6.5.1we definea fixed-to-\ariablelengthencoderthat labelsthe set
Ux,v, Wherethe parameterX is a function of theinput (s®), s®,s®) s®). The set
Ux,n is decomposethto multiple translatef Uy y andsomeadditionalsolid diago-

nals D, andhollow diagonalsD;,, which allows Ux » to grow large enoughto accom-
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Table 6.4: The variable-to-fixed length hard-triangleconstrainedencoderé. The al-
gorithm mapsthe finite input stringss®, ... | s from Vy , into a hard-trianglecon-
strainedabelingof Uy n.

1. Initialize the elements of Dy U Ry using A.

Letm; =1, my=1,mg=1,my = 1.
2 Leta = mjn{b € Unn NT; : bis unlabeled}.
3 If both ay and a3 are labeled with O
4, If a; is labeled with O
5. Label (a,a’) with st Letmy =my + 1.
6 Else
7 Label (a, a’) with s&). Let my = my + 1.
8. Else
9. If a; is labeled with O
10. Label (a, ') with s&). Let ms = ms + 1.
11. Else
12. Label (a,a’) with s, Letmy = my + 1.
13. Ifall of Uy, y is labeled then stop, else go to 2.

modatecertainlong input strings. Thenin Section6.5.2we usethe fixed-to-\ariable
lengthencodetto definea variable-to-ariablelengthencoder Thevariable-to-ariable
lengthencodemapsbinarysequence® Ux n andis nearlyafixed-to-fixedlengthen-

coder This allows precisemathematicaanalysisof its codingrate.

6.5 Hard-triangle capacity lower bound

Usinga finite completebinary prefix codedefinedin Section6.5.2,a binary sequence
w is parsednto a sequencef variablelengthstringsw™®, w® .. .. Eachstringw® in
the prefix codeis mappednto a hard-triangleconstrainedabelingof the setUy,, i) n-
Then, the points of Ay, ~ \ Uxw®)~ arefilled with Os to ensurethat ary two
arraysAy @),y canbeplacednext to eachother(asin Figure6.6) without violating

the hard-triangleconstraint. Henceforthwe abbreiate X (w®) with X. An analysis
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of the algorithm’s codingrateis givenin Section6.5.3 by taking the input to be the

1/2-sequenceb.

6.5.1 An intermediate fixed-to-variable length encoder

Fori € {0, ..., — 1} definethefollowing translationof Uy v, its boundarydiagonal

Dy, boundaryrow Ry, andanarbitraryu € T':

Ul = Unny+iN+1,0]
DY) = Dy+i[N+1,0
RY) = Ro+i[N+1,0]

u = uw—i[N+1,0]

Let v1, ¥o, 73, 74 be positivereals. Let 7 € Z*, calledthe numberof translates and
Iet 8(1) c {to’tl,t2}LT71N2J, 5(2) c {to,tl,tQ}LT’thJ' 8(3) c {to,t]_}LT’YSNzJ' 5(4) c

{to, tl} |~T74N2J . Let

7—1
J. = J(Dy URY)
=0

be a union of boundarieof thefirst 7 translatef Uy n, andlet A : J. — {0,1} be
aninitial labelingof J,. Foreachi € {0,1,...,7 — 1} let \; : D((,i) U R((,i) — {0,1}
betherestrictionof A to thesetD{") U RY; thatis \;(u) = A(u) for all w € D{ U R,
Leto® e {to,t1, 8}V, 0@ € {to,t1, 8}V, 0@ € {to, .}V, 0@ € {to,t,}™,
which arecalledauxiliary sequences

For eachs, thelabeling \; inducesa prefix codeVy », basedon the labelingof

U](;',)N asin (6.5). Thesequencef prefixcodesVy »,, . . . , Va,r,_, inducesapartitionof
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the concatenationf theinputandauxiliary stringsas

(sWo®, 5@ s®50) 5O
= (0D 0D 03 L00) (D @2 L9 e0)
(200 S-12) L(r-19) L(r-10) (50) £0) ) 59 (;0 5@ 5@ 50)

(6.6)

where (21, 202) 203 2049 € Vy ., 2% is asuffix of s*), andz®) is asuffix of o(*)

fork=1,2,3,4. Let

1

andnotethatUx y canbedecomposeds(seeFigure6.8)

T7—1 T X
i=0 j=1 k=7(N+1)+1
Translatt?s')flUs\v_s\v Overflow diagonals
N+t A o 0/\0/\0/\0/\0
0 o000
o A annng
DAAAT
o\/o\/o\/o oooo\‘Xo”oooooR”X
Uy N Uyy+[N+1,00 2N +1 Uvy +(r—1)N+1,00 TV+1)—1 X

—_—

Ur(vs),v

\_//—\//X/

Uxn

Figure6.8: The setUx, ny andthe zeropaddingAx v \ Ux,n is showvn. ThesetUx y
consistsof 7 translatef Uy x, a hollow diagonalof paddingOs after eachtranslate,
andsome(possible)overflow solid andhollow diagonals.

Thetranslatei]](\}")N arefilled with thesth 4-tuplein theparsing(6.6); thehollow
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diagonalsD; . ;) andthe solid diagonalD(v1) arepaddedwith Os; andsomeaddi-
tional “overflon” solid diagonalsD,, andhollow dlagonaIsDk arefilled with the z;,'s
andpadding0s. The string 2(*) is the suffix of s(*) thatdoesnot getencodednto the
translates/ fj N

Thisis formalizedby defininga fixed-to-\ariablelengthencoder

€ {to, t1, ta} N I{te, 1, 83 72V I ft, 81} 72V Do, 1y} 7o) — | L(S
SCT

for whichwe specifythelabeling€ (s, s@, s® s®) : Ux y — {0, 1} by:

] Au) ifuel
Alw) = 0 fue{lr(N+1),N],...,[X, N]}UDDQ(NH)

g( (3,1) Z(z2) Z(z3) (14))(u(z)l)
£ (261), 262 409 00))(,))

if » is aninternalpoint

of USy U---UUS 3"

if u= [a:,y] S UX,N,

_ 6(u)
Alu') — ze{r(N+1)+1,...,X},
A(u) N —1—yiseven,and
§(u) <1 (5(1)5(2)5(3)5(4))
to if wis ary other

internalpointof Ux n

wheref is the encodedefinedin Section6.4.1with theinitial labeling); if u € U](\}',)N;

thestring 2™ 22 23 (4) js theconcatenationf thesufixesof s(), ... | s(4 thatdid not
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getencodednto thefirst 7 translate®f Uy y; = t; meanghatthe pointsu

andu’ arelabeledwith thelower andupperbits of the symbolt;, respectrely; and

N—-1-
§(u) = (z — (r(N +1) + 1)) [N/2] + % +1.
Thedefault casewhen () =ty (i.e. zeropadding)includestheinternalpoints

which lie on the solid diagonal D (y+1) and hollow diagonal D], that separate
U](VT’;) andthe overflow diagonalsaswell asthoseinternalpointsu = [z,y] € Ux,n
andv’ for whichz € {r(N + 1) +1,...,X} andeitherN — 1 — y is odd or else
6(u) > 1 (2Wz@z3)z4),

Theencodel is completelydetermineddy N, 74, ..., va, A, 7, ande®, ... |
o@ andwill sene asthe secondstageof a variable-to-ariablelength hard-triangle
constraineencodeto bedefinedin Section6.5.2.Notethat (s), s, s s()) canbe
recoveredfrom thelabelingof Ux .

The procesof encodingtheinput (s, s, s s®) is describedn detailbe-

low. The pointsof J,. are assigneda fixed initial labeling A (to be determinedrom

Lemma6.2). Thetranslatesl]](j,)N, fori =0,1,...,7 — 1, arelabeledwith the symbols
of s, ..., s¥ usingthevariable-to-fixedlengthencode for eachtranslatewith the

fixedinitial labelingdefinedby ;. The hollow diagonaIsD;.(NH) forj=1,2,...,7
andthesolid diagonalD, ) arefilled with Os.

Labelingall 7 translatesof Uy x usingthe encodel€, andaddingthe padding
hollow diagonalsaftereachtranslatedefinesalabelingof thesetU, (v 1), . Foreachi, £
is a variable-to-fixedlengthencodersoit is possiblethatto encodehestringss™®, . . . |
s mightrequireeithermoreor lessspacen T thanjustthesetU, (v1),x. Supposall

| 7v1N?| symbolsof thestrings*) have alreadybeenencodedIn this casetheauxiliary
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sequencer() is appendedsa suffix to the string s to be encoded. Similarly, the
auxiliary sequences®, ¢® (4 areaddedassufiixesto thestringss®, s®) s® if
necessaryto completethe labelingof U, (y1),v. Notethat~N? is anupperboundon
thenumberof auxiliary symbolsused.

Ontheotherhand,it is possiblethatsufiixesof theinputstringss(V, s, s or
s donotgetencodednto U, (1), In this caseary remainingsymbolsof s, ... |
s® (in this order)arecopiedinto the overflow diagonalsuntil all symbolsof s, ...
s(4) areencoded.

To ensurethatthe labeling of the overflonv diagonalss valid, the symbolsare
writteninto every secondoosition,andareseparatetby Os (seeFigure6.8). The points
[T(N+1)+1,N]|,...,[X, N](i.e. theremainingelement®f theboundaryrow of Ux )
arealsofilled with Os. Thelastsolid andhollow diagonalsusedto encodehelastinput
symbolsmaycontainunlabeledointswhicharethenlabeledwith 0s. The parameteX
is definedto betheindex of thelastsolid diagonalgeneratedyy theencodingprocedure.

In Section6.5.3wewill choosey, . .. , v4 andr to guarante¢hatthesequences
s o s@Hill up Urv+1),~v @lmostperfectly(for large N andsmalle), andtherefore

thenumberof overflow diagonalsaddedwill besmall.

For given 7, v1,..., 7a, N, input stringss® ..., s® auxiliary sequences
oM, ..., @ andinitial labeling\ of J,, andfor eachi = 0,1,... ,7 — 1, let
Q¥ = numberof symbolsof s*)o*) that€ mapsinto U,(\’},)N

T—1
g (s1, 52, 6@ s®) = |7 N2 =3 Q.
=0

The quantitiesQ{® and g, (sM,53 53 5*) are determinedby the parametersV,
Viyeoo sy A 7, oW oW ands® L s@ L If positive, g, (s, s, 5, s(4) is

the numberof symbolsof s*) thatdo not getmappednto Ur(n+1)-1,~, andotherwise
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ar, (s1), 5@, 53 s®) is minus the numberof symbolsof o) that get mappedinto
Urvt1)-1,v- For thefixedinitial labeling A, fixed auxiliary sequences®, ..., o),

andforany e, yy,... ,74 > 0, let

B = {(3(1)’ 3(2)’8(3)’3(4)) €
{to,tl,t2}LT'v1N2J % {to,tl,tQ}LT72N2J y {to,t1}[T73N2J y {to,tl}LT74N2J :

Qi (5(1), 5@ 3 5(4)) <7Te, 1=1,2,3, 4} . (6.7)

ThesetB representthe4-tuples(s®), s, s®), s®) that“fit well” into U1~ For

eachk thefractionof symbolsof s*) thatarenotmappednto Ur(v+1),n Is smallerthan

about_<. ThesetB is determinedy N, 1, ... , Y4, A, 7, €, oM ..., oM,

6.5.2 A variable-to-variable length encoder

For ary sequence € {to,t1,t,}* andk = 0,1, 2, let |s|, denotethe numberof occur
rencesof ¢, in s. Thefollowing definitionextendsthosein [7, p. 51]. For ary ¢y, ¢1,
ba, B3, Yo, Y1 € [0,1] suchthatl — ¢y — ¢1, 1 — ¢ — @3 € [0, 1], andfor any e > 0, an
e-typical set(with blocklengths 7y, N? | , |72 N?|, |73 N?], | 77aIN?]) is definedas

A= { (s, 52, s® @) e
{tO’tlat2}LmlN2J X {toat1,t2}LT72N2J X {to,tl}LT%NzJ X {to,t1}[774N2J :

2~ LT71N2J(H3(¢0,¢1)+6)<¢L5(1)‘0-¢|15(1)|1-(1 . ¢0 o ¢1)|s(1)|2<27T"{1N2(H3(¢0,¢1)*€)
2— LT72N2J(H3(¢2,¢3)+6)<¢|23(2)‘0.¢!;(2)|1.(1 _ ¢2 _ ¢3)|s(2)‘2 <2—T’Y2N2(H3(¢2,¢3)—6)
9~ [N |Eatwo)te) < sl (1 _ gy ysOln < 9N (Ha(v0)=e)

2- L774N2J(H2(1/11)+6) < ¢|15(4)\0 . (1 _ ¢1)\3(4)\1 < 2*T74N2(H3(¢1)*6)} )



164

Thetermgy'© 6"t (1 — g — ¢1)1*™ > is the probabilityof a (¢o, ¢1)-sequence®
of length| 77, N?| beingequalto s € {t, t1,1,}7¥*]. Similarly, thetermsgl®'°

' ‘35(2)‘1 (1= o — ¢)l 7k, (‘)3(3”0 (1 — 1) * I, ¢‘13(4)|0 (1 — 1)*“ correspond
to the probability of a (¢, ¢3)-sequencea 7y-sequenceanda 7;-sequencef lengths
|72 N2, |73 N?], | 774N?], respectiely. ThesetA is determinedy the parameters
Ny vy oo s Yay Ty G0y - - - 5 03, Y0, Y1

Let G beabinarycompleteprefix codeof cardinality| AN B

, whosecodeavords

areof oneof two possibldengths? Let
g:G—ANB

beary bijection. Both G andg aredeterminedy theparametersv, vy, ..., y4, A, 7, €,
bo, ..., b3, o, U1, oW, ... @,

ThecodeG parsesaninfinite binaryinput sequenceandg mapsa finite parsed
stringto a 4-tupleof e-typical sequence$s™), s, s s(4)) thatis likely to fit into
translate®f Uy .

SinceG is acompleteprefix code,a binarysequencey canuniquelybe parsed
into stringsw®, w® | ... suchthatw® € G for all i. Thevariable-to-variabldength

hard-triangle constainedencodel€ is definedasthe composition
E=E€og.

The encoderé is completelydeterminedoy the parametersV, ~1,..., 71, A, 7, ¢,

¢0) s a¢3a d}Oa /Iljla U(l)a s a0(4)'

Eachstringw® e G of the parsedsequencey is transformednto the typical,

well-fitting strings(s(®), s s(3) 5(@4)) € ANB bythebijectiong, andthen (s,

2Forary i > 2 thereexistsacompleteprefix codewith ; codavords,all of length|log, i | or |log, 7 | +
1.
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s @3 5(04)) is mappedinto a hard-triangleconstrainedabeling of Ux,y using
the encoder€. The variable-to-variablelength hard-triangle constiained algorithm
consistof themapping andits inverse.Themappingf is referredo asthealgorithm’s
encoder andthe inverseis calledthe algorithm’s decoder The decodingpart of the

algorithmconsistsf theinversemappings.

6.5.3 Coding rate analysis

Let 51 be a (¢, ¢1)-sequencand 5?2 a (¢, ¢3)-sequenceon the alphabet{t,, ¢,

ty}. Let 5®) be a y,-sequenceand 5 a v;-sequenceon the alphabet{ty,t,} (see

Figure6.9).
Sequence 50 5@ ) 5@
Symbols 0 0 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 1

to t t2 to ty ty to ty to t

Probabilitie$ ¢, o 1—go—9¢1 | ¢ ¢3 1—a—3 | o 1—=1| 1 1—19

Figure 6.9: The symbolalphabetf the sequences(, 52, 56) 54 andthe corre-
spondingprobabilityof eachsymbol.

Let the variable-to-fixed lengthencoder€ maps®, ..., 34 into alabelingof

Uy, v usingarandominitial labeling) : Dy U Ry — {0,1}. Fork =1,2,3,4 let

Ve = P(theinternalpoint-pair(a,a’) is labeledwith a symbol

from thesequencé® by 5) .

Therandominitial labeling) is calleda standad initialization correspondindo ¢, ¢1,

b2, b3, o, ¢ if for k = 1,2, 3,4 andfor every internalpoint-pair (a, a'), the quantity
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v« is independendf a and N. Thecorrespondindabelingof Uy y is calleda standad

labelingcorrespondingo ¢q, ¢1, d2, @3, Yo, 1. Let

Q= {(gbo, b1, P2, ¢3, o, ¥1) : thereexistsaninitializationof Dy U Ry

suchthatthelabelingof Uy n by € is astandardabeling} :

It is shavnin Section6.5.4that() is nonempty
A fixedinitial labeling of J, andauxiliary sequences®, ... , ¢ usedby £

areimpliedin thefollowing lemma.ThesetB in thelemmais definedin (6.7).

Lemma6.2. Let 50 € {to,t;, £}l be a (¢, é1)-sequence §@ ¢
{to,tl,tz}LmNzJ a (¢q, ¢3)-sequences® ¢ {to,tl}LmNzJ a y-sequence and
3@ ¢ {to,tl}LT“"‘mJ a 1p;-sequencefor some(¢o, ¢1, d2, @3, %o, ¥1) € Q. For
any N € Z* andanye > 0 ther existsty, € Z* sud that for everyr > 7, there
is aninitial labeling\ : J, — {0,1} and auxiliary sequences®, ..., ¢ whose

correspondingset B satisfies
P ((5M,5® 50 ) e B) >1—ce. (6.8)

Proof. Supposehats®, ... 3% areencodednto Ux y by £ whereinitial labelsare
definedby arandomlabeling) : J, —s {0, 1}, whichis a standardnitialization corre-
spondingto ¢y, ¢1, 2, ¢s, Yo, ¥, on eachtranslateof Uy y. Let 5" e {to, t1,2,}™
beanauxiliary (¢o, ¢1)-sequencei® e {tq,t1,t,}™" anauxiliary (¢., ¢3)-sequence,
@) e {to,t,}™" an auxiliary 1-sequenceand 6@ e {t,,t,}™V" an auxiliary
¥i-sequence. We will demonstratehat there is at least one fixed initial labeling
A : J, — {0, 1} andfixedauxiliary sequences), ... , o) suchthat(6.8)holds.

SinceeachU](\}',)N is randomlyinitialized by A, the labeling of eachUJ(\?N is a
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standardabeling,andthusby thedefinitionof v, we have

E [ng)] = 7, N?
foreveryi € {0,1,... ,7—1}andk = 1,2,3,4. Foreveryk € {1,2,3,4} andary two
distincti € {0,...,7 — 1}, therandomvariablesQEk) areindependenandhave finite
variancegindependenotf 7). Thereforethe weaklaw of large numberampliesthatfor

everye > 0andj =1,2, 3,4,

1

%Z ) — ;N

lim P ( < 6) =1 (6.9)

T—00

TherandorrwariablesQEj) in (6.9)arefunctionsof therandominputsequence&™®) . . . |
@), therandomauxiliary sequences®, ... , 64, andthe randominitialization \. It

followsfrom (6.9) that

T—1
1
lim P (‘ } QY —;N?| <, forall j = 1,2,3,4) =1 (6.10)
T—0Q0

=0

Then(6.10)andtheinequalities

< €, forallg_1234)

T7—1
Ty N? — ZQz(j) < e, forallj =1, 2,3,4)

=0

< P ( |7 N?] Z < 7¢, forall j = 1,2,3,4)

=0
= P (g (5,53 58 3W) < r¢, forallj = 1,2,3,4)
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imply that

lim P (g; (89,35@,56) s®) < 7¢, forall j = 1,2,3,4) = 1. (6.11)

T—00

It followsfrom (6.11)thatthereexistsr, suchthatfor all = > 7,
P (g; (5M,5®50) ") < 7¢, forallj = 1,2,3,4) > 1 —e.

Thusfor every  theremustexist at leastoneinitial labeling\ andauxiliary sequences

oM, ..., ¢@ (all five dependingn 7) suchthat
P (g (3(1), 53 3(3),§(4)) < e, forall j = 1,2,3,4‘ )\,0(1),0(2),0(3),0(4)) >1—c¢€
(6.12)

wherethe conditioningin (6.12)is ontheeventthattherandominitial labeling equals
)\, andtherandomauxiliary sequences® ..., 6@ equale™, ..., o™, respectrely.

Equiwalently, thisgives
P ((5M,5® 50 sW) e B) >1—¢

for everyr > 7. O
A numberr, is saidto beanachievablecodingrateof ahard-triangleconstrained

encodek if

o= M8
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Theorem 6.3. Thehard-triangle constainedalgorithmachievesa codingrate of

1

T =3 (11Hs(¢o, 1) + v2Hs (02, ¢3) + v3Hz(vo) + vaH2(11)) - (6.13)

Proof. The (¢, ¢1)-sequencest) ¢ {to,tl,tz}LmNzJ, the (¢, ¢3)-sequence
5@ ¢ {to,tl,t2}L”2N2J, the y,-sequenceé® ¢ {to,tl}lmsNZJ, andthe ¢, -sequence

34 ¢ {to,tl}L”“NzJ areindependentandtherefore
P ((sM,5 56 s"W) € 4) > (1—¢)*
for = > 7, largeenough(see[7, pp. 51-52]). Hence usingLemma6.2,

(1—e) —¢

IN

P ((5M,5®) 54 %) € An B)

IN

Z 9—TN?(v1(Hs(¢o,¢1)—€)+v2(Hs($2,83)—€)+73(H2 (o) —€) +74(Hz2 (1) —e))

(s(1),5(2) 53 s@)cANB
|A N B| ; 2*7N2(’71(H3(¢0:¢1)*€)+72(H3(¢2,¢3)*€)+73(H2(¢o)*e)+74(H2(1/11)76))

whichimplies

|A N B| > ((1 _ 6)4 _ 6) . 9TN?(v1(Hs(¢o,61)—€)+72(Hs($2,¢3) —€) +v3(Hz (o) —€) +74(Hz(91) —€))

(6.14)
Similarly,
1 > P((3",5®50) 59) € An B)
> Z 9—TN?(y1(Hz(¢o,61)+€)+72(Hs($2,¢3)+€) +v3(Hz (o) +€) +7a(Hz (1) +¢))

(sM,5(2) 5(3) s(H)cANB
|A N B| . 9~ TN?(71(Hs(¢o,61)+€)+72(Hs($2,¢3)+€)+73(Hz(Yo)+€)+7a(Hz2 (1) +e))

I
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whichimplies

IANB| < oTN?(71(Hs(ho,61)+€)+72(Hs(¢2.¢3)+€)+73(Ha(o)+e) +ya(Ha(¥1)+e)) (6.15)

Every string z € G haslength |log, |A N B|| or onelonger RecallthatUx y is ex-
tendedto Ax ny by zeropadding,and Ax y occupies2(X + 1)(N + 1) pointsof T.
Thereforeg(6.14),thedefinitionof thesetB, and) _, . P(z) = 1 imply thatthecoding

rateis lowerboundedhs

_ I(z)
() = > Pl); 29X + 1)(N +1)

llogy |41 B
= 2(7(N +1) + 1)(N +1) + 33 (167e + 2N + 1) 4 ZP(z)
. logy(1—¢)* — ) —1

2(1(N +1) + 1)(N +1) + 33+ (167¢ + 2N + 1)
[771N?] - (Hs(¢o, 1) — €) + [772N?] - (H3(¢2, 63) — €)

2(r(N +1) +1)(N + 1) + 3+ (167 + 2N + 1)

LT3N - (Ha(¢0) — €) + [77a V2] - (Hs(dh1) — €)).

2r(N+1)+ 1)(N +1) + 22167 + 2N 4+ 1)

(6.16)

Theterm167e + 2N + 1 in thedenominators anupperboundon the numberof points
occupiedoy theinputsymbolsandzeropaddingin theoverflow diagonalf Ux », and

thefactor%%ﬁ accountdor the padding0sin Ax y \ Ux, n in the overflow diagonals.

Using(6.15)andthefactthatX > 7(N + 1) for ary inputstringz € G, thecodingrate
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is upperboundedas

_ U(z)
"€ = Flsxanman

[log, | AN B]
2(r(N+1) +1)(N +1)

Ty N?(Hs(po, $1) + €) + my2N?(Hs (¢, ¢3) + €)
2(1(N +1)+1)(N +1)
+T”Y3N2(H2(¢o) +€) + Ty N?(Hy(2h1) +€) + 1

2(1(N+1)+1)(N+1) '

IN

IN

(6.17)

Taking limits firstasN — oo andthene — 0, the theoremfollows from (6.16) and

(6.17). 0

For the parametersV, ¢q, ¢1, @2, ¢3, Yo, W1, € the valueof 7 is inducedby
Lemma6.2andTheorent.3. For afixedvalueof 7, theexistenceof theinitial labeling
andtheauxiliarysequencesV, . .. | o™ usedby theencodek is givenin Lemmas.2.

Theparametersy, ... ,y4 arecalculatedn (6.29)-(6.32).

6.5.4 Coding rate maximization

In this sectionwe considerthelabelingof thesetUy, x by &, wheretheinputsequences
s .., 5™ aretherandomsequencemtroducedn Section6.5.3,andwherewe con-
structa specificrandominitial labeling : Dy U Ry — {0, 1} to be definedin what
follows. Therandomlabelsof the points[i, 5], [i, j]' € Un v aredenotedoy F'(i, j) and
F(i, ), respectiely. We will alsouseF'(a) andF'(a)’ to denotethe randomlabelsof
the pointsa = [4, j] anda’ = |1, j]'.

The elementsof D, are assignedlabels from the stationary homogeneous
Markov chainz®) andtheelementof R, areassignedabelsfrom thestationaryhomo-
geneouMarkov chaini® (seeFigures6.10aand6.10b).

Thetransitionprobabilitiesr, , w5, 73, m4 areconstrainedguchthatthestationary
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N 1-m, G 1-my
1-1t 1-1t
\—/_/_/
L) Ty
(@):aM (b): 4@

Figure6.10: ThehomogeneouMlarkov chainsi ™) andj(?),

distributionsof the Markov chainsi(!) and 1 arethe same;thusthe labelingof D,
determineshelabel F(0, N), whichis usedto initiate the labelingof R,. Furthermore,
in this sectionwe shaw thatthe parametersy, ¢1, @2, @3, Yo, V1, 71, T2, T3, T4 CANbE
chosersuchthattheresultinglabelingof Uy, x is astandardabeling,i.e. eachy, takes
on a constantvalue for every internal point-pair ([z, 5], [¢, 7]'). Specifically we prove
thatConditions(i), (ii), and(iii) below imply that+, is constanfor everyinternalpoint
of Uy n, andin Appendix6.7 we show that the parametergan be chosento satisfy

Conditions(i)-(iii).

Condition (i): The probability distribution of the randomvariables (F(O, N -1),
F(,N - 1)) is identicalto the probability distribution of the randomvariables
(ﬁ(o, N), (1, N)).

Condition (ii): The probability distribution of the random variables (F(l,N),
F(1,N — 1)) is identicalto the probability distribution of the randomvariables
(ﬁ‘(o, N), F(0,N — 1)).

Condition (iii): Therandomvariablesf'(0, N — 1) and F(1, N) areconditionallyin-

dependengiven F'(1, N — 1).

The points[1, N — 1], [0, N — 1], [0, N], [1, N] appearingn Conditions(i)-(iii) are
illustratedin Figure6.11.
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y
Nt as la3 a=[1,N—1]
a a =[L,N-1]
NN ar = [0,N — 1]
a3 =[1, N]|
V VYV V

Figure6.11: The pointsappearingn Conditions(i)-(iii).

Lemma6.4. Letb € D; \ R,. If Condition(i) holds,thenthe probability distribution of
therandormariables(ﬁ(b), EW), F(by), E(by), F(b3)) isidenticalto the probability
distribution of (F(1, N-1), F(Q1,N - 1Y, F(0,N — 1), £(0, N), B(1, N)).

Proof. Thelemmais trivially truefor b = [1, N — 1]. Supposéhe lemmais true for
b =[1,k+ 1] (where0 < k < N — 1). We shaw thatit holdsfor b = [1,k]. Let

V1,V2,...,VUs5 € {0, 1} Then

F(bz) = V4, F(bg) = ’1)5) . (618)

In whatfollows we rewrite eachof the factorsof (6.18). First, by the definition of the

encodei,

P (ﬁ(b) = ’Ul,ﬁ(bl) = Uz'p(bl) = Vs, F(bz) = ’U4,F(b3) = ’1)5)
- P (F(1,N —1) = v, F(1, N = 1)/ = vy

F(0,N — 1) = v3, F(0, N) = v, F(1, N) = v5) . (6.19)
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Furthermoresincethelabelsof D, form ahomogeneouMarkov chain,

Finally,

|
)
—

F(O,N —1) = v, F(1,N — 1) = US) (6.21)

- P (ﬁ(o, N) = vy, F(1,N) = vs) (6.22)

where(6.21)follows from the inductionhypothesisand Condition (i) implies (6.22).
Combining(6.18)with (6.19),(6.20),and(6.22)yields

P (F(b) = 1, F(¥) = 2, F(br) = v, F(ba) = 4, F(bs) = v5)
- P (ﬁ(l,N — 1) =vy, F(,N —1) = v
F(0,N — 1) = vy, (0, N) = vg, F(1, N) = vf,)
(F(o,N —1) = 03| F(0, N) = vy, F(1,N) = 05)
(F(O,N) — vy, F(1,N) = 125)

(ﬁ(1, N—1)=v,F(1,N —1) = vy, F(0,N — 1) = v3, F(0, N) = v,

F(,N) = vf,) .

O

Corollary 6.5. If Condition (i) holds, then the sequence of labels
~ ~ 0
{ (F(O, k), F(1, k)) }k N formsa stationaryhomaeneoudvarkov chain.

0

Proof. Thefactthatthesequence{ (F(O, k), F(1, k)) }k_N is aMarkov chainfollows
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from the definition of £&. Lemma6.4 implies that this Markov chainis stationaryand

homogeneous. O

Lemma 6.6. If Conditions(i)-(iii) hold, thenthelabelsof D; form a stationaryhomo-

geneoudMarkov chainidenticalto thelabelsof Dj.

Proof For k € {0,...,N — 1}, letb = [1,k] andb; = [1,k + 1] be two
neighboringpoints on the solid diagonal D;. By Lemma 6.4, the joint probabil-
ity distribution of (F(b),ﬁ(bg)) is identical to the joint probability distribution of
(F(l, k—1),F(Q1, k)). This fact combinedwith Condition(ii) impliesthatthe prob-
ability distribution of (F(b),ﬁ(b;;)) is identical to the probability distribution of
(F(O, k—1),F(0, k)). Thereforetfo provethelemmait sufficesto shov thatthelabels
of D; form aMarkov chain.

The sequence{ﬁ(l, k)}o is a Markov chainif andonly if the reversese-

k=N
. N . N
quence{F(l, k)} is a Markov chain. We shaw that {F(l, k)} is a Markov
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chain.Letv € {0,1},and2 < k < N. Then,
P (F(L k) =o|F(Lk—1),..., F(1, 0))

_ S P(ﬁ‘(l,k) —o|F(1,k—1),...,F(1,0),

u0,-.- ug—1€{0,1}
Uo)

wo|F(1,k —1),. .. ,F(1,0))

A

F0,k—1)=uy,...,F(
E(
= 3 P (ﬁ(1,k) = o|E(1, k= 1), F(0,k — 1) :uk_l)

U0, ug—1€{0,1}
P (F(o, k—1)=w1,...,F(0,0) = up| F(1,k —1),... ,F(1,0))
(6.23)

I

0,0)
P (F(o,k 1) =wups,..., F(0,0)

_ > P(FQE) =v|F(1E-1))

uo,...,uk,le{o,l}
P (FO0,k—1) = 1,..., F(0,0) = wo| (1, — 1),..., F(1,0))
(6.24)

- P (ﬁ’(l,k) = o|F(1,k - 1))

where(6.23)is obtainedusing Corollary 6.5; and (6.24) follows from Condition (iii)

andLemmab.4. O

Lemma®6.7. Letb € D; \ R, fori € {1,..., N}. If Conditions(i)-(iii) hold,thenthe
probability distribution of (F(b), E), E(by), F(by), F(b3)> is identicalto the prob-
ability distribution of (ﬁ(1, N —1), F(1,N — 1), F(0, N — 1), £(0, N), E(1, N)).

Proof. The lemmahasbeenprovedfor b € D; \ R, in Lemma6.4. Supposethat
b € D, \ Ry. By Lemma6.6,the probabilitydistribution of thelabelsof D; is identical
totheprobabilitydistributionof thelabelsof D,. Sincethelabelsof R, form astationary
homogeneouMarkov chain,it follows thatLemma6.4, Corollary6.5,andLemma6.6

canbegeneralizedo the solid diagonalsD; and D,. Repeatedhyapplyingthis ideato
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Table6.5: Thenumericalvaluesof the parameterthatmaximizer,.

T T T3 Ty

0.780481 || 0.674449 || 0.781640 || 0.670889

¢0 ¢1 ¢2 ¢3 wo ¢1
0.414654 [ 0.170691 || 0.376711 || 0.246578 || 0.707065 | 0.578868

T Y2 Y3 Y4
0.460253 || 0.129451 || 0.294192 | 0.116104

consecutre solid diagonalgprovesthelemma. a

Theorem6.8. Letb € Uy N 77 beaninternal pointof Uy . If Conditions(i)-(iii)
hold, thenthe probability distribution of (F(bl), E(by), F(bg)) is independenof b and
N.

Proof. Followsfrom Lemmab.7. O

Corollary 6.9. If Conditiong(i)-(iii) hold,then~, is a constanfor everyinternal point-

pair andfor all £ = 1,2, 3, 4.

Conditions(i)-(iii) translatento asetof equationgor theparameters, m,, s,
4, o, O1, a2, ¢3, Yo, andy; listedin Appendix6.7. Optimizationof (6.13)subjectto

equationg6.25)-(6.32)givesthenumericalresultsin Table6.5.

Theorem 6.10. Thehard-triangleconstainedencodel€ achievesa codingrateofr, =

0.628831217, which is within 1% of the capacity

Proof. Substituting the numerical values of Table 6.5 into (6.13) gives r, =

0.628831217. Usingtheupperboundon Cr from Section6.3 gives

CT —To . To < 0.628831217

11— ————— < 0.009365003 < 1%.
Cr Cr — 0.634775895 %
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O

Theorem6.10and (6.2) give our main result,as summarizedn the following

corollary,

Corollary 6.11. ThecapacityCr of the hard-triangle constaint is boundedas

0.628831217 < Cp < 0.634775895.
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Appendix

6.7 Equationsusedto obtain the numerical valuesof Ta-

ble 6.5

Recallthata = [1,N — 1], a; = [0, N — 1], a3 = [0, N], a3 = [1, N] asshavn in
Figure6.11. Let P (F(O, N) = 0) = «. Correspondingo thelabelingsof a,, a3 and
the labelingsof a,, a thereare4 equationamplied by Condition(i). Theseequations,
generatedy P ((F(a2),ﬁ‘(a3)) = (F(al),ﬁ(a)) = (vl,v2)) are given below for

(v1,v2) =

00: amg=mthy + a(mms(l — ¢1) — mathy + w1 (1 — 73)%ho)

01: a—ams=my— mathy + a(m (1 — 1 — m3(1 — @1 — o)) — ma(1 — 1))

10: my—amy =1 —mothy + a(me — m)hy + (1 — m)ms(1 — 3 — 1))

11: (1—a)(1—my) = (1 —m)(1—11)+ a(my — metpy — m3(1 — @3 — 1)
+m1 (Y1 + m3(1 — g3 — 1) — 1))

Correspondingto the labelings of aj,a; and the labelings of a4,a there
are 4 equationsimplied by Condition (ii). These equations, generatedby

P ((F(a2),ﬁ(a1)) = (ﬁ’(a4),ﬁ'(a)) = (1)1,1)2)> aregivenbelow for (vy, v3) =

00: am = mamahy + a(ms — mm3¢y — T3d3 + M TIP3 — TaT4Yp)

+(1 — a)(1 — m2)math
01: a—am =am(mi(d — ¢3) + ¢3) + (1 — a)ma(l — ma(tho — ¥1) — ¥1)
100 m— am = a(m — mms — ma(1 — m4))o

+a(my — m (1 —m3) — w3 + My — mamg) Py + (1 — mq) (m2(o — 1) + 1)
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110 (I—-a)(l —m) = (1 —ma)(L—ma(tpo — ¥1) — ¥1) + ama — mi¢ho + mathy
— M40 + (71'1 — T2 — (1 - 71'2)71'4)7,01 - 71'3(1 - 7T1(¢0 - 7,b1) - ¢1))

Theequationgorrespondingo Condition(iii)) areof theform

P ((ﬁ(a3),ﬁ(a), ﬁ'(al)) - (01,02,0)) P ((ﬁ(a3),ﬁ(a),ﬁ(a1)) = (v, vs, 1))

A

P ((F(a), F(ar)) = (2,0)) P ((F(a), F(a)) = (02,1))

wherevy, v, € {0, 1}. Thelist of equationss givenbelow for (v, vs) =

00: mamatpota(mims(l—¢1)—mamarho) _ a(l—m)ms(1—¢3)+(1—a)(1—m2)mats
T mepota(mims(l—¢1)—mao+m1(1-73)Po) ~ Y1—maprta((me—m1)P1+(1—m1)ms(1—p3—P1))
0 1 a7r1773¢1—|—(1—a)7727r4(1—¢0)

m2—maPo—a(m2(1—o)—m1(1—o—m3(1—¢1—%0)))
_ o(1—m)ma3da+(1—a)(l—ma)ma(l—2h1)
T (A-m2)(1—¢1)ta(re—m2p1—m3(1—¢3—1)—w1(1—1—m3(1—p3—1)))

10: ami(1—m3)po+(1—a)ma(1—m4)%ho _a(l=m)(—ms)p1+(1—a)(l1—m2)(1—7a )91
© mapota(mima(l—¢1)—mao+mi(l-m3)o) ~ Pri—meprta((re—m1)y1+(1—m1)w3(1-P3—91))
11: (r2(1—ma)—a(me—m1(1—m3)—mams))(1—%0)

mo—mao—a(m2(1—to)—m1(1—o—m3(1—¢1—%0)))

— (e(1—m1)(1—m3)+(1—0)(1—m2)(1—mq))(1—21)
(1—m2)(1—91)+a(re—mep1 —ma(1—¢s—p1)—m1(1—P1—m3(1—p3—1))) "

Theabove setof equationgorrespondingo Conditions(i)-(iii) canbereduced

thefollowing setof independengéquations:

amy = mathy + a(mms(l — ¢1) — maethy + m1 (1 — m3)%h) (6.25)
Ty —omy = Py — mehr + a(me — ) + (1 — m)ms(1 — ¢35 — 91)) (6.26)
amy = Tty + a(mg — M T3Py — T3Pg + T T3P — Tam4yg)

+(1 — a)(1 — m2)math (6.27)
momaho + a(mms(1 — @1) — mamarhy)
moto + a(mms(l — ¢1) — matho + w1 (1 — m3)%0)
a(l —m)m3(1 — ¢3) + (1 — a)(1 — 7o) mathy
Y1 — mathy + o (me — m1) Py + (1 — my)m3(1 — ¢ — 1))

.(6.28)

Notethat Dy N Ry = [0, N], andthereforethe stationarydistribution of 4(*) and



181

42 generatinghelabelsof D, and R, mustbeidentical. Thusa is the probabilitythat
ary pointof Dy U R, is labeledwith 0. Therequirementhatthe labelsof D, and R,

form stationaryhomogeneouMarkov chainsimpliesthe following equations.

a = am +(1—a)m

a = oam+(1—a)m.

Theparameters;, v, 73, 74 In termsof theotherparameteraregivenas:

M = Qmms (6.29)
Yo = ol —m)ms (6.30)
v3 = m— a(me — m (1l —m3)) (6.31)

Ya = 1—my+a(my —m3 —m (1 —ms3)). (6.32)
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Chapter 7

Conclusionsand Comments

Themathematicatharacterizationf two andhigherdimensionatonstrainea&hannels
is moredifficult thanthe one-dimensionatase.Unlike in onedimensionthereareno

known generalformulasfor the numberof n-dimensionaln > 2) arrayssatisfyinga

given constraint,or for the value of the capacityassociatedvith the constraint. For

(d, k) runlengthlimited constraintsn n > 2 dimensionghe exactvalueof the capacity
is only known whenit equalszero[11], [13]. In n = 2,3 dimensionsandfor some
valuesof d andk (suchthatCC(,f}j > 0), upperandlower boundson Cg‘k) have beengiven
in [8], [10], [15], [17], [18], [20], and[23]. In particular the two-dimensional0, 1)

constraint(or, equivalently, (1, o) constrainthasbeenstudiedby severalauthors(see
[8], [17], [18], [20], and[23]) andC?) = C'), is now known upto its first ninedecimal
digits. Theideasin [8] weregeneralizedn [15] to obtainupperandlower boundson

0331) However, the matrix computationsisedto establishboththe upperandthelower
boundsin [8] and[15] rely on the fact that the transfermatricescorrespondindo the
(0,1) constraintare symmetric. Sincethis propertydoesnot hold for ary othervalues
of d andk (in ary dimension),the methodof [8] cannot be usedto obtainnumerical
boundson Cg‘k) in general.

The(1, o) constrainbnatwo-dimensionatectangulagrid andthe(1, co) con-
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strainton atwo-dimensionahexagonalgrid areknown in statisticalphysicsasthehard-
squareand hard-h&agonmodels,respectrely. In a seriesof intriguing publications
Baxter[2], [3], Baxter Enting,andTsang[4], andBaxterand Tsang[5] assertedxact
solutionsto the hard-squar@andhard-h&agonmodelsin termsof infinite matrix equa-
tionsandinfinite productsof polynomials.Basedon theseresultsandusingthe theory
of modularfunctions,Joyce[12] presentea closedformulafor thegrandpartitionfunc-

tion per site for the hard-h&agonmodel. The specialcasewhenthe activity is z = 1

givesthe exact solutionfor the hexagonal(1, co) constraint. However, both Baxters

and Joyce’s papersare ratherdifficult to understandn termsof basicprinciples. An

interestingopenproblemis to presentan easy-to-understanderivationfor the special
casez = 1 basednthework by BaxterandJoyce.

Upperandlower boundsfor certaintwo-dimensionatheclerboardconstraints
canbe foundin [23], andthe asymptoticvalue of the capacityassociatedvith open
convex symmetriccheclerboardconstraintavasdeterminedn [16]. Thecheclerboard
constraintcanbe viewed asgeneralizationsf the one-dimensiona|d, co) constraints
to two dimensions. A questionthat naturally arisesis how one-dimensional(d, k)
constraintscan be generalizedo two-dimensionakorvex constraintdor k& < oco. A
possiblegeneralizatiorand future researchopic is the following. Let S ¢ R? bea
checlerboardconstraintandlet a4, o, € R, suchthat0 < a4 < ag. For alabeling
f:Z% — {0, 1} of theintegerlattice,let X bethecollectionof lattice pointswith label
1. We saythat f is (Sy, Sk)-constrainedijf the translateof S; = a4S by all points
in X definea packingof Z2, andthetranslateof S, = ;S by all pointsin X define
acoveringof Z2. The analysisof two-dimensional.S,, S)-constrainecchannelss a
possiblefutureresearclproblem.

Encodingand decodingalgorithmsfor one-dimensionatun lengthlimited se-
guenceshave beenextensiely studied. Optimal and nearly optimal variable length

codeshave beenconstructedfor one-dimensionatun length limited, chaged con-
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strainedsequence§’]. Block codesfor one-dimensionald, k)-constrainecchannels
arepresentedn [6], [21], and[22]. However, efficient two-dimensionaéncoderonly
exist for a few constraints.Encoderdor the two-dimensional1, oo) constrainthave
beenstudiedin [17], [18], and[20]. Anotherpossiblefutureresearciproblemis to de-
vise efficient encodingalgorithmsfor two-dimensionald, k) constraintsand (S, Sk)
constraintslescribedn the previousparagraph.

Finally, an interestingtheoreticalproblemfor future researchn the field of
(d, k)-constrainectodesis to determinethe limit nll_)l’Iolo Cg‘k) asa functionof d andk.
Thereareconnectiondbetweemmultidimensionatapacitiesandotherworksin coding
theoryandgraphtheory The asymptoticnumberof binary codeswith distance2 was
determinedy Korshune andSapozheni [14] andSapozheni[19], andthe asymp-
totic numberof independensetsin aregulargraphwasfoundby Alon [1]. In addition,
GalvinandKahn[9] studiedthestatisticaimechanic@roblemof phasdransitionsn the
hard-coremodelon Z", whichs closelyrelatedto the n-dimensional0, 1) constraint.
Eachof theresultsin [1], [9], [14], and[19] canbe usedto (independentlyronclude
thatnli_>r£10 Céﬁ) =1/2 (andthereforealsonli_{go Cl("o)o = 1/2). We conjecturethatin the

specialcasesvhenk = oo andwhend = 0, thefollowing hold.

Conjecture 7.1. For all d > 0, the capacitiesof the n-dimensional(d, co) run length

constaint satisfy

1
lim O = — .
nooo 4% T g1

Conjecture 7.2. For all & > 0, the capacitiesof the n-dimensional(0, £) run length

constaint satisfy

k
li (n) E——
Jm Cox = 131
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