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ABSTRACT OF THE DISSERTATION

Linear Network Coding over Ring Alphabets

by

Joseph Michael Connelly

Doctor of Philosophy in Electrical Engineering

(Communication Theory & Systems)

University of California, San Diego, 2018

Professor Kenneth Zeger, Chair

As connected devices play an ever-growing role in our society, there is a subsequent need for ad-
vances in multi-user communication systems. In a network, senders and receivers are connected via a series
of intermediate users who share information represented as sequences of bits or elements of some other fi-
nite alphabet. By allowing users to transmit functions of their inputs, as opposed to simply relaying received
data, the information throughput of a network can be increased. Network codes in which these functions
are linear are suboptimal in general but are of practical interest due to their mathematical tractability and
low implementation complexity. The study of linear network coding has primarily been limited to finite
field alphabets. In this work, we consider linear network codes over more general algebraically-structured
alphabets, namely finite rings. We contrast linear network codes over finite fields, commutative rings, and
non-commutative rings, and we discuss cases where non-linear codes attain higher information rates than
even very general linear codes. Our results show that finite fields are, in some sense, the best ring alphabets
for linear network coding, but in certain instances, it may be advantageous to use linear coding over some

other ring alphabet of the same size. Specifically, we prove results related to:



@

(ii)

network solvability: whether or not a network’s receivers can obtain their desired information using
codes over a given alphabet. We characterize the commutative rings for which there exists a network
that is linearly solvable over the ring but not over any other commutative ring of the same size.
We show that these rings are, in some sense, the best commutative rings of a given size for linear
network coding. We then present an infinite class of networks that are linearly solvable over certain
non-commutative rings but not over any commutative rings. We also prove that vector linear codes
over finite fields minimize the alphabet size needed for linear solvability, which is desirable from an
implementation complexity standpoint.

network capacity: how much information per channel use can be sent to the network’s receivers in
the limit of large block sizes for transmission. We show that the linear coding capacity of a given

network cannot be increased by looking beyond finite fields to more general rings.

X1



Chapter 1

Introduction

In the past decade, the world has become a more connected place, as cell phones, personal com-
puters, and other smart devices have become increasingly ubiquitous. By 2021, the global Internet traffic is
projected to double its 2017 levels, and the number of connected devices is expected to exceed the global
population by a factor of three [4]. Alongside this growth in information volume, there is an ever-increasing
demand for faster broadband speeds for applications such as video streaming and cloud computing. This
growth in demand has produced a subsequent need for advances in multi-user communication systems,
wherein senders and receivers are often not connected directly. Rather, information passes through interme-

diate users and relays in a network.

1.1 Network Coding

In 2000, Ahlswede et. al [1] published a seminal work proposing a mathematical model for in-
formation networks. They showed that, under this model, the information throughput of a network can be
increased by allowing network nodes to transmit functions of their inputs, as opposed to simply relaying
(routing) data. This paradigm shift gave rise to the field of network coding, which has since produced a
rich collection of theoretical results and practical applications [2, 17]. Network coding has connections
to a broad range of topics in engineering, mathematics, and computer science, and many problems in the
field lie at the intersection of information theory, graph theory, complexity theory, and linear algebra. This

dissertation explores a connection between abstract algebra and network coding theory.



Data in networks, such as sensor readings or multimedia, is typically represented as sequences
of binary bits or as elements of some other finite set (e.g. ternary or, more generally, n-ary), called an
alphabet. In order to more easily study and implement network codes, we can impose algebraic structure
on the alphabet. That is, we introduce operations, such as addition and multiplication, on the alphabet,
allowing us to describe edge and decoding functions in a network code in terms of these operations. There
are generally multiple ways of assigning addition and multiplication operations to a given alphabet while
still preserving certain arithmetic properties. In this dissertation, we compare classes of network codes with
various algebraically-structured alphabets. Prior work has focused on alphabets with finite field structure; in
what follows, we study the more general case where the alphabet is a finite ring. We broadly seek to answer
the question of whether or not it is advantageous to use this more general class of network codes. We show
that, while the information throughput of a network cannot be increased by using codes with finite ring

alphabets instead of field alphabets, there can be other advantages to using these codes in certain instances.

1.2 Group, Ring, and Field Alphabets

Figure 1.1: The Butterfly Network (left), and a solution for the Butterfly Network (right) over any finite
group alphabet. There is a single source, node 0, which generates the messages x and y. Each of the
receivers, nodes 5 and 6, demands both x and y. The Butterfly Network has no routing solutions when each
edge is used at most once.



The overarching goal in network coding is for the receivers to recover their demanded messages
while limiting the number of uses of the channels that connect the network’s nodes. Such channels are
modeled as directed edges that can carry symbols from the network alphabet. The Butterfly Network, given
in Figure 1.1, is a classic example of a network that exhibits a throughput gain via network coding. When
each edge of the Butterfly Network can carry at most one symbol, the source’s messages cannot be relayed
to both receivers using routing alone, regardless of the network alphabet. To see this, if (without loss of
generality) node O transmits x to node 1 and y to node 2, then in order for x and y to get to nodes 6 and
5, respectively, the center edge must carry both symbols. However, we will see that using network coding,
the receivers can recover their demands over any alphabet size using each edge exactly once. In order to

describe such a network code, we introduce an algebraic structure with addition and subtraction operations.

Definition 1.2.1. An Abelian group (G,®) is a set G with a binary operation & : G X G — G such that
e D is associative and commutative,
e there is an identity element O € G such that 06 g = g for all g € G, and
o for each g € G, there exists an inverse (—g) € G such that g (—g) =0.
We will write g © h to mean g (—h).

The binary alphabet {0, 1} together with the exclusive or (XOR) operation forms an Abelian group,
where 0 is the identity element and 1 is its own inverse, i.e. addition and subtraction are both XOR, in
this case. More generally, if n is a positive integer, then the n-ary alphabet Z, = {0,1,...,n— 1} forms an
Abelian group with n elements, where the operation is addition modulo #n (i.e. taking the remainder of the
sum when divided by n), e.g. 1 +2 = 0 modulo 3 and 4 + 3 = 2 modulo 5.

If an Abelian group structure (G,®) is imposed on the alphabet in the Butterfly Network, then the
network code given in Figure 1.1 allows each receiver to recover both x and y using each edge exactly once.
This network coding solution requires only addition and subtraction operations and is valid for any Abelian
group alphabet. This means that regardless of whether the network alphabet is binary, ternary, or n-ary, the
receivers can recover their demands using this code.

In general, networks may require more complex coding operations in order to achieve solutions, and
it may not be the case that a solution is attainable over every alphabet size. We can introduce a multiplication
operation by considering network alphabets that have a ring structure. This will allow us to study classes of

network codes much broader than those consisting only of addition and subtraction operations.



Definition 1.2.2. A ring (R,+, ) is a set R with binary operations + and * such that
e (R,+) is an Abelian group with additive identity 0,
e x is associative and distributive with respect to +, and
o there is a multiplicative identity element 1 in R such that 1 xr=rx1 =r,forall r € R

For brevity, we will often refer to aring (R, +,*) as R. A ring is called commutative if the multiplication

operation * is also commutative.

In other words, a ring is a collection of elements with addition, subtraction, and multiplication
operations that behave as we might expect, except that a * b is not always equal to b * a. The set Z,, together
with addition and multiplication modulo » is a commutative ring with n elements. In particular, the addition

and multiplication tables of Z,4 are given by

+ 0 1 2 3 * 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 1 2 3 0 1 0 1 2 3
2 2 3 0 1 2 0 2 0 2
3 3 0 1 2 3 0 3 2 1

For each integer k > 2, the set of all k x k matrices whose entries are from Z, together with matrix addition

and multiplication modulo # is an example of a non-commutative ring, since matrix multiplication does not
commute, in general, e.g.

1 0 11 1 1 1 0 1 1 1 0

00 00 0 0 00 0 0 0 0
There are generally multiple rings of a given size. For example, the ring of k X k matrices with entries from
Zy and the ring Z > both have n** elements and are distinct, since the former is non-commutative and the
latter is commutative. While our focus will be on rings with a finite number of elements, there exist rings
with infinite cardinality, such as the set of integers Z together with addition and multiplication.

Not every ring has a well-defined division operation for its non-zero elements. As an example, in
the ring Z4, we have 2 =2x1 =2x%3 and 0 = 2% 2 = 2 %0, so the element 2 has no multiplicative inverse.
That is, there is no element a € Z4 such that 2a = 1, so there is no notion of “dividing by 2” in Z4. On
the other hand, in the ring Zs, we have 2%x3 =4x4 =1, so 271 =3 371 =2 and 4! = 4. It turns out

whenever p is prime, every non-zero element of Z, has a multiplicative inverse.



Definition 1.2.3. A field is a commutative ring in which every non-zero element has a multiplicative

inverse.

The sets of rational, real, and complex numbers together with their respective addition and multipli-
cation operations are infinite-cardinality fields. Many results from linear algebra extend to fields with finite
cardinality, making them attractive from a coding theory perspective. Unlike finite rings, a finite field must
have prime-power size. When p is prime, there is a unique finite field with p* elements, which we denote
by GF(p).! The rings Z, and GF(p) are isomorphic, but when k > 2, the ring Z »+« and the field GF( pk) are

distinct. For example, GF(4) has elements {0, 1, ¢, ¢+ 1} and addition and multiplication given by:

+ 0 1 a | o+l * 0 1 a | o+l
0 0 1 a | o+l 0 0 0 0 0
1 1 0 |a+l| « 1 0 1 oa | o+l
o a | o+l 0 1 o 0 a | o+l 1
a+l|a+l| o 1 0 a+l| 0 |o+1 1 a

Addition and multiplication in the field GF(4) differ from addition and multiplication in the ring Z4. In
particular, every element of GF(4) added to itself is zero, whereas 1 + 1 = 2 in Z4, and there is no non-zero

element of GF(4) whose square is zero, whereas 22 = 0 in Zj.

1.3 Scalar Linear Codes over Finite Fields

For each integer n > 2, the n-Choose-Two Network, given in Figure 1.2, is another example of a
network that exhibits a network coding throughput gain under certain circumstances. Let I be a finite field,
and consider a code for the n-Choose-Two Network in which the messages x and y are from [F and each

edge carries a single symbol from I of the form:
)u,' =A;x+B;y

where the A;’s and B;’s are constants in IF. Such a code is scalar linear over F. In other words, scalar linear
codes over fields consist of network out-edges carrying field elements which are linear combinations of their
input field elements. It was shown in [21] that, for each finite field IF, there exists a scalar linear solution for

the n-Choose-Two Network over F if and only if |F| > n— 1.

1“GF” stands for Galois Field, named after French mathematician Evariste Galois.



Figure 1.2: The n-Choose-Two Network is parameterized by an integer n > 2. There is a single source node

that generates messages x and y, and there are (g) receivers, each of which gets a unique pair (A;,4;) of

intermediate functions of x and y, from which they must recover x and y.

In particular, if I is such that |F| > n— 1, define a scalar linear code over F such that
)1,1:)6, )uz:y, )L,-:x—i—B,-y (i:3,...,n),

where the B;’s are distinct non-zero elements of [F. Such a choice for Bs,...,B, is possible, since there are

at least n — 2 non-zero elements of . Then x and y can be recovered from each pair (4;,4;) by:

(A1, 42) = (x,y)
(zl, A""“) = (x,) (i=3,...,n)

B;
(A —Bida, A2) = (x,y) (i=3,...,n)
Bikj_szfi )Li—Aj _ L - '
< Bi—B; ) B,-—Bj>_(x’y) (i,j=3,...,nand i # j).

Division by B; and (B; — B j) is well-defined in IF, since the B;’s are non-zero and distinct, and every non-zero
element of F is invertible. Thus the code is a scalar linear solution over F. Conversely, when |F| <n—1,
it can be shown that there are not enough distinct linear combinations of x and y for x and y to be linearly
recovered from each pair (4;,4;).

Scalar linear codes over finite fields have been particularly attractive to study, in part because it is
more feasible to analyze scalar linear functions, as opposed to arbitrary functions. There has been much
work in developing algorithms for constructing scalar linear solutions for certain classes of networks [11,
12,16]. The existence of scalar linear solutions over finite fields has also been connected to other topics in
mathematics, such as finding roots of systems of polynomials [8, 14] and matroid theory [7, 19]. However,

scalar linear codes over finite fields are far from sufficient in general.



1.4 Vector Linear Codes over Finite Fields

The M Network, defined in Figure 1.3, is an example of a network for which scalar linear codes
over fields are insufficient. It was shown in [18] that the M Network has no scalar linear coding solutions
over any finite field alphabet. However, by viewing each message and each edge symbol as a 2-dimensional

vector over a field F (i.e. the alphabet is F%), we can describe a routing solution for the M Network.

W?y W7Z x?y 'x7Z

Figure 1.3: The M Network. The sources, nodes 1 and 2, generate messages w, x, y, and z, as indicated.
Each receiver demands a unique pair of messages, one of which originates at node 1, the other of which
originates at node 2.

Let x; and x, denote the components of the vector x € F2, and define a code for the M Network over F? by:

(ar,az) = (wi,x1) (b1,b2) = (W2,x2) (c1,¢2) = (v2,22) (di,d2) = (y1,21)

and
(e1,e2) = (b1,c1) (fi,f2) = (b1,¢2) (81,82) = (b2, c1) (h1,h2) = (b2, c2)
= (w2,)2) = (w2,22) = (x2,)2) = (x2,22)

where each receiver can recover both components of each of its demands by:
o, (ave)=0viw) o (anfi)=(wiwa) o (ag) =(x) o (a,h) = (x,0)
(di,e2) = (y1,52) (da, 2) = (21,22) (di,82) = (y1,)2) (d2,h2) = (21,22)
This solution uses routing operations on vectors and is a special case of the more general class of vector
linear codes. This code provides a solution over any alphabet whose size is of the form p*", for some prime

p and positive integer n, yet the M Network has no scalar linear solutions over any finite field.



In a vector linear code over a field, out-edges carry linear combinations of input vectors of field

elements, where the coefficients are matrices of field elements, i.e. out-edges carry vectors of the form
Mixi+---+Myx,

where xp,...,x, are vectors from a field of a given dimension, representing the inputs to the node, and
M,,...,M, are square matrices whose entries are constants from the field. Vector linear coding generalizes
scalar linear coding and can attain linear solutions not possible with scalar coding [10, 18, 23]. In [9],
the authors presented an algorithm for constructing vector linear solutions for certain classes of networks.
Linear coding over finite fields has been the cornerstone of a large portion of network coding research
during the last fifteen years [15]. However, vector linear codes over finite fields are known to not always be

sufficient.

Figure 1.4: The Diabolical Network.

The Diabolical Network, given in Figure 1.4, is known [6] to have a non-linear solution over an
alphabet of size 4, yet it has no linear solution over any finite field alphabet and any vector dimension.? In
particular, for a linear code to be a solution for the left-hand side, we must have 1+ 1 = 0 in the field, but the
right-hand side requires that 1+ 1 ## 0 in the field. Other works have shown other advantages of non-linear
codes, such as reducing the alphabet size needed for a solution (e.g. [5,22]). Even though linear network
codes over finite fields are suboptimal in general, they have been attractive to study for two primary reasons:

(1) They can be less complex to implement in practice due to reduced storage and/or reduced computation

compared to non-linear codes.

2The Diabolical Network was shown to not even have linear solutions over ring and module alphabets.



(2) They are more mathematically tractable to analyze compared to non-linear codes.
It is natural to ask whether there exists a class of network codes that still satisfy these desirable properties

yet outperform linear codes over fields.

1.5 Linear Network Coding over Finite Rings

The definitions of scalar and vector linear codes over finite fields can easily be extended to more
general finite ring alphabets, since computing a linear combination requires only addition and multiplication
operations. A field is a special case of a ring, so a linear network code over a ring may be implemented
analogously to a linear code over a field by performing addition and multiplication over the ring.? Since the
founding of network coding in 2000, network codes whose edge functions are linear over fixed finite field
alphabets have been studied extensively (e.g. [7-12, 14-16, 19,22-24]). In contrast, very little is presently
known about linear network coding over other ring alphabets. Non-field rings are known to be useful for
other information-theoretic problems, such as error-correcting codes [3, Chapter 8] and cryptography [13],
so it is reasonable to ask whether it is better in some sense to use linear network coding over a finite field
alphabet or over some other ring alphabet of the same size.

If p is a prime, there is a unique finite field of size p*, but the number of commutative rings of size
pkis on the order of pk3 [20, Theorem 11.2]. This suggests that the class of codes that are linear with respect
to some ring of size p* is much broader than the class of codes that are linear with respect the field of size p*.
By considering a broader class of codes, one would expect to be able to attain more solutions. Additionally,
linear network codes over rings may be of value by allowing for linear coding over non-power-of-prime
alphabet sizes. Linear codes over rings appear to have many of the attractive properties of linear codes over
finite fields, yet they also constitute a much broader class of network codes.

Many interesting questions regarding linear codes over rings exist: Can a network be linearly solv-
able over rings but not over fields? Can a network have no linear solutions over a given field yet be linearly
solvable over some other ring of the same size? Is there a “best” ring alphabet of a given size to use for
linear network coding? Is there a “best” ring alphabet to use for linear coding on a given network? Over
what ring alphabets are particular networks (linearly) solvable? Can the linear capacity of a network over a
finite field be increased by using some other ring of the same size as the field? Can linear codes over rings
close the gap between linear codes over finite fields and non-linear codes? This dissertation addresses these

and many related questions.

3Efficient implementations of ring arithmetic generally depend on the specific algebraic properties of the ring.



1.6 Overview

The results in this dissertation fall under the umbrella of two underlying network coding problems.

(1) In the network solvability problem, one attempts to determine whether there exist network coding

solutions over a given alphabet in which each edge carries at most one alphabet symbol.

(i1) In the network capacity problem, one attempts to determine how much transmitted information per

edge use can be sent to the network’s receivers in the limit of large block sizes for transmission.

The remainder of the dissertation consists of published and submitted journal papers on these topics and is
organized as follows.

Chapter 2 studies network scalar linear solvability over commutative rings and makes comparisons
to the well-studied special case where the alphabet is a field. We characterize the commutative rings for
which there exists a network that is a scalar linearly solvable over the ring but not over any other commu-
tative ring of the same size. We show that these rings are, in some sense, the “best” commutative rings of
a given size. We also show that every finite field is such a ring, and, whenever p is prime, there is some
network that is scalar linearly solvable over a commutative ring of size p* but not the field of size p* if and
only if k & {1,2,3,4,6}. On the other hand, we show that if a network is scalar linearly solvable over some
commutative ring, then the (unique) smallest such ring is a field. The results in this chapter imply that for
scalar linear coding over commutative rings, fields can always be used when the alphabet size is flexible, but
other rings may be needed when the alphabet size is fixed. Chapter 2 is a reprint of the material as it appears
in J. Connelly and K. Zeger, “Linear network coding over rings — Part I: Scalar codes and commutative
alphabets,” IEEE Transactions on Information Theory, January 2018.

Chapter 3 studies the more general setting of network vector linear solvability over (possibly non-
commutative) rings. It is shown that vector linear solvability over some field is equivalent to scalar linear
solvability over some ring.* We also present an infinite class of networks that are scalar linearly solvable
over certain non-commutative rings but not over any commutative rings. Finally, we show that vector
linear codes over fields minimize the alphabet size needed for linear solvability, which is desirable from
an implementation complexity standpoint. The results in this chapter suggest that, in a sense, vector linear
codes over prime fields are the best alphabets to use for linear network coding. Chapter 3 is a reprint of the
material as it appears in J. Connelly and K. Zeger, “Linear network coding over rings — Part II: Vector codes

and non-commutative alphabets,” IEEE Transactions on Information Theory, January 2018.

“In fact, vector linear solvability over some field is equivalent to linear solvability over some module. Linear codes
over modules are an even broader class of codes that generalize both scalar and vector linear codes over rings.
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Chapter 4 considers the network capacity problem using linear network codes. It is shown that a
network’s linear capacity cannot be improved by looking beyond finite field alphabets to more general ring
alphabets. However, some rings can linearly attain higher rates for certain networks than can a given field.
In particular, we show that for any finite ring and any finite field, there is some network with higher linear
capacity over the ring if and only if the sizes of the field and ring are relatively prime. In other words, higher
code rates cannot be attained by using linear codes over more general alphabets than finite fields. Chapter 4
is a reprint of the material as it appears in J. Connelly and K. Zeger, “Linear capacity of networks over ring
alphabets,” submitted to IEEE Transactions on Information Theory, June 2017, revised January 2018.

Chapter 5 considers both the network solvability and capacity problems for a particular class of
networks with emphasis on non-linear coding. We present an infinite class of networks for which non-linear
codes strictly outperform linear codes for both network solvability and capacity. These networks generalize
the Diabolical Network from [6] and further demonstrate the insufficiency of linear network coding. Certain
instances of these networks are shown to only be solvable over non-power-of-prime size alphabets. This
contrasts greatly with linear solvability, since any linearly solvable network has a vector linear solution over
a field (with prime-power alphabet size). Chapter 5 is a reprint of the material as it appears in “A class of
non-linearly solvable networks,” IEEE Transactions on Information Theory, vol. 63, no. 1, pp. 201 — 229,

January 2017.
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Chapter 2

Scalar Codes and Commutative Rings

Abstract

This chapter considers the setting of scalar linear network coding over finite commutative ring
alphabets. We show that if a network has a scalar linear solution over some finite commutative ring, then
the (unique) smallest such commutative ring is a field.

We also show that fixed-size commutative rings are quasi-ordered such that all scalar linearly solv-
able networks over any given ring are also scalar linearly solvable over any higher-ordered ring. We study
commutative rings that are maximal with respect to this quasi-order, as they may be considered the best
commutative rings of a given size. We prove that a commutative ring is maximal if and only if some net-
work is scalar linearly solvable over the ring but not over any other commutative ring of the same size.
Furthermore, we show that maximal commutative rings are direct products of certain fields specified by the
integer partitions of the prime factor multiplicities of the ring’s size. Finally, we prove there is a unique
maximal commutative ring of size m if and only if each prime factor of m has multiplicity in {1,2,3,4,6}.
As consequences, (i) every finite field is such a maximal ring, and (ii) for each prime p, some network is
scalar linearly solvable over a commutative ring of size p* but not over the field of the same size if and only

if k¢ {1,2,3,4,6}.
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2.1 Introduction

In this chapter, we focus on the case where the network coding alphabet is a commutative ring, and
we make comparisons to the even more specialized (and more studied) case where the alphabet is a field.
In Chapter 3, we study vector linear codes and non-commutative rings and specifically contrast the results
with the results on scalar codes and commutative rings given in this present chapter.

Many networks evolve over time as nodes are added or deleted and as edge connections are formed
or broken. Thus, it might be advantageous to choose a coding alphabet that makes as many networks as
possible scalar linearly solvable over the chosen ring. If, for example, every network that is scalar linearly
solvable over a particular ring is also scalar linearly solvable over a second ring, then, generally speaking,
the second ring would be at least as good as the first ring. This notion of one ring being better than another
ring is the core concept behind our study in this chapter. We seek out the best such rings, namely the
ones that are maximal with respect to this induced ordering of rings of a given size. On the other hand,
when a network is fixed, it is sometimes advantageous to select the smallest possible alphabet that yields a
solution [22]. Two of the main results of this chapter are:

(1) If p is prime and k & {1,2,3,4,6}, then there always exists some network that is not scalar linearly
solvable over the finite field GF(p*) yet is scalar linearly solvable over a different commutative ring
of the same size. When k € {1,2,3,4,6}, no such network exists.

(2) If a network has a scalar linear solution over a commutative ring that is not a field, then it also has a

scalar linear solution over a field of strictly smaller size.

2.1.1 Network Model

A network will refer to a finite, directed, acyclic multigraph, some of whose nodes are sources or
receivers. Source nodes generate messages, each of which is an arbitrary element of a fixed, finite set of
size at least 2, called an alphabet. The elements of an alphabet are called symbols. The inputs to a node
are the messages, if any, originating at the node and the symbols on the incoming edges of the node. Each
outgoing edge of a network node has associated with it an edge function that maps the node’s inputs to the
symbol carried by the edge, called the edge symbol. Each receiver node has decoding functions that map
the receiver’s inputs to an alphabet symbol in an attempt to recover the receiver’s demands, which are the
messages the receiver wishes to obtain. The outputs of a node are its demands, if any, and the symbols on
the outgoing edges of the node. A network is multicast if there is a single source node and each receiver

demands every message.
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A code over an alphabet </ is an assignment of edge functions to all of the edges in a network and
an assignment of decoding functions to all of the receiver nodes in the network such that messages and edge
symbols are elements of 7. A solution is a code in which each receiver’s decoding functions recover each
of its demands from its inputs.

In particular, we will consider codes over alphabets that have addition and multiplication operations,
namely finite rings. If .o is a ring alphabet, then a function f : &/ — 7 is linear over <7 if it can be written
in the form f(x,...,x,) = C1x] + -+ +Cp X, where Cy,...,C,, are constant values in 7. A code is scalar
linear over <f if each edge function and each decoding function is linear over /. In contrast, in a k-
dimensional vector linear code over <7, messages and edge symbols are k-dimensional vectors over 7 (i.e.
the alphabet is .c7¥), and edge functions are linear combinations of input vectors, using k x k matrices over
</ as coefficients. Scalar linear codes are a special case of vector linear codes where k = 1.

We say a network is solvable over < (respectively, scalar linearly solvable over <) if there exists
a solution over &7 (respectively, scalar linear solution over «/), and we say a network is solvable if it is

solvable over some alphabet.

2.1.2 Related Work

Ahlswede, Cai, Li, and Yeung [1] introduced network coding in 2000 and showed that it is possible
to increase the information throughput of a network by allowing nodes to transmit functions of their inputs,
as opposed to simply relaying their inputs. Li, Yeung, and Cai [26] showed that every solvable multicast
network is scalar linearly solvable over every sufficiently large finite field, although it was shown in [8]
that non-multicast networks may not have this property. Networks were demonstrated by Riis [30], Rasala
Lehman and Lehman [29], and in [10] that are solvable non-linearly but not scalar linearly over the same
alphabet size. It is not currently known whether there exists an algorithm that determines if a network is
solvable; however, determining whether a network is scalar linearly solvable over a particular field has been
studied extensively.

Koetter and Médard [21] showed that for every network, there exists a finite collection of poly-
nomials, such that for every finite field IF, the network is scalar linearly solvable over F if and only if the
polynomials have a common root in F. Conversely, it was shown in [9] that for every finite collection of
polynomials, there exists a network, such that for every finite field IF, the polynomials have a common root
in I if and only if the network is scalar linearly solvable over IF. This connection between scalar linear
solvability and polynomials stems from the connection between scalar linearly solvable networks and ma-

troid theory. It was also shown in [11] that every network that is scalar linearly solvable over some field
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is naturally associated with a representable matroid. Effros, El Rouayheb, and Langberg [14] showed that
network coding and index coding are equivalent in a general setting, including with linear and non-linear
codes.

The study of linear network codes over fields has led to efficient methods of constructing scalar
linear solutions for networks that also minimize the field alphabet size. Ho et. al [18] described a random
scalar linear coding technique where the probability that a code is a solution grows with the field size. Jaggi
et. al [19] presented polynomial-time algorithms for designing scalar linear codes for multicast networks.
Karimian, Borujeny, and Ardakani [20] showed there exists a class of non-multicast networks for which
random scalar linear coding algorithms fail with high probability and presented a new approach to random
scalar linear network coding for such networks. Rasala Lehman and Lehman [29] and Tavory, Feder, and
Ron [35] independently showed that some solvable multicast networks asymptotically require finite field
alphabets to be at least as large as twice the square root of the number of receiver nodes in order to achieve
scalar linear solutions. Sun, Yin, Zi, and Long [33] and Sun, Li, and Li [34] both demonstrated classes of
multicast networks that are scalar linearly solvable over certain fields but not every larger field.

Médard, Effros, Ho, and Karger [28] showed that there can exist a network that is vector linearly
solvable over some field but not scalar linearly solvable over any field. Sun et. al [32] demonstrated
that, while vector linear codes can outperform scalar linear codes in terms yielding solutions for general
networks, there can exist multicast networks that are not k-dimensional vector linearly solvable over GF(2)
yet have scalar linear solutions over some field alphabet whose size is less than 2*. Etzion and Wachter-
Zeh [16] bounded the reduction in alphabet size needed for a vector linear solution to a multicast network
as compared to a scalar linear solution. Ebrahimi and Fragouli [13] presented algorithms for constructing
vector linear codes that achieve solutions not possible with scalar linear codes.

Convolutional network coding (e.g. [23,24]) is a technique for linear coding for networks that may
contain cycles, and the alphabets in such codes can be viewed as principal ideal domains (and more generally
as discrete valuation rings), which are not necessarily finite. However, in our study, we focus on acyclic
networks and finite coding alphabets. To our knowledge, outside of the context of the insufficiency of linear
codes and convolutional coding, there has been little study of linear network codes over more general ring
and module alphabets. We consider such linear codes and compare them to the well-studied case of linear

codes over fields.
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2.1.3 Our Contributions

Our main results show that for networks that use scalar linear codes over commutative rings, finite
fields can always be used if the alphabet size is flexible, but if the alphabet size is fixed, then finite fields
may not always be the best choice for every network. Figure 2.1 summarizes our main results for fixed
networks, and Figure 2.2 summarizes our main results on the “best” commutative rings of a fixed size. We
outline the remainder of the chapter in what follows.

We prove (in Theorem 2.2.10) that if a network has a scalar linear solution over some commutative
ring, then the unique smallest-size commutative ring over which the network has a scalar linear solution is a
field. Thus, for a given network, if the minimum alphabet size is desired for scalar linear network coding, it
suffices to use finite fields. This result also shows that networks that are scalar linearly solvable over some
commutative ring are also scalar linearly solvable over some field although not necessarily of the same size.

Section 2.2 introduces a “dominance” relation on finite rings, such that all networks that are scalar
linearly solvable over a given ring are also scalar linearly solvable over any ring that dominates the given
ring. We show that this relation is a quasi-order on the set of commutative rings of a given size.! We also
demonstrate (in Theorem 2.2.19 and Corollary 2.3.3) non-isomorphic commutative rings of the same size
that are equivalent with respect to dominance, and we show (in Theorem 2.2.20) that dominance is a total
quasi-order of the commutative rings of size p?.

Section 2.2.4 analyzes the scalar linear solvability of a class of multicast networks. We show (in
Theorem 2.2.16) that for every finite field, there exists a multicast network that is scalar linearly solvable
over the field but is not scalar linearly solvable over any other commutative ring of the same size. This
demonstrates that every finite field is maximal with respect to the dominance. We also show (in Corol-
lary 2.2.18) that there exists a solvable multicast network that is not scalar linearly solvable over any ring
whose size is equal to 2 mod 4, which contrasts with the fact that every solvable multicast network is scalar
linearly solvable over every sufficiently large field.

Section 2.3 compares various commutative rings with respect to dominance. We demonstrate (in
Theorem 2.3.8) that some network is scalar linearly solvable over a commutative ring of size 32 but is not
scalar linearly solvable over any other commutative ring of size 32, including the field GF(32). We later
prove (in Corollary 2.5.10) that 32 is the size of the smallest such commutative ring alphabet where this

phenomenon can OCcCur.

! Although the relation is defined on all finite rings, a maximal ring will always refer to a commutative ring which
is maximal with respect to the quasi-order on the set of commutative rings of a given size.
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We prove (in Theorem 2.3.9) that whenever a network is scalar linearly solvable over a commutative
ring, the network must also be scalar linearly solvable over a field whose size divides the ring size. In fact,
for each prime factor of the ring size, there is a corresponding such field whose characteristic equals the
prime factor. As a consequence (in Corollary 2.3.11), whenever a network is scalar linearly solvable over a
ring whose size is a product of distinct primes (i.e. “square free”), the network must also be scalar linearly
solvable over each finite field whose size is a prime factor of the ring size. However, we demonstrate (in
Corollary 2.3.12) that when the ring size is not square free, the particular ring may need to be examined in
order to determine over which fields the network is scalar linearly solvable.

Section 2.4 introduces “partition rings” which are direct products of finite fields that are specified
by integer partitions of the prime factor multiplicities of the ring size. We define a relation called “partition
division” and show that it induces a quasi-order on the set of partitions of a given integer. We show that the
maximal partitions under this quasi-order are precisely the partitions that do not divide any other partition
of the same integer. We also provide a partial characterization of the maximal partitions. The results of this
section are used in various proofs in Section 2.5.

Section 2.5 connects the relations of ring dominance and partition division. We prove (in The-
orem 2.5.4) that, when restricting to commutative rings of a given size, the maximal commutative rings
under dominance are precisely partitions rings where each partition is maximal under partition division. We
prove (in Theorem 2.5.8) that a finite commutative ring is maximal if and only if there exists a network that
is scalar linearly solvable over the ring but is not scalar linearly solvable over any other commutative ring
of the same size.

Finally, we prove (in Theorem 2.5.9) that if p is prime, then the field GF(p*) is the unique maximal
commutative ring of size p* whenever k € {1,2,3,4,6}, but if k = 5 or k > 7, then there exist multiple
maximal commutative rings of size p*. This result is also generalized to commutative rings of non-power-
of-prime sizes in Theorem 2.5.9. Since there can exist more than one maximal ring of a given size, there
are instances where scalar linear solutions cannot be obtained using finite field alphabets of a given size but

can be achieved using other commutative rings of the same size.
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A is the
Two-Six Network

(Fig. 2.5)

R is not a field

3 field IF such that |F| < |R| 3 maximal ring S such that ||V prime p | |R|, 3n such that
and A € i (F) |S| = |R| and A" € Min(S) || A € Ain(GF(p")) |R| # 2 mod 4
(Theorem 2.2.10) (Remark 2.2.2) (Theorem 2.3.9) (Corollary 2.2.18)

Figure 2.1: .4 denotes an arbitrary network, R denotes an arbitrary finite commutative ring, and i, (R)
denotes the set of networks scalar linearly solvable over R. It follows from these results that finite fields
minimize the alphabet size needed for a scalar linear solution over commutative rings, and the set of net-
works that are scalar linearly solvable over some commutative ring and the set of networks that are scalar
linearly solvable over some field are equal.

R is maximal
with respect to dominance
in Z(p")

k#{1,2,3,4,6}

R is direct product of fields 3A” € Ain(R) such that
specified by certain integer VS e Z(p") - {R},
partitions of k N & Min(S) 3 maximal S € Z(p*) — {R}
(Theorem 2.5.4) (Theorem 2.5.8) (Theorem 2.5.9)

R GF(p")
(Theorem 2.5.9)

Figure 2.2: A ring S is dominated by a ring R if every network that is scalar linearly solvable over S is also
scalar linearly solvable over R. This dominance induces a quasi-order on Z(p¥), i.e. the set of commutative
rings of size p¥. The rings which are maximal with respect to these quasi-orders are, in some sense, the best
rings of a given size. The finite field GF(p*) is always maximal (Theorem 2.2.16), but it follows from these
results that, whenever k = 5 or k > 7, there are other maximal rings of size p¥. GF(8) x GF(4) is the smallest
such maximal commutative ring (Corollary 2.5.10). In particular, it follows that there exist networks with
scalar linear solutions over some ring of size p* but not the field GF(p*), whenever k ¢ {1,2,3,4,6}. The
maximal rings of size p]{‘ “ee pf’ (for distinct primes p1, ..., p;) are direct products of maximal rings of size

P, pi (Remark 2.5.5).
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2.2 Ring Dominance

A quasi-order2 =< on a set A is a subset of A x A that is reflexive and transitive. We write x < y to
indicate that the pair (x,y) is in the relation. Each quasi-order induces an equivalence relation on A defined
by x = yif and only if x < y and y < x. We denote the equivalence class of x by [x]. Any quasi-order naturally
extends to a partial order on the equivalence classes by defining [x] < [y] if and only if x < y. An element
x € A is said to be maximal with respect to the quasi-order if for all y € A, we have y < x whenever x < y.
The same definition of maximal applies with respect to the induced partial order on equivalence classes.

For each integer m > 2 and each finite ring R,
e Z%(m) denotes the set of commutative rings of size m, up to isomorphism,
e = denotes ring isomorphism, and

e Min(R) denotes the set of all networks scalar linearly solvable over R.

Definition 2.2.1. For any two finite rings R and S, we say S is dominated by R (denoted S <X R) if every
network that is scalar linearly solvable over S is also scalar linearly solvable over R. Equivalently, S < R

if and only if iy (S) C Afin(R).

On the other hand, S is not dominated by R whenever there exists a network with a scalar linear
solution over S but not over R. Intuitively, if a ring R dominates a ring S of the same size, it may be viewed
as advantageous® to use R instead of S in a network coding implementation, since any network that is scalar
linearly solvable over S is also scalar linearly solvable over R. If, additionally, 44, (S) C Ain(R) then even
more networks are scalar linearly solvable over R. This dominance relation gives us a reasonable way of
comparing rings with respect to linear network coding.

For each m > 2, it can be verified that the relation < is a quasi-order on the set % (m). The induced
equivalence relation on rings has the property that R = S if and only if i, (R) = Min(S). It turns out that
the exact same set of networks can sometimes be scalar linearly solvable over non-isomorphic rings of the
same size (as illustrated later, in Theorem 2.2.19 and Corollary 2.3.3), which means that the quasi-order <

is not anti-symmetric on % (m). This also means that < is not generally a partial order.

2 Also known as a pre-order (e.g. [31, Chapter 1]).
3There may be other advantages to using one ring over another, such as lower computational complexity arithmetic,
ease of implementation, etc.
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Throughout this chapter, whenever we refer to a finite commutative ring as being maximal, we
mean the ring is maximal with respect to the relation =< on the set of commutative rings of the same size.
A maximal commutative ring R has the desirable property that, for any commutative ring S of the same
size, the set of networks that are scalar linearly solvable over R cannot be a proper subset of the set of
networks that are scalar linearly solvable over S. Thus, in this sense, maximal rings may be considered the
“best” commutative rings to use for network coding, and non-maximal rings are always “worse” than some

maximal ring of the same size.

Remark 2.2.2. Every commutative ring of size m is dominated by a maximal commutative ring of
size m, since % (m) is a finite quasi-order. Hence any network that is linearly solvable over some

commutative ring of size m is linearly solvable over some maximal commutative ring of size m.

2.2.1 Fundamental Ring Comparisons

We now prove results on ring dominance that will be used throughout the rest of the chapter.

For each integer m > 2, the Char-m Network is given in Figure 2.3. This network was introduced
as A5(m,1) (with a slight relabeling of sources) in [4] and is a generalization of the Fano Network. We
use this class of networks to demonstrate some interesting properties of scalar linear codes over rings. The

following lemma was shown in [4, Lemma IV.6] in a slightly more general form.

Lemma 2.2.3. For each finite ring R and integer m > 2, the Char-m Network is scalar linearly solvable

over R if and only if char(R) | m.

In particular, if R is a finite ring such that char(R) | m, then m = 0 in R, and the following scalar

linear code over R is a solution for the Char-m Network:

m m
e = ij and e = ij
j=0 j=0
J#i
where i =0,1,...,m~+ 1, and the receivers linearly recover their demands as follows
m+1 m+1
Ri: e—ej=x; and R, : Z ei=xo+mY xj=xp [from char(R) | m] .

i=1 i=0

On the other hand, if char(R) f m, then m # 0 in R, so this code is not a solution in this case, which agrees

with Lemma 2.2.3.
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X0 X1 e Xm+1 X0

Figure 2.3: The Char-m Network has source nodes Sp,Si,...,S,+1 which generate the messages
X0,X1,---,Xm+1, respectively. The node u has a single incoming edge from each source node, and the edge
connecting nodes u and v carries the edge symbol e. For each i =0,1,...,m+ 1, the node u; has a single

incoming edge from each source node, except S;. The edge connecting nodes u; and v; carries the edge
symbol ¢;. The receiver R; demands x; and has an incoming edge from node v; and an incoming edge from
v. The receiver R demands x and has an incoming edge from each of the nodes vy,...,v;11.

The following corollary demonstrates that rings whose sizes are powers of distinct primes cannot
dominate one another. Our focus on comparing rings of the same size is driven in part from a practical
standpoint, i.e. determining the “best” rings of a given size. However, the study of dominance is also more
interesting when applied to rings whose sizes are powers of the same prime, particularly rings of the same

size.

Corollary 2.2.4. Let p and q be distinct primes, and let k and n be positive integers. No ring of size p*

is dominated by a ring of size q".

Proof. The characteristic of any ring of size p* must divide p*, so by taking m = p* in Lemma 2.2.3, the
Char-p* Network is scalar linearly solvable over any ring of size p¥, but this network is not scalar linearly
solvable over any ring of size ¢", since p and g are distinct primes. Hence, no ring of size p* is dominated

by aring of size ¢". |
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The following lemma is also shown in Chapter 3 Corollary 3.1.7, where it follows from a more
general result on linear codes over modules. However, we include the proof of Lemma 2.2.5 in this chapter
for completeness.

A ring homomorphism is a mapping that preserves the additive and multiplicative structure of rings.
Intuitively, a linear code consists of addition and multiplication operations, so taking the image of linear
coding coefficients under the homomorphisms should preserve the structure of the code. In fact, this lemma

shows that ring homomorphisms induce ring dominance.
Lemma 2.2.5. Let R and S be finite rings. If ¢ : S — R is a homomorphism, then S is dominated by R.

Proof. Let .4 be a network that has a scalar linear solution over S. Suppose the inputs to a node in a scalar
linear solution over § are xi,...,X, € S and can be written in terms of the messages zj,...,z, € S in the

following way
n
xi=)Y Bijz (2.1)
j=1
where B; 1,...,B;, € § are constants. Then any output y € S of the node is of the form

m
y= Zcixi (2.2)
i=1

= Zn: (iCiBi,]) Zj [from (2.1)] (2.3)
=RV

i=1
for some constants Cy,...,C, € S. Then (2.2) describes y in terms of the inputs to the node, and (2.3)
describes y in terms of the messages of the network.
Form a scalar linear code for .4 over R by replacing each coefficient C; in (2.2) by ¢(C;). In other
words, the coefficients in R that describe the linear combinations of the inputs at a node are the image under
¢ of the corresponding coefficients in S. We will now show that the coefficients in R that describe the linear

combinations of the messages at a node are the image under ¢ of the corresponding coefficients in S.

Assume the corresponding inputs to the node in the linear code over R are x},...,x), € R and can
be written in terms of the messages z},...,z, € R in the following way
n
/ /
xi=Y 0(Bij)7; (2.4)
Jj=1

i.e. the inputs to the node in the linear code over R are such that the coefficients are the image under ¢ of

the corresponding coefficients in S. Then, since homomorphisms preserve addition and multiplication, the
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corresponding output y' € R of the node is of the form

I
—

[from (2.1)]

Il
—_

Il Il
= ID2s
M= =
=

S M=
=

m N
i._/ \.

~

Il
_

Il
_

N

(Zc B J> Z; (2.5)
1 1

so the coefficients in R that describe the linear combinations of the messages at a node in (2.5) are the image

J

under ¢ of the corresponding coefficients in S in (2.3).

If a decoding function in the linear solution over S produces the message z;, then in (2.3)

1 ifj=1
i=1 0 ifj£IL

Since ¢ is a homomorphism, ¢ (1) = 1 and ¢(0) = 0, so the corresponding coefficients in (2.5) are

. | ifj=1
¢ Y.CBij| =
=1

0 ifj#l
so the decoding function in the linear code over R produces the message z;. Thus each receiver recovers its

demands in the scalar linear code over R, so the code is, in fact, a solution for .#". Therefore S < R. [ |

The following corollary is a special case of Lemma 2.2.5, where S is a subring of R. A subring S of
R is a subset of R that is closed under addition and multiplication and 0,1 € S. A further special case, which
will be used frequently throughout the rest of the chapter, is when R = GF(p¥) and S = GF(p™) where p is
prime and k,m are positive integers such that m divides & (e.g. see [3, Theorem 2.3.1]). We also remark that
for finite rings R; and R,, the multiplicative identity of R; X R; is in neither R; nor R, so while R and R,
are isomorphic to subsets of R; X R; that are closed under addition and multiplication, neither is a subring

of R 1 X Ryp.
Corollary 2.2.6. If S is a subring of a finite commutative ring R, then S is dominated by R.

Proof. If S is a subring of R, then the identity mapping from S to R is an injective homomorphism, so by

Lemma2.2.5, S <R. [ |

24



In general, if a network is scalar linearly solvable over an alphabet 7, then it is also scalar linearly
solvable over the alphabet .o7*, for any k > 2, by using a Cartesian product code.* In particular, if a network
is scalar linearly solvable over the ring Z,, then it is also scalar linearly solvable over the direct product of

rings ZX = 7, x --- x Z, . Since Z is not isomorphic to the product ring ZX, it does not immediately follow
N——

k times
that a network scalar linearly solvable over Z,, must also be scalar linearly solvable over Z,, and, in fact,

the contrary is demonstrated below in Corollary 2.2.7.
Corollary 2.2.7. Let m,n > 2. The ring Z,, is dominated by the ring Z, if and only if n ‘ m.

Proof. Let ¢ : Z,, — Z, be defined such that ¢ (a) is the unique integer in {0, 1,...,n— 1} satisfying ¢ (a) =
amod n. If n ‘ m, then ¢ is a surjective homomorphism, so by Lemma 2.2.5 we have Z,, < Z,. Conversely,
if n f m, then by Lemma 2.2.3, the Char-m Network is scalar linearly solvable over Z,, but not Z,, since

char(Zy) = m | m and char(Z,) = n f m, which implies Z,, is not dominated by Z,. [

If p is prime and k > 2, then by Corollary 2.2.7, we have Min(Zx) C Min(Z)). In this sense, the
larger ring alphabet Z  is strictly “worse” than the smaller field alphabet Z,. This contrasts significantly
with finite fields, where, generally speaking, larger field alphabets are “better” than smaller field alphabets.
In particular, it follows from Corollary 2.2.6 and Lemma 2.2.15 that A7, (GF(p)) C Afin(GF(p)).

2.2.2 Minimizing Alphabet Size

In this section, we prove our main result (Theorem 2.2.10) on minimizing the alphabet size needed
for a scalar linear solution over a commutative ring. The following lemma is a standard result of algebra

related to ideals of rings which will be used to show Corollary 2.2.9.

Lemma 2.2.8. [12, Theorem 7, p. 243]: If I is a two-sided ideal of ring R, then the mapping ¢ : R — R/I

given by ¢(x) = x+1 is a surjective homomorphism.

Corollary 2.2.9 demonstrates that rings with large ideals are “bad” in the sense that they are always
dominated by a smaller ring. Intuitively, rings without ideals should minimize the ring-size needed for a

scalar linear solution. We formalize this notion in Theorem 2.2.10.
Corollary 2.2.9. If I is a proper ideal in a finite commutative ring R, then R is dominated by R/I.

Proof. The quotient ring R/I is finite and commutative. By Lemma 2.2.8, there is a surjective homomor-

phism from R to R/I, so R < R/I by Lemma 2.2.5. [

“In fact, the network is solvable over any alphabet of size |.<7|* but linearity may not be preserved.
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Theorem 2.2.10 next demonstrates that when attempting to find a minimum size commutative ring

over which a network is scalar linearly solvable, it suffices to restrict attention to finite field alphabets.

Theorem 2.2.10. If a network is scalar linearly solvable over a commutative ring, then the unique

smallest such ring is a field.

Proof. Let 4 be a scalar linearly solvable network and let R be a smallest commutative ring over which
A is scalar linearly solvable. Suppose R is not a finite field, and let I be a maximal ideal® of R. Since
{0} is an ideal in every ring, R must have at least one maximal (proper) ideal. Then R/I is a field (e.g.
see [12, p. 254, Proposition 12]). By Lemma 2.2.8, there is a surjective homomorphism from R to R/I, but
R/I is a field and R is not, so the rings cannot be isomorphic. Therefore, |R/I| < |R|. By Corollary 2.2.9,
R < R/I. Thus .#" must also be scalar linearly solvable over R/I, which contradicts the assumption that R

is a smallest commutative ring over which .4 is scalar linearly solvable. |

2.2.3 Direct Products of Rings

Sun, Yin, Li, and Long [33] presented a class of multicast networks, called Swirl Networks, param-
eterized by an integer @ > 3 that affects the number of independent messages generated by the source as
well as the number of receivers and intermediate nodes. An interesting open question is for which p and &
does there exist a multicast network that is scalar linearly solvable over some ring of size p¥ but not over the
field of the same size. Example 2.2.11 demonstrates a particular Swirl Network is such a multicast network

for p=2and k = 13.

Example 2.2.11. It was shown in [33, p. 6185] that the Swirl Network with @ = 2'3 is scalar linearly
solvable over GF(2°) and GF(2*) but not over GF(2!3). By using a Cartesian product code, this Swirl

Network is scalar linearly solvable over the ring GF(2°?) x GF(2%).
The following lemma relates Cartesian product codes and the dominance relation.

Lemma 2.2.12. A network is scalar linearly solvable over a finite direct product of finite rings if and only

if the network is scalar linearly solvable over each ring in the product.

SWhenever we refer to a maximal ideal, we will always mean maximal with respect to set inclusion.
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Proof. Let Ry,...,R,, be finite rings. Any network that is scalar linearly solvable over each of the rings

Ry, ..., Ry, is clearly scalar linearly solvable over the product ring Ry X -+ X R,, by using a Cartesian prod-
uct code of the scalar linear solutions over each Ry,...,R,,. Conversely, for each j = 1,...,m, the projec-
tion mapping @; : Ry X --- X R,, — R; defined by ¢;(x,...,x,) = x; is a surjective homomorphism, so by

Lemma 2.2.5, Ry X --- X Ry, X R; and thus any network that is scalar linearly solvable over the product ring

Ry x --- X R, is also scalar linearly solvable over each ring Ry,...,R,,. [ |

Lemma 2.2.13 demonstrates that if each ring in a collection of rings dominates at least one ring in
a second collection of rings, then the direct product of the rings in the first collection dominates the direct

product of the rings in the second collection.

Lemma 2.2.13. Ifeach of the finite rings S1,. .., S, is dominated by at least one of the finite rings Ry, ..., R,

then Sy x --- x S, is dominated by R X - -+ X Ry,

Proof. Let ./ be a network that is scalar linearly solvable over Sy x --- x S,,. Leti € {1,...,m} and let
Jj be such that S; < R;. By Lemma 2.2.12, .4 is scalar linearly solvable over S, so .4 is scalar linearly
solvable over R;. Thus by Lemma 2.2.12, since i was chosen arbitrarily, .4 is also scalar linearly solvable

over Ry X --- X R,,,. |
The following remark notes that two rings of different sizes can each dominate the other.

Remark 2.2.14. For each finite ring R and all positive integers m,n, the direct product rings R X --- X R
—_———

n times

and R X --- X R each dominate the other by Lemma 2.2.13.
N—_——

m times
2.2.4 The n-Choose-Two Networks

Figure 2.4 shows a multicast network studied by Rasala Lehman and Lehman [29], which we call
the n-Choose-Two Network. This network will be used to illustrate various facts in what follows. The
network has two messages x and y, intermediate edge symbols A;,...,A,, and (g) receivers. Each receiver
receives a unique pair of symbols (A;,A;), where i < j, and must decode both messages x and y. The
following lemma was shown in [29], and it characterizes the finite fields over which a scalar linear solution

to the n-Choose-Two Network exists and gives an alphabet-size condition necessary for solvability.
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Figure 2.4: The n-Choose-Two Network is parameterized by an integer n > 2. The network’s name indicates
the number of receivers.

Lemma 2.2.15. [29, p. 144]: Let n > 3.
(a) If the n-Choose-Two Network has a solution over an alphabet <7, then |</| > n— 1.

(b) The n-Choose-Two Network is scalar linearly solvable over a field F if and only if |F| > n— 1.

The following theorem demonstrates that for each finite field, there exists a multicast network that
is scalar linearly solvable over the field but is not scalar linearly solvable over any other commutative ring of
the same size. Theorem 2.2.16 additionally implies that GF(p") is not dominated by any other commutative
ring of size p¥, which implies that GF(p*) is maximal with respect to the quasi-order of commutative rings

of size p*.

Theorem 2.2.16. For each prime p and positive integer k, the (p* + 1)-Choose-Two Network is scalar

linearly solvable over the field GF(pX) but not over any other commutative ring of size p~.

Proof. Lemma 2.2.15 (b) implies that the (p* + 1)-Choose-Two Network is scalar linearly solvable over
GF(p¥). On the other hand, if the (p* 4 1)-Choose-Two Network network were scalar linearly solvable over
a commutative ring R of size p¥ that is not a field, then by Theorem 2.2.10, it would also be scalar linearly

solvable over some field whose size is less than p*, which would contradict Lemma 2.2.15. |

The following theorem gives a necessary and sufficient condition on the alphabet sizes over which

a scalar linear solution to the n-Choose-Two Network exists for at least one ring.
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Theorem 2.2.17. Let m = plfl . pf’ be the prime factorization of m > 2, and let n > 3. The n-Choose-

Two Network is scalar linearly solvable over some ring of size m if and only if pf" >n—1 for each i.

Proof. Assume pf" > n—1. Then by Lemma 2.2.15 (b), the n-Choose-Two Network is scalar linearly
solvable over GF( pff ). So by Lemma 2.2.12, the n-Choose-Two Network is scalar linearly solvable over the
product ring GF( p]f‘) x -+ x GF(p¥) which has cardinality m.

Conversely, suppose m = p]f‘ e pf’ and the n-Choose-Two Network is scalar linearly solvable over
a ring R of size m. R is isomorphic to a direct product of rings of size p]f‘ yeees pf’ (e.g. see [27, p. 2]).
Foreachi=1,...,t, let R; be the ring of size pf". Then by Lemma 2.2.12, the n-Choose-Two Network is
scalar linearly solvable over each of Ry,...,R,. Hence by Lemma 2.2.15 (a), we must have pf" >n—1 for

all i. |

Figure 2.5: The Two-Six Network is a multicast network studied in [10]. Each of the receivers gets a unique
pair of edge symbols (4;,4;), where i < j. The network’s name indicates the alphabet sizes over which the
network is not solvable.

A variation of the 4-Choose-Two Network, called the Two-Six Network, is given in Figure 2.5. The
Two-Six Network was used in [10] to show that a multicast network with a solution over a given alphabet
size might not have a solution over all larger alphabet sizes. Corollary 2.2.18 gives conditions on the
solvability and scalar linear solvability of the Two-Six Network. We use the fact that the Two-Six Network

is equivalent in terms of solvability to the 4-Choose-Two Network.
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Corollary 2.2.18. For each m > 2, the Two-Six Network is:
(a) Solvable over an alphabet of size m if and only if m & {2,6}.
(b) Scalar linearly solvable over some ring of size m if and only if m # 2 mod 4.

(c) Scalar linearly solvable over all finite fields except GF(2).

Proof. Part (a) is [10, Lemma V.3]. Parts (b) and (c) follow immediately from Lemma 2.2.15 and Theo-

rem 2.2.17, respectively, when n = 4. |

The proof of Corollary 2.2.18 (a) (i.e. Lemma V.3 in [10]) made use of a theorem characterizing
the orders for which orthogonal latin squares exist. Euler originally conjectured over 230 years ago that
orthogonal latin squares existed for all orders not congruent to 2 mod 4. It turned out that Euler was
incorrect, and it was shown in 1960 that orthogonal latin squares existed for all orders except 2 and 6.
Interestingly, the Two-Six Network was shown in Corollary 2.2.18 to be solvable for all alphabet sizes
except 2 and 6 and scalar linearly solvable over some ring of every size that is not congruent to 2 mod 4.

Li, Yeung, and Cai [26] showed that every solvable multicast network is scalar linearly solvable
over every sufficiently large finite field. We observe that this property is not true for finite rings, as the
Two-Six Network is a solvable multicast network and is not scalar linearly solvable over any ring whose

size is 2 mod 4.

2.2.5 Rings of Size p?

Remark 2.2.14 demonstrated that it is possible for the exact same set of networks to be scalar
linearly solvable over two rings of different sizes. The following theorem shows that, for each prime p, this
is also possible for two rings of size p?, i.e. it is possible to have two non-isomorphic commutative rings of

size p?, such that the rings are equivalent under dominance.

Theorem 2.2.19. For each prime p, the rings GF(p)[x]/(x*) and GF(p) x GF(p) are each dominated

by the other but are not isomorphic.

Proof. The rings are clearly not isomorphic since the only element of GF(p) x GF(p) whose square is

zero is zero itself, and in GF(p)[x]/(x?), the squares of both zero and x are zero. The field GF(p) is a
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subring of GF(p)[x]/(x?), so by Corollary 2.2.6, GF(p) < GF(p)[x]/(x*). On the other hand, the mapping
¢ : GF(p)[x]/(x*) — GF(p) given by ¢(a + bx) = a is a surjective homomorphism, so by Lemma 2.2.5,
GF(p)[x]/(x*) = GF(p). Thus, GF(p) = GF(p)[x]/(x*) and by Lemma 2.2.12, GF(p) x GF(p) = GF(p).

|

In the proof of the previous theorem it is shown that GF(p) = GF(p)[x]/(x*) which is another
interesting example of rings of different sizes being equivalent under dominance. It is known [17, Theo-
rem 2, p. 250] that, for each prime p, the only four commutative rings of size p? are GF(p?), GF(p) x
GF(p), Z,2, and GF(p)[x]/(x*). The following theorem describes a chain of dominances between these

rings and shows that dominance is a total quasi-order of the commutative rings of size p?.

Theorem 2.2.20. For each prime p, the four commutative rings of size p* satisfy

Nin(Z,2) C Niin(GF(p)[x]/(x*)) = Niin(GF(p) x GE(p)) C Hjin(GF(p?)).

Proof. The field GF(p) is a subring of the field GF(p?), so by Corollary 2.2.6, GF(p) < GF(p?). This,
along with the fact the (p? + 1)-Choose-Two Network is scalar linearly solvable over GF(p?) but not GF(p)
(via Lemma 2.2.15), implies A, (GF(p)) C Ain(GF(p?)). By Theorem 2.2.19 and Corollary 2.2.7, we also
have Z,» = GF(p) = GF(p) x GF(p) = GF(p)[x]/(x*). Additionally, by Lemma 2.2.3, the Char-p Network

is scalar linearly solvable over GF(p) but not Z ., thus proving the claim. |

2.3 Finite Field Dominance

A ring R does not dominate the ring § whenever there exists a network that is scalar linearly solvable
over S but not over R. The following lemma demonstrates a class of non-multicast networks that will be
used in later proofs to show a given ring is not dominated by another given ring. Such networks are scalar

linearly solvable only over certain fields.

Lemma 2.3.1. [9, Section VI, Example (7)]: For any primes qi,...,qs and positive integers my,...,my,
there exists a network that is scalar linearly solvable over the fields GF(¢|™"), ..., GF(¢{") for all n > 1,

but not over any other fields.

Note that the primes ¢y, ...,q; in Lemma 2.3.1 need not be distinct. The following lemma will

enable us to demonstrate certain networks that are scalar linearly solvable over some ring of prime power
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size but not over the field of the same size. Lemma 2.3.2 will also be used in some of the proofs in

Section 2.5.

Lemma 2.3.2. Let py,...,p, and q1,...,qs be primes, and let k,. .. k, and my, ... mg be positive integers.
The ring GF(q}") x --- x GF(q) is dominated by the ring GF(pllq) x --- x GF(p*) if and only if for each

i€ {1,...,r} there exists j € {1,...,s} such that q; = p; and m; | k;.

Proof. If, for each i, there is a j such that ¢; = p; and m; ‘ k;, then GF(q;."j ) is a subring of GF(pi.‘i )
so by Corollary 2.2.6, GF(q?lj) = GF(pf") and therefore, by Lemma 2.2.13, GF(g}") x --- x GF(g¥*) <
GF(p}") x -+ x GF(pf).

To prove the converse, suppose to the contrary that there exists i € {1,...,r} such that for all
Jj€A{l,...,s}, either g; # p; or m; t k;. By Lemma 2.3.1, there exists a network ./ that is scalar lin-
early solvable precisely over those fields of size q;fm" , where j € {l,...,s} and n > 1. Taking n =1
and applying Lemma 2.2.12, implies that .4 is scalar linearly solvable over GF(q}") x --- x GF(q}").
But .4 can not be scalar linearly solvable over GF(pf-“' ), since for all j € {1,...,s}, either ¢; # p; or
m; f ki, so by Lemma 2.2.12, .4 is not scalar linearly solvable over GF(p]{') x -+-- x GF(pk). Thus,
GF(g}") x -+- x GF(q"™) £ GF(p}!) x - - x GF(pf). u

As in Theorem 2.2.19, the following corollary demonstrates that two non-isomorphic commutative
rings of the same size may be equivalent with respect to the dominance relation <. In this case, the rings

are both direct products of fields.

Corollary 2.3.3. For each k > 3 and prime p, the rings GF(p*=!) x GF(p) and GF(p*~?) x GF(p) x GF(p)

each dominate the other.

Proof. The result follows from Lemma 2.3.2 by taking r =2,s =3, p1r=pr=qi =g =q3 =p, k| =
k—1,m =k—2, and ky = my = m3 = 1 to get GF(p*~?) x GF(p) x GF(p) < GF(p*~') x GF(p), and
bytaking r=3,s=2, p1r=pr=p3=qi=q@=p, ki =k—2,m=k—1,and ky = k3 =my =1 to get
GF(p*~!) x GF(p) = GF(p*~?) x GF(p) x GF(p). u

Example 2.3.4 next demonstrates a network that is scalar linearly solvable over a ring of size 32
but is not scalar linearly solvable over the field of size 32. It turns out that 32 is the smallest prime power
alphabet size for which a network can have a scalar linear solution over a commutative ring but not over the

field of the same size (see Corollary 2.5.10).
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Example 2.3.4. Taking r=1,s =2, py =q1 = ¢ =2 and k; = 5,k; = 3,k; =2 in Lemma 2.3.2 shows
that GF(8) x GF(4) is not dominated by GF(32). In particular, there exists a network that is scalar linearly
solvable over the ring GF(8) x GF(4) but not over the field GF(32).

Theorem 2.2.16 and Examples 2.2.11 and 2.3.4 also demonstrate that dominance is not necessarily
a total quasi-order of the commutative rings of a given size, as there can exist rings of the same size such

that neither dominates the other.

2.3.1 Local Rings

A finite commutative ring is said to be local if it has a single maximal ideal (see [3, Definition

1.2.9]). Lemmas 2.3.5 and 2.3.6 are standard results from commutative ring theory.
Lemma 2.3.5. [3, Theorem 3.1.4]: Every finite commutative ring is a direct product of local rings.

Lemma 2.3.6. [3, Theorem 6.1.2 11]: If R is a finite commutative local ring with maximal ideal I, then there
exists a prime p and positive integers k and m such that

(i) |R|=p*

(ii) R/I is a field of size p™ and m divides k.

All finite fields are local rings, since their unique maximal ideal is the trivial ring {O}. The ring
Zy is local if and only if n is a prime power, since for any prime divisor p of n, (p) ={ap : a € Z,} is a
maximal ideal of Z,. However, not every ring of prime power size is local. For example, GF(2) x GF(2)
has distinct maximal ideals {(0,0),(1,0)} and {(0,0),(0,1)}. The following lemma connects the algebraic

concept of local rings to the dominance relation of network coding.
Lemma 2.3.7. Every finite commutative local ring is dominated by the finite field of the same size.

Proof. Let R be a finite commutative local ring with maximal ideal /. By Lemma 2.3.6, there exist a prime
p and positive integers k and m such that |R| = p¥, m ‘ k, and R/I = GF(p™). Thus, by Corollary 2.2.9, we
have R < GF(p™), and since m | k, we have GF(p™) < GF(p*) by Lemma 2.3.2. The lemma then follows

from the transitivity of <. |

Example 2.3.4 demonstrated that there exists a network that is scalar linearly solvable over the ring
GF(8) x GF(4) but not over the field GF(32). The following theorem strengthens the result in Example 2.3.4
by additionally showing the network is not even scalar linearly solvable over any other commutative ring of
size 32. This contrasts with Theorem 2.2.16, which demonstrates a network that is scalar linearly solvable

over GF(32) but not over any other commutative ring of size 32.

33



Theorem 2.3.8. There exists a network that is scalar linearly solvable over GF(8) x GF(4) but not over

any other commutative ring of size 32.

Proof. By Lemma 2.3.1, there exists a network ./ that is scalar linearly solvable precisely over all fields
whose size is of the form 22" or 2%, where n > 1. Hence .4 is scalar linearly solvable over both GF(4)
and GF(8) but neither GF(2) nor GF(32). By using a product code, ./” is also scalar linearly solvable over
the ring GF(8) x GF(4) of size 32. We will now show that .#” is not scalar linearly solvable over any other
commutative ring of size 32.
By Lemmas 2.3.5 and 2.3.6 (i), every commutative ring R of size 32 satisfies exactly one of the

following seven properties:

(a) Ris alocal ring of size 32

(b) R is adirect product of local rings of size 16 and 2

(c) R is adirect product of local rings of size 8 and 4

(d) R is adirect product of local rings of size 8, 2, and 2

(e) R is adirect product of local rings of size 4, 4, and 2

(f) R is adirect product of local rings of size 4, 2, 2, and 2

(g) R is adirect product of five local rings of size 2.

By Lemma 2.3.7, any network that is scalar linearly solvable over a commutative local ring of size 32 is also
scalar linearly solvable over GF(32). This eliminates case (a). Similarly, any network that is scalar linearly
solvable over a local ring of size 2 is also scalar linearly solvable over GF(2). By Lemma 2.2.12, any
network that is scalar linearly solvable over a direct product ring is also scalar linearly solvable over every
ring in the direct product. This eliminates cases (b),(d),(e),(f),(g). Thus if .4 is scalar linearly solvable over
a commutative ring R of size 32, R must satisfy case (c).

Suppose S is a commutative local ring of size 8 with maximal ideal /. Then Lemma 2.3.6 (ii)
implies S/I = GF(2") for some m € {1,3}. If m = 3, then S = GF(8), and if m = 1, then by Corollary 2.2.9,
S < GF(2). Similarly, a commutative local ring of size 4 is either isomorphic to GF(4) or is dominated by
GF(2). Thus if .4 is scalar linearly solvable over a ring R satisfying case (c), then R = GF(8) x GF(4);
otherwise, by Lemma 2.2.12, a scalar linear solution over R would imply there exists a scalar linear solution
over GF(2). Thus GF(8) x GF(4) is the only commutative ring of size 32 over which ./ is scalar linearly
solvable. |
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Theorem 2.3.8 demonstrates that GF(8) x GF(4) is not dominated by any other commutative ring
of size 32 (including GF(32)) and thus is maximal. On the other hand, Theorem 2.2.16 demonstrates that
GF(32) is not dominated by any other commutative ring of size 32 (including GF(8) x GF(4)) and thus is
maximal. In Section 2.5, we characterize all maximal rings, and we show that all maximal rings have the
property that there exists some network that is scalar linearly solvable over the maximal ring but not over
any other commutative ring of the same size, which agrees with Theorems 2.3.8 and 2.2.16.

The network in the previous theorem is clearly also scalar linearly solvable over the fields GF(8)
and GF(4). So while GF(8) x GF(4) is the only commutative ring of size 32 that the network is scalar
linearly solvable over, it is not the smallest commutative ring the network is scalar linearly solvable over.

This fact agrees with Theorem 2.2.10.

2.3.2 Non-Power-of-Prime Size Rings

Theorem 2.2.10 demonstrated that scalar linear solutions over commutative rings induce scalar
linear solutions over finite fields. For a network that is scalar linearly solvable over a given commutative
ring it is natural to ask over which fields is the network also scalar linearly solvable. In this section, we

partially answer this question.

Theorem 2.3.9. Suppose a network is scalar linearly solvable over some commutative ring whose
size is divisible by the prime p. Then the network is scalar linearly solvable over some finite field of

characteristic p whose size divides the size of the ring.

Proof. Let the commutative ring be R. By Lemma 2.3.5, there exist commutative local rings Ry,...,R, such
that R= R X --- X R,. So we have |[R| = |R;|---|R,| and since p divides |R|, there exists j € {1,...,n} such
that p divides |R;|. By Lemma 2.3.6 (i), this implies |R;| = p™ for some positive integer m. Therefore,
by Lemma 2.3.7, R; < GF(p™). Since ./ is scalar linearly solvable over R, by Lemma 2.2.12, .4" must
be scalar linearly solvable over R;, and since R; < GF(p™), .#” must also be scalar linearly solvable over

GE(p™). n

Theorem 2.3.9 demonstrates that commutative rings of non-power-of-prime size are always domi-
nated by some fields whose characteristics are the prime factors of the ring’s size. Determining which fields
dominate a particular ring appears to be a non-trivial problem, since it depends on the local decomposition

of the ring. We address a select few cases.
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The following result is a standard result of algebra and shows that for each square-free integer m,
any ring (with identity) of size m must be isomorphic to a direct product of prime fields. As an example, the

ring Zg is isomorphic to GF(3) x GF(2).

Lemma 2.3.10. [2, p. 457]: Let py,..., p, be distinct primes. The commutative ring GF(p;) x---xGF(p,)

is the only ring of size p - py.

The following corollary shows that if a network is scalar linearly solvable over a ring whose size
is square-free, then it must also be scalar linearly solvable over the prime fields corresponding to its prime

factors.

Corollary 2.3.11. Let py,...,p, be distinct primes. If a network is scalar linearly solvable over a ring of

size p1 -+ pn, then the network is scalar linearly solvable over each of the fields GF(p,), ..., GF(py).

Proof. By Lemma 2.3.10, the only ring of size p;--- p, is GF(p1) x --- x GF(p,). By Lemma 2.2.12, any
network that is scalar linearly solvable over this ring must also have a scalar linear solution over each of

GF(p1),..., GF(p,). |

In general, one cannot specify in Theorem 2.3.9 which fields of characteristic p a particular net-
work is scalar linearly solvable over without knowing the particular ring R. As an example, the following
corollary illustrates that different networks that are scalar linearly solvable over different rings of size 12,
may be scalar linearly solvable over different finite fields. Additionally, Corollary 2.3.12 demonstrates that

Corollary 2.3.11 does not always hold when py, ..., p, are non-distinct primes.

Corollary 2.3.12. (i) If a network is scalar linearly solvable over GF(4) x GF(3), then the network is scalar
linearly solvable over GF(4) and GF(3) but not necessarily over GF(2). (ii) If a network is scalar linearly

solvable over Z,, then the network is scalar linearly solvable over GF(2) and GF(3).

Proof. Part (i) follows from Lemma 2.2.12 and the fact that the Two-Six Network is scalar linearly solvable

over GF(4) and GF(3) but not over GF(2) (see Corollary 2.2.18). Part (ii) follows from Corollary 2.2.7. W

36



2.4 Integer Partitions

This section focuses on using integer partitions to describe a particular class of commutative rings
that are direct products of finite fields. These rings will then be used in Section 2.5 to characterize commu-
tative rings that are maximal.

For any positive integer k, a partition of k of length r is a non-decreasing sequence of positive
integers (ay,...,a,) whose sum is equal to k. The length r of a partition A is sometimes denoted |A|. Let

I1(k) denote the set of all partitions of .

Definition 2.4.1. For each prime p, and each partition A = (ay,...,a,) of k, define the direct product
ring

Rap = GF(p™) x --- x GF(p™).

Let m > 2 have prime factorization m = plfl a pf’, and let R be a ring of size m. We call R a partition

ring if for each i = 1,... 1, there exists A; € I1(k;) such that
R= RAIJ’[ X X RA;.P:'

We will refer to Ay,..., A, as the partitions of R.

As an example, if m = 864 = 2°33, then R = GF(2?) x GF(2?) x GF(2!) x GF(3%) x GF(3') is a
partition ring and the partitions of R are A| = (2,2,1) and A, = (2,1). Another partition ring of size 864
is R = GF(2*) x GF(2!) x GF(3%) and the partitions of R are A} = (4,1) and A, = (3). As another special
case, any field GF(p¥) is a partition ring whose partition is (k). In later proofs, we will encounter direct
products of fields not given in terms of partitions; however, Lemma 2.4.2 demonstrates that each such direct

product is, in fact, a partition ring.
Lemma 2.4.2. Every finite direct product of finite fields is a partition ring.

Proof. Suppose qi,...,qs are (not necessarily distinct) prime numbers and #n1,...,n, are positive integers
and define the product ring R = GF(q}') x --- x GF(q}*). Let plfl .- p¥ denote the prime factorization of

, so that plfl ---pf’ =¢q'---¢. For each j € {1,...,s}, we have ¢; = p; for some unique

the ring size |R
i€{l,...,t}. Thus, for each i = 1,...,z, there exist positive integers r; and a;; > --- > a;,, such that

t -
aiy + - +ai, =k and GF(q}") x --- x GF(¢}*) = HHGF(p?”’). Let A; = (a;1,...,ai,,). Then for each
i=1j=1

i, A; is a partition of k;, and R is isomorphic to the partition ring with partitions Aj,..., A;. |
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2.4.1 Partition Division

Definition 2.4.3. Let A and B be partitions of k. We say that A divides B and write A ‘ B if for each

133 kR

element b of B, there exists an element a of A such that a | b. We call the relation “|” partition division.

For each positive integer k, it can be verified that the partition division relation is a quasi-order on
the set IT1(k). Throughout this chapter, whenever we refer to a partition of an integer as being maximal, we
mean the partition is maximal with respect to the relation | on the set of all partitions of the same integer.
In particular, a partition B of k is maximal if and only if A ‘ B whenever B ‘ A, for all partitions A of k.
Sometimes distinct partitions of the same integer each divide the other. For example, for each k > 3, the
partitions (k—1,1) and (k—2,1,1) of k divide one another. Hence partition division is not anti-symmetric
on IT(k).

Lemma 2.4.4 demonstrates the connection between partition division and dominance of partition
rings. Lemma 2.4.4 is a special case of Lemma 2.3.2, where the direct products of finite fields are based on

partition rings.

Lemma 2.4.4. Let m > 2 have prime factorization m = p]{‘ pf’, and for each i =1,...,t, let A; and B;
be partitions of k. Then Ry, ,, X --- X Ry, p, is dominated by the ring Rg, ,, X --- X R, ,, if and only if A;

divides B; for all i.

Proof. Foreachie {1,...,t},let A; = (a;1,...,ai,) and B; = (b;1,...,b;s). Then

t ri t
RAl,pl X X RA,,p, = HHGF(])?”J) and RB]J’[ XX RB,,p, = H GF(pi ' )
i=1j=1 j

By Lemma 2.3.2,

if and only if for each i € {1,...,1} and each j € {1,...,r;}, there exists [ € {1,...,s;} such that a;; | b; ;.
However, the latter condition is precisely A; ‘ B, for all i. |
2.4.2 Characterizing Maximal Partitions

The following lemma shows that if a partition divides a partition that is not shorter than it, then it
also divides a partition which is shorter. This property will be used to characterize maximal partitions in

Theorems 2.4.6 and 2.4.9.
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Lemma 2.4.5. Let A and B be different partitions of k. If |A| < |B| and A | B, then there exists a partition
C of k such that |C| < |A| and A | C.

Proof. The proof uses induction on [B| — |A|. In this proof, when we refer to elements of an integer partition
as being “distinct” we mean that the elements are in different positions in the partition but possibly equal in

value, i.e. if i # j, then g; and a; are distinct elements of A, even when g; = a;.

e Base case: [B|—|A|=0.

If no element of A divides multiple elements of B, then, since |A| = |B|, each element of A must divide

exactly one element of B. Then there exists a permutation ¢ of {1,...,|A[} such that a; divides bs;).
Then
Al A
Z bo(i) = Z b; [from o is a permutation]
i=1 i=1
B|
=) b [from |A| = |B]
i=1
Al
=) q [from A,B € IT(k)]

Il
—_

which implies a; = b ;) for all i. However, this contradicts the assumption that A # B.

So we may assume there exists an element a of A that divides some distinct elements b;,b; of B. Let
C be the partition B with elements b; and b; removed and replaced by (b; +b;). Then C is a partition

of k that is shorter than A, and since a divides (b;+b;), we have A | C.

e Induction step: Assume true whenever |B| — |A| < n (where n > 1).

Suppose |B| —|A| = n.

» Case:n=1

Since [B| > |A| and A | B, there exists an element a of A that divides some distinct elements
b;,b; of B. If there is a third distinct element b; of B such that a ‘ by, then let C be the partition
B with elements b;, b;, and b; removed and replaced by (b; + b+ b;). Then C is a partition of k
that is shorter than A, and since a divides (b; +b; + b;), we have A ‘ C.

If there is no such third distinct element b;, then modify B by removing the elements b; and b;
and adding an element (b; + b;). The new B is a partition of k that is the same length as A, and
since a divides (b; +b;), we have A ‘ B. Since a divides both b; and b;, we have a # b; + b,
and since (b; + b;) is the only element of B that a divides, the value a is not one of the elements

of B. Hence B # A, which reduces to the base case n = 0.
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» Case:n>2
Since [B| > |A| and A | B, there exists an element a of A that divides some distinct elements
b;,b; of B. Modify the partition B by removing the elements b; and b; and adding the element
(bi+bj). The new B is a partition of k that is one shorter than before the modification, and since
a divides (b; +b;), we have A | B. This reduces to the case |B| — [A| = n— 1, which is true by

the induction hypothesis.
|

Theorem 2.4.6. No maximal partition of k can divide any other partition of k.

Proof. Any partition A is maximal if and only if the equivalence class [A] is maximal (with respect to the
induced partial order under partition division), so it suffices to show that if [A] is maximal, then [A] = {A}.

Let A be a maximal partition of k such that A is of minimal length among the partitions in [A], and
suppose B € [A] — {A}. Then |A| < |B| and A | B, so by Lemma 2.4.5, there exists C € I1(k) such that
|C| < |A| and A | C. Since [A] is maximal, we must have C | A, which implies C € [A], but this violates the
minimum length of A in [A]. Thus, [A] = {A}. [

In theory, the maximal elements in a quasi-order could be equivalent to another maximal element,
i.e. the corresponding equivalence class contains more than one element. However, Theorem 2.4.6 implies
the maximal partitions of k are precisely the partitions of k that do not divide any other partition of «, i.e.
each maximal partition is in a distinct equivalence class. This is a stronger maximality condition than the
maximality induced by the quasi-order.

Lemma 2.4.7 demonstrates a property of maximal partitions that will be used in a later proof.
Lemma 2.4.7. No element of a maximal partition of k is divisible by a different element of the partition.

Proof. Let A = (ay,...,a,) be a partition of k. Assume there exist distinct i, j € {1,...,r} such that g;
divides a;. Then q; divides (a; +a;). Create a new partition B of k by removing the elements ; and a; of A

and inserting a new element (a; +a;). Then B # A and A ‘ B, so by Theorem 2.4.6, A is not maximal. W

The converse of Lemma 2.4.7 does not necessarily hold. For example, the partition (5,3,2) satisfies

the latter condition of Lemma 2.4.7, but (5,3,2) | (10), so (5,3,2) is not maximal.
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2.4.3 Maximal Partitions of Short Length

The following results provide a partial characterization of the maximal partitions with respect to

partition division.

Remark 2.4.8. For each k > 1, the partition (k) is maximal, since k does not divide any positive integer

less than k.

Theorem 2.4.9 gives a complete characterization of the maximal partitions of length 2.

Theorem 2.4.9. Let k and m be positive integers such that m < k/2. The partition (k—m,m) of k is

maximal if and only if m | k.

Proof. Assume m | k. Then (k—m,m) | (k), so by Theorem 2.4.6, (k —m,m) is not a maximal partition.
Now assume m f k. Then k # 2m, so m < k/2, or equivalently k —m > k/2. Thus, (k —m) } k,

which means that (k— m,m) does not divide (k). But (k) is the only partition of k shorter than the partition

(k—m,m), so by Lemma 2.4.5, the partition (k —m,m) cannot divide any other partition of k that is at least

as long as (k—m,m). Thus (k —m,m) is maximal. [

We can have maximal partitions of length 3 or greater, such as (7,6,4), although we do not know of
a nice characterization of such partitions. In Table 2.6, we provide a computer generated list of all maximal

partitions of k, for each k£ < 30.

Theorem 2.4.10. Let k be a positive integer. Then (k) is the unique maximal partition of k if and only

ifk € {1,2,3,4,6}.

Proof. For each positive integer k, by Remark 2.4.8, (k) is a maximal partition. It is easily verified that the
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following are all the partitions of k, for k € {1,2,3,4,6}:

(1) = {(1)}

(2) ={(2),(1,1)}

[3) ={(3), (2, 1), (1, 1,1)}

T(4) = {(4),(3,1),(2,2),(2,1,1),(1,1,1,1)}
11(6) = {(6),(5,1),(4,2),(4,1,1),(3,3)

(3,2,1),(3,1,1,1),(2,2,2),

(2,2,1,1),(2,1,1,1,1),(1,1,1,1,1,1)} .

For each k € {1,2,3,4,6}, every partition of k has an element that divides k, so (k) is the only maximal
partition for such k.

For each odd k > 5, we have

k=1 k—1 k—1
d k 2 =gd| —,1|=1<—
1 t k. Therefore (i, kT) is a maximal partition, by taking m = 21 in Theorem 2.4.9.

2
For each even k > 8, we have

gcd<k—1k>—gcd<ﬁ—1k 2<§—1>>—gcd<ﬁ—l 2> §2<§—1

o (% — 1) Y k. Therefore (% +1, § — 1) is a maximal partition, by taking m = § — 1 in Theorem 2.4.9.

Thus if k =5 or if kK > 7, then there exist at least two maximal partitions of k. [ |

2.5 Maximal Commutative Rings

In this section, we characterize the commutative rings which are maximal with respect to the quasi-
order of commutative rings of a given size under dominance. In order to do, we make use of the results on

partition division from Section 2.4.

Corollary 2.5.1. If each of a partition ring’s integer partitions is maximal, then the ring is not dominated

by any other partition ring of the same size.

Proof. Letm = p]{‘ pf’ be the prime factorization of m. For each i = 1,...,z, let A;,B; € T1(k;) be such
that A; is maximal. Suppose Ry, ,, X --- X Ra, ), = Rp, p, X -+ X Rp, j,. Then by Lemma 2.4.4, A; ! B;
for all i. Since each A; is maximal, by Theorem 2.4.6, B; = A;, for all i. Therefore the partition ring

Ra, p, X -++ X Ra, p, is isomorphic to the partition ring Rg, ,, X --- X Rp, p,. |
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Lemma 2.5.2 extends Corollary 2.5.1 to show that partition rings, where each partition is maximal,

are not dominated by any other (not necessarily partition) commutative ring of the same size.

Lemma 2.5.2. If each of a partition ring’s integer partitions is maximal, then the ring is not dominated by

any other commutative ring of the same size.

Proof. Letm = p]lCl e pf’ be the prime factorization of the size of the ring R = Rp, , X -++ X Ry, p,, where
for each i = 1,...,t, the partition A; = (a;1,...,a;,) of k; is maximal. Suppose R is dominated by a
commutative ring S of size m. We will show that R and § are isomorphic rings.

By Lemma 2.3.5, the ring S can be written as a direct product of commutative local rings, and by

Lemma 2.3.6 (i), the size of each such local ring has to be a power of one of the prime factors py,...,p; of
m. Specifically, for each i = 1,... 1, there exist local rings L; 1,...,L;, such that each |L; ;| is a power of p;
and

Si

s=T] (2.6)
i=1

:1

IIZ

Foreachi=1,...,rand j=1,...,s;, Lemma 2.3.7 impies that L; ; < GF(|L; j|). Then,

R, py X - X Ra, p, = HHLL ; [from R < S, (2.6)]
i=1j=
< HH GF(|L: |) [from Lemma 2.2.13] .7
i=1j=

and the right-hand-side of (2.7) is a partition ring of size m, by Lemma 2.4.2. Since each A; is maximal, by

Corollary 2.5.1 and (2.7), we have

HHGF |Ll] RAI 171 - X RAnPr
i=1j=

= [T GF(™). 2.8)

Therefore for each i = 1,...,¢, we have s; = r;, and by (2.8), without loss of generality, we may assume
ILi j| = pi*/ forall j=1,...,r;

Foreachi=1,...,tand j=1,...,r;, let ; ; be the maximal ideal of the local ring L; ;. Then, by
Lemma 2.3.6 (ii), for each i and j, there exists a positive integer b; ; such that b; ; ! a;; and GF(pf”j ) is

isomorphic to L; j/I; ;. Corollary 2.2.9 then implies

Li; = GF(pl*) (i=1,....tand j=1,....r,) 2.9)
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and therefore

i=1j=1
tr
<TIT1L:i [from R < S, (2.6)]
i=1j=1
tr b
= GF(p;"’) [from (2.9), Lemma 2.2.13]. (2.10)
i=1j=1

Lemma 2.3.2 and (2.10) imply that for each i € {1,...,7} and j € {1,...,r;}, there exists [ €
{1,...,r;} such that a;; ‘ b; j. We also have b; ; ‘ a; j, SO aj ‘ a; j. Since A; is maximal, by Lemma 2.4.7,
this implies / = j. Thus b; ; = a; j, foralli € {1,...,¢} and j € {1,...,r;}, and therefore L; ;/I; ; = GF(p;™’)

for all i, j. However, we also have |L; ;| = p;*/ for all i, j. So it must be the case that |I; ;| = 1, and

L;; = GF(p;") (i=1,....tand j=1,...,r,). (2.11)
Thus,
t ri B
S=TTITGF*) [from (2.6), (2.11)]
i=1j=1

Lemmas 2.5.2 and 2.5.3 will be used in the proof of Theorem 2.5.4 to show that the maximal

commutative rings with respect to dominance are precisely partition rings where each partition is maximal.

Lemma 2.5.3. Every finite commutative ring is dominated by some partition ring of the same size, all of

whose partitions are maximal.

Proof. Let R be a finite commutative ring. By Lemma 2.3.5, there exist commutative local rings Ry,...,R,
such that R = Ry X --- X R,. By Lemma 2.3.7, for each j = 1,...,n, we have R; < GF(|R;|) so by

Lemma 2.2.13, we have
Ry X -+ X Ry X GFE(|Ry|) X --- X GF(|Ry]). (2.12)

Letm = p]lCl ‘e pf’ denote the prime factorization of m. Then by Lemma 2.4.2, foreachi=1,...,t,

there exists a partition B; of k; such that

RBhPl X X RBnPt = GF(’RID X X GF(‘R’!D (213)
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Since I1(k;) is a finite quasi-ordered set under partition division, for each i = 1,...,t, there exists

maximal A; € I1(k;) such that B; ! A;. So we have

R XRp, p, X+ xRp, [from (2.12), (2.13)]

=<Ra, p; X - xR, p, [from Lemma 2.4.4].

The following theorem characterizes maximal commutative rings.

Theorem 2.5.4. A finite commutative ring is maximal if and only if it is a partition ring, each of whose

integer partitions is maximal.

Proof. If R is a partition ring such that each of its partitions is maximal, then by Lemma 2.5.2, no other
commutative ring of the same size dominates R. Thus, R is maximal.

Conversely, assume commutative ring R is maximal. By Lemma 2.5.3, R is dominated by a partition
ring S of the same size where each of its partitions is maximal. Since R is maximal, this implies § < R.
However, by Lemma 2.5.2, this implies S = R. Thus, R is a partition ring such that each of its partitions is

maximal. [ |

Remark 2.5.5. Since the maximal rings of a given size are partition rings where each integer partition
is maximal, the maximal rings of non-power-of-prime size are direct products of maximal rings of

prime-power sizes.

Corollary 2.5.6. Let m > 2 have prime factorization m = plfl co-pl. Then GF(plf‘) x - x GR(pl) is a

maximal ring of size m.
Proof. This follows from Theorem 2.5.4 and Remark 2.4.8. |

It was shown in Theorem 2.2.19 and Corollary 2.3.3 that non-isomorphic rings can be equivalent

under dominance; however, Corollary 2.5.7 demonstrates that such equivalent rings cannot be maximal.
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Corollary 2.5.7. No maximal commutative ring is dominated by any other commutative ring of the

same size.

Proof. This follows immediately from Theorem 2.5.4 and Lemma 2.5.2 |

We note that this is a stronger maximality than the maximality induced by the quasi-order, since in
a quasi-order, maximal elements can be equivalent to other maximal elements.

Theorem 2.2.16 demonstrated that for each finite field, there exists a multicast network that is scalar
linearly solvable over the field but not over any other commutative ring of the same size, and Theorem 2.3.8
demonstrated a network that is scalar linearly solvable over GF(8) x GF(4) but not over any other commu-
tative ring of size 32. The following theorem shows a similar property for every maximal commutative ring

and provides an alternate characterization of maximal commutative rings than in Theorem 2.5.4.

Theorem 2.5.8. A finite commutative ring is maximal if and only if there exists a network that is scalar

linearly solvable over the ring but not over any other commutative ring of the same size.

Proof. Let R be a maximal commutative ring of size m. By Corollary 2.5.7, R is not dominated by any other
commutative ring of size m, so for each ring S of size m that is not isomorphic to R, there exists a network
s that is scalar linearly solvable over R but not S. Then the disjoint union of networks

U

Se%(m)

SR
is scalar linearly solvable over R, since each .45 is scalar linearly solvable over R. However, for each
S € %(m), if S is not isomorphic to R, then .45 is not scalar linearly solvable over S, so the disjoint union
network is not scalar linearly solvable over S.

Conversely, if R is a finite commutative ring that is not maximal, then it is dominated by some other

commutative ring S of the same size, so any network that is scalar linearly solvable over R is also scalar

linearly solvable over S. |

An interesting open problem related to Theorem 2.5.8 is to characterize rings with the property
that there exists a multicast network that is scalar linearly solvable over the ring but not over any other

commutative ring of the same size. We showed (in Theorem 2.2.16) that such a multicast network exists
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for every finite field, and we showed (in Example 2.2.11) that there exists a multicast network that is scalar

linearly solvable over a ring of size 2'3 but not the field GF(2'3).

2.5.1 Multiple Maximal Rings of a Given Size

Theorem 2.5.9 demonstrates that in some cases, there is only one maximal commutative ring of a
given size. If R is the only maximal ring of a given size, then by Lemma 2.5.3, any network with a scalar
linear solution over some commutative ring of size |R| also has a scalar linear solution over R. Alternatively,
since the set of commutative rings of size |R| is finite and quasi-ordered under dominance, each ring S €
Z(|R|) is dominated by some maximal ring, and if R is the only maximal ring of size |R|, then S is dominated
by R. In this case, R can be thought of as the “best” commutative ring of size |R|, in terms of scalar linear
solvability.

However, by Theorem 2.5.8, for each maximal ring, there exists a network which is scalar linearly
solvable over the maximal ring but not over any other commutative ring of the same size. When there
are multiple maximal rings of a given size, not every network with a scalar linear solution over some
commutative ring of this size is scalar linearly solvable over every maximal ring. Thus there is no “best”

commutative ring of this size.

Theorem 2.5.9. Let m > 2 have prime factorization m = p]{‘ pf’. Then GF(p]I’) X e X GF(pf’) is
the only maximal ring of size m if and only if {ky,...,k} C {1,2,3,4,6}.

Proof. By Corollary 2.5.6, GF(p’f’) X +ee X GF(pf’) is a maximal ring. Assume k; € {1,2,3,4,6} for all
i. Then by Theorem 2.4.10, (k;) is the only maximal partition of k; for all i. Thus, by Theorem 2.5.4,
GF( p]f’) x -+ x GF(p¥) is the only maximal ring of size m.

Conversely, assume there exists j such that k; = 5 or k; > 7. Then by Theorem 2.4.10, there exists

a maximal partition B; of k; such that B; # (k;). Then by Theorem 2.5.4,

t
Rg, p, X HGF(pf.‘f) and GF(p}) x --- x GE(p}")
i=1
i

are distinct maximal rings of size m. |

The bound in the following corollary can be achieved with equality, as illustrated in Example 2.3.4.
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Corollary 2.5.10. If a network is not scalar linearly solvable over a given finite field but is scalar

linearly solvable over some commutative ring of the same size, then the size of the field is at least 32.

Proof. Tt follows from Theorem 2.5.9 that for each k € {1,2,3,4,6} and prime p, any network that is scalar
linearly solvable over some commutative ring of size p* must also be scalar linearly solvable over the field
GF(p"). The claim follows from the fact p =2 and k = 5 yield the minimum p* that does not satisfy this

condition. |
In the following example, we list the maximal rings of various sizes.

Example 2.5.11. For each integer k > 1 and prime p, GF(p") is a maximal ring. The following are the

other maximal commutative rings of size p* for all k < 12:

p’: GF(p’) x GF(p?)

p’: GF(p’) x GF(p?) and GF(p*) x GF(p?)
p*: GF(p’) x GF(p’)

p’: GF(p') x GF(p?) and GF(p’) x GF(p*)
p'%: GF(p") x GF(p?) and GF(p®) x GF(p*)

p'': GF(p”) x GF(p*), GF(p®) x GF(p’), GF(p”) x GF(p*), and GF(p°) x GF(p)
p'?: GF( (P’)-

GF(p’) x GF(p°)

GF(8) x GF(4) is the smallest prime-power size maximal commutative ring that is not a finite field, and
GF(128) x GF(64) x GF(16) has size 2!7 and is the smallest known® prime-power size maximal commuta-
tive ring consisting of a direct product of more than two fields.

Maximal commutative rings of non-power-of-prime size are direct products of maximal commu-
tative rings of prime-power size (see Remark 2.5.5) and can be found using the maximal partitions of the
prime factor multiplicities. For example, consider maximal rings of size 777600 = 2735%. The maximal
partitions of 7 are (7),(5,2), and (4,3); the maximal partitions of 5 are (5) and (3,2); and the only maximal

partition of 2 is (2). Hence the 6 maximal commutative rings of size 777600 are

6 If there were a prime-power size maximal commutative ring, consisting of a direct product of more than two
fields, and whose size were less than 2!7, then there would exist a length-3 maximal partition of an integer less than
17. The enumeration of maximal partitions given in Table 2.6 implies such a partition does not exist.
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GF(2°) x GF(2%) x GF(3%) x GF(5%

(2) (3°) (57)

(2°) (2) (3°) (57)

GF(2%) x GF(2*) x GF(3°) x GF(5%)

GF(27) x GF(3%) x GF(3%) x GF(5?)
(2°) (27) (3%) x GF(3%) x GF(5?)
(2) (27) (37) (39

GF(2*) x GF(2%) x GF(3?) x GF(3%) x GF(5?).

Table 2.6 provides a list of the maximal partitions of k for k=1,2,...,30, which can be used to find maximal
commutative rings of size m = plfl - -pf’, where &, ...,k < 30.
2.6 Open Questions

Some potentially interesting open questions related to scalar linear codes over commutative rings

and partition division include:

We have demonstrated there exist non-multicast networks with scalar linear solutions over commu-
tative rings of size p* but not GF(p*) whenever k = 5 or k > 7. For which p and k do there exist
multicast networks with this property?

Are there cleaner characterizations of maximal rings of a given size?

Are there cleaner characterizations of maximal partitions of length 3 or greater?

What is the asymptotic behavior of the number of maximal partitions (rings, respectively) of a given
integer (size, respectively)?

Can the quasi-order of (not necessarily commutative) rings of a given size under dominance be cleanly
characterized? In particular, what are the maximal rings of a given size when the commutative re-
striction is removed? Non-commutative rings lack some of useful properties of commutative rings,

such as local decomposition.
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(6)
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(8) (5,3)

® (712 54

(10) (7,3) (6,4)

(11) 9,2) 8.,3) (7.4) (6,5)

12) (7,5)

(13) (11,2) (10,3) (9.4) (8,5) (7,6)

(14) (11,3) (10.4) (9.5) (8,6)

(15) (13,2) (11,4) (9,6) (8,7)

(16) (13,3) (11,5) (10,6) (9,7)

17 (15,2) (14,3) (13,4) (12,5) (11,6) (10,7) (9,8) (7,6,4)

(18) (14,4) (13,5) (11,7) (10,8)

(19) (17,2) (16,3) (15,4) (14,5) (13,6) (12,7) (11,8) (10,9) (9,6,4) (8,6,5)

(20) (17,3) (14,6) (13,7) (12,8) (11,9)

21 (19,2) (17,4) (16,5) (15,6) (13,8) (12,9) (11,10) (11,6,4)

(22) (19,3) (18,4) (17,5) (16,6) (15,7) (14,8) (13,9) (12,10) (9,8,5) (9,7,6)

(23) (21,2) (20,3) (19,4) (18,5) (17,6) (16,7) (15,8) (14,9) (13,10) (13,6,4)
(12,11) (11,7,5) (10,9,4) (10,7,6) (9,8,6)

(24) (19,5) (17,7) (15,9) (14,10) (13,11)

(25) (23,2) (22,3) (21,4) (19,6) (18,7) (17,8) (16,9) (15,10) (15,6,4) (14,11) (13,12)
(11,10,4) (11,8,6) (10,9,6) (10,8,7)

(26) (23,3) (22,4) (21,5) (20,6) (19,7) (18,8) (17,9) (16,10) (15,11) (14,12) (12,9,5)
(11,9,6) (11,8,7) (10,9,7)

27) (25,2) (23,4) (22,5) (21,6) (20,7) (19,8) (17,10) (17,6,4) (16,11) (15,12)
(14,13) (14,8,5) (13,10,4) (13,8,6) (12,8,7) (11,10,6)

(28) (25,3) (23,5) (22,6) (20,8) (19,9) (18,10) (17,11) (16,12) (15,13) (13,9,6)
(12,11,5) (11,9,8)

(29) (27,2) (26,3) (25,4) (24,5) (23,6) (22,7) (21,8) (20,9) (19,10) (19,6,4)
(18,11) (17,12) (16,13) (16,7,6) (15,14) (15,10,4) (15,8,6) (14,11,4)
(14,9,6) (13,11,5) (13,10,6) (13,9,7) (12,10,7) (12,9,8) (11,10,8)

(30) (26,4) (23,7) (22,8) (21,9) (19,11) (18,12) (17,13) (16,14) (13,9,8) (12,11,7)

Figure 2.6: The maximal partitions of k = 1,2,...,30 under partition division.

50




References

(1]

(2]

(3]
(4]

(5]

(6]

(7]

(8]

(9]

[10]

(11]

[12]
[13]

[14]

[15]

[16]

(17]

(18]

[19]

R. Ahlswede, N. Cai, S.-Y.R. Li, and R.W. Yeung, “Network information flow,” IEEE Transactions on Informa-
tion Theory, vol. 46, no. 4, pp. 1204-1216, July 2000.

V. G. Antipkin and V. P. Elizarov, “Rings of order p3,” Siberian Mathematical Journal, vol. 23, no. 4, pp.
457-464, 1982.

G. Bini and F. Flamini, Finite Commutative Rings and Their Applications, Kluwer Academic Publishers, 2002.

J. Connelly and K. Zeger, “A class of non-linearly solvable networks,” IEEE Transactions on Information The-
ory, vol 63, no. 1, pp. 201-229, January 2017.

J. Connelly and K. Zeger, “Linear network coding over rings — Part II: Vector codes and non-commutative
alphabets,” IEEE Transactions on Information Theory, vol. 64, no. 1, pp. 292 — 308, January 2018.

B. Corbas and G. D. Williams, “Rings of order p5 part I. Nonlocal rings,” Journal of Algebra, vol. 231, no. 2,
pp- 677-690, 2000.

B. Corbas and G. D. Williams, “Rings of order p5 part II. Local rings,” Journal of Algebra, vol. 231, no. 2, pp.
691-704, 2000.

R. Dougherty, C. Freiling, and K. Zeger, “Insufficiency of linear coding in network information flow,” IEEE
Transactions on Information Theory, vol. 51, no. 8, pp. 2745-2759, August 2005.

R. Dougherty, C. Freiling, and K. Zeger, “Linear network codes and systems of polynomial equations,” IEEE
Transactions on Information Theory, vol. 54, no. 5, pp. 2303-2316, May 2008.

R. Dougherty, C. Freiling, and K. Zeger, “Linearity and solvability in multicast networks,” IEEE Transactions
on Information Theory, vol. 50, no. 10, pp. 2243-2256, October 2004.

R. Dougherty, C. Freiling, and K. Zeger, “Networks, matroids, and non-Shannon information inequalities,”
IEEE Transactions on Information Theory, vol. 53, no. 6, pp. 1949-1969, June 2007.

D. Dummit and R. Foote, Abstract Algebra, Third Edition, Hoboken, NJ, John Wiley and Sons Inc., 2004.

J.B. Ebrahimi and C. Fragouli, “Algebraic algorithms for vector network coding,” IEEE Transactions on Infor-
mation Theory, vol. 57, no. 2, pp. 996-1007, February 2011.

M. Effros, S. El Rouayheb, and M. Langberg, “An equivalence between network coding and index coding,”
IEEE Transactions on Information Theory, vol. 61, no. 5, pp. 2478-2487, May 2015.

K.E. Eldridge, “Orders for finite noncommutative rings with unity,” The American Mathematical Monthly, vol.
75, no. 5, pp. 512-514, May 1968.

T. Etzion and A. Wachter-Zeh, “Vector network coding based on subspace codes outperforms scalar linear
network coding,” arXiv:1604.03292v2 [cs.IT], May 13, 2016

B. Fine, “Classification of Finite Rings of Order p~,” Mathematics Magazine vol. 66, no. 4, pp. 248-252,
October 1993.

T. Ho, M. Médard, R. Koetter, D. Karger, M. Effros, J. Shi, and B. Leong, “A random linear network coding
approach to multicast,” IEEE Transactions on Information Theory, vol. 52, no. 10, pp. 4413—-4430, October
2006.

S. Jaggi, P. Sanders, P. Chou, M. Effros, S. Egner, K. Jain, and L. Tolhuizen, “Polynomial time algorithms for
multicast network code construction,” IEEE Transactions on Information Theory, vol. 51, no. 6, pp. 1973-1982,
June 2005.

51



(20]

(21]

(22]

(23]

[24]

[25]

[26]

(27]
(28]

[29]

(30]

(31]
(32]

(33]

[34]

(35]

P. Karimian, R. Rafie Borujeny, and M. Ardakani, “On network coding for funnel networks,” IEEE Communi-
cations Letters, vol. 19, no. 11, pp. 1897-1900, November 2015.

R. Koetter and M. Médard, “An algebraic approach to network coding,” IEEE/ACM Transactions on Networking,
vol. 11, no. 5, pp. 782-795, October 2003.

M. Langberg, A. Sprintson and J. Bruck, “The encoding complexity of network coding,” IEEE Transactions on
Information Theory, vol. 52, no. 6, pp. 2386-2397, June 2006.

S.-Y.R. Li and R.W. Yeung, “On convolutional network coding,” IEEE International Symposium on Information
Theory (ISIT 2006), pp. 1743-1747, July 2006.

S.-Y.R. Li, and Q. Sun, “Network coding theory via commutative algebra,” IEEE Transactions on Information
Theory, vol. 57, no. 1, pp. 403—415, January 2011.

S.-Y.R. Li, Q. Sun, and S. Ziyu, “Linear network coding: theory and algorithms,” Proceedings of the IEEE, vol.
99, no. 3, pp. 372-387, March 2011.

S.-Y.R. Li, R'W. Yeung, and N. Cai, “Linear network coding,” IEEE Transactions on Information Theory, vol.
49, no. 2, pp. 371-381, February 2003.

B.R. McDonald, Finite Rings with Identity, Marcel Dekker Inc., 1974.

M. Médard, M. Effros, T. Ho, and D. Karger, “On coding for non-multicast networks,” Conference on Commu-
nication Control and Computing, Monticello, IL, October 2003.

A. Rasala Lehman and E. Lehman, “Complexity classification of network information flow problems,” ACM-
SIAM Symposium on Discrete algorithms, 2004.

S. Riis, “Linear versus nonlinear boolean functions in network flow,” Conference on Information Sciences and
Systems (CISS), Princeton, NJ, March 2004.

J. Roitman, Introduction to Modern Set Theory, Virginia Commonwealth University Mathematics, 2011.

Q. Sun, X. Yangy, K. Long, X. Yin, and Z. Li, “On vector linear solvability of multicast networks,” IEEE
Transactions on Communications vol. 64, no. 12, pp. 5096-5107, December 2016.

Q. Sun, X. Yin, Z. Li, and K. Long, “Multicast network coding and field sizes,” IEEE Transactions on Informa-
tion Theory, vol. 61, no. 11, pp. 6182-6191, November 2015.

Q. Sun, S.-Y.R. Li, and Z. Li, “On base field of linear network coding,” IEEE Transactions on Information
Theory, vol. 62, no. 12, pp. 7272-7282, December 2016.

A. Tavory, M. Feder, and D. Ron, “Bounds on linear codes for network multicast,” Electronic Colloquium on
Computational Complexity (ECCC), no. 33, pp. 1-9, 2003.

This chapter is a reprint of the material as it appears in J. Connelly and K. Zeger, “Linear network

coding over rings — Part I: Scalar codes and commutative alphabets,” IEEE Transactions on Information

Theory, vol. 64, no. 1, pp. 274 — 291, January 2018. The dissertation author was the primary investigator

of this paper. (©) IEEE. Reprinted with permission.

52



Chapter 3

Vector Codes and Non-Commutative Rings

Abstract

In the previous chapter, we studied scalar linear network coding over finite commutative rings and
made comparisons to the well-studied case of linear network coding over finite fields. Here, we consider
the more general setting of vector linear network coding over finite (possibly non-commutative) rings and
modules. We prove the following results regarding the linear solvability of directed acyclic networks over
various finite alphabets.

For any network, the following are equivalent: (i) vector linear solvability over some field, (ii) scalar
linear solvability over some ring, (iii) linear solvability over some module. Analogously, the following are
equivalent: (a) scalar linear solvability over some field, (b) scalar linear solvability over some commutative
ring, (¢) linear solvability over some module whose ring is commutative. Whenever any network is linearly
solvable over a module, a smallest such module arises in a vector linear solution over a field.

If a network is scalar linearly solvable over some non-commutative ring but not over any commu-
tative ring, then such a non-commutative ring must have size at least 16, and for some networks, this bound
is achieved. An infinite family of networks is given, each of which is scalar linearly solvable over some
non-commutative ring but not over any commutative ring.

Whenever p is prime and 1 < k < 6, if a network is scalar linearly solvable over some ring of size
pk, then it is also k-dimensional vector linearly solvable over the field GF(p), but the converse does not

necessarily hold. This result is extended to all £ > 1 when the ring is commutative.
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3.1 Introduction

In Chapter 2, we studied scalar linear network codes over finite commutative rings. Equivalently,
these are linear codes over modules where a finite commutative ring acts on its own additive group via mul-
tiplication in the ring. In particular, we compared the scalar linear solvability of directed acyclic networks
over different types of commutative rings of the same size. We proved that networks that are scalar linearly
solvable over some commutative ring are also scalar linearly solvable over some field of the same or smaller
size. Additionally, we characterized all commutative rings with the property that there exists a network with
a scalar linear solution over the ring but not over any other commutative ring of the same size.

Linear network codes can be advantageous due to their ease of implementation and mathematical
tractability. These properties are due to the algebraic simplicity of linear maps and also to the structured
nature of the alphabets used. Fields have the most algebraic constraints among alphabets used for linear
network coding, e.g. associativity, distributivity, commutativity, invertibility. More generally, rings may
lack commutativity and/or invertibility, thus providing a broader class of alphabets over which to achieve
linear network solvability. We demonstrated in Chapter 2 that relaxing only the invertibility constraint (i.e.
restricting to commutative rings) can lead to linear network solvability that would not otherwise be possible
with fields of the same alphabet size.

In the present chapter, we additionally relax the commutativity constraint, and we study linear
coding over general ring alphabets and, even more generally, over modules. Vector and scalar linear codes
over rings and fields are special cases of linear codes over modules. We focus on the relationship between
alphabet commutativity and the scalar and vector linear solvability of networks, and we compare the linear

solvability of networks over different modules where the alphabet size is the same.

3.1.1 Linear Codes Over Modules

A module is a generalization of a vector space, where the scalars are from a ring, as opposed to a
field, and the set of vectors may be some other Abelian group. As an example, if R is any ring and & is a
positive integer, then the set of k-vectors over R with component-wise addition forms an Abelian group, and
the ring R acts on this group by scalar multiplication in a similar way to scalar multiplication in a vector

space. In the special case where R is a field, this module is, in fact, a vector space.
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Definition 3.1.1. An R-module (specifically a left R-module) is an Abelian group' (G, @) together with
a ring (R,+,x) of scalars and an action - : R x G — G such that for all r,s € R and all g,h € G the

following hold:
r-(goh)=(r-g)®(r-h)
(rts)-g=(r-g)@(s-g)
(res)-g=r-(s-g)
l-g=g.
For brevity, we will sometimes refer to such an R-module as gG or simply G. The size of a module will

refer to |G|.

As an example, any Abelian group (G,®) is a Z-module with action given by

gb---dg n>0
—_——

n adds
(—n)-(=g) n<0

0 n=0.

In this case, the ring of the module is, in fact, infinite. Since we study network codes over finite alphabets,
we assume all groups are finite, but in theory, the ring of a module need not be finite.
For an R-module G and a positive integer &,
e M (R) will denote the ring of all k x k matrices with entries in R, and
e G will denote the Abelian group of all k-dimensional vectors with entries in G with vector addition.
Then G* is an M;(R)-module where the action is matrix-vector multiplication with multiplication of ele-
ments of R and elements of G given by the action of gG. The special case where G is the additive group of
R will be of particular interest, since this corresponds to matrices over R acting on vectors over R.
We will use the same models as in Chapter 2 (see Section 2.1.1) for networks, alphabets, etc., except
we now study the generalized case of linear codes over modules, as opposed to restricting to linear codes
over rings. An edge function on the out-edge of a network node is linear with respect to the module rG if

can be written in the form
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f(xl7"'7xm):(Cl'xl)@"'@(cm‘Xm) (31)

where x1,...,x, € G are the inputs of the node and Cy,...,C,, € R are constants. That is, the messages
and edge symbols are elements of the Abelian group G, and the linear edge and decoding functions are
determined by coefficients of the ring R. A decoding function is linear with respect to zxG if it has a form
analogous to (3.1), and a code is linear over a module rG if all edge and decoding functions are linear with
respect to gG. The alphabet size in a linear code over a module is the size of the module, i.e. |G]|.

For any ring R, we denote its additive (Abelian) group by (R,+). The special case of a module
where the finite ring R acts on its own additive group (R, +) by multiplication in R is denoted by gR, and in
this case, (3.1) is equivalent to the definition of a scalar linear code over a ring that we used in Chapter 2.

A network is linearly solvable over a module grG if there exists a linear solution over gG. We will

focus on two special types of linear codes:

(1) A scalar linear code over a ring R is a linear code over the module zR. A network is scalar linearly

solvable over R if it has a linear solution over the module gR.

(i1) A k-dimensional vector linear code over a ring R is a linear code over the module », ( R)Rk . A network
is vector linearly solvable over R if it has a linear solution over the module Mk(R)Rk, for some positive

integer k.

When referring to a linear code or solution over a ring, we will always specify (in this chapter) scalar versus
vector, or if neither is specified, then we are referring to a linear code over a module. Additionally, when
referring to an R-module G, the ring R is not assumed to be finite, unless otherwise specified. However,
when referring to a scalar or vector linear code over a ring R, the ring R is assumed to be finite.

We can similarly define a right R-module and a linear code over a right R-module. However, it can
easily be shown that any linear code over a right module is equivalent to a particular linear code over a left

module, so we restrict attention only to left modules.

3.1.2 Our Contributions

Our main results are succinctly summarized in Section 3.5, where we also provide concluding
remarks and list some potentially interesting open questions. The remainder of the chapter is outlined as

follows. In Section 3.1.3, we prove lemmas which are used in proofs later in the chapter.
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Section 3.2 analyzes the linear solvability of networks over ring alphabets which are not necessarily
commutative. In Theorem 2.2.10 of Chapter 2, we proved that whenever a network is scalar linearly solvable
over some commutative ring, then the smallest commutative ring over which the network is scalar linearly
solvable is a field (and thus the ring is unique) Here, we prove (in Theorem 3.2.5) that if a network is scalar
linearly solvable over some (not necessarily commutative) ring, then a smallest such ring is a matrix ring
over a field. It remains unknown, however, whether there can be more than one smallest (not necessarily
commutative) ring over which a network is linearly solvable, since in general, there can exist multiple
matrix rings over fields that are the same size. We demonstrate (in Corollaries 3.2.13 and 3.3.8) that for two
infinite classes of networks studied in this chapter, the smallest size ring over which each network is linearly
solvable is indeed unique.

We prove (in Theorem 3.2.10) that if a network is linearly solvable over some module, then a
smallest such module (i.e. with a smallest associated Abelian group) corresponds to a vector linear solution
over some finite field.> We prove (in Theorem 3.2.12), in contrast to the commutative ring case, that the
minimum size module with respect to linear solvability is not necessarily unique. Thus, for a fixed network,
vector linear codes over fields are “best” in a certain sense, as these codes can minimize the alphabet size
needed for a linear solution.

We also show (in Corollary 3.2.14) that for all networks, the following properties are equivalent:
(i) vector linear solvability over some field, (ii) scalar linear solvability over some ring, and (iii) linear
solvability over some module. Similarly, we show (in Corollary 3.2.15) that for all networks, the following
properties are equivalent: (a) scalar linear solvability over some field, (b) scalar linear solvability over some
commutative ring, and (c) linear solvability over some module whose ring is commutative.

In Section 3.3, we present a family of networks that generalize the M Network of [8, 15], and we
enumerate (in Theorem 3.3.6) the particular vector dimensions over which each of these networks has vector
linear solutions. A similar result was obtained by Das and Rai in [5]. We prove (in Corollary 3.3.7) that
these networks have scalar linear solutions over certain non-commutative matrix rings yet do not have scalar
linear solutions over any commutative ring. We also show (in Theorem 3.3.10) that if a network is scalar
linearly solvable over a non-commutative ring R and is not scalar linearly solvable over any commutative
ring, then |R| > 16. This lower bound is shown to be achievable (in Corollary 3.3.7 and Example 3.3.9) by
exhibiting a network which has a scalar linear solution over a non-commutative ring of size 16 but not over

any commutative ring.

2For example, in a k-dimensional vector linear code over a field I, the alphabet size of the module is |F|*.
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Section 3.4 focuses on linear solvability of networks over different modules with the same alphabet
size, specifically, k-dimensional vector codes over GF(p) and scalar codes over rings of size p*. We prove
(in Theorem 3.4.1) that for each prime power p*, there exists a network with a linear solution over a module
of size p* but with no scalar linear solutions over any ring of size p*. These particular networks have
k-dimensional vector linear solutions over GF(p). Using a result of Sun et. al [17], we also show (in
Corollary 3.4.3) that there exists a class of multicast networks with similar properties.

On the other hand, we show (in Theorem 3.4.6) that any network with a scalar linear solution over
a commutative ring of size p* has a k-dimensional vector linear solution over GF(p). We prove a similar
result (in Theorem 3.4.17) for general rings of size p* when k < 6. In this sense, k-dimensional vector linear
codes over GF(p) are better than any scalar linear code over a ring of size p*. Additionally, we show (in

Theorems 3.4.6 and 3.4.17) that these results generalize in naturally to rings of non-power-of-prime sizes.

3.1.3 Comparisons of Modules

If G is a Z-module, then as a consequence of Lagrange’s theorem of finite groups, (n|G|)-g =0
for all g € G and all n € Z. In other words, there are multiple elements of Z that act on G in the same way.
Modules in which every element of the ring acts on G in a different way will be frequently discussed in this

chapter.

Definition 3.1.2. An R-module G is faithful if for each r € R\ {0}, there exists g € G such that r- g # 0.

Equivalently, r- g = 0 for all g if and only if » = 0. For any finite ring R and positive integer k, the
My (R)-module R is faithful, so vector and scalar linear codes over rings are special cases of linear codes
over faithful modules. On the other hand, it can be verified that the ring Zg of integers mod 6, acts on the
additive group (Z,,®) of integers mod 2, where the action is multiplication modulo 2. For each a =0, 1,
we have 0 = 2a = 4a mod 2 so the Zg-module (Z,, ) is not faithful.

For a fixed ring R, there are generally multiple modules over R. For example, if R is a subring of
S, then (S, +) is an R-module where the action is multiplication in S, and (R,+) is also an R-module where
the action is multiplication in R. However, We note, however, that not every ring and group pair can form a
module. For example, the additive group of GF(2) cannot be a GF(3)-module. If (GF(2),®) were a GF(3)-
module, then we would have 0 =0-1=(14+1+1)-1=(1- )& (1- 1)@ (1-1) =11l =1but0#1

in GF(2). The following lemma shows that the linear solvability of a network over a faithful R-module is
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determined entirely by the ring of scalars R and not by the module’s underlying Abelian group.

Lemma 3.1.3. Let R be a fixed ring. If a network is linearly solvable over some faithful R-module, then it

is linearly solvable over every R-module.

Proof. Let ./ be a network that is linearly solvable over the faithful R-module (G, ). Any linear solution

for .4 over the R-module (G, ®) is a linear solution for ./#” over any other R-module.

To see this, let z1,...,z, € G denote the messages of .4, and suppose a node in .4 has inputs
X1,...,X, € G in a solution over gG, where, foreachi=1,...,n,
m
x = (Bijz)
j=1

for some B, 1,...,B;,» € R. Then for each output y € G of this node, there exist constants Cy,...,C, € R
such that
n n m m
@6~ DB -S((Ee) =)
i=1 i=1 j=1 j=1
Now let H be any R-module with action ®, and suppose the corresponding inputs to the node in
the linear code over gH are x},...,x, € H and can be written in terms of the messages z,...,z,, € H in the
following way
m
=DBi;07)
j=1
Then the corresponding output y' € R of the node is of the form

n m

ylzéCQx =P P(CiBij) o) @((ic&,)@z,)

i=1 j=1 j=1

3

so by induction, every edge and decoding function in the linear code over gH is the same linear combination
of the messages as in the linear solution over G.
G is a faithful R-module, so 1 and O are the only elements of R such that 1-g =g and 0-g = 0 for
all g € G. Hence it must be the case that decoding functions in the linear solution over zG are of the form
n
(1-z) @@(O'Zj) =z;.
j=1
J#
so it must be the case that the corresponding decoding function in the linear code over gH is
n
(log)e@poed) =1
j=1
J#

Hence, each receiver can linearly recover its demands, so the linear code over gH is, in fact, a solution. W
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In contrast to Lemma 3.1.3, if G is both an R-module and an S-module, then there may exist a
network that is linearly solvable over 3G but not gG. For example, consider the case where G = (GF(4),+),
R = GF(2), and S = GF(4). Then GF(2) is a subfield of GF(4), so G is both a faithful R-module and a
faithful S-module. We demonstrate (in Corollary 3.2.13) a network that is scalar linearly solvable over

GF(4) but not GF(2), and by Lemma 3.1.3, this network is linearly solvable over sG but not zG.

a b c

Figure 3.1: The Fano Network is constructed from the Fano matroid [8].

The Fano Network is given in Figure 3.1 and has been used to show numerous interesting properties
of network coding. The following example illustrates the importance of the premise in Lemma 3.1.3 by
demonstrating that the Fano Network has a linear solution over an unfaithful Zs-module yet has no linear

solutions over another Zg-module.

Example 3.1.4. The Fano Network has a linear solution over the unfaithful Zgs-module (Z,,®) but not the
faithful Z¢-module (Zg,+).

Proof. It was shown in [7, Corollary 11] that the Fano Network has solutions only over alphabets whose
sizes are powers of 2, so in particular, the Fano Network has no linear solutions over the Zg-module (Zg,+),

since the alphabet size is 6 in this case.
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Define a linear code for the Fano Network over the Zg-module (Z,,®) as follows:
x=a®b, y=b®c, z=xBy, w=xdc
Each of the scalars in Zg is 1. Then, since g g = 0 for all g € Z,, we have
z®a=c, z®&w=b, wdy=a.

Thus each receiver is able to linearly recover its demands from its inputs, so the code over the Zg-module

(Zy,®) is a linear solution. [ |

If we take the linear code given in Example 3.1.4 to be over the Z¢-module (Zg,+), i.e. the same

linear combinations of inputs in a scalar linear code over Zg, then
x=a+b, y=b+c, z=x+Yy

and z+a = 2a+2b+ ¢ # c so clearly this code is not a solution when taken over the Zg-module Zg, which
agrees with the result from [7]. If R is any ring such that (Z,,®) is an R-module, then the linear solution for
the Fano Network in Example 3.1.4 is a linear solution over the R-module (Z,,®). For example, for each
positive integer n, (Z,®) is a Zy,-module where the action is multiplication modulo 2.

In fact, whenever n and m are positive integers, the ring Z,, acts on (Z,,,+) by multiplication
modulo m. Such a module is faithful when n = 1 and is unfaithful otherwise. So if a network has a scalar
linear solution over Z,,,, which is equivalent to a linear solution over the faithful Z,,,-module (Z,,,,+),
then the network also has a linear solution over the (possibly unfaithful) Z,,,-module (Z,,®). Although, as
demonstrated in Example 3.1.4, the converse may not be true.

While these trivial examples may not seem particularly useful, Corollary 3.1.5 demonstrates an
important special case of Lemma 3.1.3 which will be used frequently in later proofs. It demonstrates an

equivalence between scalar linear solutions over matrix rings and vector linear solutions over rings.

Corollary 3.1.5. Let R be a finite ring, k a positive integer, and N a network. Then A is scalar linearly
solvable over the ring of k x k matrices whose elements are from R if and only if N has a k-dimensional

vector linear solution over R.

Proof. The “if” and the “only if” directions are each obtained by separately applying Lemma 3.1.3, since
My (R) and R are faithful M; (R)-modules with matrix-matrix multiplication and matrix-vector multiplica-

tion, respectively. |
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Note that in a k-dimensional vector linear code over a ring R, the alphabet size is |R|, whereas in a
scalar linear solution over My(R), the alphabet size is |R|*". So any network that is scalar linearly solvable
over the matrix ring My (R) is also linearly solvable over a smaller module alphabet. We will generalize this

idea in Theorem 3.2.10.

Lemma 3.1.6. If ¢ : R — S is a ring homomorphism and network ¥ is linearly solvable over some faithful

R-module, then A is linearly solvable over every S-module.

Proof. Let H be an S-module and define a mapping ® : R x H — H by r©h = ¢(r) - h, where - is the action
of gH. One can verify that H is an R-module under ®. Now, let G be a faithful R-module, and suppose .4
has a linear solution over gG. By Lemma 3.1.3, ./ is linearly solvable over gH, so every output y € H in

the solution over gH is of the form
Y =(C10x1)® D (Cn®xn) (3.2)

where x1,...,x,, € H are the parent node’s inputs and Cy,...,C,, € R are constants.
Form a linear code for .#” over sH by replacing each coefficient C; in (3.2) by ¢(C;). Lety € H be

the output in the code over sH corresponding to y’ in the code over gH. Then
y=(¢(C1) - x1) &+ & (9(Cn) xm) = (C1OX1) B+ B (Cu O x) =Y.

By induction, whenever an edge function in the solution over gH outputs the symbol y’, the corresponding
edge function in the code over sH will output the same symbol y'. Likewise, whenever x is an input to an
edge function in the solution over gH, the corresponding input of the corresponding edge function in the
code over ¢H will be the same symbol x. The same argument holds for the decoding functions in the code
over gH, so each receiver will correctly obtain its corresponding demands in the code over gH. Hence, the

code over gH is a linear solution for 4. |

Corollary 3.1.7 was also shown in Chapter 2 as Lemma 2.2.5. However, Corollary 3.1.7 can also

be viewed as a special case of Lemma 3.1.6 where the modules are gR and sS.

Corollary 3.1.7. Let R and S be finite rings. If there exists a ring homomorphism from R to S, then every

network that is scalar linearly solvable over R is also scalar linearly solvable over S.

For finite rings R and S, special cases of Corollary 3.1.7 include:
(1) R is asubring of S:
The identity mapping is an injective homomorphism from R to S, so any network that is scalar linearly

solvable over R is also scalar linearly solvable over S.
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(2) R has a two-sided ideal I:
There is a surjective homomorphism from R to R/I (see Lemma 3.2.2), so any network that is scalar
linearly solvable over R is also scalar linearly solvable over R/I.

(3) ¢ : R xS — R is the projection mapping:
¢ is a surjective homomorphism, so any network that is scalar linearly solvable over R x S is also
scalar linearly solvable over R (and likewise over S).

Cases (1), (2), and (3) agree with Corollaries 2.2.6 and 2.2.9 and Lemma 2.2.12, respectively.

3.2 Commutative and Non-Commutative Rings

In this section, we will focus on linear codes over modules whose ring acts on its own Abelian
group, i.e. scalar linear codes over rings. As noted after Corollary 3.1.7, for any two-sided ideal / of a finite
ring R, every network that is scalar linearly solvable over R is also scalar linearly solvable over R/I, so in
determining the smallest ring over which a network is scalar linearly solvable, it is natural to focus attention
on rings without two-sided ideals.

A ring is simple if it has no proper two-sided ideals. That is, its only two-sided ideals are the ring
itself and the trivial ideal {0}. The following lemmas give results related to simple rings and network linear

solvability.
Lemma 3.2.1. A finite ring is simple if and only if it is isomorphic to a matrix ring over a field.

Proof. This is a corollary of the Artin-Wedderburn theorem (e.g. [13, p. 36, Theorem 3.10 (4)] and [14, p.
20, Theorem I1.9]). |

Lemma 3.2.2. [9, Theorem 7, p. 243]: If I is a two-sided ideal of ring R, then the mapping ¢ : R — R/I

given by ¢ (x) = x+1 is a surjective homomorphism.

Lemma 3.2.3. For each finite ring R, there exists a simple ring S such that the following hold:
(a) there exists a surjective homomorphism from R to S,
(b) every network that is scalar linearly solvable over R is scalar linearly solvable over S, and

(c) |S| divides |R)|.

Proof. If R is a simple ring, then each statement is trivially true by taking S = R, so we may assume R is
not a simple ring. Thus, R has a proper maximal two-sided ideal /. Let S = R/I, and note that since [ is

maximal, S is simple. The mapping ¢ : R — R/I given by ¢ (x) = x+1 is a surjective homomorphism by
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Lemma 3.2.2, which proves (a). Hence by Corollary 3.1.7, any network that is scalar linearly solvable over
R is also scalar linearly solvable over S, which proves (b). Since R is finite, we know that |R/I| divides |R|,

which proves (c). |

If R is a finite commutative ring and S is a simple ring satisfying (a)-(c) in Lemma 3.2.3, then S must
also be commutative, since there is a surjective homomorphism from R to S. However, as we demonstrate
in the following example, if R is non-commutative, then such an § is not necessarily non-commutative.

Theorem 3.2.5 demonstrates that any smallest ring over which a network is scalar linearly solvable is simple.

Example 3.2.4. The following demonstrates: (i) a class of non-commutative rings for which the simple ring
in Lemma 3.2.3 is non-commutative, and (ii) a class of non-commutative rings for which the simple ring in

Lemma 3.2.3 is commutative.

(i) For any positive integers k,n, and prime divisor p of n, there exists a surjective homomorphism from
the non-commutative ring My(Z,) to the non-commutative simple ring My(Z,), given by matrix-

component-wise reduction mod p.

(ii) For each field IF and integer k£ > 2, there exists a surjective homomorphism from the non-commutative
ring of upper triangular k X k matrices with entries in [F to the commutative simple ring [F (see the

proof of Lemma 3.4.10).

Theorem 3.2.5. If a network is scalar linearly solvable over a ring R but not over any smaller ring,

then R is a matrix ring over a field.

Proof. Suppose a network .4 is scalar linearly solvable over a ring R that is not simple. By Lemma 3.2.3
(a) (b), there exists a simple ring S and a surjective homomorphism ¢ : R — S, such that .4” is scalar linearly
solvable over S. Since ¢ is surjective, |[R| > |S|, but since S is simple and R is not, the two rings cannot be
isomorphic, so |R| # |S|, and therefore |R| > |S|. This proves that every smallest size ring over which .4
is scalar linearly solvable must be simple, which implies that such a ring is a matrix ring over a field by

Lemma 3.2.1. [ |

In Theorem 2.2.10 of Chapter 2, we showed that the smallest-size commutative ring over which a
network is scalar linearly solvable is unique. However, there may exist multiple simple rings of the same

size. For example, GF(p*) and M,(GF(p)) are non-isomorphic simple rings of size p*. An interesting open
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question is whether every network with a scalar linear solution over multiple simple rings of the same size
also must have a scalar linear solution over some smaller simple ring. In other words, is the smallest ring
R in Theorem 3.2.5 unique for a given network? We demonstrate (in Corollaries 3.2.13 and 3.3.8) that for
two infinite classes of networks (one of which is a class of multicast networks) studied in this chapter, the

smallest-size ring over which each network is scalar linearly solvable is unique.

3.2.1 Modules and Vector Linear Codes

In a linear network code over a module gG, in principle, the ring R need not be finite (although
representing linear code coefficients might be problematic). However, in a linear network code over a
module, the alphabet is finite, so the Abelian group G must be finite.> The following lemma and corollary
show that linear solutions over unfaithful modules (whose ring may be infinite) admit linear solutions over

faithful modules (whose ring is finite).

Lemma 3.2.6. Let G be an R-module. There exists a finite ring S such that G is a faithful S-module, and

any network that is linearly solvable over grG is linearly solvable over sG.

Proof. We use ideas from [6, p. 2750] here. LetJ ={r € R : r-g =0, Vg € G} which is easily verified to be
a two-sided ideal of R. Let S = R/J. It can also be verified that G is an S-module with action ©®:Sx G — G
givenby (r+J)o©g=r-g.If (r+J),(s+J) € S are such that (r+J) ©g = (s+J) ©® g for all g € G, then
(r—s)-g =0, which implies (r —s) € J. Hence (r+J) = (s+J), so the ring S acts faithfully on G. A
faithful module requires different elements of the ring to yield different functions when acting on elements
of the group. Since G is finite, the number of such functions must be finite, which implies the ring S must
also be finite.

Suppose a network .4 is linearly solvable over gG. Every output y’ in the solution over gG is of

the form
y/ = (Cl 'xl)@"’@(cm'xm) (3.3)

where the x;’s are the parent node’s inputs and the C;’s are constants from R. Form a linear code over §G
replacing each coefficient C; in (3.3) by (C;+J). Let y be the edge symbol in the code over G corresponding

to y' in the code over xG. Then

y=((Ci+1)ox1) DB (Cpn+J)Oxpn) = (C1-x1) DD (Cp-xm) =Y.

3We will call a module “finite” if and only if its Abelian group is finite.
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Thus, whenever an edge function in the solution over zG outputs the symbol y', the corresponding edge
function in the code over ¢G will output the same symbol y'. Likewise, whenever x is an input to an edge
function in the solution over rG, the corresponding input of the corresponding edge function in the code
over sG will be the same symbol x. The same argument holds for the decoding functions in the code over
sG, so each receiver will correctly obtain its corresponding demands in the code over sG. Hence, the code

over G is a linear solution for .4". |

Corollary 3.2.7. Let G be an R-module such that R is commutative. There exists a finite commutative ring
S such that G is a faithful S-module, and any network that is linearly solvable over gG is linearly solvable

over sG.

Proof. This proof is identical to the proof of Lemma 3.2.6. However, since R is commutative, the ring

S =R/J is also commutative. [

A submodule of an R-module G is a subgroup H of G such that H is closed when acted on by R. That
is, both H and G are R-modules and H C G. Submodules are of particular interest, since by Lemma 3.1.3,
if G and H are faithful R-modules, then the set of networks that are linearly solvable over G and the set
of networks that are linearly solvable over gH are equal, yet a linear code over gH has a smaller alphabet
if H is a proper submodule of G. As an example, let I be a two-sided ideal in the ring R. Then (/,+) is
a subgroup of (R,+) that is closed under multiplication in R, so g/ is a submodule of the R-module R. As
another example, for each finite field F and integer k > 2, the My (IF)-module F* is a proper submodule of
the My (IF)-module M (F). Lemmas 3.2.8 and 3.2.9 show results related to submodules that will be used to

prove Theorem 3.2.10.

Lemma 3.2.8. [13, Theorem 3.3 (2), p. 31]: Let T be a finite field and k a positive integer. Then F¥ is the

only My (F)-module that has no proper submodules.

By Lemma 3.1.3, for each ring R, if a network is linearly solvable over a faithful R-module, then it is
linearly solvable over every R-module. When a network is solvable over the R-modules for a particular ring
R, it may be desirable for linear network coding to determine the minimum-size R-modules. Lemma 3.2.9

considers this question for rings of matrices over a finite field.

Lemma 3.2.9. Let I be a finite field and k a positive integer. If G is a finite non-zero My(F)-module, then

|F|* divides |G|.
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Proof. Since G is finite and non-zero, G contains a submodule with no proper submodules (possibly G
itself). By Lemma 3.2.8, F¥ is the only M;(FF)-module with no proper submodules, so F¥ is a submodule of

G. Hence by Lagrange’s theorem of finite groups (e.g. [9, p. 89, Theorem 8]), |F|* divides |G|. [

The following theorem is a generalization of Theorem 3.2.5, where we characterize smallest-size
modules over which networks are linearly solvable. Theorem 3.2.10 demonstrates that if a network is
linearly solvable over some module, then there exists a vector linear code over a field that minimizes the

alphabet size needed for a linear solution.

Theorem 3.2.10. Suppose a network A is linearly solvable over an R-module G. Then the following
hold:
(a) There exists a finite field F and positive integer k such that A" has a k-dimensional vector linear
solution over F and |F|* divides |G)|.
(b) If R is commutative, then there exists a finite field F such that A has a scalar linear solution

over F and |F| divides |G|.

Proof. If the ring R is infinite, then by Lemma 3.2.6, .4 is linearly solvable over some faithful module with
a finite ring. If R is commutative, then by Corollary 3.2.7, .4 is linearly solvable over some faithful module
with a finite commutative ring. So without loss of generality, assume R is finite and G is a faithful R-module.
By Lemmas 3.2.1 and 3.2.3 (a), since R is finite, there exists a field IF, a positive integer k, and a surjective
homomorphism ¢ : R — My(F). By Lemma 3.1.6 any network that is linearly solvable over the faithful
R-module G is also linearly solvable over every M (IF)-module, so in particular, ./#" has a k-dimensional
vector linear solution over F. Since ¢ is a homomorphism, any R-module is also an M (F)-module (see the
proof of Lemma 3.1.6). Thus, both G and F¥ are M, (F)-modules, so by Lemma 3.2.9, it must be the case
that |F|* divides |G]|.

If R is commutative, then, since ¢ is a surjective homomorphism, M (F) must also be commutative,

which implies k = 1. Hence .4 has a scalar linear solution over F and |F| divides |G|. [

Theorem 3.2.10 demonstrates that, in some sense, vector linear codes over finite fields are optimal
for linear network coding, as they can minimize the alphabet size needed for a linear solution. In particular,
if G is an R-module that yields a minimum-size linear solution for a network .4, then Theorem 3.2.10

implies there exists a field IF and an integer k such that .4 has a k-dimensional vector linear solution over [F
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and [F|* | |G]. Since the linear code over G yields a minimum-size solution, we must have |G| = |F¥, so

the My (F)-module F¥ also a yields a minimum-size linear solution.
The following lemmas will be used to show (in Theorem 3.2.12) that a minimum-size module over
which a network is linearly solvable is not necessarily unique. Lemma 3.2.11 is a result of Sun et. al [17],

and similar results have been shown in, for example, [10].

Lemma 3.2.11. [17, Proposition 1]: Let q be a prime power and k a positive integer. If a network has a

scalar linear solution over GF(gX), then it has a k-dimensional vector linear solution over GF(q).

X,y

X,y X,y X,y e X,y X,y X,y

Figure 3.2: The n-Choose-Two Network is parameterized by an integer n > 2. The network’s name indicates
the number of receivers.

For each integer n > 3, the n-Choose-Two Network is a multicast network given in Figure 3.2. These
networks were described by Rasala Lehman and Lehman [16] and were further studied in Chapter 2. We
make use of Lemma 2.2.15 from Chapter 2 in the proofs of the following two results. Lemma 2.2.15 is a

result from [16] regarding the solvability of the n-Choose-Two Networks.

Theorem 3.2.12. For each integer k > 2 and prime p, the (p* -+ 1)-Choose-Two Network is linearly

solvable over at least two distinct modules of size p* but not over over any smaller modules.

Proof. By Lemma 2.2.15, the (pk + 1)-Choose-Two Network is scalar linearly solvable over GF( pk) and
is not solvable over any alphabet whose size is less than p*. By Lemma 3.2.11, any network with a scalar
linear solution over GF(p*) has a k-dimensional vector linear solution over GF(p). Hence the (p*+ 1)-
Choose-Two Network has a scalar linear solution over GF(pX) and a k-dimensional vector linear solution

over GF(p), yet the network has no linear solution over any module whose size is less than p*. |
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The following corollary generalizes Theorem 2.2.16 from Chapter 2, which showed the (p* +1)-
Choose-Two Network is not scalar linearly solvable over any commutative ring of size p* other than the
field GF(p*). In fact, as a result of Corollary 3.2.13, the (p* + 1)-Choose-Two Network is not scalar linearly

solvable over any ring of size p* other than the field.

Corollary 3.2.13. For each integer k > 2 and prime p, the unique smallest-size ring over which the

(pk+ 1)-Choose-Two Network is scalar linearly solvable is GF(p).

Proof. By Lemma 2.2.15, the (p* + 1)-Choose-Two Network is scalar linearly solvable over GF(p*) and
is not solvable over any smaller alphabet. Suppose the (pk + 1)-Choose-Two Network is scalar linearly
solvable over a ring R of size P~ By Lemmas 3.2.1 and 3.2.3 (a) (b), there exists a field F, a positive
integer n, and a surjective homomorphism ¢ : R — M,,(FF) such that the (p* + 1)-Choose-Two Network is

scalar linearly solvable over the ring M,,(IF). Since ¢ is surjective, |R| = p* > ]F\"z By Corollary 3.1.5, the

( pk + 1)-Choose-Two Network has an n-dimensional vector linear solution over F, so by Lemma 2.2.15 (a),
IF|" > p* = |R|. Hence |F|" > |R| > [F|” which implies n = 1 and |F| = |[R| = p*. Since ¢ : R — Fis a

surjective homomorphism and we have R 2 T, and since |R| = p¥, we have R = GF(p¥). |

The following corollaries summarize our results on the linear solvability of networks using scalar
and linear vector codes over fields, scalar linear codes over rings, and linear codes over modules. Corol-
lary 3.2.14 shows an equivalence between vector linear solvability over fields and linear solvability over
rings and modules, while Corollary 3.2.15 shows an equivalence between scalar linear solvability over

fields and linear solvability over commutative rings and modules.

Corollary 3.2.14. For any network .V, the following three statements are equivalent:
(i) A is vector linearly solvable over some finite field.
(ii) A is scalar linearly solvable over some ring.

(iii) A is linearly solvable over some module.

Proof. If a network has a k-dimensional vector linear solution over some field IF, then by Corollary 3.1.5 it
has a scalar linear solution over the ring M (IF), hence (i) implies (ii). A scalar linear code over a ring is a

special case of a linear code over a module, so (ii) implies (iii). By Theorem 3.2.10 (a), (iii) implies (i). W
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Corollary 3.2.15. For any network .V, the following three statements are equivalent:
(i) A is scalar linearly solvable over some finite field.
(ii) A is scalar linearly solvable over some commutative ring.

(iii) A is linearly solvable over some module whose ring is commutative.

Proof. A scalar linear code over a finite field is a special case of a scalar linear code over a commutative
ring, hence (i) implies (ii). A scalar linear code over a commutative ring is a special case of a linear code
over a module where the ring is commutative, so (ii) implies (iii). By Theorem 3.2.10 (b), (iii) implies

(). [

3.3 The Dim-k Networks

Figure 3.3: The Dim-k Network. For each i = 1,. ..k, the node g; is a source node that generates messages

xl(l) Yoo ,xl(k), and a; has k — 1 parallel out-edges to node b; and one out-edge to node Z. Foreach j=1,...,k*,

the receiver R; has k — 1 parallel in-edges from each of the nodes by, ...,b; and a single in-edge from node
Z. Each receiver demands a single message from each source node and each set of k£ messages demanded by
each receiver is unique; that is, for any iy,...,i € {1,...,k}, there is exactly one receiver which demands

xim, .. ,x,(f").
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For each integer k > 2, the Dim-k Network is defined in Figure 3.3 and is referred to as such be-
cause it has vector linear solutions precisely over vector dimensions that are multiples of k. We prove this
fact in Theorem 3.3.6. This infinite family of networks will be used to demonstrate several theorems re-
lated to commutative and non-commutative rings. The special case of k = 2 corresponds to the M Network
of [15], shown later in Figure 3.4. Das and Rai [5] presented a class of networks, called the Generalized M
Networks, which are similar to the Dim-k Networks. They independently proved a result analogous to Theo-
rem 3.3.6, using a more general approach involving matroid theory. We include our proof of Theorem 3.3.6

for completeness.
Remark 3.3.1. The Dim-k Network has k* + 2k + 1 nodes and k* (k> —k+ 1) + k? edges.

A k-dimensional vector routing code over an alphabet <7 is a code in which messages and edge
symbols are elements of 7% and edge and decoding functions copy certain input vector components to
certain output vector components. A vector routing code over &7 is, in fact, a special case of a vector linear
code over &/ where each row of each of the matrices Cy,...,C,, in (3.1) is either all zero or else has 1 one

and k — 1 zeros, and for each i < k, at most one of the matrices Cy,...,C,, has a non-zero ith row.

Lemma 3.3.2. For each integer k > 2 and alphabet <f, the Dim-k Network has an k-dimensional vector

routing solution over <7 .

Proof. Each message and edge symbol is an element of 7%, Let [x]; denote the ith component of x € o/ k,

Define a k-dimensional routing code over <7 by

[wﬁ”}l: [xl(”]j G jl=1,....k).

That is, the /th component of the jth out-edge of the ith source node carries the jth component of the /th
message originating at the ith source node.

For each i = 1,...,k and each j = 1,... kX, let the set of (k — 1) parallel edges from node b; to
receiver R; carry the symbols wgl), . ,wl(k*l). Then each receiver gets the first (k— 1) components of every
message from the edges originating at by, ..., by, so in particular, each receiver can recover the first (k— 1)
components of each of the messages it demands.

Node Z receives the kth component of each message, so each of its out-edges can carry any k of

these components. Let j € {1,... kK }, suppose xgm, e ,x,(fk ) are the messages receiver R; demands, and let

[u], = [w}")]n - [x}’”}k (I=1,....k).

Then R; can recover the kth component of each of the messages it demands. Since j was chosen arbitrarily,

the code is an k-dimensional vector routing solution. |
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The following lemmas will be used in later proofs, and similar results have been noted in other

works, such as [17, Proposition 5] and [10, Example VI.2].

Lemma 3.3.3. Let R be a finite ring and let ky,... ,k; be positive integers. If a network has ky,... k-
dimensional vector linear solutions over R, then the network has a (k) + - - - + k;)-dimensional vector linear

solution over R.

Proof. Assume a network has a k;-dimensional vector linear solution over R for each i = 1,...,¢. In the

(i)

ki-dimensional vector linear solution over R, every edge function is of the form y() = C Y)xgi) + - +C,(,f)x,,i ,

where x(.i)

i€ RF are the inputs to the node and C](.i) are k; X k; matrices over R. For any such edge function,

define a (k; + - - - + k;)-dimensional vector linear edge function over R by letting

y(l) Cj(.l) O xﬁ-l)
i :
= (0 0
y©) 0 C; X;
It is straightforward to see this provides a vector linear solution for the network. |

Let X and Y be collections of discrete random variables over an alphabet o7, and let px be the

probability mass function of X. We denote the (base |.<7|) entropy of X as

H(X)=—=Y px(u)log, px(u)

and the conditional entropy of X given Y as H(X|Y) = H(X,Y) — H(Y). The proof of Theorem 3.3.6 will

make use of Lemmas 3.3.4 and 3.3.5 and the following basic information inequalities:

H(X|Y) < H(X) (3.4)
<H(X.Y) (3.5
<HX)+H(Y). (3.6)
Lemma 3.3.4. Let X,Y,...,Y; be collections of discrete random variables. Then

i=1
Proof.
H(X.) = kH (X) + Y H (¥]X)
1 i=1

-

1

k
>kH (X)+HM[X)+ Y H(Y|X.Y,....Yi )
i=2

= (k— I)H(X)—I-H(X,Yl,...,Yk)
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where the inequality follows from (3.4). |

Lemma 3.3.5. /8, Lemma V.9]: Let L : F™ — F" be a linear map, and let x be a uniformly distributed
random variable on F™. Then L(x) is uniformly distributed on the range of L, and the base |F| entropy of

L(x) is H(L(x)) = dim (range (L(x)) - log |F|.

Theorem 3.3.6. For each integer k > 2 and each field F, the Dim-k Network has an n-dimensional

vector linear solution over F if and only if k | n.

Proof. Suppose k | n. Then n = kt for some integer ¢+ > 1. By Lemma 3.3.2, the Dim-k Network has a
k-dimensional vector linear solution over IF, so by taking k; = --- = k; = k in Lemma 3.3.3, the Dim-k
Network has an n = kf-dimensional vector linear solution over F.

Conversely, suppose that the Dim-k Network has an n-dimensional vector linear solution over field
() ()

./ and edge symbols w;"’ are n-vectors over [F. For convenience of notation, let

IF. Then all messages x

Xi:xl(l),...,xl(k) and wi:wgl),...,wgkfl).

A linear solution must hold for any values the messages take on, so by viewing the message components

as independent uniform random variables over F and considering the entropy using logarithms base ||, we

have
S ()
H(xppeoox)= Y H<x/ ) 3.7)
ij=1

Foreachi=1,...,k, the edge symbols wl(l), e ,wgk_n are linear functions of xl(l), e ,x§k>, )

H(Wi | Xi) =0. (38)
The receiver R; demands the messages xgl), .. ,x,(:) and recovers its demands from its inputs, so

H(xgw,...,x,((l)\wl,...,wk,u1>:0. (3.9)

()

i

(1) (k)

For each i, j € {1,...,k}, the edge symbol w,;” is a linear function of only x; ’,...,x;”’, and the network’s
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messages are jointly independent, which implies

k
Z;H <wi,x51)) =H <x§l),...,x,il),wl,...,wk) [from ind.]
<H (ul,xil),...,x,(cl),wl,...,wk> [from (3.5)]
=H (uy,wy,...,Wk) [from (3.9)]
k k=1 ,
<H@u)+Y Y H (w§f>) [from (3.6)]
i=1j=1

By a similar argument, for any ij,...,ix € {1,...,k}, there exists a receiver which demands the messages
xY'), o ,x,(fk), SO
3 (i)
ZH(wj,xj‘f ) <n(®—k+1). (3.10)
j=1
. (k) ®) - .
Since {wl, Wi, Wi, Wy } is a cut-set for each receiver, we have
H(xl,...,xk|w1,w§k),...,wk,w,(€k)) —0. 3.11)
Therefore,
nk? = H(xq,...,Xg) [from (3.7)]
<H (xl, .. ,xk,wl,wgk), .. ,wk,w,(f)) [from (3.5)]
=H (wl,w§k>, ... ,wk,w,((k)> [from (3.11)]
k k _
<YYH (wlw) [from (3.6)]
i=1j=1
< nk? (3.12)

which implies

But, since H (wfj)) <n, we get

H(w§f>>:n G j=1,....k).
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This implies the bounds in (3.12) are tight, so

(ool ) = 33 ()

i=1j=1
which implies wil), e ,wik), e ,w,(cl), e ,w,(ck) are independent. Thus,
H(wi) =n(k—1) (i=1,...,k). (3.13)
Foreach j=1,...,k, we have
k .
ZH (wj,x§1)> > (k—1)H (wj) + H (wj,x;) [from Lemma 3.3.4]
i=1
=n(k—1)(k—1)+H (xj) [from (3.8), (3.13)]
=n(k> —k+1) [from (3.7)]. (3.14)

By fixing i; = 1 and summing over all iy, ..., i in (3.10), we have

—
=

a

K n( —k+1) > i <H<W1’x1 >+iH<WJ’ 5 ))>

2,k =1 j=2

H(wl,x1 > kk_szk:Zizk;H(wj,xio)

<w1,xl> kkzzn —k+1)

— 1 H (wl,x§1>> PR (— D)3 —k+ 1)

I\/w

where (a) and (b) follow from (3.10) and (3.14), respectively. Solving for H (wl,xgl)) in the previous

equation yields

) 20 (S5)

Similarly, for each i, j = 1,...,k, we have
; K —k+1
H (wi,x§f>) <n <T+> . (3.15)
However, for eachi = 1,...,k we also have
k
k1) Z (wl, ) [from (3.14)]
k —k+1
< Z < > [from (3.15)]
=n(k> —k+1)
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and so foreach i,j=1,... k%,

H (Wi,xl(j)) =n <kz_$> .

The variables wl(l), ... ,w(k_l),xgj)

; are linear functions of the uniformly distributed messages, so by

Lemma 3.3.5, H (wi,xl(j >) (with logarithms in base |F|) is an integer. However,
ged (k,k* —k+1) = ged (k, (k* —k+1) —k(k—1)) = ged(k, 1) = 1

) 2 ) .
soifn (%) is an integer, then we must have k ‘ n. [ |

3.3.1 Insufficiency of Commutative Rings

The following corollary demonstrates it is possible for a network to be scalar linearly solvable over
a non-commutative ring but not over any commutative rings, which is, in fact, equivalent to a network being
vector linearly solvable over some field but not scalar linearly solvable over any field, by Corollaries 3.2.14
and 3.2.15. This fact agrees with the result of Médard et. al [15], which demonstrate the M Network is

vector linearly solvable over fields but not scalar linearly solvable over any field.

Corollary 3.3.7. For all integers k > 2, n > 1, and prime p, the Dim-k Network has a scalar linear

solution over a ring of size p™® but has no scalar linear solution over any commutative ring.

Proof. If the Dim-k Network were scalar linearly solvable over a commutative ring, then Corollary 3.2.15
would imply the Dim-k Network would also be scalar linearly solvable over some finite field. However, by
Theorem 3.3.6, the Dim-k Network is not scalar linearly solvable over any finite field.

By Theorem 3.3.6, the Dim-k Network has a k-dimensional vector linear solution over GF(p"), so

by Corollary 3.1.5 the Dim-k Network has a linear solution over the ring M;(GF(p")). [

Corollary 3.3.8. For each integer k > 2, the unique smallest-size ring over which the Dim-k Network

is scalar linearly solvable is the ring of all k x k matrices over GF(2).

Proof. By taking p =2 in Corollary 3.3.7, the Dim-k Network has a linear solution over My (GF(2)).
Suppose the Dim-k Network is scalar linearly solvable over a ring R such that |R| < 2K By Lem-

mas 3.2.1 and 3.2.3 (a) (b) there exists a field IF, a positive integer n, and a surjective homomorphism
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¢ : R — M, (F) such that the Dim-k Network is scalar linearly solvable over M, (FF). By Corollary 3.1.5, this
implies the Dim-k Network has an n-dimensional vector linear solution over IF, which by Theorem 3.3.6,

implies k divides n. Since ¢ is surjective, |M,(F)| < |R|. Hence we have
2 <27 <|F|” = |M,(F)| < |R| < 2.

Therefore n = k and F = GF(2). Since |R| = |M,(F)| and ¢ is a surjective homomorphism, we have R =
Mi(GF(2)). |

It is interesting to note that, while the smallest-size ring over which the Dim-k Network is scalar
linearly solvable has size 2% the Dim-k Network also has a k-dimensional vector linear solution over GF(2),
which has alphabet size 2€. This demonstrates that linear codes over modules can require smaller alphabet
sizes than scalar linear codes over rings. This also agrees with Theorem 3.2.10, which showed that vector

linear codes over fields minimize the alphabet size needed for a linear solution.

Example 3.3.9. Setting n =1 and p = k =2 in Corollary 3.3.7 results in the M Network (see Figure 3.4)
having no scalar linear solution over any commutative ring but having a scalar linear solution over a non-
commutative ring of size 16. The non-commutative ring M,(GF(2)) consists of all 2 x 2 binary matrices

under ordinary matrix addition and multiplication mod 2. Denote the 16 ring elements by:

q r
Ryrse = (g,r5,t €{0,1}).

s t

A scalar linear solution for the M Network over the non-commutative ring M,(GF(2))

(i.e. where A,B,C,D,E ,F,G,H,W,X,Y,Z € M>(GF(2))) is given by:

Edge (1,3) : A = Ri000W + Roo10X Decode at node 6 : W = R1000A + Roo10E + RooooD
Edge (1,4) : B = Ro100W + Rooo1 X Y = RooooA + Rooo1 E + RioooD
Edge (2,4) : C = Rp100Y + Rooo1Z Decode at node 7 : W = R g00A + Roo10F + RooooD
Edge (2,5) : D = Rio00Y + Roo10Z Z = RooooA + Rooo1 F + Ro100D
Edge (4,6) : E = R1p00B + Roo10C Decode at node 8 : X = Ry1004 + Roo10G + RooooD
Edge (4,7) : F = Ri000B + Roo01C Y = RooooA + Roo01G + Rioo0D
Edge (4,8) : G = Ro100B + Roo10C Decode at node 9 : X = Ro1004 + Roo10H + RooogoD
Edge (4.9) : H = Ro100B + Rooo1C Z = RooooA + Rooo1 H + Ro100D,
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where the out-edges of nodes with a single in-edge each carry the symbol on the in-edge, that is, each
receiver directly receives the edge symbols A and D from the nodes 3 and 5, respectively.

We also note that if the messages and edge symbols of the M Network are 2-dimensional vectors
over GF(2), instead of 2 x 2 binary matrices, then a small modification of the linear code described above

provides the 2-dimensional vector linear solution over GF(2) given in [15]. This agrees with Corollary 3.1.5.

Figure 3.4: The M Network has a non-commutative scalar linear solution. The messages W, XY, Z take
values in M>(GF(2)). The variables A,B,C,D,E ,F,G,H also take values in M>(GF(2)) and represent the
symbols carried on the 8 indicated edges.

The bound in the following theorem is tight via Example 3.3.9.

Theorem 3.3.10. If a network is scalar linearly solvable over some non-commutative ring R, but not

over any commutative rings, then |R| > 16.

Proof. Suppose network .4 is scalar linearly solvable over some non-commutative ring R but not over any
commutative ring. By Theorem 3.2.5, there exists a positive integer k and a field F such that .4 has a
scalar linear solution over My (F) and |R| > |My(F)|. If k = 1, then .4 is scalar linearly solvable over a
field, which contradicts the assumption that .4 is not scalar linearly solvable over any commutative ring.

So k > 2, which implies |R| > |M,(F)| = |F|¥* > |F|* > 2¢ = 16. [ |
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Suppose R is a non-commutative ring of size p”, for some prime p. It also follows from the proof
of Theorem 3.3.10 that if a network .4 is scalar linearly solvable over R, but not over any commutative
ring, then n > 4. In fact, we later show in (Theorem 3.4.15) that whenever n < 3, any network with a scalar
linear solution over some ring of size p” must also have a scalar linear solution over the field GF(p"), which

agrees with Theorem 3.3.10.

3.4 Modules of the Same Size

In Chapter 2, we compared the linear solvability of networks over different commutative rings of
the same size, and we showed that in some cases, commutative rings of size p* can attain scalar linear
solutions when the field of size p* cannot. In this section, we compare the linear solvability of networks
over different modules of the same size. We particularly focus on comparing scalar linear codes over rings
of size p* and k-dimensional vector linear codes over GF(p). The following theorem shows that a network
can have a linear solution over a module with alphabet size p* yet have no scalar linear solutions over any

ring of size p*

Theorem 3.4.1. For each integer k > 2 and prime p, the Dim-k Network has a k-dimensional vector

linear solution over the field GF(p) but is not scalar linearly solvable over any ring of size p~.

Proof. By Theorem 3.3.6, the Dim-k Network has a k-dimensional vector linear solution over GF(p). Let
R be aring of size p* and suppose the Dim-k Network has a scalar linear solution over R. By Lemmas 3.2.1
and 3.2.3 (b) (c), there exists a field F and a positive integer n such that any network that is scalar linearly
solvable over R is also scalar linearly solvable over M, (F) and |F|” divides p*. Hence F is a field of
characteristic p and n®> < k.

Since the Dim-k Network is scalar linearly solvable over R, the Dim-k Network is scalar linearly
solvable over the ring M, (IF). By Corollary 3.1.5, this implies the Dim-k Network has an n-dimensional
vector linear solution over [F, which by Theorem 3.3.6 implies k | n. However, this contradicts the fact that

n? < k. Thus, no such ring R exists. [ |

While the Dim-k Network is a non-multicast network, we note that a similar result can occur for

multicast networks as well. The following result was shown by Sun et. al [17].
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Lemma 3.4.2. [17, Theorem 4 and Corollary 11]: For each integer k > 2 and prime p, there exists a
multicast network with

(a) a k-dimensional vector linear solution over GF(p),
(b) no scalar linear solutions over any GF(q) with g < p*, and

(c) no n-dimensional vector linear solutions over any GF(q) with ¢"* < p*.

We thank an anonymous reviewer for a helpful suggestion, which led to the following corollary.

Corollary 3.4.3. For each integer k > 2 and prime p, there exists a multicast network that has a k-

dimensional vector linear solution over GF(p) but is not scalar linearly solvable over any ring of size

P

Proof. Let .4 denote the network constructed by Sun et. al [17] in Lemma 3.4.2 corresponding to p and k.
Such a network has a k-dimensional vector linear solution over GF(p).

Since .4 is vector linearly solvable, by Corollary 3.2.14, it must be scalar linearly solvable over
some ring. Now suppose R is a minimum-size ring over which .4 is scalar linearly solvable. By Theo-
rem 3.2.5, there exists a prime-power ¢ and an integer n such that R = M,(GF(g)). By Corollary 3.1.5,
A has an n-dimensional vector linear solution over GF(g), but by Lemma 3.4.2 (c), this implies ¢" > p*.
If n > 2, then |R| = q”z > ¢" > pk. If n =1, then .4 has a scalar linear solution over GF(g), which, by
Lemma 3.4.2 (b), implies p* < g = |R|. Thus the minimum size ring over which .#" is scalar linearly solv-
able has cardinality greater than p, so in particular, .4 is not scalar linearly solvable over any ring of size

P~ |

3.4.1 Commutative Rings

Both a scalar linear code over a ring of size p* and a k-dimensional vector linear code are linear
codes over a module of size p*. We have already seen (in Theorem 3.4.1) that there exists a network with a
k-dimensional vector linear solution over GF(p) yet with no scalar linear solutions over any ring of size p*.
The main result of this section (Theorem 3.4.6) will show that any network that is scalar linearly solvable
over a commutative ring of size p* must also have a k-dimensional vector linear solution over GF(p). The

following lemma was proved in Chapter 2 (in Lemmas 2.2.12 and 2.5.3) and will be used in what follows.
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Lemma 3.4.4. For each prime p and positive integer k, if a network A has a scalar linear solution over
some commutative ring of size p*, then there exists an integer partition (ny,...,n,) of k such that N is

scalar linearly solvable over each of the fields GF(p™),...,GF(p™).

Lemma 3.4.5. [14, Theorem I.1]: Every finite ring is isomorphic to a direct product of rings of prime power

sizes.

Theorem 3.4.6. Let m be a positive integer with prime factorization m = p]lCl S pf’. If a network N
has a scalar linear solution over some commutative ring of size m, then the following hold:
(a) Foreachi=1,...,t, network A has a k;-dimensional vector linear solution over GF(p;).
(b) Network A has a linear solution over the My, (GF(p1)) X --- x My, (GF(p,))-module
GF(p;)" x --- x GF(p, ).

Proof. Suppose .4 is scalar linearly solvable over a commutative ring R of size m. By Lemma 3.4.5, there
exist rings Ry,...,R; suchthat R= Ry X --- X R; and |R;| = pf."' for all i.

Let i € {1,...,t}. Since the projection mapping from R to R; is a surjective homomorphism,
by Corollary 3.1.7, network .4 is scalar linearly solvable over R;. Then by Lemma 3.4.4, there ex-
ists an integer partition (ny,...,n,) of k; such that .4 is scalar linearly solvable over each of the fields
GE(p!"),...,GF(p;"). By Lemma 3.2.11, this implies that .4 has an n;-dimensional vector linear so-
lution over GF(p;) for each j = 1,...,r. However, by Lemma 3.3.3, this then implies that .#" has a
ki = (ny + - -+ n,)-dimensional vector linear solution over GF(p;).

Hence, for all i € {1,...,t}, a Cartesian product code formed from the k;-dimensional vector linear

solutions over GF(p;) gives a linear solution to .#” over the described module. n

In Chapter 2, we showed (in Theorems 2.5.8 and 2.5.9) that with respect to ring domination for
scalar linear coding, some ring sizes give rise to multiple maximal commutative rings whereas other ring
sizes yield only a single unique maximal commutative ring. If there is just one maximal commutative ring
of size m, then every network that is linearly solvable over some commutative ring of size m is also linearly
solvable over the maximal ring. In contrast, if there are multiple maximal commutative rings of size m, then
for any commutative ring R of size m, there is always a different commutative ring § also of size m, such
that some network is scalar linearly solvable over S but not over R. Thus, in this sense, there is no “best”

commutative ring of a given size.
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However, by Theorem 3.4.6 (b), if a network has a linear solution over some commutative ring
of size m = p’fl ...pk_ then it has a linear solution over the M, (GF(p1)) x --- x My (GF(p;))-module
GF(p1)% x --- x GF(p,)%, which also has size m. In fact, we showed (in Theorem 3.4.1) that when m = p*,
the converse is not true. So in this sense, k-dimensional vector linear codes over GF(p) are strictly “better”

than scalar linear codes over commutative rings of size p*.

3.4.2 Non-Commutative Rings

This section generalizes the results of Theorem 3.4.6 to (not necessarily commutative) rings of
size m with prime factor multiplicity less than or equal to 6. In order to do so, we first will prove some
intermediate results and consider special cases.

The following lemma was proved in Chapter 2 (in Theorem 2.5.9) and will be used in what follows.

Lemma 3.4.7. For each k € {1,2,3,4,6} and prime p, if a network is scalar linearly solvable over some

commutative ring of size p*, then it is scalar linearly solvable over GF(p).

Lemma 3.4.8. [11, pp. 512-513]: For each prime p, all rings of size p and of size p* are commutative, and

the ring of all upper-triangular 2 x 2 matrices over GF(p) is the only non-commutative ring of size p>.

We remark that there exist rings of size p and p? without identity. For example, the set {0,2,4,6}
with mod 8 addition and multiplication satisfies all of the properties of a ring except there is no multiplicative
identity. However, such rings (sometimes called “rngs”) do not appear to be practical for linear network
coding, as receivers must recover their demands from linear combinations of their inputs.

For example, consider the trivial network shown in Figure 3.5 consisting of a single message x
emitted by a source directly connected by a single edge to a receiver demanding message x. The only
possible linear functions that can be carried on the edge are of the form cx for some fixed ¢ € {0,2,4,6}.
However, no matter what the choice of c is, the messages 0 and 4 always get received as 0 mod 8, so the
receiver cannot uniquely determine x in general. Thus, there is no linear solution for the network over this
ring (with no multiplicative identity). A similar issue arises for the set {0,2} with mod 4 addition and

multiplication, which also satisfies all of the properties of a ring except there is no multiplicative identity.

NO - x

Figure 3.5: A trivial network with one message x that is demanded by the receiver.

82



Lemma 3.4.9. For each prime p, if a network is scalar linearly solvable over some ring of size p?, then it

is a scalar linearly solvable over GF(p?).

Proof. By Lemma 3.4.8, every ring of size p? is commutative, and by Lemma 3.4.7, every network that is

scalar linearly solvable over some commutative ring of size p? has a scalar linear solution over GF(p?). W

By Lemma 3.4.8, all rings of size 2,3,4,5, or 7 are commutative, and by Lemma 3.4.5, any ring of
size 6 is a direct product of rings of size 2 and 3, so any ring of size 6 must also be commutative. Hence, the
smallest non-commutative ring is the ring of the 8 binary upper-triangular 2 x 2 matrices. As a special case
of the following lemma, any network that is scalar linearly solvable over this ring must also have a scalar

linear solution over GF(2).

Lemma 3.4.10. For each finite field F and integer k > 2, any network that is scalar linearly solvable over

the ring of upper-triangular k X k matrices over F is also scalar linearly solvable over IF.
Proof. Let R be the ring of upper-triangular k X k matrices with entries in IF and let ¢ : R — [F be given by

air o dig
() L =ap,.
0 s
Then ¢ is clearly surjective and preserves identities, and for any A,B € R, we have ¢ (A+B) =a; 1 +b; 1 =
¢(A)+ ¢(B) and ¢(AB) = aj1b11 = ¢(A)¢(B). Thus ¢ is a surjective homomorphism, so by Corol-

lary 3.1.7, any network that is scalar linearly solvable over R is scalar linearly solvable over . |

Lemma 3.4.11. For each prime p, if a network is scalar linearly solvable over some ring of size p>, then it

is scalar linearly solvable over GF(p?).

Proof. By Lemma 3.4.8, the only non-commutative ring of size p’ is the ring of upper triangular matrices
with entries in GF(p), and by Lemma 3.4.10, any network that is scalar linearly solvable over this ring is
also scalar linearly solvable over GF(p). Since GF(p) is a subring of GF(p?), any network that is scalar
linearly solvable over GF(p) is scalar linearly solvable over GF(p?).

By Lemma 3.4.7, every network that is scalar linearly solvable over some commutative ring of size

p? has a scalar linear solution over GF(p?). [
The following three lemmas are proved in the Appendix.

Lemma 3.4.12. For each prime p, if a network is scalar linearly solvable over some ring of size p*, then it

is scalar linearly solvable over at least one of the rings GF(p*) or My(GF(p)).
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Lemma 3.4.13. For each prime p, if a network is scalar linearly solvable over some ring of size p°, then it

is scalar linearly solvable over at least one of the commutative rings GF(p®) or GF(p*) x GF(p?).

Lemma 3.4.14. For each prime p, if a network is scalar linearly solvable over some ring of size p®, then it

is scalar linearly solvable over GF(p®).

Theorem 3.4.15 is a generalization of Lemma 3.4.7 to scalar linear codes over non-commutative

rings. Extending Theorem 3.4.15 to |R| = p* for k > 7 is left as an open problem.

Theorem 3.4.15. Let p be a prime, and suppose A is scalar linearly solvable over a ring R. Then N
is scalar linearly solvable over

(a) the field GF(p?), when |R| = p*.

(b) the field GF(p?), when |R| = p°.

(c) at least one of the rings GF(p*) or My(GF(p)), when |R| = p*.

(d) at least one of the commutative rings GF(p) or GF(p*) x GF(p?), when |R| = p°.

(e) the field GF(p®), when |R| = pS.

Proof. This follows immediately from Lemmas 3.4.9 and 3.4.11-3.4.14. |

We also note that by Corollary 3.2.13, the (p* + 1)-Choose-Two Network is scalar linearly solvable
over GF(p*) but not over M,(GF(p)), and the (p° + 1)-Choose-Two Network is scalar linearly solvable over
GF(p’) but not over GF(p?®) x GF(p?). By Corollary 3.3.7, the Dim-2 Network is scalar linearly solvable
over M>(GF(p)) but not over GF(p*). We showed in Theorem 2.3.8 of Chapter 2 that there exists a network
that is scalar linearly solvable over GF(p*) x GF(p?) but not over GF(p°). Hence it is necessary to include

both rings in (c¢) and (d) in Theorem 3.4.15.

Corollary 3.4.16. Let p be a prime and k € {2,3,4,5,6}, and suppose N is scalar linearly solvable over

a ring of size p*. Then N has a k-dimensional vector linear solution over GF(p).

Proof. If k € {2,3,5,6}, then by Theorem 3.4.15, .4 has a scalar linear solution over a commutative ring
of size p¥, since fields and direct products of fields are commutative rings. So, by Theorem 3.4.6, .4 has a
k-dimensional vector linear solution over GF(p).

Now suppose k = 4. If 4" is scalar linearly solvable over GF(p*), then by Lemma 3.2.11, .4 has

a 4-dimensional vector linear solution over GF(p). If .4 is not scalar linearly solvable over GF(p*), then

84



by Theorem 3.4.15 (c), .#” must be scalar linearly solvable over M,(GF(p)), so by Corollary 3.1.5, .4 has
a 2-dimensional vector linear solution over GF(p), in which case ./ also has a 4-dimensional vector linear

solution over GF(p) by Lemma 3.3.3. [

Theorem 3.4.17. Let m be a positive integer with prime factorization m = p]f‘ “ee pf’. If a network N
has a scalar linear solution over a ring of size m, then, for each i = 1,...,t such that k; < 6, network

N has a ki-dimensional vector linear solution over GF(p;).

Proof. Suppose ./ is scalar linearly solvable over a ring R of size m. By Lemma 3.4.5, there exists rings
Riy,...,R; suchthat R= Ry X --- X R, and |R;| = pf."' for all i.

Now, let i € {1,...,¢} and suppose k; < 6. The projection mapping from R to R; is a surjective
homomorphism, so by Corollary 3.1.7, network .4 is scalar linearly solvable over R;. Since .4 is scalar
linearly solvable over a ring of size pf."' where k; < 6, by Corollary 3.4.16, .4 has a k;-dimensional vector

linear solution over GF(p;). [

We leave as an open question whether the restriction that k; < 6 can be removed from the statement
of Theorem 3.4.17. If this generalization is false, then for what primes p and positive integers k is it the case
that there exists a network with a scalar linear solution over a ring of size p* but with no k-dimensional vector
linear solution over GF(p)? If such a ring and such a network do exist, the ring must be non-commutative

and k > 7.

3.5 Concluding Remarks

For each positive integer k and prime p, we have shown that the set of networks with scalar linear
solutions over commutative rings of size p* is properly contained in the set of networks with k-dimensional
vector linear solutions over GF(p). So in this sense, k-dimensional vector linear codes over GF(p) may be
advantageous compared to scalar linear codes over commutative rings of the same size p*. In addition, there
are more k-dimensional linear functions over GF(p) than there over a commutative ring of size p*. Vector
linear codes over fields are also optimal in the sense that they minimize the alphabet size needed for a linear
solution over a particular network. On the other hand, the complexity of implementing vector linear codes

is generally higher than for scalar linear codes over commutative rings of the same size.
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3.5.1 Summary of Results

We summarize our results on minimizing the alphabet size in linear network coding by:

o If a network is scalar linearly solvable over some commutative ring, then the (unique) smallest such

commutative ring is a field (Theorem 2.2.10 of Chapter 2).

e If a network is scalar linearly solvable over some ring, then a smallest such ring is a matrix ring over

field (Theorem 3.2.5). It is not known whether such a smallest ring is unique.

e If a network is linearly solvable over some module, then a smallest such module yields a vector linear

solution over a field (Theorem 3.2.10). Such a module may not be unique (Theorem 3.2.12).

Additionally, we summarize our results on the linear solvability of networks over fields, rings, and modules
in Corollaries 3.2.14 and 3.2.15.

We summarize our results on comparing alphabets of the same size by:

e A network can have no scalar linear solutions over a given field yet be scalar linearly solvable over a
commutative ring of the same size (Theorem 2.3.8 of Chapter 2). Chapter 2 particularly focuses on
commutative rings for which there exists a network that is scalar linearly solvable over the ring but

not over any other commutative ring of the same size.

e A network can have no scalar linear solutions over any commutative ring yet be scalar linearly solv-
able over a non-commutative ring (Corollary 3.3.7). Such a non-commutative ring must have size at

least 16 (Theorem 3.3.10), and for the M Network, this bound is achieved.

e When k < 6, any network with a scalar linear solution over a ring of size p* has a k-dimensional
vector linear solutions over GF(p) (Corollary 3.4.16). This extends to all positive integers k when the

ring is commutative (Theorem 3.4.6).

e There exists a multicast network (Corollary 3.4.3) and a non-multicast network (Theorem 3.4.1) with
k-dimensional vector linear solutions over GF(p) but with no scalar linear solutions over any ring of

size pk.
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3.5.2 Open Questions

Some open questions related to linear solvability of networks over finite rings and modules include:

o Does there exist a network with a linear solution over some ring of size p* but with no k-dimensional
vector linear solution over GF(p)? We have shown that if such a network and such a ring exist, then

the ring is non-commutative and k > 7.

e More generally, does there exist a network with a linear solution over some module of size p* but

with no k-dimensional vector linear solution over GF(p)?

o When a network has a scalar linear solution over a ring of a given size, over what other rings does the
network have scalar linear solutions? In particular, how does Theorem 3.4.15 extend to rings of size

pX when k > 7?2

e Does there exist a network that is scalar linearly solvable over at least two rings of a given size but
not over any smaller ring? I.e., is the smallest-size ring over which a network scalar linearly solvable

unique?

o In Chapter 2, we characterized commutative rings with the property that there exists a network with a
scalar linear solution over the ring but no other commutative ring of the same size? Is there a similar

characterization when removing the commutative restriction?
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3.A Proofs of Lemmas 3.4.12, 3.4.13, and 3.4.14

The main purpose of this Appendix is to prove Lemmas 3.4.12, 3.4.13, and 3.4.14, which are used
in the proof of Theorem 3.4.15. It is an open question whether Theorem 3.4.17 can be extended to all finite
rings. The techniques presented in this section may additionally be useful for examining such questions.

Recall that a finite ring is simple if it has no proper two-sided ideals. The radical of a ring R is the
intersection of all its maximal left ideals. The radical of a ring is a two-sided ideal. A finite ring R with
radical J is said to be:

e local *if R/J is a field.

e semi-local if R/J is simple, or equivalently R is isomorphic to a matrix ring over some local ring
(e.g. [14, p. 162]).

e semi-simple if R is isomorphic to a direct product of simple rings (matrix rings over fields) or equiva-
lently, J = {0} (e.g. [14, pp. 75, 128]).

The following lemma is a result on local rings that will be used in later proofs.

Lemma 3.A.1. Let p be a prime, k a positive integer, and R a semi-local ring of size p*. Then there exists
a unique local ring S and positive integers r,s,t such that the following hold:

(a) [14, Theorem VIIL.26] R = M,(S)

(b) [1, Theorem 6.1.2] |S| = p*

(c) [1, Theorem 6.1.2] GF(p') = S/J, where J is the radical of S and t ‘ s.

As an example, let p be a prime and let r,s be positive integers. Then M, (Z,s) is a semi-local ring,
since Zps is a local ring. We also remark that in Lemma 3.A.1, if R is itself local, then § = R.

The following lemmas are results on semi-simple rings and the radicals of rings.

Lemma 3.A.2. [14, Proposition IV.6, Theorem VII1.4]: Let R be a finite ring with radical J. Then there
exist fields Fy, ..., Fy and positive integers ry,...,r such that R/J = M, (Fy) x --- x M, (Fy).

Lemma 3.A.3. Let R be a finite ring with radical J, and suppose
R/J =M, (Fi)x - x M, (Fy)

for some fields ¥y, ...,y and positive integers ry,...,rs. If a network is scalar linearly solvable over R,

then it is also scalar linearly solvable over each of the rings M,,(F1),..., M, (Fy).

“If R is a local commutative ring, then R has a single maximal ideal, which corresponds to our definition of a
commutative local ring in Chapter 2.
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Proof. By Lemma 3.2.2, there exists a surjective homomorphism ¢ : R — R/J. Leti € {1,...,s}. Then the
projection mapping ; : R/J — M,.(F;) is a surjective homomorphism. Hence the composition of mappings
y;o¢ : R — M, (IF;) is a surjective homomorphism. Thus by Corollary 3.1.7, any network with a scalar

linear solution over R has a scalar linear solution over the ring M, (F;). |

The following is an enumeration of semi-simple rings that we will reference in upcoming proofs.
Semi-simple rings are direct products of rings of matrices over fields. There are a limited number of small-
size matrix rings over fields, so the semi-simple rings of small sizes can be easily enumerated. For each
prime p, it can be verified that the rings given in (3.16)—(3.48) are all of the semi-simple rings of sizes
p. 0%, P2, p*, p>, or p° (up to isomorphism). In particular, these semi-simple rings must be direct products

of the simple rings GF(p), GF(p?), GF(p?), GF(p*), M>(GF(p)), GF(p>), and GF(p°®).

e Size p:

GF(p) (3.16)

e Size p*:
GF(p?) (3.17)
GF(p) x GF(p) (3.18)

e Size p’:
GF(p?) (3.19)
GF(p?) x GF(p) (3.20)
GF(p) x GF(p) x GF(p) (3.21)

e Size p*:
M, (GF(p)) (3.22)
GF(p*) (3.23)
GF(p®) x GF(p) (3.24)
GF(p?) x GF(p?) (3.25)
GF(p*) x GF(p) x GF(p) (3.26)
GF(p) x GF(p) x GF(p) x GF(p) (3.27)
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e Size p°:

e Size p%:

GF(p°)

s

GF(p)) x GF(p)
GF(p*) x GF p)

GF(p?) x GF(p?)

(
(
(
(
(
(p
(p
(

Q

) (

) (

F(p*) x GF(p) x GF(p)

GF(p*) x GF(p*) x GF(p)
) (

GF(p*) x GF(p) x GE(p) x GF(p)

GF(p) x GF(p) x GF(p) x GF(p) x GF(p)

GF(p°®

A

)
GF(p°) x GF(p)

<

»(GF(p)) x GE(p?)

GF(p*) x GF(p?)

S

GF(p)) x GF(p) x GF(p)

GF(p*) x GFE(p) x GF(p)

GF(p*) x GF(p?) x GF(p)

2

GF(p*) x GE(p?) x GF(p?)

2

TS

GF x GF

) (
) (
) (

GF(p*) x GF(p) x GF(p) x GF(p)
) (
) (p*) x GF(p) x GF(p)
) (

p
p
p

(
(
(
(
(
(
GF(p*) x GF(p?)
(
(
(
(
GF(p*) x GF(p) x GF(p) x GF(p) x GF(p)
(

GF(p) xGF(p) x GF(p) x GF(p) x GF(p) x GF(p)

We now prove Lemmas 3.4.12, 3.4.13, and 3.4.14.
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Proof of Lemma 3.4.12. Let R be aring of size p* with radical J, and suppose ./ is scalar linearly solvable
over R. Then [R/J| € {p,p?,p>,p*}, so by Lemma 3.A.2, R/J is isomorphic to one of the rings in (3.16)-
(3.27).

If R/J is isomorphic to any of these rings except those in (3.19) and (3.22), then by Lemma 3.A.3,
 is also scalar linearly solvable over at least one of GF(p), GF(p?), or GF(p*). Since GF(p) and GF(p?)
are both subrings of GF(p*), in these cases, .4 is also scalar linearly solvable over GF(p*). On the other
hand, if R/J is isomorphic to the ring in (3.22), then by Lemma 3.A.3, .4 is also scalar linearly solvable
over M,(GF(p)). It follows from Lemma 3.A.1 that R/J is not isomorphic to the ring in (3.19). |

Proof of Lemma 3.4.13. Let R be aring of size p° with radical J, and suppose ./ is scalar linearly solvable
over R. Then |R/J| € {p,p?,p>, p*, p°}, so by Lemma 3.A.2, R/J must be isomorphic to one of the rings in
(3.16)—(3.35).

If R/J is isomorphic to one of the rings in (3.22)~(3.27) (i.e. [R/J| = p*), then |J| = p. Since (J,+)
is an R-module and .4 has a linear solution over the faithful module gR, by Lemma 3.1.3, .4 has a linear
solution over gJ. By Theorem 3.2.10, this implies .4 has a scalar linear solution over GF(p). Since GF(p)
is a subring of GF(p°), in these cases, .4 also has a scalar linear solution over GF(p°).

It follows from Lemma 3.A.1 that R/J is not isomorphic to either of the rings in (3.17) or (3.19). If
R/J is isomorphic to the ring in (3.31), then by Lemma 3.A.3, .4 is scalar linearly solvable over GF(p?) x
GF(p?). If R/J is isomorphic to any of the remaining cases, then by Lemma 3.A.3, network .4 is scalar
linearly solvable over either GF(p) or GF(p>). Since GF(p) is a subring of GF(p®), in these cases, .4 also

has a scalar linear solution over GF(p). [

Proof of Lemma 3.4.14. Let R be a ring of size p® with radical J, and suppose ./ is scalar linearly solvable
over R. Then |R/J| € {p,p?,p*,p*,p’,p°}, so by Lemma 3.A.2, R/J must be isomorphic to one of the
rings in (3.16)—(3.48). It follows from Lemma 3.A.1 that R/J is not isomorphic to any of the rings in (3.22),
(3.23), or (3.28). If R/J is isomorphic to any of the remaining cases, then it follows from Lemma 3.A.3
that ./ is scalar linearly solvable over GF(p") for some n € {1,2,3,6}. Since n ‘ 6, GF(p") is a subring of
GF(p®), which implies .4 is scalar linearly solvable over GF(p®). |
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Chapter 4

Capacity and Achievable Rate Regions

Abstract

The rate of a network code is the ratio of the block size of the network’s messages to that of its
edge codewords. We compare the linear capacities and achievable rate regions of networks using finite field
alphabets to the more general cases of arbitrary ring and module alphabets. For non-commutative rings,

two-sided linearity is allowed. Specifically, we prove the following for directed acyclic networks:

(i) The linear rate region and the linear capacity of any network over a finite field depend only on the
characteristic of the field. Furthermore, any two fields with different characteristics yield different

linear capacities for at least one network.

(ii) Whenever the characteristic of a given finite field divides the size of a given finite ring, each network’s
linear rate region over the ring is contained in its linear rate region over the field. Thus, any network’s
linear capacity over a field is at least its linear capacity over any other ring of the same size. An

analogous result also holds for linear network codes over module alphabets.

(iii)) Whenever the characteristic of a given finite field does not divide the size of a given finite ring, there
is some network whose linear capacity over the ring is strictly greater than its linear capacity over the
field. Thus, for any finite field, there always exist rings over which some networks have higher linear

capacities than over the field.
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4.1 Introduction

In network coding, solvability determines whether or not a network’s receivers can adequately
deduce from their inputs a specified subset of the network’s message values. The solvability of directed
acyclic networks follows a hierarchy of different types of network coding. For example, scalar linear coding
over finite fields is known to be inferior to vector linear coding over finite fields [34], which in turn is known
to be inferior to non-linear coding [11]. On the other hand, the capacity of a network reveals how much
transmitted information per channel use (i.e. source messages per edge use) can be sent to the network’s
receiver nodes in the limit of large block sizes for transmission. It is also known that linear codes over
finite fields cannot achieve the full capacity of some networks [11]. Thus, linear coding over finite fields
is inferior to more general types of network coding in terms of both solvability and capacity. Nevertheless,
linear codes over finite fields are attractive for both theoretical and practical reasons [30].

In certain cases, linear coding over finite ring alphabets can offer solvability advantages over finite
field alphabets (see Chapters 2 and 3). An open question has been whether the linear capacity of a network
over a finite field can be improved by using some other ring of the same size as the field. In other words,
does the improvement in network solvability, from using more general rings than fields, also carry over to
network capacity? In the present paper, we answer this question in the negative. That is, we prove that the
linear capacity of a network cannot be improved by changing the network coding alphabet from a field to
any other ring of the same size.

Another open question has been whether the linear capacity of a network over a finite field can
depend on any aspect of the field other than its characteristic. Indeed it has been previously observed that
the linear capacity of a network can vary as a function of the field (e.g. [14, 15]), but all known examples
had linear capacities that only depended on the fields’ characteristics. We also answer this question in the
negative. That is, we prove that any two fields with the same characteristic will result in the same linear
capacity for any given network. Furthermore, any two fields with different characteristics will result in
different linear capacities for at least one network. We prove analogous (and more general) results for
linearly achievable rate regions of networks over finite fields.

Unlike finite fields, finite rings need not have prime-power size, which may be advantageous in
certain applications. An open question has been whether a network can increase its linearly achievable rate
region by allowing the alphabet to be a ring of non-power-of-prime size. However, we again answer this
question in the negative by showing that a network’s linear rate region over a ring is contained in its linear

rate region over any field whose characteristic divides the ring’s size. This result follows from the fact that
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every finite ring is isomorphic to some direct product of rings of prime-power sizes. As a consequence of
this result, any network’s linear capacity over a particular ring is at most its linear capacity over any field
whose characteristic divides the ring’s size. These results extend naturally to the more general case of linear

network codes in which the alphabet has the structure of a finite module.

4.1.1 Modules, Linear Functions, and Tensor Products

We focus on linear network codes over finite rings, but we prove many of our intermediate results
in the broader context of linear network codes over modules. In this section, we define linear functions over
modules, which generalize linear functions over rings. We then formally define linear network codes over

rings and modules in Section 4.1.3.

Definition 4.1.1. A left R-module is an Abelian group (G,®) together with a ring (R,+,*) of scalars

and an action - : R X G — G such that for all r,s € R and all g,/ € G the following hold:

r-(goh)=(r-g)®(r-h)
(r+s)-g=(r-go(s-g
(rxs)-g=r-(s-g)

l-g=g

From these properties, it also follows that 0- g =0 and r-0 =0 for all g € G and all r € R. For
brevity, we will sometimes refer to such an R-module as G or simply the R-module G. Since network
coding alphabets are presumed to be finite, a module will always refer to a module in which G is finite.
However, in principle, the ring need not be finite, so we make no assumptions about the cardinality of the

ring in a module. Some important examples of modules include:
e The ring of integers 7Z acts on any Abelian group G by repeated addition in G.

e Any ring R acts on its own additive group (R,+) by multiplication in R. We denote this module by
rR.

e Any ring R acts on the set of all z-vectors over R, denoted by R’, by scalar multiplication. When R is

a field, this module is a vector space.
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e If 3G is a module, then the ring of all 7 x ¢ matrices with entries in R, denoted M;(R), acts on the
group, G', of all z-vectors over G via matrix-vector multiplication where multiplication of elements
of R with elements of G is given by the action of RG. A special case of this module, y,)G', occurs
when G = (R,+), in which case matrices over R act on vectors over R via matrix-vector multiplication

over R.

If R is a ring, a function f : R™ — R of the form
Oty xm) =arxi+ -+ amxp

where ay,...,a,; € R, is a (left) one-sided linear function with respect to both the ring R and the left module

rR." A function f": R™ — R of the form

m n;
/
f(xl,...,xm):ZZai’jxibi’j (41)
i=1j=1
where a; j,b; j € R, i a two-sided linear function with respect to R. When R is commutative, every two-sided
linear function is also a one-sided linear function, since in a commutative ring,
m n; m ni
Y Y aijxibij =) | Y aijbij | xi.
i=1j=1 =1 \j=1
However, left and right multiplication are not necessarily the same in a non-commutative ring, so the class

of two-sided linear functions is broader than the class of one-sided linear functions.

Example 4.1.2. Let R be the (non-commutative) ring of all 2 x 2 matrices over a field. The function

f: R — R given by

X1,1 X122 1 0 X1,1 xl’z 1 0 0 0 X1,1 xl’z 0 0
f - +
X21 X272 0 0 X2.1 x2’2 0 0 0 1 X2.1 x2’2 0 1
X1,1 0
0 X2.2

is a two-sided linear function over R. It can be verified that, for all A, B € R, the function f(X) is not the

function AXB. This also implies f(X) cannot be written as a (left or right) one-sided linear function.

! Every right one-sided linear function with respect to a ring or a right module can be written as a corresponding
left one-sided linear function with respect to a left module with the same Abelian group. Hence, it suffices for us to
exclusively use left one-sided linear functions.
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By allowing for sums of terms multiplied by coefficients on both the left and the right, a broader
class of functions can be attained than with a single term multiplied by coefficients on the left and the right.
In the remainder of this section, we will show that two-sided linear functions over rings can be written as

one-sided linear functions with respect to some module, i.e. f’ in (4.1) can be written as
f/(-xla"'rxm) =C1 X1+ Xy

where c1,...,c,, are elements of some other ring that acts on R. In order to do so, we exploit module tensor
products. If G and H are each R-modules, then the tensor product of G and H is a third R-module that

satisfies properties similar to the constructed vector space in the following example.

Example 4.1.3. Suppose F is a field and U C " and V C " are vector spaces. Foreachu € U andv €V,

define the mn vector (u,v) by

uvy

Uivn

UnVvi

UmVn

It is easily verified that for all u,u’ € U, all v,y € V, and all @ € TF,

The subspace of """ generated by all vectors of the form (u,v) for some u € U and some v € V is isomorphic
to the tensor product of U and V. In general, this tensor product space differs from the direct product space
U x V C F™*" obtained by concatenating vectors from U with vectors from V. In fact, when U = F™ and

V =T", the tensor product space is ", whereas the direct product space is F" ",

If R is a ring and E is a set, the free R-module generated by E is denoted R(E). In this module, the

group is the subset of the Cartesian product HR consisting only of the elements that have finitely many
eck
non-zero components together with component-wise addition, and the ring R acts on R‘®) component-wise.
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By mapping the element e € E to the vector in R(E) whose eth component is 1 and all other components are
0, we can view RE) ag the set of all finite R-linear combinations of elements of E. In other words, every

element of R'®) can be uniquely written as Z a. e, where only finitely many a, € R are non-zero, so the set
ecE
E is a basis for R(E).

If G is an R-module and N is a subgroup of G that is closed under the action of R, then N is a
submodule of G. The quotient group G/N is also an R-module (e.g. see [16, p. 348]). If E is a subset of G,

then the submodule generated by E is

{ries+---+rmem : ri,....rm ER, €1,...,e,y EE}.

Now let R be a commutative ring, let G and H be R-modules, and let N be the submodule of R(GxH)

generated by the set

[ (o) + (' h) ~ (g+&.h),
(g:h'")+(8,1) — (g.h+ 1),
r(gh)—(rg,h),

r(g,h) —(g,rh)

c g8 €G hW eH,reRr

The tensor product module of G and grH, denoted G ®g H, is the quotient R-module RE /N In other

words, G ®g H is the set of equivalence classes of the congruence generated by the following relations on

RE).

(g,h)+(g'.h) = (g+g.h)

(8,h)+ (g, 1) = (g,h+ 1)
r(g,h) = (rg;h)
r(g,h) = (g.rh).

The tensor product module is unique up to isomorphism (e.g. see [16, Sections 10.1 — 10.4] for more in-
formation on modules and tensor products) and exhibits similar properties to the tensor product of vec-
tor spaces. The elements of G @g H are called fensors and can be written (non-uniquely, in general)
as sums of equivalence class representatives: (g1,h1)+ -+ + (§m,hm), for some positive integer m and

(817h1)7---7(8m,hm) S GXH
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Definition 4.1.4. Let R and S be finite rings, and let Z denote the ring of integers. The tensor product

ring R® S is the Abelian group R ®7 S together with multiplication given by
m n m n
Z(”i,si) * Z ZZ r ss
i=1 i=j i=1j=1

for all (X7, (ri,si)), ( ?:j(r},s})) €R®zS.

This tensor product ring is well defined and unique up to isomorphism (e.g. see [16, Chapter 10.4,
Proposition 21]). As an example, if Z,, and Z, denote the rings of integers modulo m and n, respectively,
then we have Z, ® Zy = ZLgeg(mn) (€2 see [16, p. 369]). Specifically, if m =4 and n = 2, then the tensors

in Z4 ® Z, are such that

(0,0) =(0,1) =(2,1) =(1,0) = (2,0) = (3,0) and (1,1)=(3,1)
and addition and multiplication are isomorphic to addition and multiplication in Z,.

We also comment that the direct product ring R x S with component-wise addition and multiplica-
tion is generally not isomorphic to the tensor product ring R ® S. As an example, if m and n are relatively
prime, then by the Chinese remainder theorem, Z,, X Z,, = Z,, (e.g. see [16, p. 267]), whereas Z,, R Z,, = 7
is the trivial ring.

For a finite ring R, the opposite ring, denoted R°P, is the additive group of R with multiplication
taken in the opposite order, i.e. a *,, b = ba, for all a,b € R. The tensor product ring R ® R’ acts on (R,+)
via

(Xn: a;, ,) r—Za,rb
i=1

for all ay,...,a,,b1,...,b,,r € R. In other words, R® R°? acts on (R,+) by computing two-sided linear
combinations of elements of (R,+). We denote this module by ggrerR. The properties of tensor addition
and multiplication are natural in the context of this module. In particular, for all a,a’,b,b',x €R, and n € Z,

we have

((a,b)+ (d',b)) -x=axb+d xb= (a+d)xb=(a+d,b) x

((a,b) (a,b)

)-x=axb+axb =ax(b+b')=(a,b+b) -x
n(a,b)-x =n(axb) = (na)xb = (na,b) - x
)

-x=n(axb) =ax(nb) = (a,nb) - x.
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The two-sided linear function f” in (4.1) can now be written as
i
fanxm) =Y | Y (@ij.bij) | -xi
i=1 \j=1
which is a one-sided linear function with respect to the R ® R°’-module R. This shows that one-sided

linearity over left modules generalizes two-sided linearity over rings.

Example 4.1.5. Let R be the (non-commutative) ring of all 2 x 2 matrices over a field. The two-sided
linear function f : R — R from Example 4.1.2 can be written as a one-sided linear function over the

R ® R°P-module R as

X1,1 X122 1 0 1 0 0 0 0 0 X1,1 X122
f = , + , )
X211 X22 0 0 0 0 0 1 0 1 X21 X222

4.1.2 Network Coding Model

A network will refer to a finite, directed, acyclic multigraph, some of whose nodes are sources or
receivers. Source nodes generate message vectors whose components are arbitrary elements of a fixed, finite
set of size at least 2, called an alphabet. The elements of an alphabet are called symbols. We will denote
the cardinality of an alphabet <7 by |</|. The inputs to a node are the message vectors, if any, originating
at the node and the symbols on the incoming edges of the node. Each outgoing edge of a network node
has associated with it an edge function that maps the node’s inputs to the vector of symbols carried by the
edge, called the edge vector. Each receiver node has decoding functions that map the receiver’s inputs to a
vector of alphabet symbols in an attempt to recover the receiver’s demands, which are the message vectors
the receiver wishes to obtain.

In a network with m message vectors, a (ky,...,k;,n) code over an alphabet <f (also called a frac-
tional code) is an assignment of edge functions to the edges in the network and an assignment of decoding
functions to the receivers in the network such that the ith message vector is an element of 7% and the edge
vectors are elements of <7”. The rate vector of a (ki,... ,ky,n) network code is r = (ki /n,... ky/n). A
fractional code is a solution if each receiver recovers its demanded message vector from its inputs, and a
rate vector r is achievable for a network if the network has a fractional solution with rate vector r over some

alphabet.
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4.1.3 Linearity over Finite Rings and Modules

A function f : G° — G is linear with respect to the module gG if it can be written as a matrix-vector

product, f(x) = Ax, where

e Aisat x s matrix with elements from R,

e multiplication of elements of R by elements of G is the action of the module.

A fractional code is linear over the R-module G if the message vectors and edge vectors have
components from G and all edge functions and decoding functions are linear over the module. For each
network node, the vector x € G* is a concatenation of all the input vectors of the node. In other words,
the network alphabet is G, and the outgoing edge vectors and decoded symbol vectors at a node are linear
combinations of the node’s vector inputs, where the coefficients describing the linear combination are from
R. We use modules as a tool to prove results related to linear coding over rings, since linear network coding
over modules generalizes linear network coding over rings and fields. The module approach is especially
useful for non-commutative rings with two-sided linear codes.

If R is a finite ring, then a fractional linear code over the module g rorR is said to be a fractional
two-sided linear code over R. In particular, the network alphabet is R, and the outgoing edge vectors and
decoded symbols carry linear combinations of the node’s input components, where each input component
in the combination is multiplied on the left and right by constants from R. If R is commutative, then then a
fractional two-sided linear code over R is also a fractional linear code over the module gR, since one-sided
and two-sided linearity are equivalent in this case. A rate vector r is linearly achievable for a network over

a finite ring R if the network has a fractional two-sided linear solution over R with rate vector r.

4.1.4 Rate Regions, Capacity, and Solvability

The rate region of a network .4 is
R(N)={re Q" : ris achievable for .4 },>
the capacity (also known as the “uniform capacity” or the “symmetric capacity”) is

C(N)=sup{reQ: (r...,r) is achievable for .4},

2Some authors refer to the rate regions and linear rate regions of networks as “capacity regions” or “achievable rate
regions” and sometimes define them as the convex hull or the topological closure of the set. We compare a network’s
linear rate regions over finite rings to its linear rate regions over finite fields, and our results immediately extend to
these alternate definitions of rate regions.

101



the linear rate region with respect to a ring alphabet R is
Rjin(N ,R) ={r € Q™ : r is linearly achievable for .4 over R},
and the linear capacity with respect to a ring alphabet R is
Clin(N,R) =sup {r € Q : (r,...,r) is linearly achievable for .4 over R}.

While the emphasis of this paper is on rate regions and capacities of networks, we define several
solvability properties, as they will be useful in proving our main results. A (kj,...,k,,n) code, for which
ki =--- =k, =n=t, is also called a t-dimensional vector code, i.e. the block size of every message and

edge is ¢, and a 1-dimensional vector code is called a scalar code. A network is said to be

e solvable if it has a scalar solution over some alphabet,
e scalar linearly solvable over G if it has a scalar linear solution over the module zG, and

e vector linearly solvable over gG if it has a t-dimensional vector linear solution over the module zG,

for some ¢t > 1.

Special cases of scalar and vector linear solvability over modules include scalar and vector linear solvability
over rings, in which case the module is gggR (or equivalently, gR, if R is commutative). The all-one’s vector
is an achievable rate vector for any solvable network. We also comment that if a network has a #-dimensional
vector solution over some alphabet o7, then it has a (possibly non-linear) scalar solution over the alphabet

/", so the network is solvable.

4.1.5 Related Work

In 2000, Ahlswede, Cai, Li, and Yeung [1] showed that some networks can attain higher capacities
by using linear coding at network nodes, rather than just using routing operations. Since then, many results
on linear network coding over finite fields have been achieved. On the other hand, the theoretical potential
and limitations of linear network coding over non-field alphabets has been much less understood.

Li, Yeung, and Cai [29] showed that when each of a network’s receivers demands all of the messages
(i.e. a multicast network), the linear capacity over any finite field is equal to the (nonlinear) capacity. Ho
et. al [22] showed that for multicast networks, random fractional linear codes over finite fields achieve the
network’s capacity with probability approaching one as the block sizes increase. Jaggi et. al [25] developed

polynomial-time algorithms for constructing capacity-achieving fractional linear codes over finite fields for
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multicast networks. Algorithms for constructing fractional linear solutions over finite fields for other classes
of networks have also been a subject of considerable interest (e.g. [17], [24], [40], and [45]).

It is known (e.g. [11]) that for general networks, fractional linear codes over finite fields do not
necessarily attain the network’s capacity. In fact, it was shown by Lovett [31] that, in general, fractional
linear network codes over finite fields cannot even approximate the capacity to any constant factor. Blasiak,
Kleinberg, and Lubetzky [2] demonstrated a class of networks whose capacities are larger than their linear
capacities over any finite field by a factor that grows polynomially with the number of messages. Langberg
and Sprintson [28] showed that, for general networks, constructing fractional solutions whose rates even
approximate the capacity to any constant factor is NP-hard.

It was shown in [4] that the capacity of a network is independent of the coding alphabet. How-
ever, there are multiple examples in the literature (e.g. [7], [11], [15]) of networks whose linear capacity
over a finite field can depend on the field alphabet, specifically by way of the characteristic of the field.
Muralidharan and Rajan [35] demonstrated that a fractional linear solution over a finite field IF exists for a
network if and only if the network is associated with a discrete polymatroid representable over IF. Linear
rank inequalities of vector subspaces and linear information inequalities (e.g. [44]) are known to be closely
related and have been shown to be useful in determining or bounding networks’ linear capacities over finite
fields (e.g. [14], [15], and [18]).

Chan and Grant [5] demonstrated a duality between entropy functions and rate regions of networks
and provided an alternate proof that fractional linear codes over finite fields do not necessarily attain the
capacity. The relationship between network rate regions and entropy functions has been further studied,
for example, in [6], [21], [36], and [43]. It has also been shown (e.g. [13]) that non-Shannon information
inequalities may be needed to determine the capacity of a network.

It was shown in [5] that fractional linear network codes over finite rings (and modules) are special
cases of codes generated by Abelian groups. However, most other studies of linear capacity have generally
been restricted to finite field alphabets. We will consider the case where the coding alphabet is viewed, more
generally, as a finite ring. We showed in Chapters 2 and 3 that scalar linear network codes over finite rings
can offer solvability advantages over scalar linear network codes over finite fields in certain cases. Some of

the results from these chapters will be used in proofs in the present chapter.
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4.1.6 Main Results

The remainder of the chapter is outlined as follows. In Section 4.2, we explore a connection between
fractional linear codes and vector linear codes, which allows us to exploit network solvability results over
modules from the previous chapters in order to achieve capacity results over rings. For a given network .4
and rate vector r, we show (in Lemma 4.2.2) there exists a network .4 that is vector linearly solvable over a
given module if and only if the rate vector r is linearly achievable for .#” over the module. In Section 4.2.2,
we order finite modules based on fractional solvability and show that under certain conditions, fractional
linear solutions over a given module imply the existence of fractional linear solutions over other modules.
The results in Sections 4.2.2 and 4.2.3 are used to show (in Lemma 4.2.14) that fractional linear solutions
over modules imply the existence of fractional linear solutions over modules in which the ring of matrices
over a field acts on vectors over the field.

In Section 4.3, we use the results relating solvability and fractional codes from Section 4.2 to show
our main results on linear rate regions over fields. We prove (in Theorem 4.3.3) that for any two finite
fields with different characteristics, there exists a network whose linear rate regions over the fields are not
contained in one another. This indicates that some rate vectors may only be linearly achievable over certain
fields, while other rate vectors may only be linearly achievable over other fields. Additionally, for any two
finite fields with different characteristics, there exists a network whose linear capacities over the two fields
are different (Corollary 4.3.2). We also show (in Theorem 4.3.4) that for any finite fields with the same
characteristic, every network’s linear rate regions over the fields are equal. In other words, the linear rate
region of any network over a field depends only on the characteristic of the field. Consequently, the linear
capacity of any network over a field depends only on the characteristic of the field as well (Corollary 4.3.5).
This contrasts with linear solvability over fields, since scalar linear solvability can depend not only on the
field’s characteristic, but more specifically, on the precise cardinality of the field (e.g. see Chatper 2, [37],
[39D.

In Section 4.4, we prove our main results on linear rate regions and linear capacities over finite
rings. We show (in Theorem 4.4.2) that for any network, any finite field, and any finite ring whose size is
divisible by the field’s characteristic, the network’s linear rate region over the ring is contained within the
network’s linear rate region over the field. Consequently, the network’s linear capacity over the ring is at
most its linear capacity over the field (Corollary 4.4.3). In this sense, it suffices to restrict attention to finite
fields when choosing a coding alphabet from among all rings. In other words, the general class of rings does

not provide any benefit over the restricted class of finite fields, in terms of achieving linear rate regions with
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network coding. In order to prove Theorem 4.4.2, we show (in Theorem 4.4.1) that whenever a network has
a fractional linear solution over some module with a given rate vector, the network has a fractional linear
solution over some field with the same rate vector and potentially larger block sizes.

Even though Theorem 4.4.2 asserts non-field rings cannot provide an increase in linear capacity over
fields for all networks, we show (in Corollary 4.4.4) that generally certain rings, smaller than a given field,
can increase the linear capacity over at least some (but not all) networks. In fact, we show (in Theorem 4.4.5)
that for any finite field and any finite ring, there exists a network with higher linear capacity over the ring
than over the field if and only if the field’s size and the ring’s size are relatively prime. Finally, we show
(in Corollary 4.4.6) that whenever a network has a fractional linear solution over some ring (or module)
with a uniform rate arbitrarily close to 1, the network must also have a fractional linear solution over some
field with the same uniform rate. This strengthens results in [11] by showing that the non-linearly solvable

network presented in this paper additionally is not asymptotically linearly solvable over rings and modules.

4.2 Fractional and Vector Codes over Modules

Figure 4.1: The Butterfly Network has a single source node 0, which generates message vectors x and y.
Each of the receivers, nodes 5 and 6, demands both x and y. The linear rate region of the Butterfly Network
is {(ry,ry) € Q* : ry,ry >0and r+ry < 2} over any ring.

Many techniques for upper bounding network linear capacities over finite fields (e.g. [11, 14]) ex-
ploit linear algebra results that sometimes do not extend to matrices over arbitrary rings. For example, it is

known (e.g. see [20]) that the transpose of an invertible matrix over a non-commutative ring is not necessar-
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ily invertible.> This suggests that directly computing network linear rate regions and linear capacities over
finite rings and modules may be somewhat difficult.

One method for determining whether a network satisfies some solvability or capacity property is to
transform the question into whether a certain related network satisfies a corresponding property (e.g. [26],
[41], and [42]). Namely, in [41] and [42], the authors show that determining the rate region and linear
rate region of a general network can be reduced to determining the rate region and linear rate region of a
corresponding network where each message vector is demanded by exactly one receiver (i.e. a multiple
unicast network). In [26], it is shown that determining whether a multiple unicast network has a solution
with a given rate vector can be reduced to determining whether a corresponding unicast network with two
message-receiver pairs has a solution with a corresponding rate vector.

We use a similar approach to relate the existence of fractional linear solutions over modules to
scalar and vector linear solvability over modules. The results in this section allow us to more easily relate a

network’s linear rate region over a ring to the network’s linear rate region over some field.

4.2.1 Fractional Equivalent Network

For any network ./~ with m message vectors and integers k,...,k, > 0 and n > 1, the following
defines a new network which is vector linearly solvable over a module G if and only if .4 has a fractional
linear solution over xgG whose rate vector is (ki /n,...,ky,/n). We prove this fact in Lemma 4.2.2. This
network construction can be used to show many linear solvability properties extend to the existence of

fractional linear solutions.

Definition 4.2.1. For any network .4~ with m message vectors and any integers &, ...,k, >0andn > 1,

let A kiknn) denote the network .4 but with

(i) each edge replaced with n parallel edges, and

(i1) the ith message vector replaced with k; message vectors.

The Butterfly Network is defined in Figure 4.1, and, for each ky,k, > 0 and n > 1, the (ky,ky,n)-
Butterfly Network is defined in Figure 4.2. These networks are consistent with Definition 4.2.1, if they are

denoted by .4 and .4 (ko) respectively.

3See [3] and [33] for more information on linear algebra over rings.
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Figure 4.2: The (ky,k,,n)-Butterfly Network has a single source node, which generates message vectors
X1,..-, Xk, and yp,...,yk,. Each receiver demands all of the message vectors. The (ky,ky,n)-Butterfly Net-
work is vector linearly solvable over a given ring if and only if k, + k, < 2n.

Lemma 4.2.2. Let A be a network with m message vectors, let ky,...,k, > 0 and n,t > 1 be integers,
let RG be a module, and let N *1--* ") denote the network in Definition 4.2.1 corresponding to N and
ki,...,kyn and n. The network A has a (tky, ... tky,tn) linear solution over gG if and only if N Ktk )

has a t-dimensional vector linear solution over gG.

Proof. In a (tky,...,tk,,tn) linear code over module gG for network ./, suppose a node generates the
Iith,. .., I,th message vectors and has v incoming edges, where the ith message vector is an element of G~
and the edge vectors are elements of G™™. Then an edge function

fiG* X x G G - x G — G

u message vectors v edge vectors

of an outgoing edge of the node is of the form f(x) = Ax where A is a tn X (tk;l; + - - - 4 tk;, + vin) matrix
with entries in R and x is a vector over G formed by concatenating the input vectors of the node. Let

Al,...,A, denote the t x (tkil + - - - 4 tk;, + vtn) matrices such that A can be written in block form as
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kla"'aknlan)

The corresponding node in A generates k;, + - - -+ k;, message vectors and has vn incoming edge

Kty ki 1)

vectors. Define the 7-dimensional vector code for .4 ( over rG by letting the edge function of the

ith parallel corresponding outgoing edge be the linear mapping

fi: GxxG x Gx-xG—¢
——— ———
ki, +++ky,, message vectors vn edge vectors
given by f;(x) = A;x, where i = 1,...,n. The edge in the code for .4 carries the same linear combination
(k17~--7km7n)

of its inputs as the n parallel edges in the code for .4 .
Similarly, in a (tky,...,tk,,tn) code for .4, suppose a receiver generates the /;th,...,/,th message

vectors, has v incoming edges, and demands x;. Then the decoding function

d:G*x...x G*ux G"x .o x G" —s G

u message vectors v edge vectors

corresponding to x; is of the form f(x) = Dx where D is a tk;j x (tkil; + - - + tk;, + vtn) matrix and X is a
vector over G formed by concatenating the input vectors of the node. Let Dy, ... s Di; denote the 7 x (tkyl; +

-+-+tk;, + vtn) matrices such that D can be written in block form as

D,

The corresponding node in A (1-knn)

generates k;, + --- + k;, message vectors, has vn incoming edge
vectors, and demands the k; message vectors corresponding to x;. Define the #-dimensional vector code for
N Kiskn) over pG by letting the decoding function, corresponding to the ith such message vector, be the

linear mapping

d; : Gx-xG x Gx---xG—G
ki, +-+kj, message vectors  vn edge vectors
given by d;(x) = D;x, where i = 1,...,k;. If the function d correctly reproduces its demanded message
vectors in the (tki,...,tky,tn) code for .4/, then each of dy,...,dy; correctly reproduces its demanded
message vector in the 7-dimensional code for .4 (ki,-km) Hence, any (tky, ... tky,tn) linear solution over
(k1o ki)

a module G for .4 can be translated to a ¢-dimensional vector linear solution over zG for A" .

A t-dimensional vector linear solution over the module zG for .4 (kt-kn) can similarly be trans-
lated to a (tky,...,tky,tn) linear solution over gG for 4. In particular, if fi,..., f, are the edge functions
of the n parallel edges at a node in a r-dimensional vector linear solution for .4 (Ki=-knm) " then in the
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(tki,...,thky,tn) linear code over for .4, define the corresponding edge function to be

fi(x)
f(x) =
Ja(X)
Similarly, if di,...,d, are the decoding functions at a node in a z-dimensional vector linear solution for

N Kk then in the (tky, ... thky,tn) linear code over for .4, define the corresponding decoding func-
tion d(x) to be the vector obtained by concatenating di(x), ... ,dy;(x). This (tki,...,tky,tn) linear code for

(kl ~---akman)

A over gG is a solution, since the #-dimensional vector linear code for .4 is a solution. [ |

When G is a module and ¢ is a positive integer, Mt(R)Gt denotes the module in which the ring of
all  x t matrices with entries in R acts on the set of all #-vectors over G with matrix-vector multiplication,
where multiplication of elements of R with elements of G is given by the action of xG. The following lemma
shows an equivalence between fractional linear codes over modules and fractional linear codes over these

vector modules.

Lemma 4.2.3. Let gG be a module, let A be a network, and let ki, ...k, > 0 and n,t > 1 be integers.
Network A has a (ki, ... ,kn,n) linear solution over v, g)G' if and only if N has a (tky, ... tky,tn) linear

solution over gG.

Proof. This lemma follows from the fact that a scalar linear solution over MI(R)Gt is equivalent to a ¢-
dimensional vector linear solution over gG. In particular, in both a scalar linear code over (R)G’ and a
t-dimensional vector linear code over gG, inputs to a node are z-vectors over G and outputs carry linear
combinations of the inputs, where the coefficients that describe the linear combination are ¢ X ¢ matrices
over R. Any scalar linear solution over (R)G’ can be translated to a r-dimensional vector linear solution

over rG and vice versa. This idea generalizes to fractional linear solutions:

A has a (ki,...,ky,n) linear solution over y, (R)G’
= Kkn) hag a scalar linear solution over M,(R) G [from cap-Lemma 4.2.2)
= W kiknt) hag a t-dimensional linear solution over rG

<= A hasa (tky,...,tky,tn) linear solution over gG [from cap-Lemma 4.2.2].
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4.2.2 Fractional Dominance
Definition 4.2.4. Let xG and gH be modules. We say that

(a) sH scalarly dominates rG if every network with a scalar linear solution over gG also has a scalar

linear solution over ¢H,

(b) sH fractionally dominates gG if for each ki, ...k, > 0and n > 1, every network with a (ky, ...k, n)

linear solution over gG also has a (kj,...,ky,n) linear solution over sH.

Remark 4.2.5. Any left-sided fractional linear code over a ring can be viewed as a two-sided fractional
linear code over the ring in which the inputs are multiplied on the right by the identity element, so the
module gsrorR fractionally dominates gR for every finite ring R. Furthermore, if R is commutative, then any
two-sided fractional linear code over R can equivalently be written as a left-sided fractional linear code

over R, which implies gR fractionally dominates grggorR.

We also comment that if R and S are finite rings such that ggg0»S fractionally dominates ggrerR,

then for each network .4, we have
%lin(f/i/ﬂg) Qi%lin(f/VJe) and %in(f/i/as) zcglin('/VyR)-

The following lemma shows that scalar dominance and fractional dominance of modules are, in
fact, equivalent. However, it is cleaner to prove results on scalar dominance, as the block sizes of the

message vectors and edge vectors are all one, and we can use results from Chapter 3.

Lemma 4.2.6. Let RG and sH be modules. sH scalarly dominates gG if and only if sH fractionally domi-

nates rG.

Proof. 1t follows immediately from the definition that ¢H fractionally dominates xG implies gH scalarly
dominates xG. To prove the converse, suppose sH scalarly dominates zxG. Let .4 be a network with m mes-
sage vectors, let ky,...,k, > 0and n > 1 be integers, and let .4 (ki,--kmn:n) he the network in Definition 4.2.1

corresponding to A", ky,...,ky, and n. Then

A has a (ky,...,ky,n) linear solution over gG
— p/kiknn) hag a scalar linear solution over G [from cap-Lemma 4.2.2]
— p/kknn) hag a scalar linear solution over sH [from S scalarly dominates R]
—> A hasa (kj,...,ky,n) linear solution over gH [from cap-Lemma 4.2.2].
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Hence, for any network, any fractional linear solution over xG implies the existence of a fractional linear

solution over ¢H with the same block sizes. |

Definition 4.2.7. An R-module G is faithful if for each r € R\{0}, there exists g € G such that r- g # 0.

Lemmas 4.2.8, 4.2.9, and 4.2.10 follow immediately from Lemma 4.2.6 and results from Chapter 3.
Lemma 4.2.8 shows that, for a fixed ring R, fractional linear solutions over faithful R-modules induce
fractional linear solutions over every other R-module. Lemma 4.2.9 shows that fractional linear solutions
over non-faithful modules induce fractional linear solutions over some faithful module. Lemma 4.2.10

shows that ring homomorphisms also induce fractional dominance.

Lemma 4.2.8. Lemma 3.1.3: Let R be a fixed ring, let G be a faithful R-module, and let H be an R-module.

Then gH fractionally dominates rG.

Lemma 4.2.9. Lemma 3.2.6: Let G be an R-module. There exists a finite ring S such that G is a faithful

S-module, and sG fractionally dominates rG.

Lemma 4.2.10. Lemma 3.1.6: Let ¢ : R — S be a ring homomorphism, let G be a faithful R-module, and

let H be an S-module. Then sH fractionally dominates gG.

By the fundamental theorem of finite Abelian groups, every finite Abelian group is isomorphic to a
direct product of cyclic groups whose sizes are prime powers (with component-wise addition) [16, p. 161].
As an example, Ziy =2 Z4 X Z3. The following lemma shows that if a finite Abelian group can be written
as a direct product of Abelian groups G and H whose sizes are relatively prime, then whenever G x H is an
R-module for some ring R, the ring R acts on G x H component-wise. This implies that G and H are also
R-modules. Since fractional linear solutions over faithful R-modules induce fractional linear solutions over

every other R-module, this is a useful tool for showing fractional dominance.

Lemma 4.2.11. Let G and H be finite groups such that |G| and |H| are relatively prime, and let G x H be

some R-module. Then G and H are also R-modules.

Proof. Let g € G and r € R, and suppose r-(g,0) = (g,h,) € G x H. It follows from Lagrange’s theorem
of finite groups (e.g. [16, p. 45]) that |G|g=g®--- g =0, so
—_——

|G| times
(070) =r: (070) =r- (’G‘&O) = ’G‘ r (870) = ‘G’ (grahr) = (‘G’gh ‘G’hr) = (07 ’G‘hr)'

Since |G| and |H| are relatively prime, it follows from Cauchy’s theorem of finite groups (e.g. [16, p.

93]) that H contains no non-identity elements whose order divides |G|, so it must be the case that i, = 0.
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Similarly, for each & € H and each r € R, there exists h, € H such that r- (0,h) = (0, A,). This implies R acts
on G x H component-wise. In other words, if r- (g, k) = (g,, ), then r-(g,0) = (g,,0) and r- (0,h) = (0, k).
Thus the mapping ® : R X G — G given by r © g = g, satisfies the properties of an action, so G is an R-

module with action ©. It can similarly be shown H is an R-module. |

We comment that Lemma 4.2.11 does not extend to finite groups whose sizes are not relatively
prime. As an example, the field GF(4) acts on its own additive group (GF(4),+) by multiplication in
the field. If the elements of GF(4) are represented as {0,1,0, 0 + 1} where a?> = o + 1, then for all

(ap+ aay),(bp+ ab;) € GF(4)
(a() +aay) (bo+ aby) = apby +a1b; + Ot(a()bl +aybo+aiby).

The additive group of GF(4) is isomorphic to the set GF(2) x GF(2) with component-wise addition in
GF(2), so GF(4) acts on GF(2) x GF(2) by

(a() + Otal) . (b(),bl) = (a()b() +ay1by, agh; + a1by —|—a1b1).

This action is not component-wise, since (14 a)-(1,0) = (1,1) and - (0,1) = (1, 1).
If GF(4) acts on GF(2), then the action must be such that 1 -@ =a and 0-a = 0 for all a € GF(2)
and x-0 =0 for all x € GF(4). If o - 1 = 1, then

O=1+l=(a-D)+(1-D)=(a+1)-1=(*)-1=a-(a-1)=a-1=1
which is a contradiction. If o - 1 = 0, then
1=0+1=(a-D4+(1-1)=(ax+1)- 1=} 1=a-(a-1)=a-0=0
which is a contradiction. Thus GF(2) cannot be a GF(4)-module, but as shown above, GF(2) x GF(2) is a
GF(4)-module.

4.2.3 Matrix Rings over Fields

If a ring R has a proper two-sided ideal /, then there is a surjective homomorphism from R to R/I. Tt
is known (e.g. [32, p. 20]) that every finite ring with no proper two-sided ideals is isomorphic to some ring
of matrices over a finite field. In fact, every finite ring R has a two-sided ideal I such that R/I is a matrix

ring over a field. This implies the following lemma, which was more formally shown in Chapter 3.

Lemma 4.2.12. Lemmas 3.2.1 and 3.2.3: Let R be a finite ring. There exists a positive integer t, a finite

field F, and a surjective homomorphism from R to M;(F).
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Lemmas 4.2.10 and 4.2.12 together imply that fractional linear solutions over modules induce frac-
tional linear solutions over modules in which the ring is a matrix ring over a field. The following lemma

proves a result on the cardinality of such modules.

Lemma 4.2.13. Let F be a finite field and t a positive integer. If G is a finite non-zero M, (F)-module, then
|F|" divides |G|.

Proof. Since G is finite and non-zero, G contains a submodule with no proper submodules (possibly G
itself). It is known (e.g. [27, Theorem 3.3 (2), p. 31]) that F’ is the only M,(F)-module with no proper

submodules, so F’ is a submodule of G. Hence by Lagrange’s theorem of finite groups, |F|" divides |G|. B

Lemma 4.2.14 shows that every module is fractionally dominated by a module whose group is the
set of ¢ vectors over some field and whose ring is the set of all ¢ x ¢ matrices over the field. In network
coding, arbitrarily large block sizes may be needed to achieve a solution with a particular rate. Das and
Rai [10] showed that for each k,n > 1 and each ¢ > 2, there exists a network that has a (¢, ...,tk,tn) linear
solution over any finite field, yet the network has no (sk, ... ,sk,sn) linear solution over any finite field when
s < t. It was also shown in Chapter 3 that for each ¢ > 2, there exist networks with scalar linear solutions
over certain rings but with no s-dimensional vector linear solutions over any field whenever s < t. This

suggests that the quantity ¢ in Lemma 4.2.14 may need to be arbitrarily large.

Lemma 4.2.14. Let G be a module. For each prime p that divides |G

, there exists a finite field F of

characteristic p and a positive integer t such that M,(]F)Ft fractionally dominates rG.

Proof. By Lemma 4.2.9 there exists a finite ring S such that the faithful module G fractionally dominates
rG. By the fundamental theorem of finite Abelian groups, the group G is isomorphic to a direct product
of Abelian groups whose sizes are prime powers, and since p ‘ |G|, the size of at least one of these groups
is a power of p. Let H be the direct product of all such groups whose sizes are powers of p. Then there
exists a finite group G’ such that G = G’ x H and |G'| and |H| are relatively prime. Hence by Lemma 4.2.11,
H is also an S-module, and since G is a faithful S-module, by Lemma 4.2.8, the module gH fractionally
dominates ¢G.

By Lemma 4.2.9, there exists a finite ring S’ such that H is a faithful S’-module and ¢ H fraction-
ally dominates ¢H. By Lemma 4.2.12, there exists a positive integer ¢, a finite field [F, and a surjective
homomorphism from S’ to M,;(F). By Lemma 4.2.10, the module ¢H is fractionally dominated by every
M, (F)-module, and the ring M, (IF) acts on the of all 7-vectors over F by matrix-vector multiplication over

F, so Mt(F)IE" fractionally dominates ¢vH. The proof of Lemma 4.2.10 also implies H is an M;(FF)-module,
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so Lemma 4.2.13 implies [F|" | [H|. Since |H| is a power of p, this implies F is a field of characteristic p.

Finally, by the transitivity of fractional dominance, Mt(]F>Ft fractionally dominates rG. |

Lemma 4.2.15 uses ideas similar to those in [38, Proposition 1] and [17], and we include a proof
for completeness. This lemma, along with Lemma 4.2.3, implies that a fractional linear solution over any
non-prime finite field induces a fractional linear solution over the corresponding prime field with the same
rate vector. A fractional linear solution over a field [F is equivalent to a fractional linear solution over the

faithful module yIF, since GF(F) is commutative.

Lemma 4.2.15. Let g be a prime power and t a positive integer. Then Mt(GF(q»GF(q)’ fractionally dominates
GF(qf)GF(q[)'

Proof. Tt is known (e.g. see [16, p. 531]) that every extension field GF(q') is isomorphic to a set of # x ¢
matrices over GF(g). This implies there exists an injective homomorphism from GF(¢') to M;(GF(q)). By
Lemma 4.2.10, any network with a fractional linear solution over GF(qt)GF(q’) also has a fractional linear

solution over any M;(GF(g))-module. In particular, y;, Gr(4)GF(g)" fractionally dominates r(,GF(q').
[ |

4.3 Linear Rate Regions over Fields

We define, for each integer m > 2, the Char-m Network in Figure 4.3. The Char-m Network is
denoted by .45 (m, 1) in [7], with a slight relabeling of sources, and Char-m Network is known to be vector
linearly solvable over a field if and only if the characteristic of the field divides m. When m = 2, this network
exhibits solvability properties similar to those of the Fano network [13].

Let R be a finite ring whose characteristic divides m. Then m = 0 in R, and the following scalar

linear code:

m+-1 m+-1
e= ) x; and ei:ij
j=0 j=0
J#i
over R is a solution for the Char-m Network, where i = 0,1,...,m+ 1, and the receivers linearly recover
their demands as follows
R, : e—e;=x;
m+1 m+1
R: Z ei=Xxo+m Zx,-
i=1 i=0
=X [from char(R) | m] .
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Figure 4.3: The Char-m Network has source nodes Sp,Si,...,S,+1 which generate message vectors
X0,X1,---,Xm+1, respectively. Node u has a single incoming edge from each source node, and the edge
connecting nodes u and v carries the edge vector e. For each i =0,1,...,m+ 1, node u; has a single incom-
ing edge from each source node, except S;. The edge connecting nodes u; and v; carries edge vector e;. The
receiver R; demands x; and has an incoming edge from node v; and an incoming edge from v. The receiver
R demands x( and has an incoming edge from each of nodes vy,..., V4.

This code relies on the fact m = 0 in R, and it turns out the Char-m Network has no scalar linear solutions

over any ring whose characteristic does not divide m (see [7, Lemma IV.6]).

Lemma 4.3.1. [7, Lemma IV.7]: For each m > 2 and each finite field F, the linear capacity of the Char-m

Network is

e equal to 1, whenever char(F) ‘ m, and

1

3n13, Whenever char(F) f m.

e upper bounded by 1 —

4.3.1 Comparing Linear Rate Regions over Different Fields

It follows from Lemma 4.3.1 that certain fields may yield strictly larger linear capacities for some
networks than other fields. In particular, whenever the characteristics of two finite fields are different, there

exists some network whose linear capacities over the fields differ.
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Corollary 4.3.2. If F and K are finite fields with different characteristics, then there exist networks N and

N, such that €y (</V17F) > Glin (c/VlaK) and Gy (c/VbK) > Glin (4/‘/271?)

Proof. Suppose char(F) = p # g = char(K) and let 4] and .45 be the Char-p Network and the Char-¢
Network, respectively. Then by Lemma 4.3.1, €};,(41,F) = 1 and i (A1,K) < 1 — 217%‘ Similarly,

Ciin(A2,K) = 1 and Gjin (A3, F) < 1 71, n

In [14], it was shown that for any finite fields IF and K of even and odd characteristic, respectively:
(1) the linear rate region of the non-Fano network over I is a proper subset of its linear rate region over K,
and (ii) the linear rate region of the Fano network over K is a proper subset of its linear rate region over
FF. In these instances, it is strictly “better” to use an even/odd characteristic field instead of an odd/even
characteristic field. However, the following theorem demonstrates that it may not always be the case that
one field is necessarily “better” than the other for a particular network. In particular, for some networks,
some rate vectors may only be linearly achievable over certain fields while other rate vectors may only be

linearly achievable over other fields.

Theorem 4.3.3. For any two finite fields with different characteristics, there exists a network whose

linear rate regions over the fields do not contain one another.

Proof. A disjoint union of networks refers to a new network whose nodes/edges/sources/receivers are the
disjoint union of the nodes/edges/sources/receivers in the smaller networks. Let ' and K be finite fields
of characteristic p and ¢, for some distinct primes p and g. Let .4 be the disjoint union of the Char-p
Network and the Char-g Network. Whenever node (respectively, edge and message) labels are repeated,
add an arbitrary additional level of labeling each node (respectively, edge and message) to avoid repeated
labels. Then, by Lemma 4.3.1, the rate vector, in which the rates for the Char-p Network are all one and the
rates for the Char-g Network are all zero, is linearly achievable over ' but not over K. Similarly, the rate
vector in which the rates for the Char-¢g Network are all one and the rates for the Char-p Network are all
zero is linearly achievable over K but not over F. Thus the linear rate regions of .4 over IF and K do not

contain one another. [ |

We can use a similar network construction to show that there is not necessarily a particular finite
field that can linearly achieve all linearly achievable rate vectors. In other words, there may not be a “best”

field for a particular network. Let p and ¢ be distinct primes, and let .4 be the disjoint union of the Char-p
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Network and the Char-g Network. Then, by a similar argument to the proof of Theorem 4.3.3, there exists a
rate vector that is only linearly achievable over fields of characteristic p, and there exists another rate vector
that is only linearly achievable over fields of characteristic g. Thus there is no finite field which can linearly
achieve both of these rate vectors. A similar result can be obtained by taking the disjoint union of the Fano
and non-Fano networks.

Theorem 4.3.3 demonstrates that for any two finite fields of distinct characteristics, there always
exists some network whose linear rate regions differ over the two fields. In the following theorem, we
show that the linear rate region of a network over a field depends only on the characteristic of the field.
This contrasts with the scalar linear solvability of networks over fields, since some networks can be scalar

linearly solvable only over certain fields of a given characteristic.

Theorem 4.3.4. Let F and K be finite fields. Then char(F) = char(K) if and only if for each network
N, we have Rjiy( N, F) = Zjin (N, K).

Proof. Let r and s be positive integers, p a prime, and .4~ a network with m messages. Then GF(p) is a
subfield GF(p*), which implies the identity mapping is an injective homomorphism from GF(p) to GF(p*).
So

A has a (ky,...,kpy,n) linear solution over GF(p")
= A hasan (rky,...,rky,rn) linear solution over GF(p) [from cap-Lemma 4.2.15]

= 4 hasan (rky,...,rky,rn) linear solution over GF(p*) [from cap-Lemma 4.2.10].

Both a (ki,...,ky,n) linear solution and a (rky,...,rk,,rn) linear solution have the rate vector
(ki/n,...,kn/n). Hence any rate vector that is linearly attainable over GF(p") is also linearly attainable over
GF(p*) (with possibly larger vector sizes). Similarly, any rate vector that is linearly attainable over GF(p*)
is also linearly attainable over GF(p") (with possibly larger vector sizes). Hence if char(F) = char(K),
then the linear rate regions of any network over I and K are equal. The reverse direction follows from

Theorem 4.3.3. [ |

Immediately following Definition 4.2.4, we showed that for any finite rings S and R,

swsorS fractionally dominates ggrorR =—> Zjin (N, S) 2 Zyin(N ', R) for every network A",
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Theorem 4.3.4 can be used to show the converse is not necessarily true. There are numerous examples in
the literature (e.g. see Lemma 2.3.2, [37], [39]) of networks that are scalar linearly solvable over GF(p")
but not over GF(p*), for some prime p and some distinct positive integers r and s. In such cases, GF(p®)
does not fractionally dominates GF(p"); however, by Theorem 4.3.4, any network’s linear rate region over

either field is the same, since both fields have characteristic p.

Corollary 4.3.5. Let F and K be finite fields. Then char(IF) = char(K) if and only if for each network
N, we have Cin( N, F) = Gin (N, K).

Proof. This corollary is an immediate consequence of Theorem 4.3.4 and Corollary 4.3.2. |

4.4 Linear Rate Regions over Rings

The following theorem demonstrates that if a network has a fractional linear solution over some
module and if p is a prime that divides the alphabet size (i.e. the size of the group), then the network
must also have a fractional linear solution over every field of characteristic p with the same rate vector and

possibly larger vector sizes.

Theorem 4.4.1. Let G be a module and let T be a finite field whose characteristic divides |G|. For each
network A" and each ky,...,k, > 0 and n > 1 such that A" has a (ky,...,km,n) linear solution over gG,

there exists a positive integer t such that A has a (tky,. .. tky,tn) linear solution over F.

Proof. Let p=char(F). By Lemma 4.2.14, there exists a finite field K of characteristic p and a positive inte-
ger s such that y; ) K* fractionally dominates gG. Lemma 4.2.3 implies a network .4 with a (ki,...,ky,n)
linear solution over 7 ()K* must also have an (ski,...,sky,sn) linear solution over K. Since F and K both
have characteristic p, and since the rate vector (ki /n,...,k,/n) is linearly achievable for .4 over K, by
Theorem 4.3.4, the rate vector (k; /n, ... ,ky/n) is also linearly achievable for .#” over IF. Hence there exists

a positive integer ¢ such that .4 has a (tky,. .. ,tk,,tn) linear solution over F. |

We now prove one of our main results regarding linear rate regions over rings.

Theorem 4.4.2. If R is a finite ring and F is a finite field whose characteristic divides |R|, then the

linear rate region of any network over R is contained in the network’s linear rate region over .
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Proof. Let R be a finite ring, let 4" be a network, and let [F finite field whose characteristic divides |R|.
A fractional two-sided linear solution over R is a fractional linear solution over the module gggerR, SO by
Theorem 4.4.1, whenever .4 has a fractional linear solution over R with a given rate vector, .4 also has a

fractional linear solution over I with the same rate vector and possibly larger vector sizes. Hence,
{r € Q™ : ris linearly achievable for .4 over R} C {r € Q™ : r is linearly achievable for .4 over F}.

Corollary 4.4.3. If R is a finite ring and F is a finite field whose characteristic divides |R|, then the

linear capacity of any network over R at most its linear capacity over F.

In some cases, the containment in Theorem 4.4.2 (and the inequality in Corollary 4.4.3) is strict
for some networks, while in other cases, there may be equality for all networks. As an example, by taking
F = GF(2) and R = Z¢ in Theorem 4.4.2, any network’s linear rate region over GF(2) contains its linear
rate region over Zg. However, the linear capacity of the Char-2 Network is 1 over the field GF(2) and is
upper bounded by 6/7 over the field GF(3) (see Lemma 4.3.1). Since 3 = char(GF(3)), which divides
6 = |Zg|, by Theorem 4.4.2, the Char-2 Network’s linear capacity over Zg is upper bounded by 6/7. This
demonstrates that the linear rate regions of R and F are not necessarily equal for all networks.

As another example, by taking F = GF(4) and R = Z,[X]/(X?) in Theorem 4.4.2, any network’s
linear rate region over GF(4) contains its linear rate region over Z[X]/(X?). The field GF(2) is isomorphic
to a subring of Z[X]/(X?) (namely Z,), so there is an injective homomorphism from GF(2) to Z,[X]/(X?),
which by Lemma 4.2.10, implies any network’s linear rate region over Z,[X]/(X?) contains its linear rate
region over GF(2). However, by Theorem 4.3.4, any network’s linear rate regions over GF(4) and GF(2)
must be equal. Thus the linear rate regions of GF(4) and Z[X]/(X?) are equal for all networks. Precisely
characterizing for which rings and fields the linear rate regions are equal for all networks remains an open

problem.

4.4.1 Comparing Linear Capacities over Different Rings

Determining the exact linear capacity and the linear rate region of the Char-m Network over each
finite ring (or even each finite field) is also presently an open problem. Another related open question is
for which finite rings R and S does there exist a network .4 such that 6;, (A", R) > €jin(A,S). We have

answered this second question in some select special cases:
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e In Theorem 4.3.4, we showed that when R and S are finite fields, such a network exists if and only if

the characteristics of R and S differ.

e In Theorem 4.4.2, we showed that when S is a field whose characteristic divides |R|, no such network

exists. This includes the special case where |S| = |R)|.

Corollary 4.4.4. Let R and S be finite rings. If some prime factor of |S| is not a factor of |R|, then there

exists a network A such that €in(N ,R) > Clin(N,S).

Proof. Let p divide |S| but not |R|, and let .4 denote the Char-|R| Network. Then,

Clin(N,S) < Clin(A,GFE(p)) [from Theorem 4.4.2]
<1- 2\R]1+3 [from p / |R| and Lemma 4.3.1]
<1
< Glin(A,R) [from char(R) ‘ ]RH

where the last inequality uses the fact that .#” must be scalar linearly solvable over R, since the characteristic

of R divides the size of R. [ |

Corollary 4.4.4 implies that if the sizes of two rings do not share the same set of prime factors, then
at least one of the rings induces a higher linear capacity than the other on some network. As an example,
the Char-6 Network has a strictly larger linear capacity over the ring Zg than over the field GF(25) of larger
size.

Corollary 4.4.4, in particular, implies that for every finite field and every ring, whose sizes are
relatively prime, there is some network for which the linear capacity of the network over the ring is strictly
larger than the linear capacity over the field. In contrast, Theorem 4.4.2 shows that for every ring and every
network, there is some field for which the linear capacity of the network over the ring is less than or equal

to the linear capacity over the field. These facts are succinctly summarized in the following theorem.

Theorem 4.4.5. Let F be a finite field and R be a finite ring. Then |F| and |R| are relatively prime if
and only if there exists a network N such that €y (N ,R) > Clin(N,F).

Proof. Let p = char(F). Then |F| and |R| are relatively prime if and only if p / |R].
Ifpt|R

, then by Corollary 4.4.4, there exists a network .4 such that €;,(-4",R) > €jn(AN,F).

The converse is a restatement of Corollary 4.4.3. |
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4.4.2 Asymptotic Solvability

We say that a network .4 is asymptotically solvable over <7 if for all € € (0,1), the rate vector
(I —¢,...,1—¢) is contained in the network’s rate region. In other words, a uniform rate arbitrarily close
to, or above, 1 is attainable. A network which is asymptotically solvable but is not solvable was demon-
strated in [12], and non-linearly solvable networks were demonstrated in [7] and [11] that are not asymp-
totically linearly solvable over any finite field. The following corollary demonstrates that such networks are

additionally not asymptotically linearly solvable over any module (or ring).

Corollary 4.4.6. If a network is asymptotically linearly solvable over some module or ring, then it must be

asymptotically linearly solvable over some finite field.

Proof. Suppose a network ./ is asymptotically linearly solvable over some module gG. By Theorem 4.4.1,
there exists a finite field IF such that any rate vector that is linearly achievable over xG must also be linearly
achievable over [F. Hence .4 is also asymptotically linearly solvable over IF. This also implies any network
that is asymptotically linearly solvable over some ring must also be asymptotically linearly solvable over
some field, since a fractional linear code over a ring is a special case of a fractional linear code over a

module. [ |

4.5 Concluding Remarks

Linear network codes over finite rings (and modules) constitutes a much broader class of codes
than linear network codes over finite fields. Linear codes over rings have many of the attractive properties
of linear codes over fields, including implementation complexity and possibly mathematical tractability. We
have demonstrated, however, that with respect to linear capacity and linear rate regions, this broader class
of codes does not offer an improvement over linear codes over fields. This particularly contrasts with the
network solvability problem where we demonstrated certain cases where a ring alphabet can offer scalar

linear solutions when a field alphabet cannot.
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Chapter 5

A Class of Non-Linearly Solvable Networks

Abstract

For each positive composite integer m, a network is constructed which is solvable over an alphabet
of size m but is not solvable over any smaller alphabet. These networks have no linear solutions over any
module alphabet and are not asymptotically linearly solvable over any finite-field alphabet. The networks’
capacities are all shown to equal one, and their linear capacities are all shown to be bounded away from
one for all finite-field alphabets. Additionally, if m is a non-power-of-prime composite number, then such a

network is not solvable over any prime-power-size alphabet.
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5.1 Introduction

In 2005, it was demonstrated in [7] that there can exist a solvable network which is not vector
linearly solvable over any finite-field alphabet and any vector dimension. To date, the network given in [7]
is the only known example of such a network published in the literature. In fact, the network given in [7]
was shown to not be linearly solvable over very general algebraic types of alphabets, such as finite rings and
modules, and it was shown not to even be asymptotically linearly solvable over finite-field alphabets. As a
result, the network has been described as “diabolical” by Kschischang [19]' and Koetter [17].

The diabolical network has been utilized in numerous extensions and applications of network cod-
ing, such as by Krishnan and Rajan [18] for network error correction and by Rai and Dey [23] for multicas-
ting the sum of messages, to construct networks with equivalent solvability properties, hence showing that
linear codes are insufficient for each problem. El Rouayheb, Sprintson, and Georghiades [13] reduced the
index coding problem to a network coding problem, thereby using the diabolical network to show that linear
index codes are not necessarily sufficient. Blasiak, Kleinberg, and Lubetzky [2] used index codes to create
networks where there is a polynomial separation between linear and non-linear network coding rates. Chan
and Grant [5] showed a duality between entropy functions and network coding problems, which allowed for
an alternative proof of the insufficiency of linear network codes.

There remain many open questions regarding non-linear network coding. In this chapter, we present
a class of networks that generalize the diabolical network and show a number of other results related to non-

linear network coding.

5.1.1 Network Coding Model

A network will refer to a finite, directed, acyclic multigraph, some of whose nodes are sources or
receivers. Source nodes generate vectors of messages, where each of the messages is an arbitrary element of
a fixed, finite set of size at least 2, called an alphabet. The elements of an alphabet are called symbols. The
inputs to a node are the messages, if any, originating at the node and the symbols carried by the incoming
edges of the node. Each outgoing edge of a network node carries a vector of alphabet symbols, called edge
symbols. Each outgoing edge of a node has associated with it an edge function which maps the node’s inputs
to the output vector carried by the edge. Each receiver node has demands, which are the message vectors
the receiver wishes to obtain. Each receiver also has decoding functions which map the receiver’s inputs to

vectors of alphabet symbols in an attempt to satisfy the receiver’s demands.

I'The terminology was apparently attributed by F. Kschischang to M. Sudan.
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A (k,n) fractional code over an alphabet <f (or, more briefly, a (k,n) code over <) is an assignment
of edge functions to all of the edges in a network and an assignment of decoding functions to all of the
receiver nodes in the network such that message vectors are elements of .7 and edge vectors are elements
of &/". A code is a solution if each receiver recovers each of its demands from its inputs. For linear network

coding, we will focus attention on two specific types of (k,n) codes:
Case (1): k =n =1 and the network alphabet is a module.
Case (2): Any k,n and the network alphabet is a ring.

In a (1,1) code over an R-module G, an edge or decoding function f : G' — G is linear over the
R-module G if it can be written in the form f(xy,...,x;) = (C; -x;) ®---® (C; - x;), where x1,...,x; € G are
the node’s inputs, Cy,...,C; € R are constants, & is the Abelian group operation, and - is the action of the
module. A (1,1) code is said to be linear over the R-module G if each edge function and decoding function
is linear over the R-module G. Note that for any R-module G and positive integer k, the set My (R) of k x k
matrices over R with matrix addition and multiplication defined in the usual way is a ring, and G* is an
M;(R)-module. Hence a “vector linear code” over a module is, in fact, a (1,1) linear code over a different
module.

In a (k,n) code over a ring R, an edge function f : R¥ x --- x REXR" x --- x R" — R" is linear

i message vectors J in-edges
over R if it can be written in the form
flxn, X y,..,y) = Mix +~'+Mix,-+Miy1 + ---—i—M}yj (5.1
where xi,...,x; € R* are message vectors originating at the node, yi,...,y ;i € R" are edge vectors carried
by the incoming edges to the node, M), ..., M; are n x k matrices and M], ... ,M} are n X n matrices whose

entries are constant in R, i.e. the edge symbol can be written as a linear combination of the node’s inputs.
Similarly, a decoding function is linear if it has a form analogous to (5.1). A (k,n) code is said to be linear
over the ring R if each edge function and each decoding function is linear over R.

A (1,1) linear code over a ring R (called a scalar linear code over R) is also a linear code over
the R-module R, where R acts on its own Abelian group by multiplication in R. For each positive integer
k, a (k,k) linear code over R (called a k-dimensional vector linear code over R) is also a linear code over
the M;(R)-module R*. Hence scalar and vector linear codes over rings are special cases of linear codes
over modules. When discussing linear codes over rings, we will always specify the dimension (e.g. scalar,
vector, or (k,n)), but a linear code over a module will always refer to a (1, 1) linear code.

A network is defined to be
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e solvable over <f if there exists a (1, 1) solution over <7,
e asymptotically solvable over <f if for any € > 0, there exists a (k,n) solution over <7 for some k and
n satisfying k/n > 1 — ¢,

e linearly solvable over the R-module G if there exists a linear solution over the R-module G,

e scalar linearly solvable over the ring R if there exists a (1,1) linear solution over R,

e vector linearly solvable over the ring R if there exists a (k, k) linear solution over R, for some k > 1.
We say that a network is solvable if it is solvable over some alphabet. A solvable network is able to
communicate at rate k/n = 1, and an asymptotically solvable network is able to communicate at a rate
arbitrarily close to 1. Since scalar and vector linear codes over rings are special cases of linear codes over
modules, a network that is vector (or scalar) linearly solvable over some ring is also linearly solvable over
some module. Conversely, a network with no linear solution over any module also has no vector linear
solutions over any ring (or field). This paper focuses on solvable networks that are not linear solvable over
any module.

The capacity ? of a network is:
sup{k/n : 3 a (k,n) solution over some <7 }.
The linear capacity of a network with respect to a ring R is:
sup{k/n : 3 a (k,n) linear solution over R}.

It was shown in [4] that the capacity of a network is independent of alphabet size, and it was noted that

linear capacity can depend on alphabet size.

5.1.2 Previous Work

We now summarize some of the existing results regarding the solvability and linear solvability of
multicast networks (in which each receiver demands all of the messages) and general networks (in which
each receiver demands a subset of the messages). Network codes were first presented by Ahlswede, Ning,
Li, and Yeung [1] as a method of improving the throughput of a network; they presented the butterfly
network, a variant of which is scalar linearly solvable over every field but not solvable via routing. Li,
Yeung, and Ning [20] showed that if a multicast network is solvable, then it is scalar linearly solvable over

every sufficiently large finite-field alphabet. In addition, Riis [25] showed that every solvable multicast

’In the literature, this is sometimes referred to as the “coding capacity” (as opposed to the routing capacity). For
brevity, we will simply use the term “capacity,” as we do not discuss routing capacity in this paper.
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network has a binary vector linear solution in some dimension. Feder, Ron, and Tavory [15] and Rasala
Lehman and Lehman [24] both independently showed that some solvable multicast networks asymptotically
require finite-field alphabets to be at least as large as twice the square root of the number of receiver nodes
in order to have a scalar linear solution over the field.

Non-linear coding in multicast networks can offer advantages such as reducing the alphabet size
required for solvability; Rasala Lehman and Lehman [24] presented a network which is solvable over a
ternary alphabet but has no scalar linear solution over any field alphabet whose size is less than five, and
Riis [25] and also [9] demonstrated general and multicast networks, respectively, which have scalar non-
linear binary solutions but no scalar linear binary solutions. A multicast network was presented in [9] which
is solvable precisely over those alphabets whose size is neither 2 nor 6, and Sun, Yin, Li, and Long [33]
presented families of multicast networks which are scalar linearly solvable over certain finite-field alphabets
but not over all larger finite-field alphabets.

Unlike multicast networks, general networks that are solvable do not necessarily have vector linear
solutions over fields, as demonstrated in [7]. Médard, Effros, Ho, and Karger [21] showed that there can
exist a network which is vector linearly solvable over some field but is not scalar linearly solvable over any
field. Das and Rai [6] showed more generally that for each integer m > 2 the following holds: there exists a
network with k-dimensional vector linear solutions over an arbitrary field if and only if k is a multiple of m.
Sun, Yang, Long, Yin, and Li [31] compared alphabet sizes using scalar and vector linear codes over fields,
where the vector alphabet size is |F|¥. They showed that in some cases, linear solutions may be obtained
with vector alphabet sizes that are smaller than any possible scalar solution alphabet size. They also showed
that in other cases, the opposite result may be true. Similarly, Etzion and Wachter-Zeh [14] showed that
vector linear coding can significantly reduce the required vector alphabet size compared to scalar coding.

Shenvi and Dey [29] showed that for networks with two source-receiver pairs the following are
equivalent: the network is solvable, the network is vector linearly solvable over some field, the network
satisfies a simple cut condition. Cai and Han [3] showed that for a particular class of networks with three
source-receiver pairs: the solvability can be determined in polynomial time, being solvable is equivalent
to being scalar linearly solvable over some field, and finite-field alphabets of size 2 or 3 are sufficient to
construct scalar linear solutions. In [11], the Fano and non-Fano networks were shown to be solvable
precisely over power-of-two and odd alphabet sizes, respectively. For each integer m > 2, Rasala Lehman
and Lehman [24] demonstrated a class of networks which are not solvable over any alphabet whose size
is less than m and are solvable over all alphabets whose size is a prime power greater than or equal to m.

For each integer m > 3, Yuan and Kan [34] demonstrated a class of networks which are not solvable over

129



any alphabet whose size is less than m and are solvable over all alphabets whose size is not divisible by
2,3,...,m—1.

Koetter and Médard [16] showed for every finite field F and every network, the network is scalar
linearly solvable over IF if and only if a corresponding system of polynomials has a common root in [F, and
in [8] it was shown that for every finite field F and any system of polynomials, there exists a corresponding
network which is scalar linearly solvable over FF if and only if the system of polynomials has a common root
in . Subramanian and Thangaraj [30] showed an alternate method of deriving a system of polynomials
which corresponds to the scalar linear solvability of a network, such that the degree of each polynomial
equation is at most 2. Presently, there are no known algorithms for determining whether a general network
is solvable.

While networks that are linearly solvable over some module are solvable, the converse need not
be true. This paper demonstrates infinitely many such counterexamples. There remain numerous open
questions regarding the existence of solvable networks which are not linearly solvable over any module.
Are many/most solvable networks not linearly solvable? Can such networks be efficiently characterized?

Can such networks be algorithmically recognized? We leave these questions for future research.

5.1.3 Our Contributions

In this paper, we present an infinite class of solvable networks which are not linearly solvable over
any module alphabet. We denote each such network as .4, and we construct .4 from several intermediate
networks denoted by .#1,.45, and .43, all of which are constructed from a fundamental network building
block B. Specifically, for each positive composite number m, we describe how to construct a network
A4 which has a non-linear solution over an alphabet of size m yet has no linear solution over any module
alphabet, including vector linear codes over rings and fields. In addition, such a network is not solvable over
any alphabet whose size is less than m. The diabolical network in [7] was shown to be non-linearly solvable
over an alphabet of size 4. The network in [7] was designed using matroid theory. Other connections
between networks and matroids were investigated, for example, by [10, 13,18,22,32,35].

The inspiration for the construction of networks .41, .45, and .43 in order to construct .44 relates to
specific solvability properties of each of these component networks. The .#] networks are a generalization
of the non-Fano network, the .45 networks are a generalization of a modified Fano network that also have
non-linear solutions in some cases, and the .43 networks are a generalization of a modified non-Fano net-
work that also have non-linear solutions in some cases. We construct all of these component networks from

the same network building block B. As a result, we can more easily characterize the solvability and linear
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solvability of the networks, since the solvability of this network building block was characterized in [34].
By combining the networks .47,.43, and .45 with certain parameters, we construct non-linearly solvable
networks.

We will now summarize the main results of this paper, which all appear in Section 5.6. The network
A4 is parameterized by an arbitrary integer m > 2. Theorem 5.6.4 shows that .4} is solvable over an
alphabet of size m. Theorem 5.6.5 shows, however, that .44 is never solvable over alphabets smaller than
m. Theorem 5.6.8 shows that when m is prime, .44 has a scalar linear solution over a field of size m. In fact,
for all non-prime integers m, the network .44 has no linear solution, as demonstrated by Theorems 5.6.9
and 5.6.10. In particular, Theorem 5.6.9 shows that when m is composite, no linear solution for .4} exists
over any module, and Corollary 5.6.11 shows that in such case, .4} is not even asymptotically linearly
solvable over any finite-field alphabet. In the special case of m = 4, the demonstrated network .4 exhibits
properties similar to the network presented in [7]. We also demonstrate (in Corollary 5.6.6) that if m is a
non-power-of-prime composite (e.g. 6), then .4} is not solvable over any prime-power size alphabets.

The diabolical network was shown in [7] to have capacity equal to one, whereas its linear capacity
is bounded away from one for any finite-field alphabet. Analogously, we show in Theorem 5.6.10 that for
all m, the capacity of .44 equals one, whereas for all composite m, its linear capacity over any finite-field
alphabet is bounded away from one. Related capacity results are given for the constituent networks .44 (in
Lemma 5.2.4), A1 (in Lemma 5.3.4), .45 (in Lemma 5.4.7), and .45 (in Lemma 5.5.8). We do not see a
straightforward method to determine the linear capacity or asymptotic linear solvability over more general
ring alphabets, as many of the linear algebra results used in this analysis do not extend to matrices over
general rings.

The rest of the paper is organized as follows. Table 5.1 summarizes the networks created and the
results in this paper. Section 5.1.4 provides mathematical background and definitions. Sections 5.2-5.5
present the building block networks which are used to construct the main class of networks. Section 5.6
details the properties and construction of the main class of networks. For each network family, we will
discuss the solvability properties, the linear solvability properties, and the capacity. The Appendix contains
the proofs of three of the lemmas in this paper. All other proofs are given in the main body of the paper.

Section 5.7 poses some open questions regarding the solvability and capacity of general networks.
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- For each s, > 1 relatively prime to my, if my = sm‘f‘ for some o > 1,

Network .41 (m) Section 5.3
- Consists of a block B(m) together with source nodes and an additional receiver. Figure 5.4
- 4m 4T nodes. Remark 5.3.1
- If solvable over 27, then ged(|.<7|,m) = 1. Lemma 5.3.2
- Linearly solvable over standard R-module G iff gcd(char(R),m) = 1. Lemma 5.3.3
Network .45 (m,w) Section 5.4
- Consists of w blocks B(m + 1) together with source nodes and an additional receiver. Figure 5.5
- 4mw 4 9w + 2 nodes. Remark 5.4.1
- If w > 2, then non-linearly solvable over an alphabet of size mw. Lemma 5.4.4
- If solvable over <7, then gecd(| /|, m) # 1. Lemma 5.4.5
- Linearly solvable over standard R-module G iff char(R) | m. Lemma 5.4.6
Network A5 (my,my) Section 5.5
- Consists of blocks B(m ) and B(m;) together with source nodes and an additional receiver. Figure 5.6
- 4my 4+ 4my + 12 nodes. Remark 5.5.1

Corollary 5.5.7

- Solvable over an alphabet of size m.

- If |.«7| < m, then not solvable over 7.

- If m is not a prime power, then not solvable over any prime-power-size .7 .
- If m is prime, then scalar linearly solvable over GF(m).

- If m is composite, then: (1) not linearly solvable over any module.

(2) not asymptotically linearly solvable over any finite field.

logm

- Number of nodes is O (m logl%’"'> and Q(m).

then non-linearly solvable over an alphabet of size tm‘f‘“.
- If solvable over <7, then ged(|.o7|,m) = 1 or || | my. Lemma 5.5.5
- Linearly solvable over standard R-module G iff gcd(char(R),m,m;) = 1. Lemma 5.5.6
Network .14 (m) Section 5.6
- Consists of a disjoint union of various networks .47, .45, and .43. Equation (5.54)

Theorem 5.6.4
Theorem 5.6.5
Corollary 5.6.6
Theorem 5.6.8
Theorem 5.6.9
Corollary 5.6.11

Theorem 5.6.12

Figure 5.1: Summary of the networks constructed in this chapter, where m,m;,m,, and w are integers such

that m,m,mpy > 2 and w > 1.
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5.1.4 Preliminaries

The following definitions regarding linear network codes over modules are from [7] and [12].

Definition 5.1.1. Let (R,+,*) be a ring with additive identity Og. An R-module (specifically a left
R-module) is an Abelian group (G,®) with identity Og and an action - : R X G — G such that for all
r,s € R and all g,k € G the following hold:

r-(g@h)=(r-g)®(r-h
(rt+s)-g=(r-g)®(s-g)
(rxs)-g=r-(s-g).
The ring multiplication symbol * will generally be omitted for brevity. If the ring R has a multiplicative

identity 1g, then we also require 1g - g = g for all g € G. For brevity, we say that G is an R-module. ©

will denote adding the inverse of an element (subtraction) within the group.

For any finite ring R with multiplicative identity, the characteristic of R is denoted char(R) and is
the smallest positive integer m such that 1z added to itself m times equals Og. The characteristic of a finite
field is always a prime number. The following definition describes a class of modules which we will use to

discuss linear solvability in this paper.

Definition 5.1.2. Let G be an R-module. We will say that G is a standard R-module if
1. R acts faithfully on G; that is if ,s € R are such that r- g =5 - g for all g € G, then r = 5.
2. R has a multiplicative identity 1.
3. R is finite.
4. If r € R has a multiplicative left (respectively, right) inverse, then this element is a two-sided

inverse, which will be denoted r—!.

A finite commutative ring R, with a multiplicative identity, acting on itself is a standard R-module.
For each positive integer k, the set My (R) of k X k matrices over R with matrix addition and multiplication is
aring and R is a standard My (R)-module. Since fields are a special case of commutative rings, scalar and

vector linear codes over fields are also special cases of linear codes over standard modules.

133



Lemma 5.1.3 was proved in a slightly different form in the proof of Theorem III.4 in [7].

Lemma 5.1.3. If a network is not linearly solvable over any standard module, then it is not linearly solvable

over any module.

We say that a positive integer m is invertible in R if there exists m~! € R such that m~! (mlg) = 1,
where (mlg) denotes 1 added to itself m times. Specifically,
-1
m = 1g+--+1g
N— ——
m adds
Lemma 5.1.4 is relatively straightforward to show, and thus its proof is omitted. This lemma dis-

cusses properties of multiplicative inverses in rings and will be used in the proofs of Lemmas 5.3.3 and

5.5.6 to more easily characterize the classes of modules over which .#] and .43 are linearly solvable.

Lemma 5.1.4. For each finite ring R with a multiplicative identity and each positive integer m, the integer

m is invertible in R if and only if char(R) and m are relatively prime.

The following definition was called Property P’ by Yuan and Kan [34]. They used this property to

characterize the solvability of classes of networks similar to .45 and .47, and we will use it throughout this

paper.

Definition 5.1.5. Let m > 2. A (1, 1) code for a network .#” over an alphabet ./, containing messages
X0,X1,...,%, and edge symbols eg,eq,...,en, e, is said to have Property P(m) if there exists a binary
operation @ : &/ X o/ — o/ and permutations 7y, 7Ty, . .., T,, and Gy, Oy, ..., Oy, of o7, such that (o7, D)

is an Abelian group and the edge symbols can be written as

e:@ﬂtj(xj) and e;=0; @ﬂtj(xj) (i:O,l,...,m)
j=0

j=0
j#i

5.2 Network 4,(m)

For each m > 2, the network building block B(m) is defined in Figure 5.2 and is used to build
network .4y(m), which is defined in Figure 5.3. For each i, the node v; within B(m) has a single incoming

edge from node u;, so without loss of generality, we may assume both outgoing edges of v; carry the
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Figure 5.2: The network building block B(m) has message vector inputs yo,yi,...,yn, (from unspecified
source nodes) and m + 1 output edges. The node u receives each of the inputs and has a single outgoing
edge to the node v, which carries the edge symbol e. For each i, the node u; receives each of the inputs
except y; and has a single outgoing edge to the node v;, which carries the edge symbol ¢;. The receiver node
R; has an incoming edge from v; and an incoming edge from v and demands the ith message vector y;. The
ith output edge of B(m) is an outgoing edge of node v;.

symbol e;. Similarly, we may assume each of the outgoing edges of the node v carries the symbol e.
Lemma 5.2.2 demonstrates that for each m > 2, the (1, 1) solutions of network .4,(m) are precisely those
codes which satisfy Property P(m), defined in Definition 5.1.5. In particular, the solution alphabets have to

be permutations of Abelian groups.

Remark 5.2.1. The network Ay(m) has m+ 1 source nodes, 2(m + 2) intermediate nodes, and m+ 1

receiver nodes, so the total number of nodes in Ny(m) is 4m+ 6.

Lemma 5.2.2 characterizes the solvability of .4)(m) and will be used in the proofs of the solvability

conditions of .41, .45, and .45. This lemma was proved in a slightly different form in [34, Proposition 3.2].

Lemma 5.2.2. Let m > 2. A (1,1) code over an alphabet <7 is a solution for network Ny(m) if and only if
the code satisfies Property P(m).

The following result regarding the linear solvability of .44 (m) will be used in later proofs.
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X0 X1 o Xm

Figure 5.3: Network .44(m) consists of a block B(m) together with source nodes So,Si,...,S,, which
generate message vectors Xxo, X1, . . ., X;, respectively. The output edges of B(m) are unused.

Lemma 5.2.3. Let m > 2 and let G be a standard R-module. Suppose a linear solution for network Ay(m)

over G has edge symbols

e:@(cj'xj) and ei:@(ciﬁj-xj) (i=0,1,...,m)
j=0 Jj=0
J#i

and decoding functions
Ri: xi=(di.-e)®(di-e;)(i=0,1,...,m)

where ¢; j,cj,d;.,d; € R. Then each c; j,c;,d; ., and d; is invertible in R, and

ci7j:—di_1di7ecj (i,j=0,1,...,mand j#1i).
Proof. Equating message components at the receiver R; and using the fact G is a standard R-module, yields

lR:di,eCi (i:O,l,...,m)

Or =dj.cj+dic;; (i,j=0,1,...,mand j #i)

which implies the following elements of R are invertible:

di’e andc,- (120,1,,1’”)
d;and ¢; (i,j=0,1,...,mand j #1i).
The result then follows by solving for c¢; ;. |

Lemma 5.2.4 characterizes the capacity and linear capacity of .44, and this lemma will be used to

upper bound the capacities of .41, .43, and .43 in the proofs of Lemmas 5.3.4, 5.4.7, and 5.5.8, respectively.
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Lemma 5.2.4. The network 4 (m) has capacity and linear capacity, for any finite-field, equal to 1.

Proof. Let G be a standard R-module. The network .4 (m) has the following linear solution over G:

m m

e:@xj and ei:@xj (i=0,1,...,m)
i—0 i=0
f 2

and decoding at each receiver as follows:
Ri: eCei=x; (i=0,1,...,m).

A scalar linear solution over a finite-field alphabet is a special case of a linear solution over a
standard module. Therefore .44 (m) is scalar linearly solvable over any finite-field alphabet, so the linear
capacity of .44(m) for any finite-field alphabet is at least 1. The only path for message vector x to reach
the receiver Ry is through the edge connecting nodes u and v, so its capacity is at most 1. Thus, both the

capacity of .4 (m) and its linear capacity for any finite-field alphabet are equal to 1. |

5.3 Network .41 (m)

For each m > 2, network .41 (m) is defined in Figure 5.4. The special case m = 2 corresponds to the
non-Fano network from [10, 11], with a relabeling of messages and nodes. Lemmas 5.3.2, 5.3.3, and 5.3.4,
respectively, demonstrate that network .41 (m) is

1. solvable over <7 only if |<7| is relatively prime to m,
2. linearly solvable over standard R-module G if and only if char(R) is relatively prime to m,
3. asymptotically linearly solvable over finite field F if and only if char(FF) does not divide m.

Remark 5.3.1. Network A1 (m) is a network Ay(m) with one additional receiver node, so the total number

of nodes in N (m) is 4m+17.

The following lemma also follows from [34, Proposition 4.1] and characterizes a condition on the

alphabet size necessary for the solvability of .41 (m).

Lemma 5.3.2. For eachm > 2, if network A1 (m) is solvable over alphabet <7, then m and | </ | are relatively

prime.

Proof. Assume .#{(m) is solvable over .o/. Network .#{(m) consists of a network .4#((m) with the addi-

tional receiver Ry, so by Lemma 5.2.2, the edge functions within B(m) must satisfy Property P(m). Thus,
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X0 X1 Xm

X0

Figure 5.4: Network .41 (m) consists of a block B(m) together with source nodes Sp,Si,...,S, and an
additional receiver R,. For each i, the source node S; generates the message vector x; and is the ith input to
B(m). The additional receiver R, receives all of the output edges of B(m) and demands the message vector
X0-

there exists an Abelian group (<7, @) and permutations 7y, 7y, . . ., T, and Oy, O, . . ., Oy, of 7, such that the

edges carry the symbols:

m

ei=0; | Prilx)) (i=0,1,...,m) (5.2)
=0
i
e = @ﬂ'j(xj').
j=0

Now suppose to the contrary that m and |.<7| share a prime factor p. By Cauchy’s Theorem of Finite
Groups [12, p. 93], there exists a nonzero element « in the group <7 whose order is p. Since p ‘ m, we have

a®---®a=0. Define two collections of messages as follows:
———
m adds

xj=7;'(0) and £; =7; ' (a) (j=0,1,...,m)

Since a # 0 and each 7; is bijective, it follows that x; # £; for all j.

By Property P(m), for eachi =0, 1,...,m, we have

ei=0; |00 | =0;(0) [from (5.2)]
—_————

138



for the messages xg, X . .., Xy, and

ei=0;a®---®a| =0,0) [from (5.2)]
m adds
for the messages Xgy,%...,%,. For both collections of messages, the edge symbols eg,ey,...,e, are the

same, and therefore the decoded value xy at R, must be the same. However, this contradicts the fact that

X0 75)(’\(). |

Lemma 5.3.3. Let m > 2, and let G be a standard R-module. Then network A{(m) is linearly solvable over

G if and only if char(R) is relatively prime to m.

Proof. By Lemma 5.1.4, m is invertible in R if and only if char(R) is relatively prime to m, so it suffices to
show that for each m and each standard R-module G, network .47 (m) is linearly solvable over G if and only
if m is invertible in R.

Assume network .#](m) is linearly solvable over the standard R-module G. The messages are

drawn from G, and there exist ¢; j,¢; € R, such that the edge symbols can be written as:

D-

e =

(C,',j'x]') (izo,l,...,m) (53)

J=0
J#i

b
P=

(cj-x;) (5.4)

~.
(=]

and there exist d;.,d;,d,; € R, such that each receiver can linearly recover its respective demands from its

inputs by:
R;: xi:(di,e-e)ﬁé(di-ei) (i:O,l,...,m) (5.5)
Rx LX) = @ (dx,,' . ei) . (56)
i=0

Since .41 (m) contains .44(m), by Lemma 5.2.3 and (5.3) — (5.5), each ¢; and each d; is invertible in R, and
cij=—d 'di,c; (i,j=0,1,...,mand j #1). (5.7)
Equating message components at R, yields:

Ig=Y dyicip [from (5.3), (5.6)]
i=1

1

m
dyid; " dieco [from (5.7)] (5.8)
i=1
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and foreach j=1,2,....m

m

Og = de iCij [from (5.3), (5.6)]
l#]
=— de’,-dfldi,e cj [from (5.7)].
i=0
i#j
= Z dyid; ! di.co. from right multiplying by —C;l co] . (5.9
i=0
i#]j

By summing (5.9) over j = 1,2,...,m and subtracting (5.8), we get

—1g = Z ded di.co [from (5.8), (5.9)]
j=0i=
l#}

m
-1
=m de- d " d;,co.
i=0

Therefore, m is invertible in R.

To prove the converse, let G be a standard R-module such that m is invertible in R. Define a linear

code over G by:

ei:@xj (i:O,l,...,m)

Receiver R; can linearly recover x; from its received edge symbols e and ¢; by:
Ri: eSej=x; (i=0,1,...,m)
and receiver R, can linearly recover x, from its received edge symbols eg, ey, ..., e, by:

m m

m m m
R, : (m_l-@e,)@eo: @@ 6@)@ @xje@x]—xo
i=0 0 j=1

Thus the code is a linear solution for .41 (m). [
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As an example of the previous lemma, for each ¢ > 2 relatively prime to m, network .4](m) has a
scalar linear solution over the ring Z,, since Z, is a standard Z,-module and char(Z,) = g. It then follows
from Lemma 5.3.2 that network .#{(m) is solvable over </ if and only if |.<7| is relatively prime to m. As
another special case, the network .41 (m) is vector linearly solvable over a field F if and only if char(F) } m.

The following lemma characterizes the capacity and the linear capacity over finite-field alphabets

of A1 (m), and its proof is contained in the Appendix.

Lemma 5.3.4. For each m > 2, network A{(m) has:
(a) capacity equal to 1,
(b) linear capacity equal to 1 for any finite-field alphabet whose characteristic does not divide m,

(c) linear capacity equal to
1

1—
2m+2

for any field alphabet whose characteristic divides m.

5.4 Network 45 (m,w)

For each m > 2 and w > 1, network .45 (m,w) is defined in Figure 5.5. We note that .#5(m, 1)
and .41 (m+ 1) have similar structure, but in network .4 (m + 1) each of the output edges of B(m+ 1) is
connected to R,, and in network .#5(m, 1) all but one of the output edges of B(m -+ 1) are connected to R;.
This disconnected edge causes the difference in solvability properties of the two networks. Lemmas 5.4.4,
5.4.5,5.4.6, and 5.4.7 demonstrate that network .45 (m,w) is:

1. non-linearly solvable over alphabet of size mw, if w > 2,
2. solvable over < only if |.<7| is not relatively prime to m,
3. linearly solvable over standard R-module G if and only if char(R) divides m,

4. asymptotically linearly solvable over finite field I if and only if char(FF) divides m.

Remark 5.4.1. For each m > 2 and w > 1, network N5 (m,w) has: w(m+ 1)+ 1 source nodes, w(2m+6)
intermediate nodes, and w(m+2)+ 1 receiver nodes. So the total number of nodes in N3 (m,w) is 4mw +

ow+2.

For each positive integer m, we will view the ring Z,, as the set {0, 1,...,m — 1} together with addi-
tion and multiplication modulo m. This ring will be used to construct non-linear solutions in Lemmas 5.4.2,

5.4.4,5.5.2, and 5.5.4.
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Figure 5.5: The network .45 (m,w) is constructed from w blocks of B(m + 1) together with w(m+ 1) + 1
source nodes and an additional receiver R,. The Ith block is denoted BY)(m + 1), and the nodes and edge

symbols within BY) (m + 1) are denoted with a superscript [. For each [ = 1,2,...,w, the block BY (m + 1)

has inputs from source nodes Sgl),Sgl), e 7Sr(rlll-1’ which generate message vectors xgl),xg), e ,xfrllrl. The

shared message vector z is generated by source node S. and is the Oth input to each B() (m+1). Each of the
output edges of B() (m+ 1), except the Oth, is an input to the shared receiver R;, which demands the shared
message vector z.

For each m,w > 2 and each a € Z,,,, a receiver cannot uniquely determine the symbol a in Z,,,
from the symbol wa € Z,,,, since the integer w is not invertible in Z,,,. For example, if a receiver receives
wa = 0 in Z,,,, then the symbol a could be any element in the set {0,m,2m,...,(w— 1)m}. The following
lemma describes a technique for recovering the value of a via a decoding function Y from the w-tuple
wm(a),wm(a),...,wm,(a), where each m; is a particular permutation of Z,,,,. This technique will then be

used to show that network .45 (m,w) is solvable over an alphabet of size mw.

Lemma 5.4.2. For each m > 2 and w > 1, there exists a mapping ¥ : 2\, — Zy,, and permutations

T, T, ..., Ty Of Ly such that for all a € Ly, we have ¥ (wmy(a),wm(a), ..., wn,(a)) = a.

Proof. If w=1, let y and m; be identity permutations. For each a € Z,,,, we have y(wm(a)) = a.
Assume w > 1. By the Euclidean Division Theorem, for each integer y, there exist unique integers

gy, Ty such that y = gym+r, and 0 < r,, < m. We have wy = w(gym + ry), which implies

wy =wr, (mod mw). (5.10)
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For all integers x,y we have

wx = wy (mod mw)
<= wry = wry (mod mw) [from (5.10)]

= r=r [from 0 < ry, 1y < m. (5.11)

For each a = gym+r, € Zy,, such that 0 < r, < m, let 7, be the unique integer in {0, 1,...,m — 1} such that

?s=r,+1 (modm), and foreach / = 1,2,...,w — 1, define permutations of Z,,,, as follows:

m+7?, ifg,=1
ma)={ " T (5.12)
gom+r, otherwise

my(a) =a=q.m+r,. (5.13)

Note that for all / = 1,2,...,w — 1, the (non-linear) permutation 7; modifies the remainder r, if g, = [ and
otherwise acts as the identity permutation. Also, ,, is the identity permutation.
For each a € Z,,,,, we will now show the mapping given by a — (wm; (a),...,wm,(a)) is injective.

For each a,b € Zj,,,, suppose
wm(a) = wm(b) (mod mw) (I=1,2,...,w), (5.14)

where a = g,m+r, and b = gpm+rp, with 0 < r,,rp, <mand 0 < q,4,g9, < w. Then

wr,,(a) = wm,,(b) (mod mw) [from (5.14)] (5.15)
Wy = Wrp, (mod mw) [from (5.10), (5.13), (5.15)]
L ra=1p [from (5.11)]. (5.16)

Let 7, be the unique integer in {0,1,...,m — 1} such that 7, = r, +1 (mod m). If ¢, # q», then without

loss of generality, g, # 0, so

wity, (a) = wg, (b) (mod mw) [from (5.14)] (5.17)
CLWE, = Wiy (mod mw) [from (5.10), (5.12), (5.17)]
ra=r1.+1 (mod m) [from (5.11), (5.16)],

which is a contradiction, so we must have g, = g,. We have shown wm;(a) = wm(b) (mod mw) for all [
if and only if @ = b. Thus a can be uniquely determined from the w-tuple (wm;(a),wm,(a), ..., wr,(a)),

which implies the existence of the claimed mapping. |
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Example 5.4.3. The following table illustrates the permutations of Zj, described in Lemma 5.4.2 for the

case m =4 and w = 3.

a=m(a) | m(a) | m(a) | 3m(a) | 3m(a) | 37 (a)
0 0 0 0 0 0
1 1 1 3 3 3
2 2 2 6 6 6
3 3 3 9 9 9
4 4 5 0 0 3
5 5 6 3 3 6
6 6 7 6 6 9
7 7 4 9 9 0
8 9 8 0 3 0
9 10 9 3 6 3
10 11 10 6 9 6
11 8 11 9 0 9

For each a € Ziy, the triple (373(a), 3m(a), 371 (a)) € Z3, is distinct, so a can be uniquely determined from

3ms(a), 3m(a), and 3w (a)).
The proof of Lemma 5.4.4 describes a (possibly non-linear) solution for .45 (m,w).
Lemma 5.4.4. For each m > 2 and w > 1, network N(m,w) is solvable over an alphabet of size mw.

Proof. Let v and 7, m,, ..., T, be the mapping and permutations, respectively, from Lemma 5.4.2. Define

a (1,1) code for network .43 (m,w) over the ring Z,,,, foreach / =1,2,...,w by:

(1 (1
e0> =) xj>
j=1
m+1
) = m(x) + ny) (i=1,2,...,m+1)
=1
J#i
m+1

e = m(z) + Y xy).
=1

For each [ = 1,2,...,w, the receivers within each B(") (m+ 1) block can recover their respective demands as
follows:
R(()l> : 7r,_1 (em —e(()l)) =z and Rl(l) el —elw :xlw (i=1,2,....m+1).
Foreach/=1,2,...,w, we have
m+-1 T m+1 1
wY e )= wim+ 1) m(2) +mw Y xj>
i=1 j=1
=wm(z) [from mw =0 mod mw]. (5.18)
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Receiver R, can recover z from its inputs as follows:
m+1 m+1 m+1
R,y (w Z egl),w Z 652)7 W Z egw)>
i=1 i=1 i=1
=y (Wi (2), wia(2), -, witw(2))

=z [from (5.18) and Lemma 5.4.2].
Thus the code described above is, in fact, a solution for the network .45 (m,w). |

In the code given in the proof of Lemma 5.4.4, if w = 1, then 7; and y are identity permutations, so

the code is linear. However if w > 1, then 7y, 7>, ..., 7, are generally non-linear, so the code is non-linear.

Lemma 5.4.5. For each m > 2 and w > 1, if network N5(m,w) is solvable over alphabet <7, then m and

|| are not relatively prime.

Proof. Assume 45 (m,w) is solvable over 7. For each [ = 1,2,...,w, the block B!)(m + 1) together with

0 ¢ g0

source nodes S;,S,”,S,",...,S,. ., forms a copy of .4o(m+ 1), so by Lemma 5.2.2, the edge functions

within block B (m + 1) must satisfy Property P(m+ 1). Thus, for each I, there exists an Abelian group

(o, @), with identity 0; € o7, and permutations 7[(()1)’ 7[1(1)’ e Jr,(rfll and G(gl), 61(1) s G,Ellil of 7, such that

foreachi=1,...,m—+ 1, the edges carry the symbols:

j=1
l l l il l l

! =o | 1)) P (1) (5.19)
j=1
i

| m+1 .
) — 717(())(2) @ @7[]() (XE)) ’
j=1

where @ in each of the previous three equations denotes ;.
Now suppose to the contrary that m and |.<7| are relatively prime. Then by Cauchy’s Theorem, for
each [ = 1,2,...,w, the group («7,®;) contains no non-identity elements whose order divides m. That is,

for eacha € &/, wehave a®; ---@®;a = 0; if and only if « = 0;. Let a,b € /. Then we have a®; - -- Bja =
—_—— —_——

m adds m adds
by --- @b if and only if:
N—_———
m adds
(acib) @@ (ac;b) =0 [from (o7, ®;) Abelian]
m adds
< a=b [from gcd(m, |/ |) = 1].
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Thus, for each [ the mapping a — a ®; - - - &; a is injective on the finite set o7 and therefore is bijective,
—_——

L . m adds
and its inverse ¢y : &/ — &/ satisfies

O(a) @D Pi(a) =a (I=1,2,...,w). (5.20)

m adds

For each a € &7 such that a # 0y and each [ =2,...,w, let

fila) =7 (" 00) & 7 (7" (@) (5.21)

Define two collections of messages as follows:

)

A =2V (01(@) & == o)
1 -1
xﬁl) _ 7[](1) (0;) and )Ey) = J(l) (¢(fi(a)))
1 -1
2 =m (O) ¢ =m (a),

where [=2,...,wand j=1,2,....m+ 1. Since a # 0; and m\' is bijective, it follows that z # 2.

By Property P(m+ 1) and (5.19), foreachi =1,2,...,m+ 1 and each [ =2,...,w, we have:

M= g O1(a)®y--- D1 91(a) ZG-(I)(a) [from (5.20)]

m adds

o= o (sl (7" 01))

for the messages xy),z, and

=g (TC(()I) (n((,l)fl(a)) ©1 gi(fi(a)) @1~ @1 9u(fi(a))

m adds
m (x4 (@) @1 fila)) [from (5.20)]
! (yré”*l (01)>> [from (5.21)]

for the messages )25.1),2. For both collections of messages, the edge symbols e

l(l) are the same for all [ =
1,2,...,wandi=1,2,...,m+ 1, and therefore the decoded value z at R, must be the same. However, this

contradicts the fact that z # Z. [

Lemmas 5.4.4 and 5.4.5 together provide a partial characterization of the alphabet sizes over which
network .4 is solvable. However, these conditions are sufficient for showing our main results. Lemma 5.4.6
characterizes a necessary and sufficient condition for the linear solvability of network .45 (m,w) over stan-

dard modules.
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Lemma 5.4.6. Letm > 2 and w > 1, and let G be a standard R-module. Then network N3 (m,w) is linearly

solvable over G if and only if char(R) divides m.

Proof. For any ring R with multiplicative identity 1g, the characteristic of R divides m if and only if m =
m1g = O, so it suffices to show that for each m,w and each standard R-module G, network .45 (m,w) is
linearly solvable over G if and only if m = O.

Assume network .45 (m,w) is linearly solvable over the standard R-module G. The messages are

0 c(-l) € R, such that foreach/ =1,2,...,wandeachi=1,2,...,m+ 1, the

drawn from G, and there exist ¢, 1€
I,

edge symbols can be written as:

e =@ ()" (5.22)
j=1
el@ = (cflg 'z) @iéj}: <cl(lj) -xg.l)) (5.23)
J#i
e = (c((,l) 'Z) @’:é}: <c§~l> -xy)) (5.24)

and there exist d-(l) d(l)

:0»d;’ € R, such that each receiver within BY(m+ 1) can linearly recover its respective

demands from its received edge symbols by:

Ry 2 = (df)-e) o (4 -ef)) (5.25)
R = (df-eD) o (4 -€). (5.26)

Since R, linearly recovers z from its inputs, there exists dz(ll-) € R such that

m+1

Rz =@ (d)-o"). (5.27)

=1 i=1

Foreachl=1,2,...,w, the block BY) (m+ 1) together with source nodes S, Sgl) , Sg) Yoo ,Sr(,llll forms

a copy of network .4y(m+ 1), so by Lemma 5.2.3 and (5.22) — (5.26), each cl(l) and each d.(l) is invertible

1

in R, and for each distinct i, j € {0, 1,...,m+ 1}, we have

-1
= g gl . (5.28)

k=Y, Y dicq [from (5.23), (5.27)
=1 i=1
Sk S U URFON0
==Y Y dlda"’ dc [from (5.28)] (5.29)
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and foreach/=1,2,...,wandeach j=1,2,... m+1,

m+1
0p = Z zz lj [from (5.23), (5.27)]
l#]
m+1
=— Z d, c&l) [from (5.28)]
l#]
m+1 -1
Z _ (()1) from right multiplying by —65-1) C(()l) (5.30)
175]

and by summing (5.30) over j =1,2,...,m+ 1, we have

m+1m+1

Z Z . D
1i=1 K
= i#J
m+1 ;
—m Z Dl e (5.31)
By summing (5.31) over [ = 1,2,...,w, we have
w m+1 ) !
=mY Y dla? al)c) [from (5.31)]
i=1i=1
=m [from (5.29)].

To prove the converse, let G be a standard R-module such that m = Og. Define a linear code over G

such that foreach [ =1,2,...,w, we have
0 _ 7 0
e =Dx;
j=1
m+1
—zea@x (i=1,2,....m+1)

]?él
m—+1

D=z0 @xy)
j=1

For each [ = 1,2, ..., w, the receivers within each block B(") (m+ 1) can linearly recover their re-

spective demands as follows:
R(()n : el Ge(()l) =z and REZ) : el @el@ :xl@ (i=1,2,....m+1).

Since m = Og in R, receiver R, can linearly recover z as follows:

m+1 m+1
R;: @el(l) =2® (mz2) ® (m@xﬁ”) =z
i=1 =1

Thus the code is a linear solution for .45 (m,w). [
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By Lemma 5.4.4, for every m,w > 2, network ./#5(m,w) is solvable over the ring Z,,,, but the
characteristic of Z,,,, is mw, which does not divide m, so by Lemma 5.4.6, the solution is necessarily non-
linear. The following lemma provides a partial characterization of the linear capacity of .45 (m,w) over

finite-field alphabets.

Lemma 5.4.7. For each m > 2 and w > 1, network N5(m,w) has
(a) capacity equal to 1,
(b) linear capacity equal to 1 for any finite-field alphabet whose characteristic divides m,

(c) linear capacity upper bounded by 1 — [ for any finite-field alphabet whose characteristic

1
2mw—+2w+

does not divide m.

Improving these upper-bounds on the linear capacities and/or finding codes at these rates are left as
open problems. The problems appear to be non-trivial, and such improvements are unrelated to the main

results of this paper.

5.5 Network 43(my,my)

For each mj,my > 2, network .#5(mj,m;) is defined in Figure 5.6. We note that .#5(m,2) and
A3(m—+1,m+ 1) have similar structure, with the exception of the disconnected output edge of each B(m+1)
in .#3(m,2). This disconnected edge causes the difference in solvability properties of the two networks.
Corollary 5.5.7 and Lemmas 5.5.5, 5.5.6, and 5.5.8 demonstrate that network .45 (m,my) is:

1. non-linearly solvable over an alphabet of size tm‘f‘“, when my, = sm‘f‘, where o, s, > 1 and s and ¢ are
relatively prime to my,
2. solvable over alphabet <7 only if |.<7| is relatively prime to m; or |.<7| does not divide m,

3. linearly solvable over standard R-module G if and only if gcd(char(R),m,m;) = 1,

4. asymptotically linearly solvable over finite field IF if and only if char(IF) is relatively prime to m; or m;.

Remark 5.5.1. For each m;,my > 2, the network A3(my,my) has m; +my+ 1 source nodes, 2(m; +my+4)
intermediate nodes, and my + my + 3 receiver nodes, so the total number of nodes in N3(my,my) is 4m; +

4my +12.

The following lemmas demonstrate that .45(m;,m;) is non-linearly solvable when m, = sm{, where

o > 1 and s is relatively prime to m;. Consider the ring alphabet Z, _q«1. For every a € Z, a+1, a receiver
1 1

cannot uniquely determine a symbol a from the symbols m;a and sm{a, since the integer m; is not invertible

in Z, 1. For example, if a receiver receives mja = smfa = 0 € Z, a+1, then the symbol a could be any
1 1
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Figure 5.6: The network .43 (m;,m;) is constructed from B(m, ) and B(m;) blocks together with m; +m; + 1
source nodes and an additional receiver R.. The blocks are denoted B(!) (m;) and B(®) (m;) respectively, and

for each [ = 1,2, the nodes and edge symbols in B") (m;) are denoted with a superscript . Each BY) (m;)

block has inputs from source nodes S El),Sgl) yeens S,lll), which generate message vectors xgl),xgl) Yoo ,xﬁ,lll). The

shared message vector z is generated by source node S, and is the Oth input to BY) (my). The additional
receiver R, receives all of the output edges of BU")(m;) and B®)(m;) and demands the shared message
vector z.

element in the set {0,m%,2m%,..., (m —1)m{}. The following lemma describes a technique for recovering
the value of a via a decoding function y from m;m;(a) and sm{m(a), where m; and m, are particular
permutations of Zm(lm. This technique will be used to show that, in some cases, network .43 has non-linear

solutions.

Lemma 5.5.2. Let m > 2 and a,s > 1 be integers such that s is relatively prime to m. Then there exist

permutations 7y and  of Z,,«+1 and a mapping Y : ana w1 = ZLyyar1 such that for all a € 7,01,
v (mmy(a), sm*m(a)) = a.

Proof. Define permutations 7y, T, of Z,,«+1 as follows. For each a € Z a11, let Y m'a; denote the base m

representation of a. We define

o
w1 (a) = m%ag + Zmiilai (5.32)
i=1
a .
m(a)=a=) m'a;. (5.33)
i=0
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The (non-linear) permutation 7; performs a right-cyclic shift of the base-m digits of a, and 7, is the identity
permutation. For each a € Z,,«+1, we will show that the mapping given by a — (mm;(a), sm®*m(a)) is

injective. For each a,b € Z,,a+1, suppose

mmy(a) = mm (D) (mod m**1) (5.34)

sm®m, (a) = sm®m, (b) (mod m**1) (5.35)

o o
where a = ) m'a; and b = Z m'b;. Then we have

i=0 i=0
o . o .
Y m'a; =Y m'b; (mod m**1) [from (5.32), (5.34)].
i=1 i=1
Therefore
a; = b; (i=12,...,a) [from 0 < g;,b; < m]
sm%ay = sm®by (mod m**1) [from (5.33), (5.35)]
. m%ag =m%bg (mod m**1) [from ged(m,s) = 1]
coag = by [from 0 < ag,by < m].

Thus a = b. We have shown that a = b if and only if mm;(a) = mm; (b) and sm*m,(a) = sm®m,(b). Thus a
can be uniquely determined from mm; (a) and sm®m, (a). This implies the existence of the claimed mapping.

Example 5.5.3. The table below illustrates the permutations of Zg described in Lemma 5.5.2 for the case

m=2,5s=3,and a = 2.

a=ma) | m(a) | 12m(a) | 2m (a)
0 0 0 0
1 4 4 0
2 1 0 2
3 5 4 2
4 2 0 4
5 6 4 4
6 3 0 6
7 7 4 6

For each a € Zg, the pair (27(a), 12m(a)) € Z3 is distinct. Hence a can uniquely be determined from

27'C1 (d) and 1271'2(61).

Lemma 5.5.4. Let mi,my > 2 and o,s > 1 be integers such that my = sm{ and s is relatively prime to m;.

Then network A3(my,my) is solvable over an alphabet of size m‘f‘“.
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Proof. Let m;,m, and y be the permutations and mapping, respectively, from Lemma 5.5.2. Define a (1,1)

code for the network .45 (my,my) over the ring Z,ya+1, for each I = 1,2, by:

! !
e0> = Zxﬁ')
j=1

m

elm =m(z)+ ny) (i=12,....m)
=1
a
VO

eV =m(z) + ij .
=1

For each [ = 1,2, the receivers within the block B") (m;) can recover their respective demands as follows:

]

R(()l) : 7r,_1 (e(l) —e(()l)> =z and sz . el —elw —x (i=1,2,....m).

For each [ = 1,2, we have

U S0 () ()
—mye, +Zei = —lexj —I—mﬂrl(z)+m12xj = mm(z). (5.36)
i=0 j=1 j=1

The receiver R, can recover z from its inputs as follows:

(M, 30 @, V0
v —mie —I—Zei , —mey” + Zei =y (mm(z), mm(z)) [from (5.36)]
i=0 i=0
=y (m 7 (z), smim(z)) [from my = sm{
=z [from Lemma 5.5.2].
Thus the code described above is, in fact, a solution for the network 45 (m,m;). |

Lemma 5.5.5. Let my,my > 2. If network A5(my,my) is solvable over alphabet </ and || divides ms,

then my and | <7 | are relatively prime.

Proof. Assume .45 (my,my) is solvable over the alphabet .27. For each [ = 1,2 the block BY)(m;) together
with the source nodes SZ,Sgl),Sg), ey ,(é,) forms a copy of A (m;), so by Lemma 5.2.2, the edge functions
within B (m;) and B (m,) must satisfy Property P(m;) and Property P(m;), respectively. Thus there
exist Abelian groups (<7, ) and (<7, @,) with identity elements 0; and 0, for the left-hand side and right-

hand side of the network, respectively, and permutations Jrél) , Jrl(l) yeens n,Sf,) and G(gl), 61(1)’ ey G,(,lll) of 7, such
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that for each / = 1,2 and each i = 1,2, ...,my, the edges carry the symbols:

m
oo (B(2)
j=1

ny

! =0 | 1) o P () (5.38)
j=1
i

m
=200 & P ()
j=1

where @ in each of the previous three equations denotes ;.

Now suppose to the contrary that m; and |<7| are not relatively prime and |.<7| divides m;. Then,

since (&7, ®;) is a finite group, for all a € &7, we have

ady - Dra=0, [from || | mz] . (5.39)
N ———

my adds

Since m; and || are not relatively prime, m; and || share a common factor p. Since p | |<7|, by
Cauchy’s Theorem, there exists a € .7 \{0; } such that the order of a is p, and since p divides m; we have

a®i --- @1 a=0;. Define two collections of messages as follows:
————

m; adds
xﬁ.l) = 7rj(.1>71(01) and )Eﬁ-l) = %ﬁl)il(a) (j=1,2,...,my)
2 2)~1 2 ! A2 2)~! 2 1!
= W (E ) e = (7 (@) =120
(1! s ()7
z=my  (01) and 2=my’ (a).

Since a # 01 and Jr(()l) is bijective, it follows that z # Z.

By Properties P(m;) and P(my), (5.37), (5.38), and (5.39) we have

e,(l) = Gl-(l) 011+ @101 | = G,-(l)(ol) (i=0,1,...,m)
~—_——
m adds
e =P |7 (x" (00) 2 @and (m)(00) | =0 (02) (=01, m2)
my adds
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for the messages xy),z, and

651):61'(1) adr---Dra :Gi(l)(ol) (izovlv"'vml)
N—_— —
m adds
—1 -1
eV=0| ny" <7f(()1) (a)) @ By ) (7:(()1) (a)> =07(0) (i=0,1,...,m)
my adds

for the messages )?Sl),f. For both collections of messages, the incoming edge symbols at R, are the same,

and therefore the decoded value z at R, must be the same. However, this contradicts the fact that z # 7. W

Lemmas 5.5.4 and 5.5.5 together provide a partial characterization of the alphabet sizes over which
network .43 is solvable. However, these conditions are sufficient for showing our main results. Lemma 5.5.6
characterizes a necessary and sufficient condition for the linear solvability of network .A45(m;,m;) over

standard modules.

Lemma 5.5.6. Let my,m, > 2, and let G be a standard R-module. Then network N3(my,m;) is linearly

solvable over G if and only if gcd(char(R),m;,my) = 1.

Proof. For any integers a,b,c > 1, we have gecd(a,b,c) = ged(ged(a,b) ,c), so by Lemma 5.1.4 the integer
ged(my,my) is invertible in the ring R if and only if gcd(m),m2,char(R)) = 1. Thus it suffices to show that
for each m;,m; and each standard R-module G, network .43 (m;,m;) is linearly solvable over G if and only
if ged(my,my) is invertible in R.

Assume network .#3(my,my) is linearly solvable over standard R-module G. The messages are
drawn from G, and there exist cg},cy) € R, such that for each / = 1,2 and each i = 1,2,...,my, the edge

symbols can be written as:

=& () S0
j=1
= (cf)-2) @é(cg;.xgv) 5.41)
J#i
e = (c((,l) -z> @]é_lél (cﬁ-l) -xy)) (5.42)

and there exist d.(l) d(l)

:.»d;’ € R, such that each receiver within BY(my) can linearly recover its respective
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demand from its received edge symbols by:

Ry 2= (di)-e) o (aff-ef) (5.43)
R = (a e o (4. (5.44)

Since R, linearly recovers z from its inputs, there exists dz(li) € R such that

2 mj

DD () -¢"). (5.45)

=1 i=0
For each [ = 1,2 the block B?) (my) together with the source nodes S, SY) , Sgl), e ,S,(é,) forms a copy
of Ay(my), so by Lemma 5.2.3 and (5.40) — (5.44), each cl@ and each dl.(” is invertible in R, and for each

distinct i, j € {0,1,...,m;}, we have

o) =—d Y . (5.46)
Equating message components at R, yields:
g = Z Zl d) [from (5.40), (5.41), (5.45)]
— Z Z d’) dl.(’)fldi(”j i [from (5.46)] (5.47)
=1i=1

and for each/ = 1,2 and each j =1,2,...,m;, we have

my

Or = Z u ! ] [from (5.40), (5.41), (5.45)]
l#}
ny 1
= | L ald" al | Y [from (5.46)]
i=0
i)
my -1
Z d; (l) from right multiplying by cE.l) c(()l). (5.48)
(=

Summing (5.48) over [ = 1,2 and j = 1,2,...,m; and subtracting (5.47), yields

m; my (l)
=33 Sl
I

=1j=0i=
l#]

2 m
=Y m Y d"d" al) . (5.49)
=1 =
Equation (5.49) implies there exist r1, 7, € R such that
lg=mri +mor,. (5.50)
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Since ged(mj,m;y) can be factored out of both terms on the right-hand side of equation (5.50), the ring
element ged(my,my) is invertible.
To prove the converse, let G be a standard R-module, such that gcd(m;,my) is invertible in R. Define

a linear code over G for .45(m;,m;), for each [ = 1,2, by:

my

m
) =z0 @ (i=1,2,....m)
j=1
J#
my
D=z® @xy)
j=1
For each [ = 1,2, the receivers within B (my) can linearly recover their respective demands by:
R(()l) : el @e(()l) =z
RY: el el = ! (i=1,2,...,m).
Let m| = m; /ged(my,my) and my = my/ged(my,my). Then m and m), are relatively prime, so there exist

ni,ny € Z such that nym +nym), = 1. Thus in R we have (njm)) 1g + (nom}) 1g = 1g.

Receiver R, can linearly recover message z as follows:

2
R;: @ <<nlgcd my,my) ) (@e <mleo )))
=1
= @ ((mgcd (my,my)” 1) . (mzz)>
= (mm}2) © (namyz) = ((mim}) 1g + (mam) 1) z = z.
Thus the code is a linear solution for .45 (m;,m;). [ |

Corollary 5.5.7 uses Lemmas 5.5.4 and 5.5.6 to show that network .43 is solvable over additional

alphabet sizes.

Corollary 5.5.7. Let mi,my > 2 and a,s,t > 1 be integers such that my = sm$ and s and t are relatively

prime to my. Then the network A3(my,my) is solvable over an alphabet of size tm‘”l.

Proof. By Lemma 5.5.4, the network .45 (m;,m;) is solvable over an alphabet of size m‘f‘“. Z; 1s a standard

Z,-module and char(Z,) =1t is relatively prime to mj, so by Lemma 5.5.6, the network .45 (m;,m;) is scalar
linearly solvable over the ring Z,. By taking the Cartesian product code of these solutions, the network

A3(my,my) is solvable over an alphabet of size tm"“rl [ |
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For each m; > 2 and o, s > 1 such that s is relatively prime to my, let my = m{'s. By Lemma 5.5.4,

network .45 (my,my) is solvable over the ring Zm‘f‘“’ but in this case we have
gcd (ml,mg,char(Zm?H)) = ged (my,mfts,m¥ ) =my £ 1.

So, by Lemma 5.5.6, the solution is necessarily non-linear.
Lemma 5.5.8 characterizes the linear capacity of .45(my,m;) and is proved in the Appendix. Since
the characteristic of any finite field is prime, the conditions of (b) and (c) of the following lemma are

complements of one another.

Lemma 5.5.8. For each my,my > 2, network A3(my,my) has
(a) capacity equal to 1,

(b) linear capacity equal to 1 for any finite field whose characteristic is relatively prime to my or my,

1

TR e for any finite field whose characteristic divides m| and mj.

(c) linear capacity equal to 1 —

5.6 Network .#4(m)

A disjoint union of networks refers to a new network formed by combining existing networks with
disjoint sets of nodes, edges, sources, and receivers. Specifically, the nodes/edges/sources/receivers in the

resulting network are the disjoint union of the nodes/edges/sources/receivers in the smaller networks.

Remark 5.6.1. The disjoint union of networks N, ..., N, has a (k,n) solution over the alphabet </
if and only if each of N, ..., N, has a (k,n) solution over <.

For any integer m > 2, let @w(m) denote the number of distinct prime factors of m. Denote the
prime factorization of m by m = pjl/1 ng"é;’:l)) where ¥i,...,Yo(m) = 1 and p1,..., pe(nm) are distinct primes.
The following functions of m and its prime divisors will be used throughout this section. For each i =

1,...,0(m),let

f(m)=pl~! ---pZ?(‘,,'”ffl (5.51)
p(m,i) =min {a >0 : p¥ > f(m)} (5.52)
om
g(m,i)=pl”! 1 Py, (5.53)
j:
j#i
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We construct network .44 (m) from the following disjoint union® of networks:

o(m) o(m)
Mm) = U Ailg) | U (U 5} (m/p?"))) Ul U A glmd) |- (5.54)
pr;r;;,lq i=1 Jl/;ll
q<f(m)

Theorem 5.6.2. For each m > 2, the network N4 (m) is:
1. solvable over an alphabet of size m,
2. not solvable over any alphabet whose size is less than m,
3. not solvable over any prime-power-size alphabet, if m is not a prime power,
4. scalar linearly solvable over GF(m), if m is prime,
5. neither linearly solvable over any module alphabet nor asymptotically linearly solvable over any

finite-field alphabet if m is composite.

Proof. The theorem follows immediately from Theorems 5.6.4, 5.6.5, 5.6.8, 5.6.9, and Corollaries 5.6.6
and 5.6.11. |

Example 5.6.3. Consider the special cases of the square-free (i.e. not divisible by the square of any prime)
integer 6, the prime power 27, and the integer 100 which is neither square-free nor a prime power.
e m=06=2!3". We have yy = » = 1 and f(m) = 20-1301-1) — 1 o A4(6) has neither .41 nor .43

components. Thus by (5.54), network .44 (6) is the disjoint union of networks:
A2(2,3) U A(3,2).

e m=27=23% We have f(27) =353-D =9 and g(27,1) = 33-1 =9, and the primes less than
f(27) which do not divide 27 are 2,5, and 7. Thus by (5.54), network .44 (6) is the disjoint union of
networks:

M(2) UM(S5)UA(T) UA(27,1) U A5(3,9).

3When node (respectively, edge and message) labels are repeated (e.g. .#1(m1) and .41 (my) both have receiver
R\), add additional superscripts to each node (respectively, edge and message) to avoid repeated labels. Each disjoint
network has a set of messages, nodes, and edges which is disjoint to every other network’s set in the union. The
messages, nodes, and edges are not directly referenced in this section, so the additional level of labeling is arbitrary
so long as the networks are disjoint.
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e m =100 =2252. We have f(100) =22-15(2=1) = 10. Then (100, 1) = 4, since 2* > f(100) > 23,
and 1 (100,2) = 2, since 52 > £(100) > 5'. So g(100,1) =2'5% and g(100,2) = 5'2*%, and the primes
less than f(100) which do not divide 100 are 3 and 7. Thus by (5.54), network .#4(100) is the disjoint

union of networks:

M (3) U M(T) U A5(4,25) U A5(25,4) U A5(2,50) U A5(5,80).

We will use the networks described in Example 5.6.3 as running examples throughout this section

and will refer back to these constructions.

5.6.1 Solvability of .44(m)

The following lemma shows that each disjoint component of .#4(m) is solvable over an alphabet of
size m, and therefore .#3(m) is solvable over an alphabet of size m. The proofs of Theorems 5.6.4 and 5.6.5

make use of the functions f,u, and g defined in (5.51), (5.52), and (5.53), respectively.

Theorem 5.6.4. For each m > 2, network AN (m) is solvable over an alphabet of size m.

Vw(m)
o(m)

Proof. Let p’f‘ e p be the prime factorization of m. For each prime ¢ < f(m) such that g / m, by (5.54),
network .#4(m) contains a copy of A4{(q). Z, is a standard Z,,-module and char(Z,,) = m is relatively
prime to ¢, so by Lemma 5.3.3, network .41(g) is scalar linearly solvable over the ring Z,,. For each
i=1,...,0(m), by (5.54), network .4 (m) contains a copy of .4 (p!', (m/p!)). By Lemma 5.4.4, network
N ( pl?/i, (m/ ply’)) is solvable over an alphabet of size m. If 7 > 1, then by (5.54), network .44 (m) contains
a copy of A45(p;, g(m,i)). Also, p; and m/pl}/’ are relatively prime, and by (5.53), g(m,i) is the product of
pz./"*l and a term which is relatively prime to p;, so by Corollary 5.5.7, network .45 (p;, g(m,i)) is solvable

over an alphabet of size m. Thus each disjoint component of .#;(m) is solvable over an alphabet of size m,

so #4(m) is solvable over an alphabet of size m. [

Each network .47,.43, and .43 requires the alphabet size to meet some divisibility condition in
order to have a solution over that alphabet. The following lemma shows that because of these conditions,

there does not exist an alphabet whose size is less than m over which each component of .44 (m) is solvable.
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Theorem 5.6.5. For each m > 2, if network .A4(m) is solvable over alphabet <7, then |/ | > m.

Proof. Assume to the contrary that .44 (m) is solvable over an alphabet . such that |.<7/| < m. Then each
disjoint component of .#;(m) must be solvable over 7. Let m have prime factorization m = pi" e pié;))
For each i = 1,...,@(m), by (5.54), the network .#(m) contains a copy of .45 (p, (m/p})). Network
N (pl?/"7 (m/ ply’)) is solvable over <7, so by Lemma 5.4.5, p; is not relatively prime to |.<7|. Since p; is

prime, we have p; ‘ |.7|, and thus each of py,..., py(m) divides |<7|. Let

0= 7|d| .
P1- " Po(m)
If m= pi-+ po(m) (i.e. m is square-free), then we contradict the assumption that |/| < m. So we may

assume m > p - Py(m), Which implies 6 > 2. If 6 > f(m), then

| =8 p1- Pa(m)
> f(m) p1-- Po(m)

_ pjlfl “.pzc:((;;)) -m [from (5.51)],

which again contradicts the assumption that | /| < m, so we assume 8 < f(m).
Consider the prime factorization of 6. Let {q1,...,q, } denote the set of primes which are less than
f(m) and do not divide m. Each prime less than f(m) either divides m and is in the set {py,..., pw(m)} or

it does not divide m and is in the set {q1,...,qp }. Thus 6 must be a product of g1,...,qp and pi,..., pe(m)

terms, so there exist Q1 ..., O,y > 1 and fi,..., Bp > 0 such that we can write |.</| as
s (m B
| =P D - (5.55)

For each prime g < f(m) such that ¢ / m, by (5.54), the network .#;(m) contains a copy of .#{(q). Network
A1(q) is solvable over <7, so by Lemma 5.3.2, we have gcd(g, |2/ |) = 1. Thus in (5.55) we have f; =--- =
Bp =0.

For each i = 1,...,w(m) such that % > 1, by (5.54), the network .#;(m) contains a copy of
N5(pi, g(m,i)). Network A5(p;, g(m,i)) is solvable over &/ and p; | | /|, so by Lemma 5.5.5, || does

not divide g(m,i). Expressing |</ | and g(m,) as their prime factorizations yields:

o(m) )

P pgm J( pi! H1 pﬁwmn [from (5.53), (5.55)].
i
J#i
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This implies that for each i € {1,...,@(m)} such that ; > 1, either &; > ¥ or aj > p(m, j)+ 1 for some

Jj #i. If there exists j € {1,...,w(m)} such that aj > p(m, j) + 1, then we have

|| = p}’ ---pZ,“(’f;;’)’ [from (5.55)]
> p?’lfl (P1-* Pom) [from o > 1]
> P (pre Pomy) = Fm) (P Pom) =m [from (5.51), (5.52)],

which contradicts the assumption that |.o/| < m. So it must be the case that o; > 7, for each i such that

Y > 1. If =1, then o; > 1 = 7. So we have ¢; > ¥ for all i, but this implies

|| = p% pgﬂ(’;r’l”)) [from (5.55)]
Yo(m
2 pjl/l . pwém)) = m7

which again contradicts the assumption that |.</| < m. Thus there does not exist an alphabet <7 whose size

is less than m such that each disjoint component of .44 (m) is solvable over <. |

Corollary 5.6.6 demonstrates that, in some cases, network .#4(m) is not solvable over any prime-

power size alphabets. In particular, such a solvable network is not solvable over any finite-field alphabet.

Corollary 5.6.6. For each non-power-of-prime composite number m > 6, network N4(m) is not solv-

able over any prime-power-size alphabet.

@(m)

Proof. Letm = pi" e pl(m), and assume network .44 (m) is solvable over the alphabet <. It follows from
the of the proof of Theorem 5.6.5 that each of py,..., pe(,) must divide [</|. If @w(m) > 2, then network

4 (m) is not solvable over any prime-power-size alphabet. |

Example 5.6.7. We continue our example networks .44(6), #4(27), and .#4(100).
e Suppose #4(6) is solvable over an alphabet <. Since .45 (2,3) is solvable over &, we have 2 | |.«7|.
Similarly for .45(3,2), we have that 3 | | |. Hence we have | «/| > 6.

e Suppose -44(27) is solvable over an alphabet <7 whose size is less than 27. Then

— A5(27,1) requires 3 | |/|, so || € {3,6,9,12,15,18,21,24}.
- M(2), M(5), and A1(7) require |.<7| be relatively prime to 2, 5, and 7,
so 7| & {6,12,15,18,21,24}.
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- A5(3,9) requires |<7| /9, s0 || &€ {3,9}.

Therefore .#4(27) is not solvable over any alphabet whose size is less than 27.

e Suppose -44(100) is solvable over an alphabet 7 whose size is less than 100. Then

— #5(4,25) and 45(25,4) require 10 | ||, so |.«7| € {10,20,30,40,50,60,70,80,90}.
A1(3) and .41 (7) require |.<7| to be relatively prime to 3 and 7, so |.<7| ¢ {30,60,70,90}.

- A5(2,50) requires |<7| f 50, so |.«7| & {10,50}.

- A5(5,80) requires |<7| f 80, so |.«7| & {10,20,40,80}.

Therefore .#4(100) is not solvable over any alphabet whose size is less than 100.

5.6.2 Linear Solvability of .44 (m)

The following theorems show that network .44 (m) is linearly solvable if and only if m is prime.

Theorem 5.6.8. For each prime p, the network A4(p) is scalar linearly solvable over GF(p).

Proof. If pis a prime number, then f(p) = 1 and the power of p is one, so by (5.54), network .44 (p) consists
solely of a copy of network .45(p,1). By Lemma 5.4.6, network .#5(p, 1) has a scalar linear solution over

every finite-field alphabet with characteristic p. |

Theorem 5.6.9. For each composite number m, the network A44(m) is not linearly solvable over any

module.

Proof. Let G be a standard R-module, and assume a linear solution for .#4(m) exists over G. Since .44 (m)
is linearly solvable over G, each disjoint component of .#;(m) is linearly solvable over G. Suppose m is
a composite number. Then m is a product of two or more (possibly distinct) primes. We will separately
consider the cases of prime powers and non-power-of-prime composite numbers.

For each prime p and integer y > 2, by (5.54), network .44(pY¥) contains copies of .45(p¥,1) and
N3 ( D, pV_l) . Since network .45 (p?,1) is linearly solvable over G, by Lemma 5.4.6, the characteristic of
R divides p”. Since network .43 ( D, pV_l) is linearly solvable over G, by Lemma 5.5.6, the characteristic

of R is relatively prime to p. If the characteristic of R both divides p? and is relatively prime to p, then the
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characteristic of R is 1, which only occurs in the trivial ring (of size one). Thus there is no standard module
over which all components of network .44 (p?) are linearly solvable.

Now suppose @(m) > 2. Then m has prime factorization m = p’f‘ e pz’((""’l)), and by (5.54), network
A4(m) contains copies of networks .45 (p!', (m/pl')) and A5 (p¥, (m/p2)) . Both of these networks are
linearly solvable over G, so by Lemma 5.4.6, the characteristic of R divides pi" and pgz. Since p # p», the
characteristic of R must be 1, which only occurs in the trivial ring. Thus there is no standard module over
which all components of network .44 (m) are linearly solvable.

If m is a composite number, then there are no linear solutions for .44 (m) over any standard module,

which, by Lemma 5.1.3 implies there are no linear solutions for .44(m) over any module. |

5.6.3 Capacity and Linear Capacity of ./, (m)

Theorem 5.6.10. For each m > 2 network A4(m) has:
(a) capacity equal to 1,

(b) linear capacity bounded away from 1 over all finite-field alphabets, if m is composite.

Proof. For each m > 2, by Theorem 5.6.4, network .#4(m) is solvable over an alphabet of size m, so its
capacity is at least 1. Network .44 (m) consists of disjoint copies of .47,.45, and .45, which each have
capacity equal to 1, so the capacity of .#;(m) is at most 1. Thus the capacity of .#4(m) is equal to 1.
For composite m, we will again separately consider the cases of prime powers and non-power-of-prime
composite numbers.

For each prime p and integer y > 2, by (5.54), network .44(p¥) contains copies of .45(p¥,1) and

1

m for

A5 (p, p?""). By Lemma 5.4.7, network .#3(p?,1) has linear capacity upper bounded by 1 —

finite-field with characteristic other than p. By Lemma 5.5.8, network .43 ( D, pV_l) has linear capacity

1

equal to 1 — 7T+ 2p13

for finite-field alphabets with characteristic p. Whether we select a finite-field
alphabet with characteristic p or characteristic other than p, the linear capacity of .44 (p?) is bounded away
from 1, for fixed p and 7.

Now suppose @(m) > 2. Then m has prime factorization m = p’f‘ pZ‘)"((;;)), and by (5.54), the
network .#(m) contains copies of networks .45 (p!', (m/p!")) and A5 (p¥, (m/p})). By Lemma 5.4.7,

network .45 ( pl, (m/p!")) has linear capacity upper bounded by 1 — - for finite-field alphabets

S S
2m+2(m/pl)+
with characteristic other than p;. Since p; # p», whether we select a finite-field alphabet with characteristic
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P1, P2, or neither p; nor p;, the linear capacity is bounded away from 1, for fixed m.
Thus for any fixed composite number m, the linear capacity of network .#4(m) is bounded away

from 1 over all finite-field alphabets. |
Calculating the exact linear capacity of network .4} over every finite field is left as an open problem.

Corollary 5.6.11. For each composite m, network A4(m) is not asymptotically linearly solvable over any

finite-field alphabet.

Proof. This follows directly from the fact that for any fixed composite number m, by Theorem 5.6.10, the

linear capacity of .#;(m) is bounded away from one over all finite-field alphabets. |

5.6.4 Size of 44(m)

Depending on the prime divisors of m, the number of nodes in .44 (m) can be dominated by nodes
from .41 networks, .4 networks, or .45 networks. The following theorem makes use of the functions f(m),

w(m,i), and g(m,i) defined in (5.51), (5.52), (5.53).

Theorem 5.6.12. For each m > 2, the number of nodes in network N;(m) is asymptotically
(a) Q(m),

(b) O(m) when m is prime,

< mlogm

, when m is square-free,
loglogm

(d) 0<

o ) when m is a prime-power,

logm

(e) O (m logl%’m), when m is neither square-free nor a prime-power.

Proof. By Remark 5.3.1, the number of nodes in .41(g) is 4¢ + 7. By Remark 5.4.1, the number of nodes
in A5 (m,w) is 4mw + 9w + 2. By Remark 5.5.1, the number of nodes in .A45(m,m;) is 4m; +4my + 12. By

the construction of .#;(m) given in (5.54), the total number of nodes in .#4(m) is:

(m) (m)

Y (49+7) ( (4m+9(m/p]") +2)> Y (4g(m,i)+4p;+12) (5.56)
prime q i=1 i=1
qim 1i>1

q<f(m)
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where the first, second, and third terms are the number of nodes from .41, .45, and .43 networks, respec-
tively. In order to find upper and lower bounds on the total number of nodes in .44 (m), we will first find
upper and lower bounds on the number of nodes from .47, .45, and .45 networks within .44 (m).

If m is a square-free number, then we have f(m) = 1, so in this case, there are no nodes in .44 (m)
from .41 networks. Thus for general m, we have

Y (4g+7)>0 (5.57)

prime q
qfm

g<f(m)

m2
Y (“q+7)< Y (4q+7)=0 ( > [from [27, p. 257]]. (5.58)
prime q prime g log m

qrm q<m
q<f(m)

The total number of nodes in .44 (m) from .45 networks is

(0]

5

(m)

(4m~+9(m/pl)+2)> Y 4m=Q(w(m)m) (5.59)
i=1 i=1
o(m) w(m)
(4m+9(m/pl)+2) < Y (13m+2) = 0(w(m)m). (5.60)
i=1 i=1
Foreachi=1,...,®(m) we have
P < b f(m ) [from (5.52))] (5.61)
g(m H (m.J) [from (5.53)]
;
< pl~ H pif(m [from (5.61)]
J#t
< pl - H Pj
= pl f(m)®™2m [from (5.51)]. (5.62)

If m is square-free, then y; = 1 for all i, so in this case, there are no nodes in .#4(m) from .43

networks. Thus for general m, we have

g

m)

g

(4g(m,i)+4p;+12) >0, and (5.63)

RSN
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and

(m) (m)
Z (4g(m,i)+4p;+12) < Y 20g(m, i) [from (5.53)]
Jl/, | i=1
< 20m.f (m)@m =2 Z p! [from (5.62)]
< 20m.f (m)@m =2 1‘[ p! [from ab > a+b, Ya,b > 2]
— 20171 f( ) (m)—-2
< 20m®™ = 0 (m“’<’">) [from (5.51)]. (5.64)

To prove part (a), consider the lower bounds of each term of (5.56). By equations (5.56), (5.57),
(5.59), and (5.63), the total number of nodes in .44(m) is lower bounded by:

0+ Q(w(m)m)+0=Q(w(m)m) = Q(m),

where the final equality comes from the fact @(m) = Q(1), since @(m) = 1 when m is prime.

It follows from [26, Theorem 11] that

B logm

To prove parts (b)-(e), we will consider the upper bounds on the number of nodes of each term of
(5.56). However, each term dominates in different cases, depending on the prime factors of m. To prove
parts (b) and (c), consider a square-free integer m = p1 -+ pg(n)- Since % = 1 for all i, we have f (m)=1,so
there are neither .47 nor .45 components in .#;(m). Thus there are 0 nodes from .4 and .43 components.
Then by (5.56) and (5.60), the number of nodes in .44 (m) is O(®(m)m). If m is prime, then @(m) = 1, so
we have the desired bound. If m is not prime, then the number of nodes is O(@(m)m), which, along with
(5.65), yields the desired bound.

To prove part (d), consider a prime power m = p?, where ¥ > 2. We have o (p¥) = 1, so by
(5.60), the number of nodes from .45 components is O(m), and, by (5.64), the number of nodes from .43
components is O(m). By (5.58), the number of nodes from .#; components is O(m?/logm). Thus the
number of nodes in .44 (m) is O(m*/logm).

To prove part (e), consider m which is neither a prime power (so ®(m) > 2) nor square-free (so
there are .45 components in .#;(m)). By equations (5.56), (5.58), (5.60), and (5.64), The number of nodes
in A4 (m) is

o < s > +O0(w(m)m)+0 (m“’(m)> o (m“’(m)) [from w(m) > 2],

logm
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which, along with (5.65), yields the desired bound. |

Example 5.6.13. We continue our example networks .44(6), 44(27), and .#;(100).

e #,(6) has 97 nodes: 53 from .43(2,3) and 44 from .45(3,2).

e #4(27) has 256 nodes: 15 from .41 (2), 27 from .41 (5), 35 from .41(7), 119 from .45(27,1), and 60

5.7

from .45(3,9).

A4(100) has 1691 nodes: 19 from .47(3), 35 from .41(7), 627 from .45(4,25), 438 from .45(25,4),
220 from .45(2,50), and 352 from .45(5,80).

Open Questions

Below are some remaining open questions regarding linear and non-linear network coding:

. In [7] it was shown that there exists a network which is not linearly solvable over any module yet is

non-linearly solvable over an alphabet of size 4. We have shown that for each composite number m,
there exists a network which is not linearly solvable over any module yet is non-linearly solvable over
an alphabet of size m. Do there exist networks which are not linearly solvable over any module but

are non-linearly solvable over some alphabet of prime size?

There are examples [34], [24] in the literature of solvable networks which are not solvable over any
alphabet whose size is less than some m. For each m > 2, we have demonstrated a network which is
solvable over an alphabet of size m but is not solvable over any alphabet whose size is less than m.
For each m > 2 does there exist a network which is solvable over alphabet <7 if and only if |.</| > m?
Which other “interesting” sets S C N have the property that there exists a network which is solvable

over < if and only if | &/ | € §?

. It is not currently known whether there can exist an algorithm which determines whether a network is

solvable. We have demonstrated a class of solvable networks with no linear solutions (i.e. diabolical

networks). Can there exist an algorithm which detects whether a network is diabolical?

We partially characterized the linear capacities of .41, .45, and .43 over finite-field alphabets. How-
ever, the techniques we use do not extend more general ring alphabets. What techniques exist for

upper bounding the linear capacities over ring alphabets?

167



5.A Capacity Proofs of .11, .4, and .43

The following definition and lemmas will be used in the proofs of Lemmas 5.3.4, 5.4.7, and 5.5.8.

Definition 5.A.1. Let F be a finite field and suppose a; € F*!,... a, € % and b; € F"',... b, € F" are
functions of variables xy,...,x,. We write ay,...,a;, — by,...,b, to mean that there exist #; X s; matrices

q
M; ; over I such that for all choices of x1,...,x,, we have b; = ZMjJ-ai for all ;.
i=1

In other words, each of by,...,b, can be written as a linear combination of a1, .. .,a,. In the context
of network coding, the variables xi,...,x, will always be taken as the network messages. In what follows,
the transitive relation — will be used to describe linear coding functions at network nodes.

Lemma 5.A.2 is known from linear algebra [28, p. 124] and will be used in later proofs. In
particular, Lemmas 5.A.2, 5.A.3, and 5.A.4 will be used in bounding the linear capacities of .41,.43, and
A3. Lemmas 5.A.3 and 5.A.4 were proved in slightly different form in [7, Lemma I'V.2 and Theorem IV.4].

Lemma 5.A.2. Let F be a finite field. IfA : F™ — F" and B : F* — F" are linear maps, then

rank (A) +rank (B) —m < rank (AB) (5.66)

< min(rank (A),rank(B)). (5.67)

Lemma 5.A.3. If A is an n X k matrix of rank k over finite field F, then there exists a nonsingular n X n

matrix B such that BA =
0

Lemma 5.A.4. If A is an m X n matrix of rank k over finite field IF, then there exists an (n— k) x n matrix Q

over F of rank n — k such that for all x € F* we have Ax, Ox — Xx.

5.A.1 _#1 Capacity Proof

Proof of Lemma 5.3.4. Since a scalar linear solution over a finite-field alphabet is a special case of a linear
solution over a standard module, by Lemma 5.3.3, .4{(m) is scalar linearly solvable over any finite-field
alphabet whose characteristic does not divide m, so the network’s linear capacity for such finite-field al-
phabets is at least 1. By Lemma 5.2.4, network .45 (m) has capacity equal to 1, and since .41 (m) contains
A0(m), the capacity of .#7(m) is at most 1. Thus, both the capacity of .41 (m) and its linear capacity for
field alphabets whose characteristic does not divide m are equal to 1.

To prove part (c), consider a (k,n) fractional linear solution for .41 (m) over a finite field F whose

characteristic divides m. Since char(F) | m, we have m =0 in F.
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We have x; € FX and e,e; € F”, with n > k, since the capacity is one. There exist n x k coding

matrices M;,M; ; with entries in [, such that the edge vectors can be written as:

m

e =) Mi;x; (i=0,1,...,m) (5.68)
=0
J#i
m

e~ ¥ M, (5.69)
=0

and there exist k x n decoding matrices D; ., D; with entries in IF, such that each x; can be linearly decoded

at R; from the two n-vectors e and e; by:

Ri: xi=D;.,e+Die; (12071,,171) (5.70)
Since receiver R, linearly recovers xo from eg, ey, ...,e,, we can write
€0,€1,--,6m — Xo. 5.71)
We also have
m
X0, y Mjxj—e [from (5.69)]. (5.72)
j=1

Foreachi=0,1...,m, if we set x; = 0 in (5.70), then we get the following relationship among the

remaining m message vectors (since e; does not depend on x;):

m

0=Di, Z M;x;+ D;e; [from (5.68), (5.69), (5.70)], (5.73)
j=0
J#i
and thus, foreachi=1,2,...,m,
m
ei— Dio Y M;x; [from (5.73)] (5.74)
j=0
J#i
m
ij]' — Dyeg [fI‘Ol’Il (573)] . (575)
j=1
For each i = 1,2,...,m, let Q;, be the matrix Q corresponding to when D; . is the matrix A in

Lemma 5.A.4. Similarly, let Qg be the matrix Q corresponding to taking A to be Dy in Lemma 5.A.4. Let L

be the following list of 2m + 1 vector functions of xp,xy,...,X;:
QO €0,
€, (i:1,2,...,m)
m
Qie Y M;x; (i=1,2,...,m).
j=0
J#i
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Foreachi=1,2,...,m, we have

m
L— D, Y M;x; [from (5.74)] (5.76)
j=0
J#
m
L—) M;jx; [from Lemma 5.A.4, (5.76)], (5.77)
j=0
J#
and
m m m
ZMijZiZI,Z,...,m —)ZZMJ'X]'
j=0 i=1=0
J# J#
m
=mMyxo+ (m—1) Zijj
j=1
m
=— Zijj [from char(F) ‘ m|. (5.78)
=1
Thus we have
m
L— Z M;x; [from (5.77), (5.78)] (5.79)
j=1
L — Dgeg [from (5.75), (5.79)] (5.80)
L—eg [from Lemma 5.A.4, (5.80)] (5.81)
L— xp [from (5.71), (5.81)] (5.82)
L—e [from (5.79), (5.82), (5.72)] (5.83)
L—x; (i=1,2,....m) [from (5.70), (5.83)]. (5.84)
We will now bound the number of independent entries in the list L. By equating message compo-
nents in equation (5.70), for each i =0, 1,...,m, we have:

Iy = D; . M; [from (5.68), (5.69), (5.70)].

(5.85)

Since each D;, and M; have dimensions k x n and n X k, respectively, and k < n, the rank of each matrix is

at most k, but we also have

min(rank (D), rank (M;)) > rank (D; . M;) [from (5.67)]

=rank(ly) =k [from (5.85)],
and so rank (D;.) = rank (M;) = k, which, by Lemma 5.A .4, implies

rank (Q;.) =n—k (i=1,2,...,m).
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Since rank (Mp) = k, Lemma 5.A.3 implies there exists an n x n nonsingular matrix W such that

I
WM, = k , (5.87)
On—k)xk

Partition each of the k x n matrices D,-76W*l into a k x k block 7; to the left of a k x (n — k) block U;:
D, W' =[T; U (5.88)

and then let V be the following n x n matrix over [F:

1 U
V= ¢ o, (5.89)
Op-tyxk  In—k

It is easy to verify that

I )

vili= : (5.90)
Op—tyxk  In—k
Foreachi=0,1,...,m, change the network encoding and decoding matrices from M; and D; ., respectively,
to
M. =VWM; (5.91)
D, =D; W'Vl (5.92)
We have
Ty = DO’EW_IWMO =1 [from (5.85), (5.87), (5.88)] (5.93)
! Ik
My = [from (5.87), (5.89), (5.91)]
0
D67e =[I O [from (5.88), (5.90), (5.92), (5.93)]. (5.94)
m
In this case, ¢’ = Z M}x ; and for each i = 0,1,...,m, the message vectors can be recovered by:
j=0
m
Dj,e +Die; =D W 'V'Y VWM;x;+ Die; [from (5.91), (5.92)]
Jj=0
=D;.e+Dje; = x; [from (5.69), (5.70)].

Thus, this linear code still provides a (k,n) solution.
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Partition each of the matrices M; into a k x k block R; on top of a (n — k) x k block S;:

R;
M; = (5.95)
i
andlet p =rank([R; --- Ryu)), where [R; --- R, is the concatenation of the matrices R; into a k X mk
matrix. Clearly p < k. We have
m
Dy Z My jxj = Dye [from (5.68)]
j=1
m
=—Do. Y M;x; [from (5.73))]
j=1
m
=—Y Rjx; [from (5.94), (5.95)].
j=1
This gives us Do [Mo; -+ Mom)=—[Ri --- Ry], which implies
rank (Do) > rank([R; -+ Ry|)=p [from (5.67)]
*. rank(Qp) =n—rank(Dg) <n—p. (5.96)
Since the matrix [R; --- R, has rank p, there exists a k X k permutation matrix P such that the
first p rows of P [Ry --- R,,] are linearly independent and the remaining k — p rows are linear combina-

tions of those first p rows. Thus, there exists a (k— p) X k matrix X, whose right-most k — p columns form

Ix—p, and such that
XpP [Rl T Rm] = O(k—p)xmk' (5.97)

X and P are (k— p) x k and k x k respectively, thus the rank of X is at most (k — p) and the rank
of P is at most k. Since the right-most columns of X form I;_,, we have rank (X) = k— p, and since P is a

permutation matrix, we have rank (P) = k. Since X P has dimensions (k— p) x k, we have

k—p >rank(XP)
> rank (X) +rank (P) —k [from (5.66)]

=(k—p)+k—k=k—p

and thus rank (XP) = k—p.

Define a (k— p) x n matrix ¥ by concatenating the product X P with an all-zero matrix as follows:
Y=[XP O p)np)-
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Foreachi=1,2,...,m we have

R;
YM;= [XP  O4_p)x(n—i)) = 0(k—p)xk [from (5.95), (5.97)]. (5.98)

i
Since, for each i = 1,2,...,m, we have YM; = O(;_p)»x and by (5.85), D; . M; = I, the rows of ¥ and the
rows of D; ., are linearly independent. (If v is a nontrivial linear combination of rows of D; ., then vM; # 0; if
V' is a nontrivial linear combination of rows of Y, then v'M; = 0, so v # V). Therefore, by Lemma 5.A.4, we

m

may choose Q; . such that its first k — p rows are the rows of Y. By (5.86), each vector function Q; . Z Mix;

j=0
in the list L has dimension n — k, but the first k — p components of each such vector function can béf}lvritten
as
m
Y Y Mjx;=YMxo [from (5.98)]. (5.99)
2
If we view the message vectors xg, X1, ... ,X, as random variables, each of whose k components are

independent and uniformly distributed over the field I, then we have the following entropy (using logarithms

with base |F|) upper bounds:

H(Qpeo) <n—p [from (5.96)] (5.100)

H(ey,...,em) <mn [from e; € F"] (5.101)

H| Qi iijj ci=12,...om| <m(n—k)—(m—1)(k—p) [from (5.86), (5.99)] (5.102)
o
(5.103)

Therefore, the entropy of all of the vector functions in the list L is bounded by summing these bounds. So

(m+ 1)k = H(x0,x1,. .., Xm) [from x; € F*]
<H(L) [from (5.82), (5.84)]
< @2m+1n—(m+1k— (k—p)(m—2) [from (5.100), (5.101), (5.102)]
< @m+1)n—(m+1)k [from p < k and m > 2]
aSamiy

Thus the linear capacity of .41 (m) for any finite-field alphabet whose characteristic divides m is upper

bounded by 1 — Wlﬂ
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For each y € ™, let [y]; denote the ith component of y. To show the upper bound on the linear
capacity is tight, consider a (2m + 1,2m + 2) fractional linear code for .41 (m) over any finite-field alphabet

whose characteristic divides m, given by:

m

Y [xl (1=1,2,...,m)

leoli =9 Y [xj]: (I=m+1,...2m+1)

Z[Xj]j (l:2m+2)

leli=9 Y [xjli (I=m+1,...2m+1)

[XO]m-i-l + i [xj]j (l =2m+ 2)
=1

m

Y [xl (I=1,2,...,mand [ #1i)

1
[el]l = j]?él (i =1,2, 7m)
m
Z[xj]l (l=m+1,....2m+1)
j=0
J#i
[XO]m-i-l-‘ri (l = 2m+2)
Foreachl/=1,2,...,m, we have
m m
Ze”_ZZXH_ m—1) Z[ ]lz—Z[xj]l [fromchar(F) |m] (5.104)
i=0 i=0 ;=0 j=0 j=0
7l i#L J#1 A
J#l
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Foreachi=1,2,...,m, the receivers can linearly recover their respective demands by:

Ro:[e][—[eo]lz[)q)][ (l:1,2,...,2m+1)
R;: [e], —[ei], = [xils (I=1,....2m+1and [ # i)
[e]om 12— leil; = [xili
Ry : —[eo) — i[ei]l = [xo)s (1=1,2,...,m) [from (5.104)]
i=0
i#l

le1]1 — [eo]om+2 = [X0]m+1

le1-m—1]2m+2 = [x0]i (I=m+2,....2m+1).

Thus, the code is in fact a solution for .47 (m). [

5.A.2 _#; Capacity Proof

Proof of Lemma 5.4.7. Since a scalar linear solution over a finite field is a special case of a linear solution
over a standard module, by Lemma 5.4.6, .45 (m,w) is scalar linearly solvable over any finite field whose
characteristic divides m, so the linear capacity for such fields alphabets is at least 1. By Lemma 5.2.4,
network 4g(m + 1) has capacity equal to 1, and the block B (m + 1) together with the source nodes
SZ,SEU,SQ), .. ,S,(,:J)rl forms a copy of Ag(m+ 1), so the capacity of .45 (m,w) is at most 1. Thus both the
capacity of .45 (m,w) and its linear capacity over any finite field whose characteristic divides m are 1.

To prove part (c), consider a (k,n) fractional linear solution for .45 (m,w) over a finite field F whose

characteristic does not divide m. Since char(IF) / m, the integer m is invertible in F. We have x&l),z € Fk
()

and ¢, el € " with n > k, since the capacity is one. There exist n x k coding matrices Mj(-l)7 Ml(lj) over I,
such that for each [ = 1,2,...,w the edge vectors can be written as:
m+1
e =M z+ Y M (i=1,2,....m+1) (5.105)
j=1
J#i
m+1
e =m 2+ Y MY (5.106)
j=1

(

and there exist k X n decoding matrices Dl(le) and Dil) over I, such that for each / = 1,2,...,w, the message

O] 0)

vector x; ~ can be linearly decoded at R;’ from the n-vectors el(l) and e(!) by:

i i i

RV ) =p!)e® 4+ DI el (i=1,2,....m+1). (5.107)
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Since receiver R, linearly recovers z from its incoming edge vectors, we have

1=1,2,....w
o) B (5.108)
i=1,2,... m+1

By (5.105) and (5.106), if we set xl(l) = 01in (5.107), then, since el(l) does not depend on x(l), we get

i

the following relationship among the remaining message vectors:

m1 1=1,2,...,w

0=D") [ M z+ Y M"x) | +DV e (5.109)
= i=1,2,...,m+1
j#i
and therefore
mi 1 I=1,2,...,w
o) — D) | Mz Y MY [from (5.109)].  (5.110)
’ j=1 i=1,2,....m+1
j#i

For each [ =1,2,...,w and each i = 1,2,... . m+ 1, let QEIE) be the matrix Q in Lemma 5.A.4
0

corresponding to when the matrix A is D; ;, and let L") be the following list of 2(m+ 1) vector functions of

the messages:

m+1

I ) 1) (1 .
o) | My =+ ZIM,()xﬁ) (i=1,2,....m+1)
j:
j#i
el (i=1,2,...m+1).
We have
mtl I=1,2,....,w
LY — ) | M2+ Y MDA [from (5.110)],
i~ i=1,2,...,m+1
J

which, along with Lemma 5.A.4, implies

m+1 I=1,2,...,w

LY — M2+ Y M, (5.111)
j‘jél' i=1,2,....m+1
JFi
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Foreachl=1,2,...,w, we also ahve

m+1
Z, M(()l>z+ ZM](.l>x§-1) i=1,2,....m+1
j=1

j;i

m+1 m+1
— Z M(()l)z—l— Z M](.l)xy) —M(()l)z
i=1 =1
T
m+1
= (m—+ l)Mél)z—l—m Z J(.l)xy) —M(()l)z
j=1
=mel) — ¢ [from (5.106) and char(F) } m] (5.112)
and
LW L [from (5.108)] (5.113)
LY,z —se (1=1,2,...,w) [from (5.111), (5.112)] (5.114)
(l (l) 121,2,...,W
LY 7 —sx) [from (5.107), (5.114)]. (5.115)
i=1,2,....m+1
Thus it follows from (5.113) and (5.115) that
1=1,2,...,w
L, L 2 . (5.116)

i=1,2,....m+1

We will now bound the number of independent entries in each list L{*).

By equating message components in equation (5.107), we have:

I=1,2,....w

=D\ m" [from (5.105), (5.106), (5.107)] (5.117)
' i=1,2,....m+1
Since each Dl(lg is k X n and k < n, the rank of each matrix is at most k, but we also have
rank (Dflg) > rank (DEQ Mi(l)) [from (5.67)]
=rank(ly) =k [from (5.117)].

Hence rank (DEQ > = k, which by Lemma (5.A.4), implies rank (QEQ ) = n — k. Therefore each vector

function
m 1 (I=1,2,...,w)
(I 1) (0 (D At
o) | Mg z+ZMj>x§. |
J;l (i=1,2,....m+1)
J#i
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in the list L) has dimension 1 — k.
If we view the message vectors as random variables, each of whose k components are independent
and uniformly distributed over the field IF, then we have the following entropy (using logarithms base |F|)

upper bounds:

m1 [=1,2,...w
H| oY [M)z+ Y MV | <w(m+1)(n—k) (5.118)
p i=1,2,...,m+1
j#i
(l) l:1,2,...,w
H e : <w(m+1)n. (5.119)

i=1,2,....m+1

0

Since each message is independent and uniformly distributed over IF and z,x;” € F*, we have

I=1,2,...,w
wim+ 1)+ k=H [z {"

1

i=1,2,....m+1
gH(UU,...,L(W)) [from (5.116)]

<w(m+1)n—w(m+1)k. [from (5.118), (5.119)]

which implies
k < 2w(m+1)
n= 2wim+1)+1

Thus the linear capacity of .4(m,w) for finite-field alphabets whose characteristic does not divide m is

upper bounded by 1 — m |

5.A.3 _#3 Capacity Proof

Proof of Lemma 5.5.8. By Lemma 5.5.6, the network .45 (m,m;) is scalar linearly solvable over any finite
field whose characteristic is relatively prime to m; or mjy, so the network’s linear capacity for such fields
is at least 1. By Lemma 5.2.4, network .44 (m;) has capacity equal to 1, the block B(!)(m;) together with
the source nodes S, Sgl), Sél), ey ,(nll) forms a copy of A (m;), so the capacity of A5(m;,my) is at most
1. Thus both the capacity of .45(m,m,) and its linear capacity over any finite field whose characteristic is
relatively prime to m or my are 1.

To prove part (c), consider a (k,n) fractional linear solution for .45(mj,my) over a finite field F

whose characteristic divides both m; and my. Since char(F) | m; and char(F) | ma, we have m; =my =0

in F. We have xy),z € F* and el(l),e(l) € ", with n > k, since the capacity is one. There exist n X k coding
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matrices MJ(.I),MI.(I.) with entries in I, such that for each [ = 1,2 the edge vectors can be written as:

5J
m
ey = M(()@ xy) (5.120)
j=1
ny
e =m 2+ Y M)A (i=1,2,....,m) (5.121)
j=1
j#i
ny
e =mz+y M (5.122)
j=1

UG

and there exist k x n decoding matrices D; ;, D;” with entries in I, such that for each / = 1,2 the receivers

within the block BY) (my) can recover their respective demands from their received edge vectors by:

Ry : z=D{,e! + D! (5.123)
RV x =D + DI &) (i=12,....m). (5.124)

For each [ = 1,2, by (5.120) and (5.122), if we set z =0 in (5.123), we have

my
0=Dy) y M\ 4D
=1
m
Y M) bl el (5.125)

j=1
and similarly, for each i =1,2,...,my;, by (5.121) and (5.122), if we set xl(l) =01n (5.124), we have

my

0=D) | M2+ Y "+ | + DV

=1
i
m
sl — DY) [ M2+ Y MDA ] (5.126)
=1

J#i

Since the receiver R, recovers message vector z linearly from its incoming edge vectors, we have

(l) : l:1,2

e! — 2z (5.127)

i=0,1,...,m

Asin Lemma 5.3.4, foreach/ =1,2 and i =1,2,...,my, let Q(()l) be the matrix Q in Lemma 5.A.4
corresponding to when D(()l) is the matrix A in the lemma, and let Ql(le) be the matrix Q corresponding to

when Dl(le) is the matrix A.
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Let LV and L® be the lists from Lemma 5.3.4 (where z plays the role of xo), corresponding to the

left-hand side and right-hand side of the network, respectively. Specifically, for each [ = 1,2, let L") be the

list
Q(()l) e(()l)
elw (i=1,2,....,m)
my
o) [ M z+ ;M](.’)xﬁ.” (i=1,2,...,m).
7
For each [ = 1,2, we have
my
LY — D) [ My 2+ ;MJ(.I) 2! [from (5.126)]
i
my
LD Mz Y MR [from Lemma 5.A.4]. (5.128)
=1
T
and
my
Mz Y M =12, m
=1
i
my my mp
— Z M(()l) z+ Z MJ(D xﬁl) = m,M(()l) z+(m;—1) Z Mj(.l> xg.l)
i=1 =1 =1
i ,
m
=-Y MJ(.I) xy) [from char(F) | m] (5.129)
=1
and so
my
LY — 'y MDA [from (5.129), (5.128)) (5.130)
=1
L0 — pll [from (5.125), (5.130)] (5.131)
L0 — [from Lemma 5.A.4, (5.131)] (5.132)
(0 ()
2 Y MPA) [from (5.122))] (5.133)
j=1
LW 7 — 0 [from (5.130), (5.133)] (5.134)
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Finally, we have

AN ST [from (5.127), (5.132)] (5.135)

L0, 7 — X (I=1,2andi=1,2,...,m) [from (5.124), (5.134)]. (5.136)
Thus equations (5.135) and (5.136) imply

1=1,2
LOL® — 7 dal O : (5.137)
i=1,2,...,my

We have L) corresponding to the same set of vector functions (with a slight change of labeling)
as the list L for .4{(m;) in Lemma 5.3.4. Thus the bound on the entropy of the list L in the proof of

Lemma 5.3.4 can be used to bound the entropy of the list L"), L), Since each message is independent and
(0

uniformly distributed over I and z,x; " € F* we have

(l) l: 1,2
(m+my+1)k=H |z, x :
i=1,2,...,my
<H(Ly,Ly) [from (5.137)]
< (2my+2my+2)n—(my+my+2)k [from (5.100), (5.101), (5.102)]

which implies
k < 2my +2my + 2
n= 2my+2my+3
Thus the linear capacity of .#5(mj,m;) for finite-field alphabets whose characteristic divides both m; and
my is upper bounded by 1 — m
Consider a (k,n) = (2m; + 2my + 2, 2m; + 2m, + 3) fractional linear code for .A45(m;,my) over
any finite-field alphabet whose characteristic divides both m; and m;, described below. Let the (k+ 1)-

dimensional edge vectors on the left-hand-side of the network be given by

my

[Z]1+;[x5~1)]1 (I=1,2,...,m)

Jj=
J#l

()= Ee B, e

[ +1+ m; 5] =k
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J#1

e+ L[], =0

<", -
l J#i
my
i+ Y [x§.1>L (I=m+1,....k)
e
(2] 41 (I=k+1).

For brevity, let § = 2m +my +2 = k—m;, and let the (k+ 1)-dimensional edge vectors on the right-hand-

side of the network be given by

2] + i [xﬁ-z)] 1

182

(1=1,2,...,8)

(I=8+1,....k)

(Il=k+1)
(1=1,2,...,8)
(I=86+1,....k)
(I=k+1)



Mﬁﬁ%ﬂ (1=12,...,5)
j:1 ] l = )
J#
v [
[=0+i
ot} <7, a=8+D
[652)}[ - ” (l =1,2, 7m2)
" I=0+1,....k
i+ Y [
=1 ! and [ # 6 +i
J#i
J#1-6
[2]om;+144 (I=k+1).
Foreachi=1,2,...,m, the left-hand-side receivers can linearly recover their demands as follows:
RY: [eM] = |e’] =l (I=1,2,....k)
RSI): e(l) — |:€§1)] = [xl(l)}
k+1 i i
[=12,....k
-,
! ! ! and [ # i

For each i =1,2,...,m;, the right-hand-side receivers can linearly recover their demands as follows:

Foreach/=1,2,...,m;, we have

mj mj

;Hﬂﬁmﬁn@+wpnghﬂl
i#l il
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(I=1,2,....k)
1=1,2,... .k
and [ #6+i

[from char(IF) ‘ ml] . (5.138)



Similarly, for eachl = 6 +1,...,k, we have

nmy ny

Y [e] = ma =D+ m-2) Y [+7]

i=1 ! = !

i JAI-8
=—[z;—2 [e(()z)} l [from char(F
The shared receiver can recover z as follows:
my
RZI —2|:€(()1):|I—Z[€l(l):|l:[2]l (121727 '7m1)

[,

_el—ml—l]k_l_1 = [Z]l (l=m1—|—2,...,2m1—|—1)
[ (2
o], = (1=2m+2.....8-1)

] s

(I=6+1,...,k)
i#l—8

Thus the code is, in fact, a linear solution for .45 (m;,my).
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) | ma] . (5.139)
[from (5.138)]
[from (5.139)].
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Chapter 6

Big Picture Discussion

There are many open problems related to network coding theory, and in this chapter, we briefly
discuss how the results in this dissertation fit into the bigger picture of network coding theory. We also

comment on some potential directions for future work.

6.1 Can a Network be Linearly Solvable over Rings but not Fields?

It is known that not all solvable networks are linearly solvable over fields (or even rings or modules),
so it is natural to ask whether rings can ever attain solvability when fields cannot. In Section 3.2.1, we
established that vector linear solvability over some field is equivalent to linear solvability over some module
(which generalizes both scalar and vector linear solvability over rings). We also showed that scalar linear
solvability over some field is equivalent to scalar linear solvability over some commutative ring. Hence it
is possible for a network to be scalar linearly solvable over some ring yet not over any field, but such a
network will also have a vector linear solution over some field. In this sense, allowing for a broader class of
linear codes does not make more networks “linearly solvable.”

In Sections 2.5.1 and 3.3.1, we additionally studied cases where networks do not have scalar linear
solutions over a given field, yet do have a scalar linear solution over some other ring of the same size. We
showed that, for each prime p, there exists such a ring of size p* if and only if k ¢ {1,2,3,6}. Some examples
of such rings include: when k = 4, the matrix ring M>(GF(p)); when k > 5 is odd, the direct product ring
GF(p*t1)/2) x GF(p*~1/2); and when k > 8 is even, the direct product ring GF(pk/2)*+1) x GF(p*/2)-1),
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6.2 What is the “Best” Alphabet of a Given Size for Linear Coding?

Many networks evolve over time, as nodes and connections are added and removed, so it may be
desirable to choose the alphabet that makes the most networks linearly solvable over the alphabet. Particu-
larly, does there exist a module G of a given size such that: any network that is linearly solvable over some
module of size |G| also is linearly solvable over G itself. If there exists such a module, then this module
would be, in a sense, the “best” alphabet of a given size for linear network coding.

In Section 3.4, we demonstrated several classes of modules that are “dominated” by vector linear
codes over prime fields. For example, if £k < 6, then any network with a scalar linear solution over some ring
of size p* must also have a k-dimensional vector linear solution over GF(p). We showed this result extends
to all k > 2 when the ring is commutative. This suggests that vector linear codes over prime fields may be
the best candidate for linear coding when the alphabet size is fixed. However, it remains to be seen whether

there can exist networks that are linearly solvable only over other modules of size p*.

6.3 What is the “Best” Alphabet for Linear Coding on a Given Network?

Implementing a network code requires computation at intermediate nodes, and the time and space
complexities of implementing a code are generally proportional to the size of the alphabet. In this sense, it
is desirable to minimize the size of the network coding alphabet. We showed in Section 3.2.1 that vector
linear solutions over finite fields yield the smallest alphabet sizes over which a given network can be linearly
solvable (even when allowing for module alphabets). However, the field and the vector dimension are not
always unique.

Of all of the ring and module alphabets to use for linear network coding, vector linear codes over
prime fields appear to be among the best. On the other hand, we have also demonstrated an infinite class of
networks that require non-linear codes to be solvable, and while vector linear codes over fields are desirable,

it is also important to understand their limitations.

6.4 Over What Alphabet Sizes is a Given Network Solvable?

The role between the size of the alphabet and the solvability of networks is a promising direction for
future research. Determining whether a network has a (possibly non-linear) solution over a given alphabet
size is decidable, but it is a difficult problem, in general. The exact alphabet sizes over which a given network

is solvable is only known for a handful of specific example networks. In Chapter 5, we demonstrated an
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infinite class of networks that require non-power-of-prime alphabet sizes (and non-linear codes) to attain
solutions. This particularly contrasts with linear network coding, since any network with a linear solution
over a ring or module must have a vector linear solution over a finite field alphabet (with prime-power
alphabet size). Another interesting direction for future research is studying structured non-linear codes,
i.e. codes that are tractable (to an extent) yet outperform linear codes, such as codes in which edges carry
polynomial functions of the inputs. A fundamental open question in network coding is whether or not
solvability is decidable, and there remains much to discover about the solvability of general networks,

particularly solvable networks that are not linearly solvable.

6.5 Can the Linear Capacity of a Network be Increased Using Rings?

There are now numerous examples in the literature of networks whose linear capacities over finite
fields are strictly less than their capacities. However, we have shown that linear codes over rings and
modules offer no improvement over linear codes over fields with respect to the capacities of networks.
Particularly, we showed in Section 4.4 that any network’s linear capacity over a ring alphabet is upper
bounded by its linear capacity over any finite field whose characteristic divides the ring’s size. This fact also
implies any two fields with the same characteristic will have the same linear capacities on every network.

Linear network coding over rings and modules offers some specific advantages over fields, but it
does not close the gap between linear network coding over fields and non-linear network codes. Whether
there exists a class of low-complexity codes that can do so remains to be seen. A fundamental open question
in network coding is whether or not capacity is computable, and there remains much potential for future

work in the area of non-linear network capacities.
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