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Bit-Stuffing Algorithms and Analysis for Run-Length
Constrained Channels in Two and Three Dimensions

Zsigmond Nagy and Kenneth Zeger, Fellow, IEEE

Abstract—A rigorous derivation is given of the coding rate
of a variable-to-variable length bit-stuffing coder for a two-di-
mensional (1, 00)-constrained channel. The coder studied is
“nearly” a fixed-to-fixed length algorithm. Then an analogous
variable-to-variable length bit-stuffing algorithm for the three-di-
mensional (1, co)-constrained channel is presented, and its
coding rate is analyzed using the two-dimensional method. The
three-dimensional coding rate is demonstrated to be at least
0.502, which is proven to be within 4% of the capacity.

Index Terms—Bit allocation, lossy source coding, quantization,
transform coding.

1. INTRODUCTION

binary sequence satisfies the (d, k) run-length constraint

if the number of consecutive 0’s is at most k, and between
any two 1’s in the sequence are at least d 0’s. A subset of Z"
satisfies the n-dimensional (d, k) constraint if it satisfies the
one-dimensional (d, k) constraint along directions parallel with
every coordinate axis. Run-length constrained binary sequences
in one and more dimensions have applications in magnetic and
optical data storage systems, and have been studied extensively
[1]. Other two-dimensional constraints such as asymmetric
run-length constraints, run-length constraints along diago-
nals, and constraints defined by two-dimensional sets are
also of theoretical and practical interest [2]-[7]. Three-di-
mensional constraints were studied in [8] and [9], and the
positive capacity region of general n-dimensional run-length
constraints was determined in [10]. The mathematical analysis
of high-dimensional constraints often is more difficult than the
one-dimensional case.

For practical applications, implementable and efficient
coding schemes are needed, but only a few such algorithms
exist for two- and higher dimensional constraints. Some ex-
amples for conservative and weight-constrained arrays can be
found in [6], [11], and [12].

An important special channel is when d = 1 and k = oo (or
equivalently, when d = 0 and k = 1) and this paper will concen-
trate exclusively on the (1, co) run-length constraint. In one di-
mension, the (1, co)-constrained channel capacity is known ex-
actly. In two dimensions, the channel capacity has been studied
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by Calkin and Wilf [13] and Engel [14], and for three dimen-
sions it was studied in [9]. The capacity of the (1,00) con-
straint is not known exactly in two and higher dimensions but
has been very accurately upper- and lower-bounded in two and
three dimensions.

One particularly efficient algorithm for coding under a
(1, 00) constraint is called “bit stuffing” and was first proposed
in 1988 by Lee [15] for the one-dimensional (0, k) constraint.
Bit stuffing was then generalized in 1993 by Bender and Wolf
[16] to the one-dimensional (d, k) constraint and in 1998 by
Siegel and Wolf [17] to the two-dimensional (d, oo) constraint.
In 2002, Halevy et al. [18] generalized bit stuffing to hexagonal
two-dimensional lattices for certain (d, co) constraints.

An analysis of a two-dimensional bit-stuffing algorithm for
the (1, 00) constraint was presented by Roth, Siegel, and Wolf
[19]. The algorithm converts an infinite unbiased independent
and identically distributed (i.i.d.) binary input sequence into a
biased i.i.d. sequence, before mapping the bits into Z’. Ina
subsequent paper [20], they improved the bit-stuffing encoder
(i.e., increased the coding rate closer to the channel capacity)
by converting the input into two biased i.i.d. sequences. They
also use a randomized initial labeling of certain points in Z % in
order to facilitate analysis.

The coding rate calculations in [17], [19], and [20] were
performed without a precisely defined mapping from unbiased
input sequences to biased sequences, and without prescribing
how the infinite biased sequence is encoded using finite size
regions in Z % One specific (and efficient) implementation of
the Roth—Siegel-Wolf coding algorithm would be to transform
the unbiased input sequence into a biased sequence using an
ideal arithmetic decoder, and then encode the biased sequence
using bit stuffing. However, a rigorous analysis of such an
implementation appears difficult because of the behavior of
arithmetic coders on finite-length input sequences.

In this paper, we first examine a close variant of the
Roth-Siegel-Wolf two-dimensional algorithm using their same
underlying bit-stuffing building block. Our encoder maps an
infinite binary sequence into a (1,o0)-constrained labeling
of Z?, by parsing the input using a prefix code. The encoder
is variable-to-variable length and uses a deterministic initial
labeling, in contrast to the encoders in [17], [19], and [20]. We
give a rigorous derivation for the coding rate of our two-di-
mensional algorithm (our coding rate is exactly the same as
theirs, as expected). While the Roth—Siegel-Wolf algorithm
is implementable but not easily analyzable, our modification
is analyzable but apparently not easily implementable. How-
ever, the strong resemblence between the two algorithms can
give confidence in the theoretical basis for the implementable
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version. We then modify the two-dimensional algorithm to
create a three-dimensional algorithm based on bit stuffing
that maps an input binary sequence into Z® and satisfies the
(1,00) constraint. Finally, the two-dimensional coding rate
analysis is used (in part) to rigorously derive the coding rate
of the three-dimensional algorithm. We prove that the coding
rate in three dimensions is within 4% of the three-dimensional
channel capacity. The three-dimensional algorithm studied,
while only marginally stronger (in terms of coding rate) than a
trivial algorithm that places information bits in positions whose
coordinates sum to an even number, nevertheless demonstrates
that improved performance can be achieved with bit stuffing
and can be rigorously analyzed as in two dimensions.

The paper is organized as follows. In Section II, basic def-
initions and terminology are introduced. Two-dimensional bit
stuffing is described in Section III and our variable-to-variable
length algorithm and analysis are given in Section IV. The two-
dimensional coding rate derivation is given in Theorem IV.1.
Three-dimensional bit stuffing is described in Section V and our
variable-to-variable length algorithm and analysis are given in
Section VI. The three-dimensional coding rate result is given in
Theorem VI.2 and its maximum value is given in Theorem VL.5.
Various tedious calculations are relegated to the appendices.

II. PRELIMINARIES

For any binary string s let [(s) denote its length, |s| the
number of 1’s in the string, and s; the sth bit in the string.
Let Z denote the integers and Z™ the positive integers. For
any n € Z%, let Z" be the n-dimensional integer lattice.
Throughout the paper, N will denote a positive integer and
random variables will be denoted with “hat” notation. Let

H(z) = —zlogoz — (1 — z)logy(1 — )

denote the binary entropy function.
A sequence g, U1, ...of random variables taking on values
from a set A is called a Markov chain, if

P('&'n = an|ﬂn—1 = Qap—1,--- 7’&’0 = a(])

= P(’an = an|’&n—1 = an—l)

forallm € Z* and a,, € A. A Markov chain is homogeneous
(or time invariant) if

P(’lln = a|ﬁn_1) = P(’lAl,l = a|ﬂ0)

foralln € Z" and a € A. For every a,b € A the conditional
probabilities

of a homogeneous Markov chain are called the transition prob-
abilities. A Markov chain is stationary if

P(t, = a) = P(dy = a)

forall n € Z* and a € A. We say that two homogeneous
Markov chains are identical if both Markov chains take on
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values from the same set A, and have the same transition
probabilities and initial probabilities.

Forany S C Z", afunction f : S — {0, 1} is a labeling of
S. Let AfiT’L,z(S ) denote the set of all labelings of S that satisfy
the n-dimensional (d, k) constraint. Such labelings are called
valid. The capacity Cylk) of the n-dimensional (d, k) constraint
(or of the constrained channel) is

log, [AS (RG]

mn

lim
m—0o0

il =
where RV = {0,1,...,m—1}" (there are various other equiv-
alent definitions). The exact value of the capacity is not known
in general. If d = k, then C{S"k) = 0, and it has been shown [10],

[21]thatifk > d > landn > 2,then C) = 0 <= k = d+1.

Numerical upper and lower bounds on CQO were established

in [13], and these bounds were later improved in [7] and then
in [9]. The best known bounds on 05220 agree in the first nine
decimal places as

0.587891161775 < c® < 0.587891161868.

l,00 =

Numerical bounds on the three-dimensional capacity C’f?’o)o
were calculated in [9] as

0.522501741838 < C1Y), < 0.526880847825. (1)

The n-dimensional capacity associated with a constraint is a the-
oretical bound on the average number of information bits that
can be stored per position in Z". The lower bound in (1), how-
ever, was not derived using a constructive encoding technique.

A constrained coding algorithm serves as a method for map-
ping an input binary information source into the lattice Z™ such
that the constraint is not violated and such that the information
source can be perfectly recovered from the labeling of Z". The
quality (or efficiency) of a coding algorithm is generally de-
scribed by its coding rate. The coding rate of an algorithm is
a measure of the average ratio between the length of the input
and the number of points in Z™ that are labeled for a particular
input, in the limit as the amount of source information grows
to infinity. The coding rate of any coding algorithm provides a
lower bound on the capacity of the constraint.

An n-dimensional (1, co)-constrained encoder is an injection

g0 0,13 — | J APL(S)
Ssczm

and its inverse is called a decoder. The encoder £ maps an
infinite binary input sequence into a labeling of a subset of Z™.
An encoder and decoder are together called a coding algorithm.

One way to implement an encoder is to first parse the infinite
binary source and then independently map each resulting finite-
length binary string into disjoint regions of Z", such that no
two such regions have neighboring points. Then zero padding
can be added between regions to assure the (1, c0) constraint is
not violated, provided each parsed string is mapped into a region
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without locally violating the (1, co) constraint. This is described
formally below.

Let V be a finite complete prefix code,! and foreachv € V let
S, C Z". An n-dimensional (1, co)-constrained word encoder
is an injection

g v— |J AULS) @)
Sczn

that maps the elements of V' into labelings of subsets of Z™.
Let z € {0, 1}°° be an arbitrary infinite binary sequence that is
parsed by the prefix code V' as

2z =210

where z(*) € V for all i. If two points in Z™ are a distance 1
apart, then we call them neighbors. For any set S C Z", the
closure of S is denoted by S, and it contains the points that
are either in S or have at least one neighboring point in S. The
elements of

{tieZ":ieZ"}

are called translation vectors if for all 7, the sets ¢; + S,(;) are
disjoint and no points in different sets are neighbors. An n-di-
mensional (1, co)-constrained composite encoder €™ (with re-
spect to V') is defined by

EM () (u—ty),

ifuet,+S.u
EM(2)(u) = 0,

ifuéet; + 52(7)
and u ¢ SZ@).

That is, £™(z) is a labeling of translates of the sets
S.1), 5.2, ... composed of the labelings
M (zM)y, M (™), ... .
The labeling of points in Z™ outside of any ¢; + S, by 0 is
called zero padding. Tt is possible to choose the word encoder
55," ) and translation vectors t1,t2, ... such that the composite
encoder is injective (i.e., is an encoder).
Define the following quantities for a word encoder:

(&) = 3 Pw)- lgi)

veV | |
T (5{@) = 1;/P(v) . féﬁ

These quantities upper- and lower-bound, respectively, the av-
erage ratio between the input length and the number of points
in Z" that are labeled for a particular prefix code V. The prob-
ability P(v) is taken with respect to the distribution of an unbi-
ased random source.

If I(v) is a constant for all v € V/, then if | S,| is a constant,
E‘(/Z )is a fixed-to-fixed length encoder, and if |S,| is not a con-
stant then 5‘</2 )isa fixed-to-variable length encoder. Similarly,

IThe code V' is a prefix code if no codeword is a prefix of any other codeword.

Complete means that in the decoding tree, every node is either a leaf or has two
children.
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Fig. 1. The parallelogram A x y and its diagonals D; and rows R;.

if I(v) is not a constant, then if |.S, | is a constant, 56,2) is a vari-
able-to-fixed length encoder, and if |S,| is not a constant then
8‘(,2 ) is a variable-to-variable length encoder.

If {V;} is a sequence of prefix codes with increasing cardi-
nality, then the coding rate of a composite encoder £(™ (with
respect to V;) is

r(€00) = Jim 7 (£07) = Jim r (£07)
provided that the limits exist and are equal. It is known [22] that
the capacity upper-bounds the coding rate.

In this paper, we discuss specific coding algorithms related to
the concept of “bit stuffing” for which the following particular
parameter choices apply: For n = 2, the code V; is a prefix code
with at most two codeword lengths; the sets S, are parallelo-
grams with one fixed side length (the other side length depends
on v); the translation vectors are such that the parallelograms
S, lie next to each other in parallel rows, with zero padding be-
tween the rows. For n = 3, the code V; is a prefix code with at
most two codeword lengths; the sets .S,, are parallelepipeds with
two fixed side lengths (the third side length depends on v); the
translation vectors are such that the parallelepipeds S, are next
to each other in parallel rows in three-dimensional space, with
zero padding between the rows.

For n = 2, the bit-stuffing technique of [17] and [19] pre-
scribes how the word encoder Sé," ) operates, that is, how a word
from a prefix code is mapped to a parallelogram in Z?. The
main idea is that a string is copied directly into a parallelogram
bit-by-bit but skipping over 0’s which were added whenever a
1 appeared previously in z("). For the encoder defined in Sec-
tion IV, and a given prefix code V/, the length of one side of the
parallelograms is fixed and the other side length is a function of
the parsed word z(*) being processed. Then, as the prefix code
grows in size, so does the fixed side length of the parallelograms.

III. TWO-DIMENSIONAL BIT STUFFING

A binary sequence is called a p-sequence if the bits are i.i.d.
and if a 1 occurs with probability p. Throughout, we let w be
a 1/2-sequence and § a p-sequence. For X, Y € Zt, i €
{0,...,X},and j € {0,...,Y} let

Di={(y+i,y):0<y<Y}
Rj={(z+jY -j):0<z < X}
N ]

v
Axy = U D; = U R;.
i=0 =0
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Fig. 2. A method of mapping an infinite binary source into Z? satisfying the (1, c0) constraint. The source is mapped into labelings of translates of A x y
separated by rows and diagonals of 0’s. The shaded areas indicate the padding 0’s.

The set A x y is a parallelogram whose diagonals and rows are
D; and R;, respectively, as shown in Fig. 1. The set of points
Dy U Ry is called the boundary of Ax y.

One way to map a binary sequence w into a (1, 00)-con-
strained labeling of A x y- is the following. The bits wy, wo, . ..
are written into the diagonals of Ax y- top to bottom, and left to
right (i.e., along Dy, then D1, ..., up to Dx). To ensure that the
resulting labeling of Ax y is (1, 00)-constrained, every time a
1 is written, extra 0’s are written (said to be “stuffed”) in the po-
sitions to the right and below the 1. These positions are skipped
in the process of labeling the next diagonal. This procedure is
continued until Ay y is filled up, i.e., until every element of
Axy is assigned a label.

Thus, a finite number of input sequence bits are mapped into
a (1, 00)-constrained labeling of A x y-. An arbitrary number of
bits of the input can be encoded into A x y- by choosing X and Y’
large enough, or into a collection of translates of A x y- by using
the same mapping on translates of A x y- with zero padding rows
and diagonals between translates, as shown in Fig. 2. Note that
a bit sequence mapped into A x y can never be a proper prefix
of a different bit sequence mapped into Ax y.

The bit-stuffing method proposed by Siegel and Wolf [17] is
based on the above encoding scheme with the following modi-
fications. To increase the performance, the unbiased source 0 is
transformed into a sequence S, whose bits are independent, but
whose 0’s and 1’s have unequal probabilities. The transforma-
tion increases the average length of a finite-input sequence from
w, but the transformed bits of § more efficiently fit into Ay y if
the bias is carefully chosen, since fewer 1’s in § implies fewer
stuffed 0’s in A x y. To make the mathematical analysis of the
algorithm simpler in [19] and [20], the boundary diagonal D,
and boundary row R are “initialized” with random labels inde-
pendent of the sequence §. Their initialization of the boundary
points guarantees that for every ¢ € {0,..., X}, the labels of
D, form a stationary Markov chain. The initialization degrades
the performance of the algorithm, but the degradation is negli-
gible as X and Y get large. Roth, Siegel, and Wolf [19] studied
a certain two-dimensional bit-stuffing algorithm, and computed
that the expected coding rate is within 1% of the capacity C£ 220
The algorithm was later improved in [20] with an encoding rate
within 0.1% of the capacity C;zgo

TABLE 1
PARAMETERS USED IN SECTIONS III AND IV

| Parameter | Description

N Positive integer parallelogram side length. Goes to co.
Probability of unstuffed bit by £(2). Function of p.
Initial labeling of Usc.

Target number of translates of Ay x in Ax n.

Positive real typical sequence tolerance. Goes to 0.

Probability of 1 in transformed sequence. Optimized.

Auxiliary binary string. p-sequence.

e [(Q V| [ ]|

Input binary string.

A list of variables defined in Sections III and IV and the pa-
rameters they depend on is given in Tables I and II as a reference.

A. A Variable-to-Fixed Length Bit-Stuffing Encoder

In Appendix I, we formally define a variable-to-fixed length
encoder

5(2) : VN,)\ — Ag?io<AN,N)

to label Ay n and then use the encoder as a building block in
a variable-to-variable length encoder to label larger portions of
Z?. Then we take N — oo.

Define the following total ordering on the points of Z 2,

T1 — Y1 < T2 — Y2 Or

(z1,91) < (22,92) = {961 —y1 =9 — yp and T, > @9

for any (z1,y1), (22,12) € Z°. Thatis, (z1,y1) < (z2,12) if
the diagonal that (x1,y;) lies on is above and to the left of the
diagonal that (2, y2) lies on, or if they lie on the same diagonal
but with (1, y1) above and to the right of (22, y2).

To encode a given binary input sequence, the encoder £®
first initializes the boundary of Ay . Then it labels the points
of Ay n in increasing order with respect to the ordering <,
such that every point of Ay n is labeled either with a bit of
the input sequence or with a “stuffed” 0 to ensure that the la-
beling is (1, co)-constrained. The encoder £@) is invertible; the
inverse mapping scans the diagonals D¢, Ds, ..., Dy skipping
over stuffed 0’s to recover the input sequence. A pseudo-code
description of the encoder is given in Table III.
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TABLE 1I
VARIABLES INTRODUCED IN SECTIONS III AND IV AND THE PARAMETERS THEY DEPEND ON
Notation | Parameters Description
ED N, ,A Variable-to-fixed length encoder. Labels Ay n.
&2 N,v, A\, T, ,0 | Fixed-to-variable length encoder. Labels Ax n.
B N,v,AT,€ Set of strings that ED nearly maps into Ist 7 translates of Ay .
A N,~v, ,7,€¢p Set of typical sequences.
T N,v, A\ T,6p Complete prefix code of size |A N B|.
t N, ¥ AT, €,p Bijection from Tto A N B.
£@ N,v,AT,€,p,0 Variable-to-variable length encoder. Labels Ax n.

THE VARIABLE-TO-FIXED LENGTH (1, 00 )-CONSTRAINED TWO-DIMENSIONAL BIT-STUFFING ENCODER £ THE ALGORITHM MAPS A
FINITE-INPUT STRING s FROM Vv, x INTO A (1, c0)-CONSTRAINED LABELING OF A v y

TABLE III

Initialize the elements of Do U R using A. Let: = 1.

Let (u1,u2) = min{(v1,v2) € An, N : (v1,v2) is unlabeled}.

If (u1 — 1,u2) is labeled with 1 or (u1,us + 1) is labeled with 1
Label (Ul,UQ) with 0.

Else

NownhAW N

Label (u1,u2) with s;. Let: = ¢ + 1.
If all of A, n is labeled then stop, else go to 2.

The encoder €@ is completely determined by the integer N
and the initial labeling X (defined in Appendix I). If IV is a fixed
constant then €@ is a variable-to-fixed length encoder, as de-
fined in [17] and [19] (they actually used a more general par-
allelogram Ax y instead of Ay n). In Section IV-A, we de-
fine a fixed-to-variable length encoder by letting a parameter X
be a function of the input s. The set A x x is decomposed into
multiple translates of A n, which allows A x n to grow large
enough to accommodate certain long input strings. Then, in Sec-
tion IV-B, we use the fixed-to-variable length encoder to de-
fine a variable-to-variable length encoder. The variable-to-vari-
able length encoder is “nearly” a fixed-to-fixed length encoder,
which allows precise mathematical analysis of its coding rate.

IV. A TWO-DIMENSIONAL VARIABLE-TO-VARIABLE
LENGTH ENCODER

Using a finite complete prefix code defined in Section IV-B
a sequence w is parsed into finite variable length strings
w®, w® ... Each string w® in the prefix code is mapped
into a (1,00)-constrained labeling of the set Ay, n
where X (w(i)) is a positive integer chosen so that the mapped
prefix code fits into Ax(,) n using bit stuffing. The in-
finite sequence of finite length strings w(®, w® . .. is
mapped into labelings of translates of the parallelograms
Ax(wmy,N: Ax(w®),N--- that tile a quadrant of Z°. The
translates are separated by one diagonal and one row of zero
padding (see Fig. 3). The tiling can be generalized to all of Z 2
by alternately placing the parallelograms in the four quadrants.
Henceforth, we abbreviate X (w(*)) with X

A. An Intermediate Fixed-to-Variable Length Encoder

For each 7 > 0, define the following translations of Ay n,

its boundary diagonal Dy, boundary row Ry, and an arbitrary
ue Z%

AQy =Any +i(N +2,0)

Fig. 3. Translates of the parallelograms AX(w(l)) N Ax(w(S)) N
( . .

are used to encode the words w(), ... w(® .. . respectively. The shaded
areas indicate the padding Os.

D) =Dy +i(N +2,0)
R =Ry +i(N +2,0)
u® =u—i(N +2,0).
Let v be a positive real number. Let 7 € Z *, called the rarget

number of translates, and let s € {0,1} [77%*] be an input
string. For each j > 1 let

j-1
u; = g ur)
i=0
be a union of boundaries of translates of A n, and let
A: Uy, — {0,1}

be an initial labeling of U, satisfying A(u) = 0 forall u ¢ U.
For each 7 > 0 let

A : DY URY — {0,1}

be the restriction of \ to the set DURY: thatis, A; (u) = A(u)
forall uw € D((f) U R(()Z). Let o be an infinite binary string called
an auxiliary sequence.

The process of encoding the input string s is described in
detail below. The points of U, are assigned a fixed initial la-
beling using A. The translates AS\??N, .. ,Ag;vl) are labeled
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Drvay-

LI

AN HT-1(N+2,0)

T DN+2,0)

Fig. 4. The set A x n consists of 7, translates of Ay, n, and a diagonal of zero padding after each translate.

with the bits of s using the variable-to-fixed length encoder E®
and the fixed initial labelings Ag,... Ar_1, respectively. The
inter-translate diagonals Dj(n12)_1, for j = 1,2,...,7, are
filled with 0’s (see Fig. 4).

Labeling all 7 translates of Ay y using the encoder £®@
(with the initialization \; on the ith translate) and adding the
padding diagonals after each translate, defines a labeling of the
set Ar(n42)—1,~- Each £®) is a variable-to-fixed length en-
coder, so it is possible that to encode exactly |7y IV 2J input bits
might require either more or less space in Z~ than just the set
AT<N+2) 1,n- If sistoo short to label all of A, (x4 2y_1 v, then
E®) uses the auxiliary sequence o as input to finish labelmg
Ar(N42)-1,n> and if 5 is too long to label Ay y2)_1 N, then
£®) continues the encoding process and maps the remaining bits
of s into the additional translates A( ) e AE\?}; D , using the

auxiliary sequence o to finish filling the last translate A(T“ 1)
and using the all zero initialization on the boundary elements of
the additional translates. The inter-translate diagonals

D1y vyo)—15- - Dry(v2)—1

are filled with padding 0’s.
The fixed-to-variable length encoder

£ o, 1l — | APL(s)
scz?

described above is formally defined in Appendix II. The encoder
£®) is completely determined by N, 7, o, v, A and will serve
as the second stage of a variable-to-variable length (1, 0o)-con-
strained bit-stuffing encoder to be defined in Section IV-B. Note
that s can be recovered from the labeling of Ax .

In Section IV-C, we will choose 7 and « to guarantee that
s fills up Ar(n42)—1,n almost perfectly with high probability,
and therefore the number of additional translates will typically
be small.

The set B is defined in Appendix II. It consists of the strings
that “fit well” into A (n42)—1, N, 1.€., for every s € B the frac-
tion of bits of s that are not mapped into A (x4 2y—1, x is smaller
than about ﬁ The set B is determined by IV, v, A, 7, and €.

B. Restriction to Typical Sequences

An e-typical set A of block length |7y N?| is formally de-
fined in Appendix II.
, whose

codewords are one of two possible lengths,? and let
t:T— ANB

2For any ¢ > 2 there exists a complete prefix code with 7 codewords, all of
length [log, 7] or |log, ] + 1.

.8 ...8, S
LW, W —] t i 2 £@)
labeling of Z*
S| Sy Syl - ]
w, w,. ..~ 41 IO 1, <5(2>) !

Fig. 5. A two-dimensional (1, cc)-constrained bit-stuffing algorithm.
The input bits w; , ws, . . . are mapped into the sequence sy, $2, - . ., which is
encoded into a labeling of Z2 by £(2).

be any bijection. Both ¢ and T" are determined by the parameters
N,~, A\, 7, ¢ and p.

The code T parses an infinite-input sequence and ¢ maps a
finite parsed string to an e-typical (with respect to p) sequence
s that is likely to fit into the first 7 translates of Ay, . Since T’
is a complete prefix code, a binary sequence w can uniquely be
parsed into strings w"), w(®) ... € T. A variable-to-variable
length (1, 00)-constrained bit-stuffing encoder £ is defined
as the composition

ED =@ ¢,

The encoder £ is completely determined by the parameters
N,~, A\, 7,¢, 0, and p.

That is, each string w(? € T of the parsed sequence w is
transformed into the typical, well-fitting string s) € AN B by
the bijection £, and then s(¥) is mapped into a (1, oo )-constrained
labeling of Ay v using the encoder £ (2). The transformation
t approximates transforming an infinite 1/2-sequence into a
p-sequence with an arithmetic decoder. The variable-to-vari-
able length two-dimensional (1, co)-constrained bit-stuffing al-
gorithm consists of the mapping £2) and its inverse. The map-
ping £ is referred to as the algorithm’s encoder, and the in-
verse is called the algorithm’s decoder (see Fig. 5).

Note that it is guaranteed by the encoder £(?) that the last
diagonal of Ax y is filled with 0’s. An additional row Ry 1
of padding 0’s is added to Ax n to ensure that a tiling by the
parallelograms defines a valid labeling of Z~. 2

C. Coding Rate Analysis

Consider the encoder £) with the boundary elements Dy
and R assigned random initial labels independently of the p-se-
quence § by the stationary homogeneous Markov chains /(")
and ﬂ(2), respectively (see Fig. 6(a) and (b)).

The transition probabilities 71, ma, w3 are constrained such
that the stationary distribution of the Markov chains /(") and
/l(2) are the same; thus, the labeling of D, fixes the label of



3152

T, U2 UE

0] N ) -
1-T, 1
@: g (b): 4

Fig. 6. The homogeneous Markov chains (! and 1(?) generating the labels
of: (a) a boundary diagonal; and (b) a boundary row.

the origin, which is used to initiate the labeling of Ry. It fol-
lows from [19], [20] that for any p the parameters 7y, o, 73
can be chosen to guarantee that the labels of each diagonal D;
(1 <4 < N) form a stationary homogeneous Markov chain
identical to the Markov chain /(1) labeling Dy (see Theorem
IV.2). If w1, w9, 3 are chosen such that the labels of the D;’s
form identical Markov chains, then the initialization is called a
standard initialization corresponding to p and the resulting la-
beling of Ay y is a standard labeling corresponding to p.
Let

VZP(($7y+ 1) and (z — 1,y)

are both labeled with 0 by & (2>).

For a standard initialization J\, the probability v depends only on
the probability p (i.e., it is independent of ) and is the proba-
bility that any position in Ay is unstuffed by £®),

A number 72 is said to be an achievable coding rate of a
two-dimensional (1, co)-constrained bit-stuffing algorithm &£ (?)
if

7@ =1lim lim r (5(2)) .
e—0 N—oo

The proof of the following theorem can be found in
Appendix III.

Theorem IV.1: The two-dimensional bit-stuffing algorithm
achieves a coding rate of

r® = yH(p).

For the parameters N, p, €, the value of 7 needed to make
7 (£®) as close to v H (p) as desired is implied in Lemma IIL.1
and Theorem IV.1. For a fixed value of 7, the existence of the
initial labeling \ used by the encoder £(*) is given in Lemma
III.1. The parameter +y is a function of p (see (4)).

Note that if p is close to 0, then the p-sequence § contains
fewer 1’s, and fewer stuffed 0’s are forced into the labeling of
Ax,n making the encoder more efficient (i.e., increasing 7).
This in turn makes X smaller. However, small values of p have
the disadvantage of decreasing H(p). Thus, to maximize the
coding rate r(?) = ~H(p), there is a tradeoff between increasing
and decreasing p in the range [0, 2] (The maximum of () is
attained for p in the range [0, 1], since both y and H (p) decrease
as p goes above 1/2.)

D. Coding Rate Maximization

Let the p- sequence § be encoded into a labehng of An
using the encoder £ ©(2) with a random initial labeling A assigned
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to thg boundary elements Dy U Ry as defined in Section IV-C.
Let ['(v) denote the random label assigned to the point v € Z7.
To simplify the notation, we will use

F(vi,...,v5)
to denote the joint random variables (F'(vy), . . ., F'(v;)) for any
integer j and for vq,...,v; € AnnN. Necessary and suffi-

cient conditions for the labels on each diagonal D+,..., Dx
to form a Markov chain identical to the labels of Dy will be
given in Theorem IV.2 (proof in Appendix III). In the theorem,
the random initial labeling assigned to the boundary elements
Dy U Ry is that defined in Section IV.C, and the parameters x
and y are given in Fig. 1.

Theorem IV.2: Let the p-sequence § be encoded into a la-
beling of Ax n using the encoder £®) with the random initial
labeling assigned to the boundary elements Dy U Rg. The fol-
lowing statements are equivalent.

1) The labels assigned to the elements of D,;, for
i € {1,..., N}, form a stationary homogeneous Markov
chain identical to the labels of Dy (i.e., the labeling of
An,n is a standard labeling).

2) The labels assigned to the elements of IR;, for
j €{1,..., N}, form a stationary homogeneous Markov
chain identical to the labels of Rj.

3) The transition probabilities of the Markov chains /i(*) and
1) satisfy

™ =
1+p+\/1+3p (1—p
1+p+\/ 1+3p Y(1—p
2
L (1-p)

1-—p++/(1+3p) 1—p

4) The joint distribution of the random variables F((z,)),
F((z + 1,y)), #((x — Ly = 1)), F((z,y — 1)), for
x,y € {0,...,N — 1} is independent of the choice of

Remark IV.3: Equations (C12)—(C14) imply that

(1-p) ) 3)
—p)

1

a=_—-|1+

2 (14 3p)(1

where e = P(F((0,0)) = 0). The conditions of Theorem IV.2
imply that for a bit-stuffing encoder £ with standard initial-
ization, the probability that the label of any point (z,y) € Ay N

is 0 equals « (independent of x and ).

Using Theorems IV.1, IV.2, Remark IV.3, and the fact that

v = am 4

the achievable coding rate (*) can be written as a function of p
as

r® =y . H(p) = ar - H(p) Q)
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L =Agy,t0.22)

(2)
L™ Ay v =022
. — 2)

m—=R,
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D,’ D
P o ) 2)
T R,
W= s e i (1)
i i i RO

Fig. 7. Layers of Ax y,z are shown on the left-hand side. The relative position of layers LM and L@ is illustrated on the right-hand side. The diagonals Dél) s

D((,z), D](-z), and the rows Rél), Rff) are shaded.
since « and 7 are implicit functions of p. The largest coding
rate is found by maximizing (5) over the parameter p. In [19],
this maximization was computed approximately as
max ) = 0.58305621.
p€[0, 5]

and occurred at p = 0.3556. The performance of the bit-stuffing
algorithm was later improved in [20]. The authors implicitly
split a source into two subsources and apply different trans-
formers to each subsource to create two different biased sources
for stuffing. The authors obtained the approximate expected
coding rate of their encoder &£ @) as

r (@) = 0.587277.
G

In the present paper, we generalize our previously described
two-dimensional  variable-to-variable length (1, o0)-con-
strained bit-stuffing encoder £ to three dimensions. We
show (in Theorem VI.5) that the three-dimensional algorithm
achieves the approximate coding rate of

r®) = 0.502005.

E. Remarks on Computational Complexity

Although the bit-stuffing algorithm analyzed here closely
resembles the Roth—Siegel-Wolf algorithm and is easier to
analyze, it nevertheless appears computationally difficult to
implement. The largest contribution to complexity occurs in
constructing the sets A and B inthemapt : T — AN B,
defined in Section IV-B, and determining the initial labeling A
in Lemma III.1. An exhaustive construction of A consists of
examining at most 277 ’ binary sequences and determining
(in O(7yN?) time) whether each sequence is typical. For each
of these binary sequences, it can be determined in polynomial
time whether it lies in B by computing the Q(9)’s by a stuffing
simulation. Once A N B is constructed, the prefix code T’

(and thus the bijection t) can be constructed in time linear in
|A N B|. An initial labeling A implied in Lemma III.1 can be
found by an exhaustive search in at most 227N +77N ’ steps.
The mapping £ is polynomial time contructible, and thus,
the total complexity of determining £ is at most 20V .
Similarly, the complexity occurring for the three-dimensional
algorithm to be described in Section V is at most 2V °).

V. THREE-DIMENSIONAL BIT STUFFING

In this section, we describe a generalization of the two-dimen-
sional bit-stuffing algorithm to three dimensions. Often, iden-
tical notation to that used in earlier sections for two-dimensional
bit stuffing will be redefined for three dimensions in an analo-
gous way.

For X,Y,Z € Z* andi € {0,...,Z}, define the sets

LY =Axyo+(0,i,4)
Z .
Axyz= U L®
i=0

as shown in Fig. 7. The set (") is a translate of the parallelogram
Ax,y,0 = Ax,y defined in Section III, and is called the ith
layer of Axy,z.Forj € {0,...,X}andm € {0,...,Y} let
D ={(y+4,9.0:0<y <V}
RO ={(z +m,m,0):0<z < X}

be the same subsets of L(®) = A X,v,0 as in Section III. For i €
{1,...,Z}, define similar subsets on each layer L, namely

D) =D +(0,i,1) = {(y+ 4.y +i.i) 1 0<y <Y}
RO =RO 4(0,4,4) = {(x+m,m+14,1):0<z < X}
for j €{0,.. .. ,X'; and me{0,...,Y} (see Fig. 7). The points
in LO), D((;’), R((]'L ,forie{l,..., 7}, are called the boundary

’ ’

of Ax y,z. That is, the boundary points consist of the entire
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TABLE IV
PARAMETERS USED IN SECTIONS V AND VI
Parameter | Description
N Positive integer parallelepiped side length. Goes to co.
%3 Probability of a bit copied from the 4th (i = 1,2) input string by £().
Initial labeling of U.
Number of translates of Ax y v in Ay N 7.
Positive real. Goes to 0.
i Probability of 1 in 4th (¢ = 1,2) transformed sequence.
oM, (2 | Auxiliary binary strings.
s(l), 52 Input binary strings.
TABLE V
VARIABLES INTRODUCED IN SECTIONS V AND VI AND THE PARAMETERS THEY DEPEND ON
Notation | Parameters Description
E® N, S A Variable-to-fixed length encoder.
Labels AN,N,N .
E®) N,y1,72, A\, T, ,o(M o(2) | Fixed-to-variable length encoder.
Labels Ax N.z.
B Nyy1,72, A, Ty €, ,o) (2 | Set of strings that £(3) nearly maps
into 1st 7 translates of Ay n N .
A N,y1,72, ,T,€D1,P2 Set of typical sequences.
T N,v1,72, A\, 75 €,p1,p2, 01 o(2) Complete prefix code of size |A N B].
t N,v1,72, A\, 7, €,p1,p2, 0 1) o(2) Bijection from 7to A N B.
£® N,v1,792, A\, T, €,p1,p2, 01 o(2) Variable-to-variable length encoder.
Labels Ay n,z.
[i.j,k]=(—k,i—k,i)
L1311 [1.3.01 0 An efficient three-dimensional coding algorithm would be to
transform the unbiased input sequence into a biased sequence,
z and use a three-dimensional generalization of the bit-stuffing
encoder to map the biased sequence into a (1, co)-constrained
labeling of Z . To perform a rigorous analysis of the coding
(] rate, we introduce a close variant of this implementation. We
1 ' present a three-dimensional bit-stuffing algorithm similar to the
T two-dimensional one defined in Section IV.
i The three-dimensional algorithm’s encoder is denoted by
. . & (3), and works as follows. As in two dimensions, a sequence
Xﬂ";k w is parsed into the sequence of strings w™) w(?, ... using
a complete prefix code. Then, the string w(? is mapped
Fig. 8. The coordinates [¢, j, k] denote the point on the ith layer, jth diagonal,  into (5(%1)7 5(i72)) , where s(61) is an e-typical string with

kth position. In the Cartesian coordinate system this point is [Z, j, k] = (X +
J—kY +1—k,).

first layer L(®) and the first diagonal and first row on every
other layer. The nonboundary points of A x y, 7 are the internal
points.

Notation: Every point of Ay y z can be determined by the
layer, the diagonal on a given layer, and the relative position
within the diagonal where the point lies. Therefore, to simplify
the notation, the elements of Ax y z will be addressed by a
three-tuple [, j, k], where i € {0,..., Z} determines the layer
L®,j € {0,...,X} determines the diagonal D;Z) on layer
L(i?, and k € {0,...,Y} is the position within the diagonal
D](»Z). The point [z, j, k] has coordinates

(X +j—kY +i—k,i)

in the Cartesian coordinate system (see Fig. 8).

respect to p; of length |7, N3] and s(*?) is an e-typical
string with respect to py of length |72 N?3|. The value of T
is defined similarly as in the two-dimensional case; vi, 72
are defined in Section VI-C; and p; and p, are calculated in
Section VI-D. Then, the three-dimensional fixed-to-variable
length (1, 00)-constrained bit-stuffing encoder £(3) maps
(s(i’l),s(i’Q)) into a (1, 00)-constrained labeling of Ay n z.
The exact definitions of £() and £(*) are given in Section VL.

A list of variables defined in Sections V and VI and the param-
eters they depend on are given in Tables IV and V as a reference.

A. A Variable-to-Fixed Length Encoder

The ordering < defined in Section III-A is extended to Z % in
the following way. For any

(21,91, 21), (T2,Y2,20) € Z°
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TABLE VI
THE VARIABLE-TO-FIXED LENGTH (1, 00)-CONSTRAINED THREE-DIMENSIONAL BIT-STUFFING ENCODER £ ().
THE ALGORITHM MAPS 5(1) AND 5(2) INTO A (1, 00)-CONSTRAINED LABELING OF A v n' n

Letmi =1and mo = 1.

Else

Else

OO XN AnEAL D

—_

N
1. Initialize the elements of L(®) and U (D((f) u R((f)) using .
i=1

Let (zo, 0, 20) = m_in{(a:,y,z) € An,n,~ : (z,y, 2) is unlabeled}.
If (zo — 1,90, 20), (xo, Y0 + 1, 20), or (z0, %0, 20 — 1) is labeled with 1
Label (o, y0, 20) with 0.
If (xzo + 1,40,20 — 1) and (zo,y0 — 1, 20 — 1) are labeled with 0
Label (zo,y0, 20) with ss,ﬂ Letmy; =mq + 1.

Label (zo, Y0, 20) With s35.
Ifall of A x n,n is labeled then stop, else go to 2.

(2) Let s = mo + 1.

let

(T1,91,21) < (72,Y2,22)
21 < zg Or
z1 =z and (21,91) < (72,%2).

Note that the ordering of the elements in Ax y,z with respect
to < is equivalent to lexicographic ordering if we use the coor-
dinates [¢, 7, k] to represent the points of Ax vy, z.

Let

N
A:LO U <U (Dg;'> uRg”)) —{0,1}

=1

be an initial labeling of the boundary of Ay n n. The three-
dimensional variable-to-fixed length bit-stuffing encoder

E® VN — Agi),o(AN,N,N)

labels the points of Ay n,n in increasing order with respect
to the ordering <. The set Vi x consists of pairs of strings
(51, 5(2)) that perfectly fit into Ay n n under the mapping
EB) (analogous to the two-dimensional case in (Al)). For
(5(1), 5(2)) € Vi, every point of Ay n n is labeled either
with a bit of s(!) or s(2) or with a stuffed 0. A pseudocode
description of EG) s given in Table VI. Note that in Step 6
the encoder makes a decision whether the first or the second
input string is used to label the current position. This selection
process ensures that the encoder is invertible (see Remark
VI1.4). The inverse mapping scans the elements of Ay n n in
increasing order with respect to the ordering <, skipping over
stuffed 0’s to recover the input sequences.

In the following section, E®) is used to define a three-di-
mensional variable-to-variable length (1, 00)-constrained bit-
stuffing encoder.

VI. A THREE-DIMENSIONAL VARIABLE-TO-VARIABLE
LENGTH ENCODER

A three-dimensional variable-to-variable length (1, oo)-con-
strained bit-stuffing encoder £®) is defined analogously to the
two-dimensional encoder £(). Using a finite complete prefix
code defined in Section VI-B, an input sequence w is parsed
into variable-length strings w(!), w(® .. .. Each string w® is
mapped into a (1, co)-constrained labeling of a translate of the

set Ay N z(w()), Where N is a parameter of the encoder, and
where Z (wgi)) is a positive integer chosen so that the mapped
prefix code fits into A iy 7,0 using bit stuffing. Henceforth,
we abbreviate Z(w()) with Z. An analysis of the coding rate
of £3) is given in Section VI-C when the input is the 1/2-se-
quence .

A. An Intermediate Fixed-to-Variable Length Encoder

The set An, N,z can be decomposed as

T—1
ANNz = (U (An NN +i[N + 2./0./0]))

i=0
T zZ
U U LUWN+2)=1) | U L")
=1 k:‘r(N-‘,—Z)

The translates
AN7N,N + L[N =+ 2,07 0]

are labeled with information bits and stuffed 0’s, the layers
LUN+2)-1) are padded with 0’s, and some additional “over-
flow” layers

L) )

are filled randomly. Let

U, = U <(LNJ (D((f) U Rfj)) U L<°>> + (N + 2),0,0])

j=0 i=1
be a union of boundaries of the first 7 translates of Ay y n-.

The elements of U, are assigned a fixed initial labeling A (to
be determined from Lemma VI.1). The translates of Ax n n
are labeled with input strings

s €{0,1} [T V%]
s® e{0,1} [N

using the variable-to-fixed length bit-stuffing encoder EG) for
each translate with the fixed initial labeling A on the boundary
points.

Labeling all 7 translates of Ay n, n using the encoder & (3),
and adding the padding layers after each translate defines a la-
beling of the set Ay n (N 42)—1- In a similar manner as in two
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dimensions, if the sequence s(!) is shorter than the necessary
bits to label Ay, N,7(N+2)—1, the auxiliary sequence o is ap-
pended as a suffix to the string s(1). Likewise, the auxiliary se-
quence o(?) is used if all bits of 5(2) are encoded before the
labeling of Ay n r(n+2)—1 is complete. Note that TN?3 is an
upper bound on the number of auxiliary bits needed.

It is also possible that some bits of sV or s(2) do not get
encoded into Ay N -(n+2)—1- In this case, first the unencoded
bits of s(1) are copied into the even-numbered diagonals

T(N+2 T(N+2
DLV plreve)

of the first overflow layer L{"(N+2)) with a padding diagonal of
0’s separating them. Unlike in two dimensions, the input bits
are copied bit-by-bit into these diagonals, i.e., without using
bit stuffing. The encoder continues this process on consecu-
tive layers until all bits of s(*) are encoded. After that, the re-
maining bits of s(2) are encoded using a similar method. The
last layer used to encode the last input bits may contain unla-
beled points which are labeled with 0’s. Finally, an additional
layer of padding 0’s is added, whose index is defined to be Z.
The fixed-to-variable length encoder
U AP

{0 1}|_7'71NJ X {0 1} T'y>NJ
Sez?

described above is formally defined in Appendix IV. The en-
coder £3) will serve as the second stage of a variable-to-vari-
able length encoder and is defined with respect to the fixed and
finite auxiliary binary sequences

oM {0,137’
o® ef{0,1}y7V’

which are described in Lemma VI.1.
The padding diagonals on each overflow layer guarantee that
the labeling of the layers

(T(N+2)) .....
is (1, 0o)-constrained. By choosing 7 appropriately, and by ad-
justing the parameters y; and 7y, it will be guaranteed that s(")
and s fill up Ay ., (n+2)-1 almost perfectly (for large N
and small €), and therefore the number of overflow layers added
will be small.

The set B is defined in Appendix IV. It contains the pairs of
strings that “fit well” into Ay n 7 (N42)—1-

B. Restriction to Typical Sequences

A set A of e-typical pairs of strings of block length 7y, N3
and 7y, N3 is formally defined in Appendix IV. The sets A and
B can be shown to have nonempty intersection, by an argument
similar to that used to obtain the lower bound in (C6).

Let T be a finite complete prefix code of cardinality |A N B]
whose codewords are one of two possible lengths. Let

t:T— ANB

be any bijection. The code T parses an infinite input sequence,
and ¢ maps a finite parsed string to a pair of e-typical (with
respect to p; and po, respectively) sequences (s(M), s(?)) that
are likely to fit into the first 7 translates of Ay n . Since T’
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is a complete prefix code, a binary sequence w can uniquely be
parsed into a sequence of words w() w®)_ . such that w( ¢
T. We define a three-dimensional variable-to-variable length
(1, 00)-constrained bit-stuffing encoder £ (3) as the composition

PG ONYS

That is, a string w®) € 7T of the parsed sequence w is trans-
formed into the typical, well-fitting string

(s(i’l), s(i’Q)) €EANB

by the bijection ¢, and then (s(ivl),s(ivz)) is mapped into a
(1, 00)-constrained labeling of Ay n,z using the bit-stuffing
encoder £®). The variable-to-variable length three-dimen-
sional (1, 00)-constrained bit-stuffing algorithm consists of the
mapping ¢, a bit-stuffing encoder, a bit-stuffing decoder, and
the inverse mapping of ¢. The mapping £ is referred to as the
algorithm’s encoder, and the inverse is called the algorithm’s
decoder. An arbitrary number of words w(*) can be transformed
into (s(“1), s(t2)), and mapped into labelings of translates of
AnN,N,z,- The translates are separated by padding 0’s in three
dimensions similarly as in two dimensions.

C. Coding Rate Analysis

Let §Y) be a pi-sequence and 3(*) be a po-sequence. Let
the variable-to-fixed length encoder £(3) map §(1) and 5 into
An,n,n. Before the encoding, let the boundary elements

LOy (CJ (D((f) uRg@))
=1

be randomly assigned initial labels by . For every internal point
[, 7, k] define

a! (L7 J k)
2 (7’/ j7 k)
as in Steps 7 and 9 of Table VI.

The random initial labeling A is called a standard three-di-
mensional initialization corresponding to p; and po if
for I = 1,2 and for every internal point [z, 7, k] (where
i,5,k € {1,..., N}) the quantity

’Yl(imj? k) =M

is independent of ¢, j, k, N. The corresponding labeling of
An,n,n is called a standard three-dimensional labeling corre-
sponding to p1 and ps. Let

probability [i, , k] is labeled by a bit from §(V)
= probability [¢, 7, k] is labeled by a bit from 5

Q ={(p1,p2) : there exists a random initialization

N
ALO U (U (D(@ uRg“)) —{0,1}

i=1
such that the labeling of Ay y x by EG)
is a standard labeling}.

It is shown in Section VI-D that €2 is nonempty (in the paragraph
preceding Remark VI.4).

A fixed initial labeling ) of U, and auxiliary sequences (")
and ¢ used by £, are implied in the following lemma (proof
in Appendix V). The set B in the lemma is defined in (D1).
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Lemma VI.1: Consider the p;-sequence
s ¢ 10,1}l
and the ps-sequence
5@ ¢ {0,1} L=’

for some (p1,p2) € Q. For any N € Z* and any € > 0, there
exists 1o € Z * such that for any 7 > 7 there is an initial labeling
A : Uy, — {0,1} and auxiliary sequences ¢(!) and ¢ such
that

P ((§<1>,§<2>) € B) >1—e

A number r® is said to be an achievable coding rate of

a three-dimensional (1, co)-constrained bit-stuffing algorithm
EB) if

r®) = lim lim r (5(3)) .

e—0 N—oo

Theorem VI.2: For any (p1,p2) € €, the three-dimensional
bit-stuffing algorithm achieves a coding rate of

r®) =~y H(p1) + 72 H(ps).

Proof: Let (p1,p2) € Q, and let the p; -sequence 5(1) and
the ps-sequence $(2) be independent. We have

P ((§<1>,§<2>) € A) > (1—¢)?

for 7 > 7 large enough (see [23, pp. 51-52]). The rest of
the proof is analogous to the proof of Theorem IV.l using
Lemma VI.1. O

As in two dimensions, for given parameters IV, p1, ps, €, the
value of 7 is induced by Lemma VI.1 and Theorem VI.2. For a
fixed 7, the initial labeling A and the auxiliary sequences o(!)
and ¢(?) are implied in Lemma VI.1. The parameters ~; and 2
are given in (F3) and (F4) of Appendix VI.

D. Coding Rate Maximization

In this subsection, we consider the labeling of the set Ay v, n
by the encoder E®), where the input sequences are the pi-se-
quence 3(1) and the py-sequence $(*), and where the boundary
elements of Ay, n n are assigned random initial labels by

N
A:LOy (U (Dgﬂ uRé“)) —{0,1}

i=1

described in what follows.

The initial labels of L(°) are chosen independent of the input
sequences and such that the labels of Z(°) constitute a stan-
dard two-dimensional labeling. More precisely, let p € [0, 1],
and let 7y, o, 3 be defined as in Theorem IV.2. The diagonal
D((]O) and the row R((]O) are initialized by the stationary homo-
geneous Markov chains /i(!) and /i(?), respectively. Let 6’ be
an auxiliary p-sequence independent of (') and §(), used only
to initialize L(%). Using ¢’ and the two-dimensional bit-stuffing
encoder & (2), we label the remainder of the elements of L (%),
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£-[0,0,1] o f[g'?’gl
F=[0,1,1] i:EI\O’Oi
G=[1.0,1] D=[1,1,0]

H=[1,1.1]

Fig. 9. Elements of D(()O), D§°>, Dél), Dgl) in Conditions a)-d). Labels
represent the centers of cubes.

Thus, the resulting labeling of L(O) is a standard two-dimen-
sional labeling. The points of D{” and R{" on each layer L()
(for i € {1,...,N}) are initialized independently for each i
by the Markov chains /i(") and /1(*) used to initialize D((]O) and
R((,O), respectively.

Note that p is a parameter of the above random initialization
of An,n,n. We show that p; and ps can also be expressed in
terms of p such that the resulting labeling of Ay y n by EB)
is a standard three-dimensional labeling corresponding to p;
and po.

Let the random label of the point [z, j, k] € Ay n,n be de-
noted by F'(, j, k). Our goal is to prove that if AN NN is la-
beled by E® , then Conditions a)-d) below are sufficient for the
labels of A x n,n to be a standard labeling. In Appendix VI, we
show that there exist parameters 71, w2, 73, P, P1, P2, such that
Conditions a)-d) are satisfied.

Let A = [0,0,0], B =10,1,0],C = [1,0,0], D = [1,1,0],
£ =10,0,1], F = [0,1,1], G = [1,0,1], H = [1,1,1], as
shown in Fig. 9.

¢ Condition a): The joint distribution of F (B,D,F,H) is
identical to the joint distribution of £’ (A,C,E,G).

« Condition b): The joint distribution of F'(£, F,G, H) is
identical to the joint distribution of F (A, B,C,D).

« Condition c): The joint distribution of F'(C,D, G, H) is
identical to the joint distribution of F(.A, B,E,F).

« Condition d): The joint random variables F'(€,G) are
conditionally independent of F'(B, D) given F'(F, H).

Theorem VI.3: If the labeling of Ay y n by £®) satisfies
Conditions (a)-(d), then the labeling of Ax n n is a standard
three-dimensional labeling.

Proof: Consider the points in Fig. 13 for 4,5,k €
{1,...,N}. Lemma V.8 implies that the joint probability
distribution of

A

F(ak—1,cr—1,Ck,br—1,br)
is independent of the layer ¢, the diagonal j, and the position k&,
which proves the theorem. O

Conditions a)-d) translate into a set of equations for the pa-
rameters 7y, T2, T3, &, P1, P2, P (see Appendix VI). Using Con-
dition 3 in Theorem IV.2, (3), and (F1)-(F4), we expressed the
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TABLE VII
THE NUMERICAL VALUES OF THE PARAMETERS THAT MAXIMIZE 1 (3)
P 1 2 73 @ p1 y ] 71 72
0.255838 || 0.832393 || 0.212958 || 0.787042 || 0.824431 || 0.343793 || 0.255838 || 0.350456 || 0.21531

parameters w1, w2, T3, ., P1, P2, Y1, Y2 in terms of p. Therefore,
for

1, T2, T3, &, P1,P2,P, V1,72 € [0/ 1]

that also satisfy Condition 3 in Theorem IV.2, (3), and
(F1)-(F4), it follows thgt (p1,p2) € R, i.e., the corresponding
labeling of Ay n n by € (3) is a standard labeling. Optimization
for the achievable coding rate

r® =1 H(p1) +72H(p2)

over p € [%, 1] gives the numerical results in Table VII.

Remark VI.4: Conditions a)-d) with the additional require-
ment that p; = ps yield the trivial solution
p=p1=p2=0.
Thus, to obtain a nontrivial solution, it was necessary to use two
sequences §(1) and §(2) with parameters p; # po.

Theorem VI.5: The three-dimensional bit-stuffing encoder
£®) achieves a coding rate of
) = 0.50200500727

which is within 4% of the capacity.

Proof: Substituting the numerical values given in
Table VII into the formula v; H(p1) + y2.H (p2) determined in
Theorem VI.2 gives 7(3) = 0.50200500727. Using the bounds
in (1) we get

o)~
o),

0.502005

- O
0.52250174

< 0.03923 < 4%.

VII. CONCLUSION

In order to improve the theoretical foundation of the
Roth-Siegel-Wolf bit-stuffing algorithm for two-dimensional
(1, 00) run-length constrained coding, we rigorously analyzed
a close variant of the algorithm. The studied algorithm closely
resembles the original bit-stuffing algorithm, is precisely de-
fined, and achieves the same coding rate. It is, however, not as
readily implementable due to higher computational complexity.
We generalized the algorithm to three dimensions, and then
rigorously analyzed it using techniques similar to those we
used in two dimensions. The rate of the three-dimensional
coder is less than 4% from the capacity and is higher (although
only slightly) than a trivial coder that places information bits in
locations whose coordinates sum to an even number, and places
zeros elsewhere.

APPENDIX [
DEFINITION OF A TWO-DIMENSIONAL VARIABLE-TO-FIXED
LENGTH ENCODER

This appendix formally defines an encoder used in
Section III-A.

For any v = (u1,u2) € Ann, let u; = (u1 — 1,u2) and
us = (u1,us + 1) be the left and top neighbors of . Also let

up = (N —1, N) be the least upper bound of the points in Ay n
under the ordering <. Let

A:RoUDy — {0,1}
be an initial labeling of the boundary of Ax n. Then de-
fine a two-dimensional variable-to-fixed length (1, 0o0)-con-

strained bit-stuffing encoder £? recursively, with input string
s € {0,1}*, by

A(u), ifu € Ry U Dy
5 0, if E@(s) () =1
5(2)(8)(U) = or 5(2)(8)(1”) -1
58(u)s otherwise

ﬂ(u) =1+ {’U EAN’N\(D()URO> v <u,
ED (s)(u) £ 1.ED (s)(ny) £ 1)

The number ((u) is one more than the number of previously
nonstuffed bits in Ax . Let

Var={s€{0,1}* : I(s) = B(up) — 1} (A1)
be the set of all binary strings with length 3(u;) — 1, i.e., such
a string perfectly fits into Ay y under the bit-stuffing mapping
£®?)_ Then Vi, is a prefix code and the mapping

E@ . VN — Ag?io(ANJV)

is a word encoder, as defined in (2).

APPENDIX II
DEFINITION OF A TWO-DIMENSIONAL INTERMEDIATE
FIXED-TO-VARIABLE LENGTH ENCODER

This appendix formally defines an encoder used in
Sections IV-A and IV-B.
For each 4, the labeling \; induces a prefix code Vy », based
on labeling Ag\i})’ > as in (Al). The sequence of prefix codes
VN,/\MVN,M yee
induces a partition of the concatenation of the input and auxil-
iary strings as

S0 = Z(O)Z(l) P

Let

T, = max {T, min{s : s is a prefix of 20 z(i)}}
be the number of translates of Ay n used to perform the la-
beling. That is, s will be encoded into a labeling of

(0) (1a—1)
ANyN, .. '7AN,N .
Later, we will force 7, to be close to the target 7, with high

probability. Let
X =7, (N + 2) -1

Ta—1
Ax N = ( U A%)N>

=0

Ul U Pivsa—1

j=1
The parallelogram Ax n is decomposed into 7, translates
AS\L,) N to be filled with information bits and stuffed 0’s, and
diagonals D(ny2)_1, to be filled with zero padding.
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TABLE VIII
ADDITIONAL VARIABLES INTRODUCED IN APPENDIX II AND THE PARAMETERS THEY DEPEND ON

| Notation | Parameters Description

Q(i) Nﬂ ’Ya Ai T’ 07 s

c it £(2 ; (%)
Number of bits £(2) maps into AN,N'

q N,v, A\ 150

Number of bits £(2) does not map into Ist 7 translates of Ay n.

This is formalized by defining a fixed-to-variable length

encoder
U A(z)
SCZz?

E@ . {0, 1}|-77N2J —

by specifying the labeling

ED(s): Ax.n — {0,1}

as
EDO) WD),  ifue AE@{N
ED(s)(u) = Vi=0,...,7,—1
07 ifue D](N+2) 1
Vi=1,...,7,

where £®) is the encoder defined in Section III-A. N

For a given 7, v, N, binary input string s € {0,1} [rvN?) ,
auxiliary binary sequence o, and initial labeling A of U, and
foreach: = 0,1,...,7 — 1, let (see Table VIII)

Q) = number of bits of so that £ maps into AS\?’N

- a0

If positive, g(s) is the number of bits of s that do not get mapped
into A (n42)—1,n, and otherwise ¢(s) is minus the number of
bits of o that get mapped into A, (yy2)_1,N-

For any €,y > 0 and

() = [r1N?)

A:Usx — {0,1}
let

B= {s e 0. 137V] L y(s) < ’re} . (B1)
Note that even though B is a function of the encoder £ by
way of q(s), B is, in fact, independent of the auxiliary sequence
o, since s € B whenever ¢(s) < 0.

For any € > 0, the typical set A of block length LT’YN 2J with
respect to p is defined as [23, p. 51]

A= {s e {0, 1}[N] o= [N [H @) +e)

<pl*l(1 = p) [ryN2 ] =lsl < 9= [7vV?] (H(p)—e)}.

The term

Pol(1 = py L)1
is the probability of a length | 7y/N2| p-sequence 3 being equal
to s. The set A is determined by N, «, A, 7, €, p, and an element
of A is called an e-typical sequence.

APPENDIX III
TwO LEMMAS AND THE PROOFS OF THEOREMS IV.1 AND IV.2

This appendix gives a lemma and a proof used in
Section IV-C. An initial labeling A of U, used by £3 is
implied in the lemma. The set B in the lemma is defined in
Appendix II.

LemmaIll.1: For the p-sequence § € {0, 1} [7~*] and any
N e Z", and e,y > 0, there exists 7o € Z™ such that for every
T > T there is an initial labeling

A: Uy, — {0,1}
such that

P(seB)>1-e (C1H)
Proof: Suppose that for some 7 € Z™ the p-sequence ]
is encoded into Ax n by £ °(2), with a random initial labeling A
of U, that a551gns Tabels using the Markov chain /(") for the
translates D{) (0 < i < 7), the Markov chain 4(?) for the
translates RP) (0 <4 < 7), and initializes D(()) and R( " with
0’s forev > 7. By choosing the auxiliary sequence & to be a
p-sequence, we will demonstrate that there is at least one initial
labeling A : Us, — {0, 1} such that for any auxiliary sequence
o, (C1) holds.
Since each Agf,)y N 1s initialized by 5\1-, the labeling of each
Ag:,) 18 a standard labeling, and thus by the definition of -y, we
have

E [Q(“] — N2

for every i € {0,1,...,7 — 1}. For any two distinct 4,5 €
{0,1,...,7 =1}, the random variables Q) and Q) are inde-
pendent and have finite variances (independent of 7). Therefore,
by the weak law of large numbers, for every € > 0, we have

lim P (

The random variables Q(i) in (C2) are functions of the random
input p-sequence $, the random auxiliary sequence &, and the
random initialization A of U.. Then (C2) and the inequalities

)

1 A
I

1=0

i) _,YNZ

< e> =1. (C2)

(C3)
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imply that

lim P(q(s5) < Te)=1.

T—00

(C4)

It follows from (C4) that there exists a 79 such that
P(g(s)<te)>1—¢

for all T > 7¢. Thus, there must exist at least one initial labeling
A (depending on 7) such that

P (q(3)

where the conditioning in (C5) is on the event that the random
labeling A equals the fixed labeling .
Equivalently, for every 7 > 7y, we have

<7'e|)\) >1—¢ (CS5)

P(seB)>1-ce O

Proof of Theorem IV.1: For N € ZT and e > 0, let 7
be defined as in Lemma III.1. It is known [23, pp. 51-52] that
T > Tp can be chosen large enough such that the p-sequence

e {0,117

satisfies
P(secA)>1-c

Therefore, Lemma III.1 implies

1-2e<P(5€ ANB)
< Z o= [N | (H(p)—e)
sEANB

|AnB| .2~ [N @)~

which then implies

|A n B| Z (1 — 26) . ZLTVATQJ (H(p)— (C6)
Similarly, we have
1>P(s€ AnB)
> Z T'\/]\TQJ (H(p)+e)
seANB

= |An B|. 2l ]H@+e
which implies

|AN B| < 2lmN JHE) 4 )

Any string z € T has length either |log,|ANDB|| or
|log, |A N B||+ 1. Note that Ax n together with one row of
zero padding occupies (X +1)(V +2) points in Z”. Therefore,
(C6), the definition of the set B, and the fact that

Z P(z) =

zeT

imply that the coding rate is lower bounded as

r(5®) = 2P T
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log, |A N B] 3P
T(N+2)2+ [§F] (N +2)? &,

|TYN?| (H(p) —€) — 1
+ [ 3] (N +2)2

log,(1 — 2¢) +
(N +2)2

(C8)

The term [?]’Jﬂ in the denominator is an upper bound on the
number of additional translates of Ay x needed after the first 7
translates, since every input bit is mapped into at most three bits
by £, and each translate can be labeled by at most N2 bits.

Using (C7) and the fact that
X>7(N+2)-1

for any input word z € T, the coding rate is upper-bounded as

(=) =7 | i)
_ Tlog, |4 B]

T(N +2)2
TyN?*(H(p) +¢) + 1
< C9
T(N +2)2 (©9)
Taking limits as N — oo and ¢ — 0, the theorem follows from
(C8) and (C9). O

Several of the results in this paper are based on the following
property of Markov chains, whose proof is included here for
completeness.

Lemma IIL.2: Let tg, 1,... be a Markov chain that takes
on values from a set A. Let ©* be a random variable that takes
on values from the set A*, and for somen € Z +, let ¢* be con-
ditionally independent of 4., if 4,_1,..., Ug are given. Then
4* is conditionally independent of 4, if %, 1 is given.

Proof: Leta* € A*. Then

P(i@*=a* [t tin_1)

ak wiA a N N
= E [P(40*=a™|lin, lin—1, Un—2=an_2,...,T0=agp)
AQ,yeey@p_2€A
- P(tp—o=an_2,...,U=ag|ln, Un_1)]
where the summation is taken over all values ay, . . . , @, _2 such

that the event we condition on has positive probability. By the
assumption of the lemma, we have

P(’a* = a*|ﬁn7ﬂn717’&n72 = 0n—-2,--- 7/&0 = aO)
= P(ﬂ* = a*|ﬂn—17an—2 = 0n—-2,... 7110 = aO)'

i .40
Furthermore, since the reverse sequence {“7}Z:
chain, it follows that

n is a Markov

Uy = |ty , Up—1)

= P(ﬂ,n_g = Ap—2,- - - ,’&0 = (l0|’&n_1).

P(ﬁn—Z = 0n—-2,---,

Hence,

P(4*=a"|iin, 1)

- ¥

ag,...,an—2€A

[P(ﬂ* :a*|/&n—17’&'n—2:an—27 B 7/110:0‘0)

'P(ﬂn—2:an—27 L) 7:L(]:a(]hln—l)]

= P(it* = a*|itn_1). O
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Fig. 10. The diagonals D; and D;4; of Ay n.

Proof of Theorem IV.2: The equivalence of Conditions 1),
2), and 3) follows from the results in [19]3 and [20]. We show
that Conditions 1), 2), and 3) are together equivalent to Condi-
tion 4). For a fixed ¢ € {0,..., N — 1}, consider the points

=(i+7.4)
bj=(i+j+1.7)

for 0 < 5 < N, of the diagonals D; and D, (see Fig. 10). Let
v1, Vs, U3, V4 be a valid labeling of the points ax_1, bx—1, a,
by, for 0 < k < N. Then

P(F(ak 15 be—1, ag, br)=(v1, v2,v3,v4))

(F (ax-1) = v1)

P(F(bk—1,ar)=(v2, v3) |F ak—1)=v1)
EFb v4|F (ak—1,br—1,ar)=(v1,v2,v3))
(ax
(ax

P
P(F )—vl)

A

A

P(F bk 1, a%)=(v2, v3) F(ak_l):vl)
P(F(by, v4|F ak—1,ar)=(v1,v3)) (C10)
= (ﬁ‘ 1) = 1)
P(F v3|F ak—1)=v1)
(F v2|F ak,l):vl)
~P(F(bk :v4|F(ak_1,ak):(v1,v3)) (C11)

where (C10) follows from the definition of the bit-stuffing en-
coder; and (C11) follows from Lemma III.2 with

@ = F(b_1)

since the labels {F(a; } _n form a Markov chain, and
F(bj,_1) is independent of F(ak) if

Flag 1), Fag_2), ..., Flag)

are given. Conditions 1) and 2) imply that the first three terms of
(C11) are independent of the diagonal 7 and the position k, and
the last term of (C11) is independent of ¢ and k by the definition

319, eq. (24)] is incorrect. It should read

_ (=39 — (4 -39 —4(1 - ¢)(4 = 39)
2(1 - q)(4—3q) '
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of the bit-stuffing encoder. Hence, Conditions 1) and 2) together
imply Condition 4).
To prove the converse, first note that

Do N Ry = {(0,0)}

and, therefore, the Markov chains ﬂ(l) and ﬂ(2) must have the
same stationary probabilities. Let a denote the stationary prob-
ability of the state 0. Then
a=ar; + (1 —a)(l—m)
a=ars+ (1 —a).

(C12)
(C13)

Furthermore, by Condition 4) we have

P(R(0,0) = F((~1,1))=0)
_P(F((170)) = F((0,-1)) = 0)

)

which implies

F((l,O) =Y,
=a7r17r3(1—p)—|-a7r3(1—7r1)

+(1—a)(1—m)+m(l —a)
=ary(m(l—p)+1—-m)+1—«

(
+P (F((o 0))=1, F((1,0))=0,
7((~1,-1))=0, (0, ~1)=0)
=amm3(l —p)+ am (1l —p)(1 —m3)
+(1—a)(l—m)

=am(l—p)+ (1 —a)(l—m). (C14)

The solution of (C12)—(C14) for 71, 7o, s in terms of p gives
the formulas in Condition 3). O
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TABLE IX
ADDITIONAL VARIABLES INTRODUCED IN APPENDIX IV AND THE PARAMETERS THEY DEPEND ON

I Notation I Parameters

Description

QEJ) N,’71,72,)\,T,0(1),0(2), s(l),s(Z)

Number of bits £3) maps into ¢th translate of
An,n,n from jth input string.

qi N,"/l,’Yg,A,T,O'(l),O'(Q)

Number of bits £3) does not map into

Ist 7 translates of Ay n n from 4th input string.

APPENDIX IV
DEFINITION OF A THREE-DIMENSIONAL INTERMEDIATE
FIXED-TO-VARIABLE LENGTH ENCODER

This appendix formally defines an encoder used in
Sections VI-A and VI-B.
A fixed-to-variable length encoder

E® - {0, 13l qo, 1yl — | Af(s)
Sez3

is defined by specifying the labeling

5(3) (8(1)78(2)) . AN,N,Z —_— {0/ 1}
as
6 (su), 5<2>) (u)

(£ (20D 262) (D), ifu € Ay nn

+i[N + 2,0, 0] for some
1=0,...,7—1

.y (5(1)5(2))6(") , if u=[uy,u,us]

€ AN,N,Z; U even,

u €{7(N+2),...,2},
§(u) <1 (sWs®)

otherwise .

\ 0 )
where

6(u) = Z(N +1) +us +1
+ (w1 — (N +2))(N +1) [%W

and £®) is the encoder defined in Section III-A; (251, 2(4:2))
is a parsing of (s(M o) 5(2)5(2)) for some auxiliary sequences
oW, @) and 5@ is the suffix of s (for ¢ = 1, 2) that does
not get encoded into the first 7 translates of Ay, x. The default
case when

g®) (5(1)7 3(2>) () =0

includes those w which lie in the intertranslate layers
LUWNE)=1) for j = 1,2,...,7, as well as those

u = [u1,u2,us] € AN NN
for which
u €{7(N+2),...,7}
and either wus is odd or else

6(u) > 1 (§(1)§(2>) .

Note that in the middle case above, the subscript 6(u) refers to
a bit position in the string 51 5().

For given 7, 41, 72, N, binary input strings s") and s(?),
auxiliary sequences o) and o(?), and initial labeling X of U,
we define the quantities (see Table IX)

Q'Y = number of bits of sV (") that £()
maps into Ay y n + [N +2,0,0]
Q¥ = number of bits of s¢(?) that £*)
maps into Ay y y + [N +2,0,0]
g1 (s, s®)) =length of the longest suffix of s(*)
not mapped into Ay n, -(N42)—1
g2(s, 5?)) =length of the longest suffix of 5%
not mapped into Ay n r(N42)—1-
If the auxiliary sequence o) (for i = 1,2) is used during en-
coding, then ¢;(s™), s(?)) is minus the number of bits of o(*)

that get mapped into Ay, N - (N42)—1-
For any ¢, v, 2 > 0, and for fixed ), o("), 0(?), let

B ={(s0,5®) € {0, 1}l s fo, 131N
(s, s < e, qo(sV,s?) < 7'6}. (D1)
Let
A= {(sU),s(?)) e {0, 1}l ™) {0,137

9=l N Hp)+e) < 1]

<2 |_T71N3J (H(p1)—¢)

(1 = py) b ¥

2 LN w2+ <l (1 — gy L] =1
<27 |_""YQN3J (H(PQ)—E)}

be e-typical sequence pairs s*) and s(2) with respect to p; and
po, of length 71 N2 and 7y, N3, respectively.

APPENDIX V
DETAILS OF THREE-DIMENSIONAL CODING RATE
MAXIMIZATION

This appendix provides details used in Section VI-D.

Proof of Lemma VI.1: Suppose that §() and 5 are en-
coded into Ay .z by @) such that the random initial labels
defined by \ : U, — {0, 1} constitute a standard three-dimen-
sional initialization corresponding to p; and ps on each translate
of An, ~,~. Furthermore, let the auxiliary sequence

e € {0, 1}'711\’3
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be a p;-sequence, and let the auxiliary sequence
(3'(2) c {07 1}’}’2Na

be a p2-sequence.
The rest of the proof is similar to the proof of Lemma III.1
and is therefore omitted. O

The following lemmas about the two-dimensional standard
labeling of A, n follow from Theorem IV.2 and the definition
of the two-dimensional bit-stuffing encoder. These results are
necessary for the analysis of the three-dimensional algorithm.
Let \' denote a standard two-dimensional random initializa-
tion of the boundary of Ay n by the stationary homogeneous
Markov chains /i(*) and /i?). The diagonals D; and D;_ 1 in the
following lemma are illustrated in Fig. 10.

Lemma V.1: Let the p-sequence § be encoded into the par-
allelogram Ay, n by £® using a standard initial labeling N.
For a fixed ¢ € {0,...,N — 1}, leta; = (i + j,j) and
b; = (i +j + 1,7) denote the elements of the diagonals D;
and D; 1, respectively. The sequence {F (aj, bj)}j.\;o forms a
stationary homogeneous Markov chain.

Lemma V.2: Let the p-sequence § be encoded into the par-
allelogram Ay, n by £® using a standard initial labeling N.
For i € {0,...,N}, let the random vector F'(D;) denote the
labels of the diagonal D;. The sequence {F(Di)}iio forms a
stationary homogeneous Markov chain.

In the following we show that Conditions a)-d) imply that for

every © € Ay n n if
A+z,B+z,...., H+x € AnnNnN
then the labels of the translates
FA+z,B+z,C+2,D+z,E+5,F+2,G+zH+x)
have the same joint probability distribution as the labels
F(A,B,C,D,E,F,G, H).

First, we show that it holds for the translates on the diagonals
D((]O), D§O), D((Jl), Dil). In the following lemma, the elements
ay, by, ¢y, dy are shown in Fig. 11.

Lemma V.3: Leta; = [0,0,1], b, = [0,1,], ¢ = [1,0,]],
d; = [1,1,1] denote the elements of D((]O), Dgo)’ D(()l), D§1), re-
spectively. If the labeling of An n n by £®) satisfies Condition
b), then for all [ € {1,..., N}, the joint distribution of

A

F(al—17 bl—17cl—17 dl—17 ag, bl7 Cl, dl)

is identical to the joint distribution of

A

F((l[)./ b07 Co, d07 ai, b17 C1, dl)

Proof: The lemma trivially holds for [ = 1. Suppose the
lemma is true for | = k, where 1 < k£ < N. We will show that
the joint distribution of

A

F(ar, b, ck, di, k41,0641, Cry1, ditr)
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is identical to the joint distribution of
F(a07 b07 Co, d07 ai, b17 C1, dl)

Let vy,vs,...,vs € {0, 1} be a valid labeling of the points
ks bk, Chy Ak, A1, bkt1, Crt, diyr
respectively. Then
P(F(almbkvCkvdk7ak+17bk+lvck+lvdk+l)

= (v1,v2,v3, 4, V5, V6, V7, 8))

= P (F(ak7 bk7 Ck, dk) = (Ul7 V2,3, ,U4))

'P(F(ak+17bk+1):(vavvs)|
F(ag, by, c, dy)=(v1, va, v3, ’04))
-P (F(Ck+17 dg1)=(v7, v8)|

F(akwbkaCkadk;ak+1;bk+1):(vl7”27U37U47'U57U6)) .
(E1)

In what follows, we rewrite each of the three terms in (E1). First
we have

P(F(ambk,cmdk):(vhvzws,m))
=P (F(alablacladl) = (’1)1,’1)2,'()3,1)4))
=P (F(a07b07607d0) = (?}17’027’03,’()4))

(E2)
(E3)

where (E2) follows from the induction hypothesis (summing out
four terms), and (E3) follows from Condition b). Furthermore

P (F(ags1, bip)=(v5,v)|
Fag, b, cx, di)=(v1, v, v3, v4))
P (ﬁ(ak+1,bk+1> = (vs, v6)| F'ax, bi) = (vhvz))
(E4)
= P (Fla1,b1) = (v5,6)| F(ao, bo) = (v1,02)) (ES)
=P (Flar,br) = (v5,v)|
F(ag, bo, co, do)=(v1, v, vg,,m)) (E6)
where (E4) follows from Lemma III.2 with
;i = F(ai, b;)
@ = F(cy, dy)

since the labels {F(ai, b;) }f\; , form a stationary homogeneous
Markov chain by Lemma V.1; (E5) follows from Lemma V.1;
and (E6) holds since the initial labels of ¢y and dy are chosen
independently of the initial labels of aq, bg, a1, b1 . Finally, since
the algorithm uses the same procedure to label c¢j41 and dj41
as it did to label ¢; and d;, we have

p (F(Ck+17dk+1)=(v77vs)|

F(ak7 bkv Ck, dk7 Ak+1, bk+1):(v17'U27U377}47'U57’U6))
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Fig. 11. The diagonals D(()O), D§°>, Dgl), Dﬁl).

= P (Pler,dy) = (vr,5)]

F(ao,b07007d07a17b1)=(v1,vz,0371}47057vs)) .
(E7)

Combining (E1) with (E3), (E6), and (E7) gives

P(F(akvbkvclmdkvak+17bk+lvck+17dk+1)
= (’U17’U2,’U3,?)4,?)5,U67’U7,’Ug))
=P (F(aoyboycoydo) = (1/171/2703704))

P (F(al,bl):(v5,v6)|ﬁ(ao,bo,co,do)=(111,’02ﬂ)3>v4))
-P (F(C17d1)=(v77vs)|
F(ao,bo,c(),dma1,bl)Z(v1,Uz,U37U47U57UG))

=P (F(ao,bo,cmdoaalyblacladl)

= (017Uz,vs;m,vs,v&vmvs))~

This completes the induction argument. O

The elements a;, by, ¢, d; in the following corollary are illus-
trated in Fig. 11.

Corollary V4: Let a; = [0,0,1], b, = [0,1,1], s = [1,0,1],
d; = [1,1,1] denote the elements of D(O), D§°>, D((]l), Dgl),
respectively. If the labeling of A n,n by £®) satisfies Condi-
tion b), then the sequence of labels {F'(ay, by, c;, di) L, forms
a stationary homogeneous Markov chain.

Proof: The fact that the sequence { F'(az, by, c1, di)} N is
a Markov chain follows from the definition of the bit-stuffing
encoder. Lemma V.3 implies that this Markov chain is stationary
and homogeneous. O

Lemma V.5: Letdy, Ug,... Uy and 4, 45, ... 4, be finite
sequences of random variables. If (@;, ;) is a Markov chain,
and 4; is conditionally independent of @}, given 4!, for i =
1,2,...,m, then @} is a Markov chain.

Proof: To prove the lemma it suffices to show that the re-
verse chain 4/, ..., 4} is a Markov chain. Let @; take on values
from the alphabet A. Letv € Aand k € {2,...,m}. Then

P(ﬂ;_lzvm;ﬁ...,a;)
= Z I:P(ﬁ;v—lz’u/&;c?'"7a;n7ﬂk:uk7-~-7ﬂm:um)
Uy yeneyUpy EA
Plig=tip, ... =t i}, ..., i},)] (ER)
= Y [P(ij_y = v|i}, @ = up)
Ul yeyUm EA
P (=, - . ., U=t |}, .., 0y, )] (E9)
= > [Pa =vla)
U yeees Uy EA
P(uk:uk,...,ﬁm:umm;ﬁ ,’l/l:n)]
=P(u,_, = vl|iy) (E10)

where the summation in (E8) is taken over all values uy, . . . , Um,
such that the conditioning event has positive probability; (E9)
follows since (ﬂi,zﬂ) is a Markov chain; and (E10) follows
from the assumption that u; is conditionally independent of
@, _, given 4, foreveryi =1,2,...,m. O

The elements a;, b;, ¢, d; in the following lemma are illus-
trated in Fig. 11.

Lemma V.6: Let a; = [0,0,1], b, = JO,I,I!, a = [1,0,1],
d; = [1,1,!] denote the elements of DOO), Dlo), D(()l), D%l),
respectively. If a three-dimensional bit-stuffing algorithm &)
labeling A n,n satisfies Conditions a), b), and d), then the
sequence of labels {F (b, dl)}fio forms a stationary homoge-

neous Markov chain identical to {F(al, cl)};\;o.

Proof: Let 4; = F(al,cl) and 4 = F(bl,dl). Corol-
lary V.4 implies that (ﬁl, 12;) is a Markov chain. Furthermore,
Condition d) and Lemma V.3 imply that #; is condition-
ally independent of 4;_; given @j. Hence, the conditions
of Lemma V.5 hold for ¢, and 4j, and, therefore, 4 is a
Markov chain. Condition a) and Lemma V.3 imply that the
Markov chain {F (b1, dl)}fio is identical to the Markov chain

{F(al,cl)}fio. D
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p{) D

Fig. 12. The diagonals D;‘l)l, D§O), D§-17)1, D;l).

TABLE X

EQUATIONS IMPLIED BY CONDITION a) AND GENERATED BY P(F(A.C,E.G) =

F(B,D,F,H) = (v1, 02,03, 01))

0000: 0427T%=

14+ a(m3(2 — mp) — 2
+a(l + m3(m1 — w1 (1 —p) —

2) +73(1 — mip)(1 — m1p1)))

a?(1 —m)m = ammap(l — a(l — w3(1 — m1p2)))
ami(1—a)(l —7m2) = a(l —m3)(1 — a(l — 73(1 — m1p)(1 — w1p1)))
a(l —a)(1 —m1)(1 —m2) = a?mas(1l — 73)p(1 — w1p2)
ami(1—a)(1 —m2) = a(l — m3)(1 — m1p)(1 — a(l — 73 + mi73p2))

a(l —a)(1 —m)(1 —m2) = a?mms(l — 73)(1 — m1p)p2
amime(l —a) = am (1l — 7r3)p(1 — ol — w3 + m1wap2))

73)%(1 — mp)(1 — m1p2)

0001: a?m(l—m)=a’mn3(l—mip)p1

0010:

0011: a2(1—m1)?=ar?n2ppe

0100:

0101: amm(l—a)=a?mim3(l—m3)(1 —m1p)p1
0110:

0111: am(l—a)l—m)=a’rirs(l—n3)pp2
1000:

1001:

1010:

1011: am(l—a)(l —7r1) =« 7r17r3(1 — m3)pp2
1100: (1—a)? (1—71'2) —a2(1

1101: m(l—a)?2(l—m)=a 7r1(1 —7r3)2(1 — T1p)Pp2
1110: m(l—a)?(1 —7r2) = a27m1(1 — m3)?p(1 — m1p2)
1111: 7m2(1—a)? =a?ni(1 —m3)%pp2

Lemma V.7 below generalizes Lemma V.3 to the points of
LO U LM The elements a;, by, ¢;, d; in the following lemma
are illustrated in Fig. 12.

Lemma V.7: Let j € {1,...,N}. Let ¢y = [0,j — 1,1],

by =1[0,4,1], . =[1,57—1,1], di = [1, 4,1] denote the elements
of DJ(~O_)1, D;O), D;l_)l, Djl), respectively. If the labeling of

An,N,N by E®) gatisfies Conditions a), b), and d), then for all
l € {1,..., N}, the joint distribution of

F(al—17 bl—17 Cl—1, dl—17 ag, bl7 Ci, dl)
is identical to the joint distribution of
F(a07 b07 Co, d07 ai, b17 C1, dl)

Proof: Recall that the random vector F(D](.i)) denotes

the labels of the diagonal Dg-i) for i, € {0,...,N}. Since
the labels of LO form a standard two-dimensional labeling,
{F (0) } _, is a stationary homogeneous Markov chain by
Lemma V2! Using Lemma II1.2 with

=#(D\)

and

= F(D{M)

it follows that D(O) is conditionally independent of

(D( )) given ( 10) . Moreover, the joint distribution
of (F (D(O)) (DE ))) is identical to the joint distribu-
tion of (F (D(O)), (D((] )) by Lemma V.6. Similarly, the
joint distribution of (F( ) F (D(O))) is identical to the
joint distribution of (F(D(O) (D(O))) by Lemma V.2.
The above argument implies that the joint distribution of
(p(Dgl)) F(D(O)) F(Dy ))) is identical to the joint dis-
tribution of (F(D(()l)),F(D(O)) F(D{")). In other words,
when the algorithm labels the diagonal D21 , it encounters
the same E)robability distribution on the neighboring diagonals
Dg”,D%O ,Déo) as it did on the diagonals D((]I), D(()O), Dgo)
when labeling D§1). Therefore, Lemma V.3, Corollary V.4, and
Lemma V.6 hold for the elements of the diagonals D(O), Déo),
Dgl), Dél). Repeating this argument for consecutive diagonals

0 0 1 1
p©, p® p® p)

(forz =2,3,...,
of L(®

N —1) generalizes Lemma V.3 to the elements
UL, O
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TABLE XI

EQUATIONS IMPLIED BY CONDITION a) AND GENERATED BY P(F(B,D, A,C) =

F(F,H,E,G) =

(v1,v2,v3,04))

0000: a?m2= (1—m2)?—afl —m2)(2—m —2m2 —mi(l—p))
+e?((1—m2)® — mi(1 —m2)(2 — p) + 73 (1 — p)(ma(p2 — p1) + (1 — p2)))

0001: am(l—a)=(m+a(ll—m —m))((1—a)l—m)+anri(l—p))
0010: a7r3(1—a)— 1r2—1r%+a(1—7r1—1r2)(1—27r2

—a?(1 — w1 — 2w + 21w + 7% — mimwa(1 — p1) + 72ws(l — p1) — w1 (1 — 71)(1 — 7w3)(1 — p2))
0011: (1—a)?=(m+a(l—m1—m))?
0100: a27rg(l —73) = a27r¥(1 —p)(p2 — m3(p2 — p1))
0110: ofl —a)(l—73)=a?n1(1l—m)(p2 — w3(p2 — p1))
1000: o?m3(l —73) = amip((1 — a)(1 — m2) + ami1(1 — p2))
1001: ol —a)(1 —73) =ami(me +a(l —m —m2))p
1100: o?(1—ms)? =a?npps2

TABLE XII

EQUATIONS IMPLIED BY CONDITION ¢) AND GENERATED BY P(F'(A,B,&E,F) =

F(C,D,G,H) =

(vly V2, U3, U4))

—_——_—_o oo oo o
SO = OO O
—OoO—~, OO ~,O O
SOoOOoO—~ OO~ O

amima(l — p) = amina(l — a(pz — w3(1 — m1p)(p2 — p1)))
amimgp = a*miwa(p2 — w3(1 — m1p)(p2 — p1))

am (1 —m3)(1 —p) = ami (1 — m3)(1 — a(p2 — m3(1 — m1p)(p2 — p1)))
a1 (1 —m3)p = a®m1(1 — 73)(p2 — w3(1 — m1p) (P2 — p1))

Fig. 13.

Lemma V.8 generalizes Lemma V.7 to the points of Ay y n.
The elements a;, by, ¢, d; in the following lemma are illustrated
in Fig. 13.

Lemma V.8: Letz’,je{l SN} Letay=[i—1,7—-1,1],
by=[i—1,5,1,c=1[,j—1 l] d; = [i,7,1] denote the ele-
ments of D;l 11), D(l 1) DJ( )1, D]( 2 respectively. If the la-
beling of Ay n. N by £ (3) satisfies Conditions a)-d), then for
alll € {1,..., N}, the joint distribution of

F(al—l7 bl—17 Cl—1, dl—h ag, bl7 Cl, dl)
is identical to the joint distribution of
F(a'07 b07 €o, d07 ai, b17 C1, dl)

Proof: Letj € {1,...,N}. Letc, = [1,5 — 1,k]
and dr, = [1, j,k] (where & € {0,...,N}) denote the
elements of D; )1 and D( ), respectively (see Fig. 12). It
follows from Lemma V.7 and Condition ¢) that the labels

The diagonals D(.i:l), D(.i_l), D(.i) ) D(.i), the internal point d;,, and its neighbors.
g j—1 J j—1 J p g

F (ck—1,dk—1,ck, dr) have the same probability distribution as
the labels F'(A, B, &, F) (where A = [0,0,0], B = [0,1,0],
£ = 10,0,1], F = [0,1,1], as in Fig. 9). Thus, the labels
of LY satisfy Condition 4) of Theorem IV.2. This implies
that the probability distribution of the labelings of L) by
the three-dimensional bit-stuffing encoder is the same as the
probability distribution of a labeling of L(!) generated by
EB) using a standard three-dimensional initialization and an
auxiliary p-sequence &' as input (i.e., identical to the proba-
bility distribution of the initial labelings of L(%)). Therefore,
the same arguments used to show Lemma V.3, Corollary V.4,
Lemma V.6, and Lemma V.7 for the elements of L(® U L)
can be used to prove the same results for the layers

LOuyrL® LWy L®, O

Remark V.9: As noted in the proof of Theorem IV.2, since
D A RY = {[i,0,0]}
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TABLE XIII
EQUATIONS IMPLIED BY CONDITION d) FOR DIFFERENT VALUES OF (v1, U2, U3, Ua, Us, Ug)

000000 - (1-0a)(1=m)(1=my—a(l—my—m 73(2=p)))+a’rir3(1-p)(1=p1)
’ (1—m2)2—a(l—ma)(2—m1 —2m2—71 (1-p))+a2((1—m2)2—m1 (1—7w2)(2—p)+7; (1—p) (73 (p2—P1)+(1-p2)))
_ l4o(rz(2— ""lp) 2+06(1+7f3(7"11’—2)+ﬂ§(1—ﬂlp)(1—ﬂ11’1)))
- f+0:(1 7r1p)(7r3§1’2— 1)—p2))
000001 : (a=Dma—a(l— 7r1)7r3)( (a (A—m2)tam m3(l—p))
: (a(m1+me—1)—72)(—(a—1)(1-m2)tar1(1-p))
_ 1to(rg(2—mip—2)+a(l+mg(r1p—2)+73 (1—m1p)(1—71p1)))
1+tar (a(1-m1p)(r3(p2—Pp1)—p3)—P)
000010: (a=D)ma(a(l+mg—2my73)—1)—((a=1)272)+a(1—m1)r3(1+o(rimg(1—p1)—1))
: mo—n3+a(my+na—1)(2me—1)+a2(mry +2ma— 2711#2 ﬂ2+fr17r3(1 p1)—mimz(1—p1)+m1(1—p2)(1—m1)(1—m3)—1)
_ to(rz(2-mp)ta(ltmg(mip— 2)+73(1—m1p)(A—71p1))—2)
1t+ar (a(I-m1p)(r3(p2—P1)—P2)—P)

000011 (a=D-ans(-m)? _ lta(rg@=mp)ta(tns(rip=2)+n3(1=m1p)(1=m1p1))=2)
: (r2—a(myfma— D) 1+am (a(I—m1p)(m3(p2—p1)—p2)—P)
000100 : —o2a3rZ(1—p)pa —a?mix3(1—m1p)p1
© a2ai(1— p)(ﬂ's(l’z p1)—p2)  a2mi(1—m1p)(m3(P2—p1)—D2)
000110: —a?(1- ‘"1)7"171'2171 —a27r17r3(1 —T1p)P1
Toa2(1- Tr 7’1(7" (p2— ) p2) azﬂ}(l m1p)(r3(p2—p1)—p2)
001000 : om17r3p 1 7r2 —amimz(l—pa) — a7rl7r3p(1+a(7r3(1 T1p2)—1))
amp((a 1)(1 wa)—ari (1—p2)) p(l—amy
001001 omrslCe—Dm—al—r)rs)p _ omy 75p(1ta(maCir ey )
00110 0' amy(a(ri+mra—1)—m2)p amip(l—amipa)
010000: amy (1-m3) (a—1)(1—m2)—am m3(1—p)(1—p;))

(1—m2)2+a(l—72)(2me+m1(2—p)—2)+a2 ((1—m2)2 =71 (1—72)(2—p)+r; (1—p) (73 (P2—p1)+(1—p2)))
_ —vt(l m3)(A+a(rg(1—m1p)(1—mi1p1)— 1))
+amy (a(l1— ﬂ)lf’)(ﬂs(pz Pl) p2)—

010001 : <G= 7r1)(1 ws)((a DA —mo)—amnz(1—p)) _ —a(l 73)(14a(rz(l—m1p)(1—71p1)—1))
o (a(ritme—)—m2)((a—1)(1—w2)—am (1— p)) 1t+am(a(l- mp)(fra(pz §>1) p2)—p)
010010: —am(1-—m3)((a—1)me—a(l—m1)r3(1

mo—n2+a(ri+ra—1)(2me—1)+a2(ry +2mg— 2wy ma—na+mims(1—p1)— ﬂ'lﬂ's(l p1)+(A—71)m1(1—73)(1—p2)—1)
— —Otil ﬂs)((11+04(7r3)((1—zr1p)(1 )mm) 1))
amy (o b
10011 20l=m)l-m3)((a 118#2 ol mms) o p? rs)(1+a(7r3(1 T1p)(1—71p1)—1))

0 (ra—a(mi Fra-1)2 = “Ttar: (a(l-m1p)(rs(p2—p1)-p2)—2)
010100: o nf(1—m3)ms(1-p)py — a2m (1—73)r3(1—m1p)P1
© o o2n2(1-p)(ra(pe—p1)—p2) ~ aZmi(1-71p)(73(p2—p1)—p2)
010110: a”(1—m1)m (1-m3)mw3p1 oy (1—7g)mg(1—m1p)P1
’ 02(1 7"1%7'1(7?3(292 p1)—p2)  aZri(l—m1p)(73(p2—p1)—p2)
011000: a?ni(1—m3)r3p(1—pa) _ =a®m(1-m3)r3p(1—mipa)
: Omlp((a 1)(1—m2)—am (1-p2) amp(l—am1p2)
011001 <«0-m)m@-ns)rgp _ —o’m(1—ng)rsp(l—mips)
01110 0. omy(a(rytrz—1)—m2)p amp(l—amip2)
100000 : amy(1-m3)(1—p)((a=1)(1—mp)—amr m3(1—p2))
’ A—72)24+a(l—m2) (22 +71(2—p)—2)+a2 ((1—72)2— 71 (1—72) (2—p) +73 (1—p) (73 (P2 —p1 )+ (1—p2)))
_ —a(l-m3)A-—mp)(1+a(rs(d—m1p2)—1))
1+ami(a(l-=m1p)(r3(p2—p1)—p2)—p)
100001 : amy(1-m3)((a—Dre—a(l—m)m3)(A—p) _ —a(l—m3)(1-—mp)(1t+a(rz(1-—mip2)—1))
T (a(ritre—1)—m2)((e—1)(A—72)—am1 (1— p)g 1+owr%ga(1 T1p)(73(P2—p1)—p2)—D)
100010: —a(1—m)(A—m3)((a—1){A—mo)—amim3(1—p2))

mo—m3+a(my+me—1)(2ma— 1)+a2(7r1+27r2 2ﬂ'1ﬂ2 n2+mimg(1—p1)—mimz(1—p1)+1A—7m1)m (1—73)(1—p2)—1)
_ —a_f_l 7?3)((1 ”"117))((1+‘24(7"3(1 )mm)
o a(l -
00011, eUmm-rg) e re el e A R (1) (1 balrg (=1 p2)=1))
’ (mo—a(my+ma—1))2 T ltami(a(l-m1p)(r3(p2—p1)—p2)—D)

—_

100100 : 0‘27"%7"3(1—1’)(1—773)?2 — a27r17r3(1—773)(1—7r1p)p2
T a27i(1-p)(m3(p2—p1)-p2)  oZmi(l1-m1p)(n3(p2—p1)—p2)
100110: o m(I—m)(1—mg)maps  _ _ o’mima(l—m3)(1—m1p)p2
©oaZr(l-mp)(x (3(112 Pl) p2) — aZmi(l- ﬂ'ﬁp)(ﬂs(?z P1)—p2)
101000 =emU-ryp{ —m2 0‘“17"3(1 p2)) _ —ami(d-—m3)p(l+a(rz(1— 7"1P2) 1))
amp(sa 1)(1- vrz) amy(1— f 1p(l—amip
101001 : =—em-m3)((a—1)ra—ars(1—71))p _ _Otﬂ'l(1_“3)P(1+0¢(ﬂ3(1_71p2§_1))
10110 0‘ amy(a(ri+re—1)—m2)p anip(l—omrypa)
110000 : a?nf(1-p)(1-pa)(1—m3)®
' (1—m2)2+a(1l- 7r2)(27r2+1r1(2 p)—2)+a2((1-m2)2—m1 (1—m2)(2—p)+75 (1—p) (w3 (p2—p1)+(1—p2)))
_ o?(1—m3)*(1—m1 p)(1—m1p3)
. Itam (a(Q—m1p)(r3(p2—p1)—Pp2)—P)
110001: a?ri(1—m1)(1—mg)*(1—p) o2 (1-m3)2(1—71p)(1—m1p2)
o (a(ritre—1)—m2)((a—1)(1—mw2)—am (1— P))2 14+anmg(a(l— Wlp)(fr:s(m P1)—p2)—p)
110010: a?m(1-m)(1—73)%(1—ps)
’ "2—W2+0¢(7\'1+ﬂ'2 D)(@2re—1)+a2(r+2mp—2mima—n3 +miw3(1-p1)—7ins(1—p1)+(A—71 )71 (1—73)(1-p2)—1)
_ a?(1—m3)?(1—m1p)(1—m1p2)
o2 ; 1+0¢7f§(0c(1 ﬂlp)éﬂ's(m— 1)—p2)—p)
110011: (=mi)?(—mg)* _ (172 (i—map) (1o 71p2)
’ (rz a(mi+m2—1)? 1+0tﬂ'1(0t(1 m19) (73 (p2—p1)—p2)—D)
110100 : —o 7’1(1—7"3) (1-pp2 _  —a?m(1-m3)2(A—71p)p2
© a2ni(1-p)(r3(p2—p1)— m) aZmryi(1—m1p)(v3(P2—p1)—p2)
110110 _eimO-m(i-re)ps —a?m; (1=m3)> (1=m1p)pa
Coa?m(l- 7r5)(”3(1’22 p1)—p2)  alm 1—#11’)(7?3(1’2—121)—172)
111000 : —o?73(1—m3)2p(1-p2) _ o2m(1—73)2p(1—myp2)
: 1p((a—1)(1~m2)—am (1- p@) amip(l-aripy)
111001 “atm (1or) (g% — o’m(1—75)*p(l—m1p3)

ami(a(ri+r2—1)—72)p amip(l—arip2)

—_

11100:
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fori € {0,..., N}, the stationary probabilities of the Markov
chains /1(1) and /i(?) must be identical. Let o denote the sta-
tionary probability of the state 0. If the labeling of Ay x n by
E®) gsatisfies Conditions a)-d), it follows from Lemma V.8 and
Condition c) that the probability distribution of the labelings of
L® (fori € {0,...,N}) is identical to the probability distri-
bution of the labelings of L), Hence,

o 1
P(F(i,j,k) =0) =a = Sy

1-p
(1+3p)(1—p)

N | =

1+

for every [i,7,k] € An N N.

APPENDIX VI
EQUATIONS FOR THREE-DIMENSIONAL BIT STUFFING
USED TO OBTAIN TABLE VII

In this appendix, we list the equations used to obtain
Table VII. The equations are given in their initial form without
any cancellation of variables. Recall that A = [0,0,0],
B = [0,1,0],C = [1,0,0], D = [1,1,0], £ = [0,0,1],
F=10,1,1],6 = [1,0,1], H = [1, 1, 1] as shown in Fig. 9.

Corresponding to each valid labeling of A, C, £, G and B,
D, F, H there are 16 equations implied by Condition a). These
equations, generated by

P(F(A,C,£,G) = F(B,D,F, H) = (v1,v2,v3,04))

are given in Table X for different values of (v1, va, v3,v4).

Corresponding to each valid labeling of B, D, A, C and F,
‘H, £, G there are nine equations implied by Condition b). These
equations, generated by

P(F(B7D,A7C) = F(‘F7H767g) = (?)17’027’[}3,’()4))

are given in Table XI for different values of (v1, v, vs, v4).

Corresponding to the valid labelings of A, 5, £, F and C, D,
G, H there are eight equations implied by Condition ¢). Some
equations are tautologies—these are omitted. These equations,
generated by

P(F(A,B,&,F) = F(C,D,G,H) = (v1,v,v3,4))

are given in Table XII for different values of (vy, v, vs3,vy).
The equations corresponding to Condition d) are of the form

P(F(B,D,]:,’H,é',g) = (vl,v27v37v47v5,06))
P(F(F,H,&,G) = (v3,v4,v5,05))
B P(F(B,D,f, H) = (vl,vg,vg,v4))
a P(F(F,H) = (v3,v4))

where (vs,v4,v5,v6) is a valid labeling of the points
(F,H,E,G). Some equations are tautologies—these are
omitted. The list of equations is given in Table XIII for different
values of (v1, va, v3, V4, V5, Vg).

Substituting from Theorem IV.2 and from (3) the quantities

1

2
S 14+p+ /I +3p)(1—=p)
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_ 2p
2Ty pr /O30 —p)
2(1-p)

A V(1 +3p)(1—p)

a:l<1+ 1P )
2 (1+3p)(1-p))

the preceding equations corresponding to Conditions a)-d) re-
duce to at most two independent equations. A set of independent
equations we used to express p; and ps is

2—(1-p)*(A1+p1)+(2+(1—p)1 + p1))pf

=1 (F1)
IL+p+p
1—p—2(1—p)2+2(1—p)(1— !
p=2(=p)"+2(1=p)(1=p)+P" _| gy
I—p+yp

where

P = (1+3p)(1-p).

The parameters y; and 7y» are given in terms of the other param-
eters as

(F3)
(F4)

Y1 :oz27r17r3(1 — 7r1p)

Yo =a’mi (1 — m3(1 — mip)).
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