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Quantizers With Uniform Decoders and
Channel-Optimized Encoders

Benjamin Farber and Kenneth Zeger, Fellow, IEEE

Abstract—Scalar quantizers with uniform decoders and
channel-optimized encoders are studied for a uniform source
on [0, 1 and binary symmetric channels. Two families of affine
index assignments are considered: the complemented natural code
(CNC), introduced here, and the natural binary code (NBC). It is
shown that the NBC never induces empty cells in the quantizer
encoder, whereas the CNC can. Nevertheless, we show that the
asymptotic distributions of quantizer encoder cells for the NBC
and the CNC are equal and are uniform over a proper subset of
the source’s support region. Empty cells act as a form of implicit
channel coding. An effective channel code rate associated with a
quantizer designed for a noisy channel is defined and computed
for the codes studied. By explicitly showing that the mean-squared
error (MSE) of the CNC can be strictly smaller than that of
the NBC, we also demonstrate that the NBC is suboptimal for a
large range of transmission rates and bit error probabilities. This
contrasts with the known optimality of the NBC when either both
the encoder and decoder are not channel optimized, or when only
the decoder is channel optimized.

Index Terms—Data compression, index assignment, quantiza-
tion, source channel coding.

I. INTRODUCTION

NE approach to improving the performance of a quan-

tizer that transmits across a noisy channel is to design the
quantizer’s encoder and/or decoder to specifically take into ac-
count the statistics of the transmission channel. Necessary opti-
mality conditions for such channel-optimized encoders and de-
coders were given, for example, in [2], [11], [12]. Alternatively,
an explicit error control code can be cascaded with the quan-
tizer, at the expense of added transmission rate. Additionally,
the choice of index assignment in mapping source codewords
to channel codewords can increase the performance of a quanti-
zation system with a noisy channel. Examples of index assign-
ments include the natural binary code (NBC), the folded binary
code, and the Gray code.

Ideally, one seeks a complete theoretical understanding of the
structure and performance of a quantizer that transmits across
a noisy channel, and whose encoder and decoder are channel
optimized. Unfortunately, other than the optimality conditions
given in [11], virtually no other analytical results are known
regarding such quantizers. Quantizer design and performance
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with index assignments for general encoders and decoders (i.e.,
not necessarily channel optimized) was considered in [7], [16].
Experimentally, it was observed in [4], [5] that quantizers with
both channel-optimized encoders and decoders can have empty
cells, which serve as a form of implicit channel coding. Some
theoretical results are known, however, when the quantizer has
no channel optimization, or when only the quantizer decoder is
channel optimized.

For uniform scalar quantizers with neither channel-optimized
encoders nor decoders and with no explicit error control coding,
formulas for the mean-squared error with uniform sources were
given in [8], [9] for the NBC, the Gray code, and for randomly
chosen index assignments on a binary symmetric channel. They
also asserted (without a published proof) the optimality of the
NBC for the binary symmetric channel. Crimmins et al. [1]
proved the optimality of the NBC as asserted in [8], [9], and
McLaughlin, Neuhoff, and Ashley [15] generalized this result
to uniform vector quantizers. Various other analytical results on
index assignments without channel-optimized encoders or de-
coders have been given in [10], [13], [14].

Quantizers with uniform encoders and channel-optimized
decoders on binary symmetric channels were studied in [3].
For such quantizers, exact descriptions of the decoders were
computed, and the asymptotic distributions of codepoints were
determined for various index assignments. Distortions were
calculated and compared to those of quantizers without channel
optimization. The proof in [15] of the optimality of the NBC
for quantizers with no channel optimization was extended in
[3] to show that the NBC is also optimal for quantizers with
uniform encoders and channel-optimized decoders.

In the present paper, we examine quantizers with uniform de-
coders and channel-optimized encoders operating over binary
symmetric channels. In particular, we investigate a previously
studied index assignment, namely, the NBC. In addition, we in-
troduce a new affine index assignment which we call the com-
plemented natural code (CNC) and which turns out to have a
number of interesting properties. We specifically analyze the
entropy of the encoder output in such quantizers, the high-res-
olution distribution of their encoding cells (i.e., the cell density
function), and the mean-squared errors (MSEs) the quantizers
achieve. We calculate a quantity we call the “effective channel
code rate,” which describes implicit channel coding, viewed in
terms of the entropy of the encoder output. We also show that the
NBC optimality results of [1], [3], [15] do not extend to quan-
tizers with uniform decoders and channel-optimized encoders.
In fact, the CNC is shown to perform better than the NBC.

Our main results for quantizers with uniform decoders and
channel-optimized encoders are the following. For a uniform
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source on [0, 1] and a binary symmetric channel with bit error
probability ¢ € [0,1/2), we compute the effective channel
code rates and cell densities for the NBC and CNC. It is shown
that the NBC index assignment never induces empty cells
(Corollary I11.2), and the cell density function generated by the
NBC is the same as the point density function for quantizers
with uniform encoders and channel-optimized decoders with
the NBC (Theorem II1.4). In contrast, it is shown that the CNC
can induce many empty cells (Corollary IV.3). However, the
cell density functions generated by the CNC and the NBC are
both uniform over the same interval (Theorem IV.5). We also
show that the cell density function generated by the CNC is the
same as the point density function for quantizers with uniform
encoders and channel-optimized decoders with both the CNC
and the NBC (Theorem IV.6). Then we extend a result in [8] by
computing the MSE resulting from the NBC (Theorem V.3). As
a comparison, we state the previously known MSE formula for
channel unoptimized encoders with the NBC (Theorem V.2).
Finally, we show that the NBC is suboptimal for quantizers
with uniform decoders and channel-optimized encoders for
many bit error probabilities (Theorem V.6).

We restrict attention in this paper to a uniform source on [0, 1].
However, it will be apparent that the results can be generalized
to any bounded interval on the real line.

The paper is organized as follows. Section II gives defini-
tions and notation. Sections III and IV, respectively, give results
for the NBC and CNC. Section V gives distortion analysis.
Appendices I-IV contain the proofs of all lemmas and of
selected theorems as well as various lemma statements.

II. PRELIMINARIES

For any set S of reals, let 'S denote its closure. If S is an
interval, let I(.S) denote its length. Let () denote the empty set.
Throughout this paper, “log” will mean logarithm base two.

A rate n quantizer on [0, 1] is a mapping

Q:[0,1] — {yn(0),yn(1), ..., yn(2" = 1)}.
Throughout this paper, all quantizers will be on the interval [0, 1]
and we will assume n > 2. The real-valued quantities y,,(7)
are called codepoints and the set {y,,(0),...,y,(2" — 1)} is
called a codebook. For a noiseless channel, the quantizer Q is
the composition of a quantizer encoder and a quantizer decoder.
These are, respectively, mappings

Q. :[0,1] — {0,1,...,2" — 1}

such that Q,4(i) = y,(7) for all 4. On a discrete, memoryless,
noisy channel a quantizer is a composition of the quantizer en-
coder, the channel, and the quantizer decoder.

Without channel noise it is known that for an optimal quan-
tizer, the encoder Q. is a surjective mapping. However, in the
presence of channel noise, it is possible that in an optimal quan-
tizer the range of Q. may contain fewer than 2" points.

For each ¢, the ¢th encoding cell is the set
Ry (i) = Q71 (1)

If R, (1) = 0 we say R,,(7) is an empty cell.

A quantizer with empty cells can be thought of as implicitly
using channel coding to protect against channel noise. For ex-
ample, if one half of the cells of a quantizer were empty, and
the other half all had equal sizes, this could be thought of as ef-
fectively using one bit of error protection. More generally, the
cascade of a rate k quantizer having 2* equal size cells with
an (n, k) block channel code can equivalently be viewed as a
rate 7 quantizer with 2" cells, 2 of which are nonempty. That
is, for any input lying in one of the 2* nonempty cells, the k-bit
index produced by the original quantizer encoder is expanded to
n bits, which is then used for transmission. A quantizer can also
introduce redundancy by making some encoding cells smaller
than others. This reduces the entropy of the encoder output while
maintaining the same transmission rate. To quantify the amount
of natural error protection embedded in quantizers designed for
noisy channels, we define the effective channel code rate of a
quantizer as

_ H(Q.(X))

n

Te

where X is a real-valued source random variable and H denotes
the Shannon entropy. Then

. log |{i : R (i) # 0} <1

n

0<r.

In particular, the effective channel code rate of a rate k quantizer,
having no empty cells, cascaded with an (n, k) block channel
code (viewed as a rate n quantizer) is at most k/n, i.e., the rate
of the channel code. For such a cascaded system, if 7, denotes
the rate of the block channel code and if cell sizes are equal, then

Te =T

In this paper, we compute the effective channel code rates of
certain quantizers that cannot be decomposed as cascades of
(lower transmission rate) quantizers with block channel codes.

A quantizer encoder is said to be uniform if for each i, the ¢th
cell satisfies

Rp(i) 5 (227", (i + 1)277).

We say the quantizer decoder is uniform, if for each ¢, the ¢th

codepoint satisfies
. R N
Yn(1) = <z + 5) 27"
The nearest neighbor cells of a rate n quantizer are the sets
Vj # i}

for 0 <4 < 2™ — 1. A quantizer’s encoder is said to satisfy the
nearest neighbor condition if for each ¢

To(i) = {2 [yn (i) — | < |yn(4) — =,

Tn(i) C Ry (i) C Typ(d).
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That is, its encoding cells are the nearest neighbor cells together
with some boundary points (which can be assigned arbitrarily).

For given n, ¢, and real-valued source random variable X,
the centroid of the ith cell of the quantizer Q is the conditional
mean

ea(i) = E[X|X € Ra(i)]

The quantizer decoder is said to satisfy the centroid condition if
the codepoints satisfy

Yn (i) = cn(i)

for all 7. A quantizer is uniform if both the encoder and decoder
are uniform. It is known that if a quantizer minimizes the MSE
for a given source and a noiseless channel, then it satisfies the
nearest neighbor and centroid conditions [6]. In particular, if the
source is uniform, then a uniform quantizer satisfies the nearest
neighbor and centroid conditions.

For a rate n quantizer, an index assignment m, is a permuta-
tion of the set {0, 1,...,2™ —1}. Let S, denote the set of all 2™!
such permutations. For a noisy channel, a random variable X €
[0,1] is quantized by transmitting the index I = 7,(Q.(X))
across the channel, receiving index .J from the channel, and then
decoding the codepoint

Yn(m () = Qalmy ().
The MSE is defined as
D=E[(X - Qu(r,*(])))?] . (1)

The random index .J is a function of the source random variable
X, the randomness in the channel, and the deterministic func-
tions Q. and m,,.
Assume a binary symmetric channel with bit error probability
€. Throughout this paper we use the notation
6=1-—2¢
€
1—¢€

Denote the probability that index j was received, given that
index ¢ was sent, by

pajli) = 0 (1 = =)

w =

for 0 < € < 1/2, where H,,(4, j) is the Hamming distance be-
tween n-bit binary words ¢ and j. Let ¢,,(¢|7) denote the proba-
bility that index 7 was sent, given that index j was received.

For a given source X, channel p,,(-|-), index assignment 7,,
and quantizer encoder, the quantizer decoder is said to satisfy
the weighted centroid condition if the codepoints satisfy

2" 1
Yn(3) =Y enlD)an(mni)lmn(i))-
i=0
For a given source X, channel p,,(+|-), index assignment 7,
and quantizer decoder, the quantizer encoder is said to satisfy
the weighted nearest neighbor condition if the encoding cells
satisfy

W; C R,(i) C W; ()

where
Wiz s Y (@ 320D para) a()
<Y @) Pl Dlra(R), VE A

For a given quantizer encoder and index assignment, we say
the quantizer has a channel-optimized decoder if it satisfies the
weighted centroid condition. Similarly, for a given quantizer de-
coder and index assignment, we say the quantizer has a channel-
optimized encoder if it satisfies the weighted nearest neighbor
condition. It is known that a minimum MSE quantizer for a
noisy channel must have both a channel-optimized encoder and
decoder [11].

Lemma II.1: A quantizer with a uniform decoder and
channel-optimized encoder satisfies, for all ¢

R.(i) ={z €[0,1] : a,,(i, k) x > Bn(i, k), YEk#i} (3)
where
an(i, k) = '_ J1Pn (o (9)|7n (i) = o (0 () lmn (R))] - (4)

2" —1

Bn(i k) =271 <an(i, k) + Z 5 [P (700 () | ()
7=0
_pn(wn(J)|7rn(k))]) )

Lemma II.1 implies that each R, (i) is a (possibly empty)
interval. Therefore, in this paper, when we describe quantizer
encoding cells it suffices to describe their closures.

For any set A, denote the indicator function of A by

(2) = 1, forze A
XA =10, forz ¢ A.

For a given quantizer encoder, let
A={i:R,(i) #0}.

These are the indices of nonempty cells.
For each n and each index assignment 7,, € S,,, define the
function

A [0,1] — [0, 00)
by

7

1
)= 2 AT o )

i€EA

For a sequence 7, € S, (forn = 1,2,...) of index assign-
ments, if there exists a measurable function ~ such that

y(z) = lim +(x)
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for almost all z € [0,1] and

/Olfy(a:)dx: 1

then we say =y is a cell density function with respect to {7, }.
For each n and each index assignment 7,, € S,,, define the
function

A 10,1] — [0, 00)
by
(n) ) 1
/\ﬂn( )_ ; WXTH()( )

For a sequence m,, € S, (forn = 1,2,...) of index assign-
ments, if there exists a measurable function A such that

A(z) = lim /\(")( )

n—oo

for almost all = € [0,1] and

/()IA(az)d:nzl

then we say A is a point density function with respect to {m, }.

The integrals J; ~ and J; A give the asymptotic fraction of
encoding cells and decoder codepoints, respectively, that appear
in the interval [a, b] as n — oo.

Let a decoder-optimized uniform quantizer (DOUQ) denote a
rate n quantizer with a uniform encoder on [0, 1] and a channel-
optimized decoder, along with a uniform source on [0, 1], and
a binary symmetric channel with bit error probability e. When
considering DOUQs, we impose the following monotonicity
constraint on the quantizer encoder in order to be able to unam-
biguously refer to particular index assignments: For all s,¢ €
[0,1], if s < 1, then Q.(s) < Q.(¢). In other words, the en-
coding cells are labeled from left to right.

Let an encoder-optimized uniform quantizer (EOUQ) denote
a rate n quantizer with a uniform decoder and a channel-
optimized encoder, along with a uniform source on [0, 1], and
a binary symmetric channel with bit error probability e. When
considering EOUQs, we impose the following monotonicity
constraint on the quantizer decoder in order to be able to unam-
biguously refer to particular index assignments For any Yn(7)
and g, (7). if (i) < yn(j) then Q7 (ya(9)) < Q" (yn(4))-
In other words, the codepoints are labeled in increasing order.

An alternative approach would be to view the quantizer en-
coder as the composition 7, - Q. and the quantizer decoder as
the composition Q4-7,; !, by relaxing the monotonicity assump-
tions made above. This would remove the role of index assign-
ments from the study of quantizers for noisy channels. However,
we retain these encoder and decoder decompositions, as a con-
venient way to isolate the effects of index assignments, given
known quantizer encoders and decoders.

Let a channel unoptimized uniform quantizer denote a rate
n uniform quantizer on [0, 1], along with a uniform source on
[0,1], and a binary symmetric channel with bit error proba-
bility e.

ITII. NBC INDEX ASSIGNMENT
For each n, the NBC is the index assignment defined by
r(NBO() =i,  for 0<i<2"—1.

Theorem I11.1: An EOUQ with the NBC index assignment
has encoding cells given by

R, (i)
[0, €+ 627], for i =0
=1 [e4+i627" e+ 6(i+1)27"], for 1 <i<2" -2
[1—e—627"1], for 4 =27 — 1.

Proof: The encoding cells satisfy (3) in Lemma II.1, with

0n(ik) = 3 3 [palmN PO (IO ))
§=0
— pa(m POV ()]
— (i — kS ©)
Pali k) =277
- (anu; B+ 3 2 I 0)

~ pa(xVBO(j >|vr<NBC><k>>D

—gnl [(i—k)5[1+26(2"— 1)]+ (42

where (6) follows from Lemma I1.2 and (7) follows from (6) and
Lemma II.3. Thus,

Buli, k)
an(i7 k)
From (6), we have that o, (7, k) > 0 if and only if 7 > k, and

an(i, k) < Oifandonlyif4 < k. Therefore, (3) can be rewritten
as

— 80| ()

= e+6(i+k+1)27"7H 0<i,k<2"—1. (8)

R,(i) = {m €0,1]:2 > ﬂn%k;? V k < and
B, k) )
z < (i B’ Vk> L}. )
By (8), the quantity
B i k)
an (i, k)

is increasing in both ¢ and k. Hence, ifl1 <172 < 2" —1, then
(taking k = i — 1 in (9)) z € R, (4) if and only if
z>e+6(i+ (i —1)+1)27"!
=e+41i627".
Similarly, if 0 < ¢ < 2" — 2, then (taking k = i + 1 in (9))
x € R,(7) if and only if
r<e+6(Gi+GE+1)+1)27"!
=e+6(i+1)27". (10)
O

A consequence of the preceding theorem is that the NBC pro-
duces no empty cells when the weighted nearest neighbor con-
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CNC
m3(i): 000 001 010 011 101 100 111 110
N v ' 1
L o | o 4l o | o R . | o |
B(000)  py(00)  ps(010)  p(011)  gs(100)  g(101)  gu(110)  u(11D)
NBC
m3(i): 000 001 010 011 100 101 110 111
0 |
Lo | o | o | o | o | | ol P
y3(000)  »3(001)  y3(010)  w3(011)  ws(100)  ys(101)  y3(110)  ws(111)

Fig. 1. Plot of the encoding cells of rate 3 EOUQs with the CNC and NBC
index assignments and a bit error rate 0.05.

CNC
(i) 001 011 101 111
o ,
3(000)  93(001)  93(010)  ys(011)  w3(100)  ys(101)  us(110)  wa(111)
NBC
ma(i): 000 001 010 011 100 101 110 111
o .
L o . PSS N G E S R . o« |
y3(000)  w3(001)  y5{010)  w3(011)  y3(100)  3(101)  y5(110)  ya(111)

Fig. 2. Plot of the encoding cells of rate 3 EOUQs with the CNC and NBC
index assignments and a bit error rate (0.25.

dition is used together with uniformly spaced codepoints.
This fact is stated as the following result.

Corollary I11.2: For all n and for all € € [0,1/2), an EOUQ
with the NBC index assignment has no empty cells.

Figs. 1 and 2 illustrate the encoding cells of a rate 3 EOUQ
with the NBC index assignment for bit error rates 0.05 and 0.25,
respectively. Fig. 3 plots the encoding cell boundaries of a rate
3 EOUQ with the NBC index assignment as a function of bit
error rate.

Theorem I11.3: An EOUQ with the NBC index assignment
has an effective channel code rate given by

re = (1-2"")(1 = 2¢) <1 - M)

n
2¢ 4 (1 — 2¢)21 ™ 1
1 )
+ BT (1202

Proof: The definition of r. implies

1 ) 1
re=— > (R (i) log R

1EA

From Theorem III.1

e+ 627", for i =0
I(R,(7)) = 6277, for 1<i<2"—2
e+ 627", for i =2"—1.
Therefore,
62" 1
. =(2" -2 I —
re = ) n o8 <52">

(e+627™) 1
2 1
+ n 08 €+ 62"

=(1—2'"")s <1 - log‘s)

n

2¢ + 21— 1
LI | - . O
+ n °8 <e—|—52—">

As n — 00, the effective channel code rate given by
Theorem III.3 converges to 1 — 2e¢. Fig. 5 plots the quantity r.
from Theorem II1.3 for rate n = 4.

The following theorem shows that the cell density function
for a sequence of EOUQs with the NBC is the same as the point
density function found in [3] for a sequence of DOUQs with the
NBC.

Theorem 111.4: A sequence of EOUQs with the NBC index
assignment has a cell density function given by

v(z) = { ez

fore<z<1l—c¢€

0, else.
Proof: From Theorem III.1
e+ 627", for i =0
I(R,(2) =4 627 ™, for 1<i<2"—2
e+ 627", for i=2" —1.
Therefore, since |A| = 2™ by Corollary II1.2
Y Rne ()
1, fore+62™" <z <l—e—627"
= ﬁ, for 0 <z <e+ 627" or

l—-e—62""<z<l1
3, fore<z<l—ce
—
0, for0<z<eorl—-e<Lz<1
as m — oo. (|

IV. CNC INDEX ASSIGNMENT

Let the CNC be the index assignment defined by
1, for 0 <i<2n7t—1

i+1, for 2771 <i<2m"—2
W’SLCNC)(i) = and 7 even
i—1, for 2" 14+1<i<2"—1

and ¢ odd.
Note that the CNC is a linear index assignment,' since

O =G,
where ¢ is an n-bit binary word, G,, is the n x n identity
matrix with an additional 1 in the upper right-hand corner,
and arithmetic is performed modulo 2 in the product i:G,,. The
CNC is closely related to the NBC. However, it induces very

different encoding cell boundaries for EOUQs, as shown by
Theorem IV.2.

Lemma IV.1: For each n, the polynomial
bn(e) = =83 +(4—2""He2 + (242" e —1
restricted to € € (0,1/2) has a unique root €. The polynomial

is negative if and only if € < ¢} . Furthermore, €}, is monotonic
decreasing and

e < (V4 2)7h

The quantity €, defined in Lemma IV.1 will be frequently
referenced throughout the remainder of the paper. €, plays an
important role as a threshold value for the bit error probability of
abinary symmetric channel, beyond which the encoding regions

! Affine index assignments were studied in [13]. The NBC and Gray code are
linear, and the folded binary code is affine.
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Encoding Cell Boundaries

0.1 0.2

0.3 0.4 0.5

Bit Error Probability

Fig. 3.

and empty cells of an EOUQ with the CNC index assignment
change in behavior. It can be shown, using the general solution
to a cubic, that

2" 44
e = +4 V3sin arctan(t/o) +
12 3
1
~cos arctan(r /o) + 7\ 4L
3 2
where
= 1 3
—on—5 _ 2n72 1
o 97 ( + )

B Yo s

Theorem 1V.2: The encoding cells of an EOUQ with the CNC
index assignment are given as follows.

Ifn =2ande € [0,1/4),0orif n > 3 and € € [0,¢}), then
we have the equation at the bottom of the page. If n = 2 and
€ € [1/4,1/2), then

0, for 1=0
=/~ _ ) [0,1/2], for i=1
Bn) =93 1)2.1], for i=2

0, for i =3.

If n > 3 and € € [¢};,1/2), we have the equation at the bottom
of the following page.

Plot of the encoding cells boundaries of a rate 3 EOUQ with the NBC index assignment as a function of bit error rate.

Corollary 1V.3: For an EOUQ with the CNC index assign-
ment, the number of nonempty cells is

2m, for e€0,¢)
"=l 42, for € [ef,1/(2% 4 2))
2n1, for €€ [1/(2"% +2),1/2).

Al =

Ife € [¢},1/(2"/% +2)), then the indices of the empty cells are

{i:2<i<2" 1 -2 ieven}
Ufi:2" 141 <i <2" — 3, iodd}.

If e € [1/(2"/2 + 2),1/2), then the indices of the empty cells
are

{i:0<4i<2"t ~2 jeven}
Uf{i: 2" ' 4+1<i<2" —1,iodd}.

Figs. 1 and 2 illustrate the encoding cells of a rate 3 EOUQ
with the CNC index assignment for bit error rates 0.05 and 0.25,
respectively. Fig. 4 plots the encoding cell boundaries of a rate
3 EOUQ with the CNC index assignment as a function of bit
error rate.

[0,52—" - ﬂ :
[i627" — £, (i + 1)627" + <252
[io27m + ZED i+ o2 -

i

fori =0
for 1 <i<27 ' -3, odd

]

for2 <3< 2" 1 —2 4 even

i) ;(2—1 —9mm)s — £ 1/2] , for i =271 —1
1/2, (27 4270 + 529 for = 271
[is27m 4 €239 (; 4 1)50n 4 fjf;] , for 271 4+ 1<i<2"—3, i odd
i62m + S (i+1)827" + @] , for 21 42<i<2"—2i even
:(1—2*n)5+@,1}, for i=2"—1.
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Encoding cell boundaries

0 0.1 0.2 0.3 0.4 0.5
Bit Error Probability

Fig. 4. Plot of the encoding cells boundaries of a rate 3 EOUQ with the CNC index assignment as a function of bit error rate.

Theorem IV.4: An EOUQ with the CNC index assignment Ifn > 3ande € [0,€), then
has an effective channel code rate r. given as follows. Let h be _ 2 (pr 1 4ol
the binary entropy function and let Te = =7, \PLIOBP1 T P2 08 P2
5 + (2"7% = 1)(pslog ps + pslogps)) -

€
Ifn > 3ande € [¢,1/(2%/? 4 2)), then

p1=(1—-2¢)27" —

1 —226 9
po=(1—2027" + te rcz—;(mlogm + pslog ps + pe log ps — ps) .
;&26 ) Ifn > 3ande € [1/(2"/2 + 2),1/2), then
€ — €
—(1_ —n 2
p3=(1—2)27" + 1 Tc:—g(pﬂogp?—ps + pe log pe) .
2e¢(1 —€
=(1-2¢)27" — 1(_—462) As n — oo, the effective channel code rate given by The-

9 orem IV.4 converges to 1 — 2¢, for all € € [0,1/2). Fig. 5 plots

¢ the quantity 7. from Theorem IV.4 for rate n = 4.

(1—26)27" + 2771 (1 — 2¢)* +

=

5

. e ) 1—2e Corollary IV.3 shows that given a bit error probability € > 0,
=(1-26)27" 27" (1 - 2¢) for n sufficiently large, an EOUQ with the CNC has half the
=(1-2e)2V " 4+27 " 11 -2e)2 +¢ number of nonempty encoding cells as one with the NBC. The

following theorem shows that despite this fact, for a sequence

1 3—n
bs = 5(1 — 27 =20 (=1 —log (1 - 26)). of EOUQs, the CNC and the NBC induce the same cell density

Ifn = 2and ¢ € [0,1/4), then function (via Theorem II1.4).
1 1— 2 2,2 Theorem IV.5: A sequence of EOUQs with the CNC index
re =g <1 +h <W - ﬁ)) assignment has a cell density function given by
— 4€

W(x):{ﬁ, fore<z<1l—c¢

Ifn=2ande € [1/4,1/2), thenr. = 1/2. 0 else.

?

(fo, 62 n—i}, for i =0 and €< 1/(2"/2 +2)
f2m — < 45+62)2n1+e] 0,1, fori=1

26(7 1)—}-52 te, 25(12-1-1)1 + 6:|, for 3<i< on—1 _ 3,4 odd

(20 = 4)8 + 6%+ 27¥1e) 271 1 /2], for i =271 — 1

26 21,2]':11 ac” +e, 26(”'21,21'11 ac” + e}, for 2771 4+2 <3< 2" —4, i even

ntl_ € — e(2—3e
@RS e (1 276+ €252
n[o,1], for i=2"—-2
( M) 2—”,1}, for i =2"—1 and € < 1/(2"/2 + 2)

else.

[
[
[
|
Ro(i) = [1 (27 +2)8 + 1 — 4e? + 27+1c )2_”_1}, for i = 21
[
[
[
0,

\
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Fig. 5.

Plot of the effective channel code rate r. of EOUQs with the NBC and the CNC index assignments for rate n = 4. The horizontal axis is the bit error

probability € of a binary symmetric channel. Also shown for comparison is the channel’s capacity 1 — H(e).

Proof: For each € > 0 and n sufficiently large
1
27;/2—_{_2 <€
and, therefore, by Corollary IV.3, the indices of the nonempty
cells are

{i:1<i<2" 1 -1, iodd}

U{i:2" 1 <i< 2" —2 ieven}.
As n grows, the encoding cells R,,(¢) in Theorem IV.2 corre-
sponding to i = 2"~ — 1,271 do not affect the cell density
function. At the same time, the right endpoint of the encoding
cell in Theorem IV.2 corresponding to : = 1 converges to € and
the left endpoint of the encoding cell in Theorem IV.2 corre-
sponding to ¢+ = 2" — 2 converges to 1 — €. All other encoding

cells have length 62!~™. Hence, in the limit as n — oo they
uniformly partition the interval [e, 1 — €]. O

For completeness, we derive the point density function of a
DOUQ with the CNC. Analogous to the NBC, the cell density
function in Theorem IV.5 is equal to the point density function
for a sequence of DOUQs with the CNC.

Theorem IV.6: A sequence of DOUQs with the CNC index
assignment has a point density function given by

Proof: From [3], the codepoints of a DOUQ with the CNC
index assignment satisfy

ni) =3 (252 ) e (rE¥ IR0

§=0
_gn J(2"=De+b(ite) + 1 1
(2" = De+6(i—€) + 3,
where (11) follows from Lemma III.3. Thus,
. ~_ [27™(1 —4¢€%), for i odd
yn(i+ 1) = ya(i) = {2_”(1 —2¢)2, for i even

which implies the codepoints are uniformly distributed in the
limit as n — oo. Since

Yn(0) = e 427D (1 — 46%) — ¢

fore<axz<1l—c¢
else.

for 7 even

for 2 odd an

asn — oo, and
(2" =1)=1—e—2"+D(1 —4?) 5 1—¢

as n — 00, the point density function is uniform on (e, 1 — €).
O

V. DISTORTION ANALYSIS

Let Dg;) denote the end-to-end MSE of an EOUQ with
index assignment 7,,. Recall that

A={i:R,(z) # 0}.
For i € A, define the quantities

I.(i) = argmin ¢, (j)

JEA
cn(3)>cn (i)
argmax ¢, (j)
JEA
cn () <en (i)
onli) = sup Ru(i)

(I and I; are defined when the argmin and argmax, respec-
tively, exist). Also, define

V={i:1¢R.()}NA
I, =VenA.

I(i) =

1,.(i) and I;(7) are the indices of cells immediately to the right
and left, respectively, of the cell with index #; V is the set of
indices of nonempty cells that do not contain 1; and I is the
index of the nonempty cell containing 1.

Lemma V.1: The MSE of a EOUQ with index assignment ,,
is
D(wn) :l _9g-n-1 + 9—2n—2
EO 3

i€V
2" —1

- Z 3Pn (T ()17 (1))

2" 1
+272" 3 (4 ) pa (T ()| n (1))

=0
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The next two theorems give the MSEs for the NBC with
a channel unoptimized uniform quantizer and with an EOUQ.
Theorem V.2 was stated in [8] (see, e.g., [13] for a proof). The
results are given as a function of the quantizer rate n and the
channel bit error probability e. Let Dg’;;) denote the end-to-end
MSE of a channel unoptimized uniform quantizer with index
assignment 7.

With no channel noise, the MSE is 272" /12. If a quantizer
with the NBC is designed for a noiseless channel but used on
a noisy channel, then Theorem V.2 shows that (for large n)
roughly €/3 is added to the MSE. If a quantizer with the NBC
and a channel-optimized encoder is used on a noisy channel,
then Theorem V.3 shows that (for large n) the MSE is reduced
by roughly €2 /3 from the channel unoptimized case.

Theorem V.2: The MSE of a channel unoptimized uniform
quantizer with the NBC index assignment is

DINBC) _ ﬁ + E(l — 272y,
cu 12 3

Theorem V.3: The MSE of an EOUQ with the NBC index
assignment is

DNBC) _ D(NBC) 9—nHl).

3 (1 —2e)(1-2"")(1 -
Proof: For the NBC

Pr(mn (7)1 (i)
and Theorem III.1 and Corollary III.2 imply that

= pn(Jl7)

vV ={0,1,...,2" =2}
I =2"—-1.

Hence, Lemma V.1 gives

DE‘I\;BC) _ <% _ 2—n—1 + 2—271,—2)

2" —1

j=0
2" —1
+(27" - Z pa (12" = 1)
2™ —2
+277 ) 22 (i) o (i 4 1)
=0
€(4™ — 1) +2€3(2" — 1)(2" — 2) + 36(2" — 1)?
B 3. 22n
+ (27" =27 (2" = 1)(1 —¢)
2" —2
— 627" Y e+ 6(i+1)27"] (12)
=0
€(4™ — 1) +2€3(2" — 1)(2" — 2) — 3¢(2" — 1)
B 3.22n
— 627" [(2" — 1) + (2™ — 1)2e627"
+ (2" = 1)(2" = 2)es27 "

N (277, _ 1)(2n _ 2)(2n+1 _ 3)622—211
+ (2" — 1)%6%27 2" (13)
D(NBC)
EO
272n (2n—1)(2"—2) (23 —€2)+ (22" —1)e
= 14
2" 3.22n (14)

where the last three terms in (12) follow from Lemma II.3,
Lemma I1.2, as well as (6) and (10), respectively; and where
(14) follows from (13) after some arithmetic. O

Let DE)”O”) denote the end-to-end MSE of a DOUQ with index
assignment 7,,. For a given n and ¢, an index assignment 7,, €
Sy, s said to be optimal for an EOUQ if for all 7/, € S,

DG < DEY
and is said to be optimal for a DOUQ if for all 7/, € S,
D) < DG

In [3], it was shown that for all n and all €, the NBC is optimal
for a DOUQ. Theorems V.2 and V.3 show that with the NBC,
the reduction in MSE obtained by using a channel-optimized
quantizer encoder instead of one obeying the nearest neighbor
condition is
(2 —2e%) (2" — 1)(2" — 2)
3.922n )

The next two theorems show, however, that the NBC is not op-
timal for an EOUQ for all n and all e.

Theorem V.4: The MSE of an EOUQ with the CNC index
assignment is

Di(n,e), for 0<e<e
DENO) | Dafn.o). for € < ¢ < gobe
D3(7’L7€)7 for on /2+2 <e< 1/2
where
Dl(n7€)
272n 9
=—————((1/4) + (2> + (5/2

3(1“6)(( /4) + (2" + (5/2))e
- (22n+1 —15.9" + 4)52
+6(22" — 272 —4)é®
+ (2" —4)(2" - 2)e* —12(2" — 4)65)

DZ(n7€)
2—3n

=T (2 -4 [0 - 3@ +10) - 27+ as)e

—[(2" = 6)(2" = 5)(2" — 4) = 3(2™" + 2" — 48)] ¢
+2(2" — 4)(2*" - 11-2" 4+ 6)
+6(2" — 6)(2" — 4)e* +24(2" — 4)65)

D3(n76)
2—3n

(27 +3+12" - 3)(22 +10) - 2" e

—[(2" —6)(2" —5)(2" — 4) - 3-2°"]¢?
+2(2" = 6)(2" = 5)(2" — )¢’

)
12027 — 5)(2" — 4)é* + 24(2" — 4)65).
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Fig. 6. Plot of the difference in MSE achieved by EOUQs with the NBC index assignment and CNC index assignment for rate 7 = 3. The horizontal axis is the
bit error probability € of a binary symmetric channel. The quantity é,, from Lemma V.5 is also shown.

Lemma V.5: On the interval [0, 1/2], the polynomial

gn(€) = 4(2" — 4)e* +27(2" — 2)é
—2(2%" — 2" _4)e? +2"(2" —4)e — 1

has exactly one root é,, and g, (¢) < 0 if and only if € < €,.
Furthermore

27 < ¢, < 272t

when n > 4.

Note that
gn(277T) 52 — 1> 0

as n — oo, for any ¢ > 0. Hence, the bound on ¢, can be
strengthened to

27211 < én < 272n+a
for arbitrarily small ¢ > 0 and sufficiently large n. Thus,
b~ 27

for asymptotically large n.

The following theorem shows that the quantity é,, defined in
Lemma V.5 is a threshold value for the bit error probability of a
binary symmetric channel, beyond which the MSE of an EOUQ
with the CNC index assignment is smaller than with the NBC,
for n > 3. Lemma V.5 then implies that the NBC is suboptimal
for a large range of transmission rates and bit error probabilities
(i.e., for all € and n satisfying

€> 272n+o(1)

where o(1) — 0 as n — 00). In particular, for every ¢ > 0, the
CNC index assignment eventually outperforms the NBC for a
large enough transmission rate. Fig. 6 plots the quantity

NBC CNC
Df«zo )_DEJO )

as a function of ¢ for rate n = 3.

Theorem V.6: D(CNC) < DINBC) jf and only if n > 3 and
€ > €n.

Some intuition for why EOUQs with the CNC achieve lower
MSE:s than those with the NBC can be gained by examining
the index generated by the CNC. For every ¢ > 0 and for n
sufficiently large, we have

1
7211/2_’_2 <e€

which, by Corollary IV.3, implies the indices of the nonempty
cells in an EOUQ with the CNC are

{i:1<i<2" ' —1, iodd}
U{i:2" 1 <i<2"—2 ieven}.

Corresponding to such nonempty cells, the encoder transmits
(by the definition of CNC) only the odd integers 1, 3, ..., 2" —1.
Hence, the encoder of an EOUQ with the CNC emulates the en-
coder of a rate n — 1 EOUQ with the NBC, and then adds an
extra bit (carrying no information) before transmission over the
channel. Since the CNC uses longer codewords than the NBC,
the CNC codewords are exposed to fewer channel errors on av-
erage, while being penalized with a lower level of quantizer res-
olution. This tradeoff makes the CNC superior to the NBC, ex-
cept for very small bit error rates.
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APPENDIX I
LEMMAS AND PROOFS FOR SECTION II

Lemma 1.1: For any index assignment 7,, € S, and for
0<i<2" -1

27 —1
Z (1- E)ann(7rn(i),7rn(j))EHn(wn(i),ﬂn(j)) -1
=0
Proof of Lemma 1.1: 1t follows immediately since index
assignments are permutations. O

Proof of Lemma II.1: Let i and k be two distinct integers
between 0 and 2™ — 1. Then the inequality in (2) can be rewritten

Z_ (2% = 22y (5) + Y (7)]pn (10 () 1700 (4))
7=0
< z_: [2% — 22y,(5) + Y22 (7)pn (7 () |70 (K)).

Since 7, is bijective and >, pn(ji) = 1, Vj, cancellation of
terms gives

e

23:]

+ EE D] g5

<y |20+ G g )0
§=0
or equivalently
2" 1
T Z I[P (70 ()70 () = po(mn(5)|mn (k)]

>27"7 N (G 4 )P (ma(5) 7 (0))

=0
= Pl (4)mn (K))]- O

APPENDIX I
LEMMAS AND PROOFS FOR SECTION IIT

The following lemma is easy to prove and is used in the proofs
of Lemmas II.2 and II.3.
Lemma II.1:

Hyi1(i,5) = Hn(i, 5),

for0<i,7<2" -1
=H,(i,j)+ 1,

for0 <i4,7<2" -1
=H,(1—2",j)+1,

for 0<j<2" -1

and 2" < g < 2"t 1
=H,(i—2"j—2"),

for 2" <i,j <2ntl_1.

B1)
Hy (i, +2")
(B2)
Hn+1(i7j)

(B3)
Hn+1(i7 J)
(B4)

Lemma 11.2: If0 < ¢ < 2" — 1, then

Z jon (FOEO(ITNED ) ) = (27 -

Proof of Lemma I1.2: 'We use induction on n. The case of
n = 1 is true since

NBC), . NBC),. .
p1 (7820 @)) =pa(ili)
1
> ip(ilo) =
=0
1
Z]Pl(ﬂl) =l-e
7=0

Now assume (B5) is true for n and consider two cases for n + 1.
If0 < ¢ < 2™ — 1, then using (B1) and (B2) to express
Pr+1(7]7) in terms of p,,(j|¢) and simplifying with Lemma 1.1

e+ is. (B5)

gives
ont+l_q
Z Jpn+1(J|L)
=0
om_1 2m_1
=(1—€¢) Y palili)+e D ipalili) + 2%
j=0 =0

=(2"" — e +ib
where (B6) follows from the induction hypothesis.
If 2" < 4 < 2"*! — 1, then using (B3) and (B4) to express
Pn+1(J|?) in terms of p,(j|¢) and simplifying with Lemma I.1
gives
ontl_1

Z Jpn+1(./|z)
i=0
2" 1
=€ Z Jpn(.]|1’ - 2n)
j=0
2" —1
+(1=€) D jpalili—2") +2"(1—¢)
§=0
=(2" —1)e +i6 (B7)
where (B7) follows from the induction hypothesis. O
Lemma I1.3: ITf0 < ¢ < 2" — 1, then
2" 1

3 (7PN ))

€ 2¢2
n (o™ —
+3 (
+i2e6(2" — 1) + 1262 (B8)

Proof of Lemma 11.3: We use induction on n. The case of
n = 1 is true since

p1 (7P GIEO@) = pa(ili)

1
> i’pil0) =€
j=0

1
> i mil) =1—¢
7=0

(B6)

(2" - 2)
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which satisfies the right-hand side of (B8). Now assume (BS) is
true for n and consider two cases for n + 1.

Ifo < ¢ < 2™ — 1, then using (B1) and (B2) to express
Pn+1(jt) in terms of p,(j|¢) and simplifying with Lemma 1.1
gives

ontl_g

> P panalili)
j=0

2" —1 2" —1
=1 =€) Y ipulili) + € > 5*pnlili)
7=0 7=0
2" —1
+e2" N " pa (i) + 27"
7=0
€ 262
= 5(4*“r1 —1)+ ?(2"“ — 12"t - 2)

+92e6(2" T — 1) 44262 (B9)

where (B9) follows from the induction hypothesis and
Lemma I1.2.

If 2" < 4 < 2"+ — 1, then using (B3) and (B4) to express
Pr+1(j]7) in terms of p,,(j|¢) and simplifying with Lemma 1.1
gives

ont+l_q
> 3 pnra(ili)
7j=0
2" —1
=e Y Ppaljli—2")
j=0
2" —1
+ (=) Y iPpalili—2")
=0
2" —1
+ (1= 2" Y jpalili —2") + 22" (1 —¢)
j=0

2 2
— %(4’“rl 1)+ %(2’“rl —1)(2ntt —2)

+2e6(2" L — 1) 44262 (B10)
where (B10) follows from the induction hypothesis and
Lemma II.2. O

APPENDIX III
LEMMAS AND PROOFS FOR SECTION IV

The following two lemmas are used in the proofs of
Lemmas III.3 and IIL.5. Let

H,(i.5) = H(#x{N ), 7{N ().

Lemma IIl.1:
H,(i, j) = Ha(i, ),
for0<i,j<2nt_—1
or 2"t < j<2m—1
gn(‘aJ) :Hn(bJ + 1)7
for0<i<2rl—1 2nt<j<on—2

and j even

(ChH

?

(C2)

for0<i<2" '—1,2"t41<j<2"—1,

and j odd (C3)
H,(i,§) = Ha(i.j + 1),
for2" l<i<2"—1,0<j< 2"l —2
and j even (C4)
H,(i,j) = Ha(i, j = 1),
for2nl<i<on—1,1<j<2"t—1,
and 7 odd. (C5)
Proof of Lemma II1.1: Tt follows from the definition of the
CNC. O
Lemma II1.2: Tf0 < 5 < 2"~1 — 1, then
272

Z (1 — €)™ Hn(0d) Hn (i)

j:27171
7 even
_ Je(1—e€), for i even
N {62, for i odd (€6)
271
Z (1 — )" Hn(i0) Hn(ind)
j:27171+1
7 odd
€2 for i even
= ! . 7
{e(l —¢), for i odd ©7)
and if 271 < 4 < 2" — 1, then
on—1_g
Z (1 — ) Hn(03) Hu(id)
=0
J even
_ Je(1—¢€), for i even
o {62, for i odd 8
DA |
I (1= ) Hnlid) o)
j=1
j odd
€2, for i even
N {e(l —¢), for i odd. ©)

Proof of Lemma II1.2: 1t follows from the definition of the
NBC. ]

Lemma II1.3: Tf0 <4 < 2™ — 1, then
on—1

> dpa (RENO GV )
j=0

@ =1De+6(i+e¢€), for i even
Tl (2" =1De+6(i—€), for i odd.

Proof of Lemma II1.3: 1f0 < i < 2"~1 — 1, then using
(C1)—(C3) in Lemma III.1 to express

o (TN ANO(0))

in terms of €, n, and H, (i, 7) gives
27 _1

> ipn (RO RN )
7=0



652 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 52, NO. 2, FEBRUARY 2006

2l
_ (1 — ¢)n—Hn (i) (H(isd)
j=0
271_1 .. ..
+ Z G-11- €)n7H71(Z‘r])€H7l(zv])
j=2"""+1
j odd
272 . N
+ Z (54 1)(1 — )~ Hn(iod) Hnulisd)
j=2"""
J even
[ (@"=1)e+6(i+¢€), for i even
= {(zn —1)e+8(i—¢), foriod  C1O

where (C10) follows from Lemma II.2 and (C6) and (C7) in
Lemma III.2.

If 2n~1 < 4 < 2" — 1 then using (C4), (C5), and (C1) in
Lemma III.1 to express

pn( (CNC)( NG (CNC)( >>

in terms of ¢, n, and H,, (i, j) gives
on 1
Z jon (RN ()N 6) )
2” 1_1 .. ..
_ Z (J _ 1)(1 _ 6)n—Hn(z,j)eHn(z,])
j=1
j odd
on—1_2
Y G- gD )
j=0
J even
2n 1
+ Z e)n—Hn(i,j)EHn(i,j)
j=2n1
[ (2" =1)e+6(i+¢€), for i even €11
T (2" =1)e+6(i —€), for i odd

where (C11) follows from Lemma II.2 and (C8) and (C9) in
Lemma II1.2. O

The following lemma is used in the proof of Lemma IIL.5.

Lemma II14: 1f0 < i <271 _1, then

272
Z j(1 - 6)"—Hn(i,j)GHn(’i,j)
j=277,—1
J even
277 Le(1 — €2) — 262(1 — )
=4 +16(1 — €)e, for ¢ even (Cl12)
(271 — 1)e2 + ide® + 2713, for i odd
271
S (1 E et i)
j=2""+1
j odd
(2" +1)e? + ide?
=¢ +(2"71-2)e, for ¢ even (C13)
277 e(1 — €%) +i6(1 — €)e, for i odd

and if 2"~! < § < 2" — 1, then

on—1_¢9

Z j(l — E)n_Hn (i:j)EHn(i:j)

=0
J even

(2"t =1)e*(1-€)—€*(1-¢)
0

i—2""1H5(1 — €)e for < even
= (21E . 1)62’ ( (1)— 0 (C14)
+ (i — 2"~ 1)662, for i odd
2n—l g
Z G(1 = ) Hn(i0) Hn(iod)
j=1
j odd
2l —1)e3 4+ (1 —e)
+ (i — 27 1)6e?, for 4 even
= (2’(1—1 - 1)62(1;6)4-62(1—6) (C15)
+ (i —2"71)5(1 — e)e, for i odd.

Proof of Lemma I11.4: For each sum in (C12)—(C15), the
first and last digits of the binary expansions of ¢ and j are con-
stant over all terms in the sum. Therefore, their contribution to
the Hamming distance H,, (%, j) is the same for each term in the
sum. Hence, by summing over the middle n — 2 bits of j, the
left-hand sides of (C12)—(C15) are (1 — €)™ times, respectively,

(om—2_1 Hy, 2(i/2,5)+1
(2j+271) (1;) , for i even
=0
1 Ho((i=1)/2,0)+2
(2j 4271 (1;) , fori odd,
\ ;=0
gty Ho_o(i/2.5) 42
(2j+14+271) (IL) \ for i even
j=0
on—2_ Hy—2((i=1)/2,5)+1 )
(2J+1+2n 1) (;{) , fori odd,
\ j=0
/ 277.72_1 Hﬂ'72((i—2n71)/2=]‘)+1
2 (ﬁ) , for 7 even
j=0
on—2_ 4 ' H'I_Q((i7172n—1)/2_’j)+2 .
2 (ﬁ) , foriodd,
\ j=0
(2n=2_1 Hyo((i-2"71)/2,5)+2
ZO (2j+1) (ﬁ) for 7 even
i=
iy H,_o((i—1-2"71)/2,j)+1 .
(2j+1)( e ) , for i odd.
\ Jj=0

The right-hand sides of (C12)—(C15) then follow from
Lemma II.2.

O
Lemma IIL5: 1f0 < i <271 — 1, then

27 _1
prn(mscm(j)|7r£FNC><z'>)
=

e[(Q ) +2 +1]+§(22"+1—9-2"—14)
) —e(@ntl-8 )+z5[2e( 1)+2¢8] + 3262, for i even
e 2“*1 2”+1] +E (22 —3.27—2)

+ 2”"’163 +i6[26(2™ — 1) — 2€6] + 0262, for i odd
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and if 2771 < 4 < 2" — 1, then

2"—1
ZJ PN () (VO o))
22" 2n+1i|+ (22n+1+9 on _ 14)
)= 3(3-2”“— )+i6[2€(2"—1)+2€8]+i%62,  for i even
_1>+2n+1:|+ (2271-‘,—1 21271_2)
+3-2nH1e3 1i5[2¢(2™ — 1) —2€8] +i26%,  fori odd.

Proof of Lemma IIL5: 1f 0 < i < 2"~! — 1, then using
(C1)—(C3) in Lemma III.1 to express

o ( (01\0)( N CNC)( ))

in terms of €, n, and H, (%, ), and simplifying with (C6) and
(C7) from Lemma II1.2 gives

2"—1
23 m(m OGN 0)
2"—1
— Z ]2(1 _ e)n_Hn(i:j)eHn(i:j) + €
j=0
2" —1
-9 Z §(1— e)n—Hn(’iaj)EHn(iJ)
j=27"141
j odd
2" —2
— YT (1= G Gi)
j=2n1
j even
6[( _1)+2n+1]+ (2271-‘,—1 9211_14)
_ (2"t —8)+id[2¢(2" —1)+2€8]+i%62, for i even
EI:(2_'171) 2n+1i|+ (22n+1 32n_2)
+27 L3 1 ib[26(27 — 1) —2¢68] + 3262, for i odd
(C16)

where (C16) follows from Lemma II.3 and (C12) and (C13) in
Lemma I11.4.

If 2"=1 < ¢ < 2" — 1, then using (C1), (C4), and (C5) in
Lemma III.1 to express

p (TN ()N i) )

in terms of €, n, and H,,(4,7), and simplifying with (C8) and
(C9) from Lemma II1.2 gives

21
> 3% (TN AN )
=0

21
= 3 P D)
j=0
on—1_1
. Z j(1— E)n—Hn(i.,j)EHn(iaJ')
j=1
7 odd

653
on—1_2
— S (1 - g H ) Ha i)
7=0
J even
2271_1 2n+1:| + (22n+1+9 on _ 14)
—€ (3~2”+1— )+i6[26(2" —1)+2¢8]+i?62, for i even
f[(Z5) +2m 1]+ 5 22 —21.2m—2)
+3 - 2n L3 1i8[2e(2 — 1) — 2e6] +1262, for i odd
(C17)
where (C17) follows from Lemma II.3 and (C14) and (C15) in
Lemma II1.4. O
Proof of Lemma IV.1: Since
¢III <0
¢n(0)= -1
pn(1/2) =271
dn(l)=—3

the cubic function ¢,, has exactly one root (i.e., €};) in (0,1/2),
¢n < 0on[0,€), and ¢, > 0 on (e, 1/2]. Furthermore,
€, > €, since

ni1(€) — pnle) = 2"Te(1 —¢), Ve.
The fact that
oL
moTon/2 49
follows from the fact that
2n+1 . 93n/2
Pu <2n/21+2> =* (2n/+2i22)3 >0 H

Proof of Theorem 1V.2: The encoding cells satisfy (3) in
Lemma II.1, with

2" 1
(i k) = 3 7 [pa(m OGN @)
7=0
P (N () LN (k)
6(i — k), for i,k evenor i,k odd
= 6(i —k—2¢), for k even, i odd
6(i — k + 2¢), for i even, k odd

(C18)
where (C18) follows from Lemma II1.3. Let
pn(i7 k) = /Bn(La k)/an(z, k)
for i # k. Note that p,, (7, k) is well defined because o, (7, k) #
0 whenever k # i, by (C18). Also, from (C18), we have that
an(i,k) > 0if and only if s > k, and o, (i, k) < 0 if and only
if¢ < k.

Thus, (3) can be rewritten as
Roi) ={w € [0,1]: 2> puli, k), Vb < i
and z < p,(i,k), Vk > i}
= : i, k) <x<mi k) p.
{:1: €10,1] Iggg(pn(z,k)_x_glg?pn(z,k)}
(C19)
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Therefore, the encoding cell with index ¢ is empty if and only if
at least one of the following conditions holds:

i, k) > min p, (i,
max pu (4, k) 2 min pn (3, k) (C20)
. ) <
min pn(i, k) <0 (C21)
k) > 1.
max pn (i, k) 2 1 (C22)

For notational convenience, assume
max pn(0,k) =0
nax pn (0, k)

min p (2" — 1, k) =

We will examine four cases, corresponding to the parity and
size of a cell’s index z.

Case I:ieven, 0 < ¢ <2712

Equations (5) and (C18) as well as Lemma IIL.5 imply (C23)
at the bottom of the page. Equations (C24) and (C25) follow
from (C23) and the fact that p,, (7, k) is increasing in k for k < 4
and k > 1.

o . 2"e(24+¢€)\ o n
max pnl(i k) = (zé + T+ 2¢ > 2 (C24)
i#0
o : 2"\
min pn(i k)= (i+1)6 — 27" (C25)
>

For i # 0, the ith encoding cell R, (%) is nonempty if and
only if the conditions in (C20)—(C22) are each false. Equations
(C24), (C25) and Lemma IV.1 imply (C20) is false if and only if

. 2"e(24¢€)\ _, . 22\
<L(5+ﬁ>2 <<(z—|—1)6— 5 )2
(C26)

or, equivalently, if and only if
€e<en.
Equation (C21) is false if and only if (C25) is positive, or
equivalently
1
< /-7 logl+D) 4 3°

Similarly, (C22) is false if and only if (C24) is less than 1, or
equivalently

(C27)
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which is always true, since

1—¢€2

—>1
1—4e? >

and 7 < 2". Lemma IV.1 implies that

- 1
n < 9m/2)-(1/2) os(41) 4 2

for ¢« > 0. Hence, if € < €}, then (C27) holds, and therefore,
R, (%) is nonempty for 7 # 0 if and only if € < €.

For + = 0 the conditions in (C20) and (C21) are equivalent
and the condition in (C22) is always false. Therefore, the en-
coding cell R,,(0) is nonempty (from (C21) and (C25)) if and
only if

1

— C29
< 2n/2 49 (€29

Case2:iodd, 1 <i<2r~t_1

Equations (5) and (C18) as well as Lemma II1.5 imply (C30)
at the bottom of the page.

If ¢ # 1, then from (C30)

maxpy (i, k)

k<i
_ n—1 6(1_6)
_max{ I£1<af<e—|—2 (i+k+1)— o
k even
e+2‘"‘1(i+k’+6)6’k , 2} (C31)
2" 2 *
—Z ) o,
_ (L& for e < ¢, (©32)
((20—2 )5+52 2n+1e)2—n—17 for € > €.

Equation (C32) was obtained by noting that in (C31) the first
term is greater than the second term if and only if both k = i — 1
(since k is even) and (after some algebra) ¢(e) < 0 (i.e., € < €
via Lemma IV.1). If ¢+ = 1, then from (C30)

C (1 - ¢?) o (s 2"\ o
i< Tz (C28) max pn (i, k) = pn(1,0) = (6 5 )2 (©3Y
e+27" i+ k414 266, for 0 <k<2" ! -2 k even
_ e+ 27" i+ k14205 + U=0 for 2771 <k < 2" —2, k even
pn(7/7 k) = 1( )e(l e) -1 (C23)
e+27" i+ k+ 1)+ o for 1 <kE<2"" -1, k odd
e+2 " i+ k+1)8, for 271+ 1<k <2" —1, k odd.
e+27" G+ k+1 for 0 < k<27 ! -2 k even
—n—1 n—1 . n __
pulis k) = €+ 2 for 2 <k<2 2, k even (C30)

e+2 "1+ k46

(

_ (
(
e+27" i +k+6

)6 —
i+ k+1)6,
)0,
)6 —

for 1 <k<271_—1, k odd
for 2" '+ 1<k <2" -1, k odd.
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Fori # 2771 —1

min py, (4,)
e(1—€)

27 k1) — ————2
et (i+k+1) i—k—2¢

= min min
k>1
2<k<2n—1

k even

e+2—"—1(i+k+1)6‘ ,

k=2n—1

6+2_”_1(i+k—|—6)5’ ,
k=i+2

min e+27 " 1(z+k+5)5— (1= 6)}
i<k i—k

2n—l4l<k<2n—1
k odd

(C34)
2"e(24€) n *
_ (( )6+ =5, )2 fore < e (C35)
((2i42)8+62+2"T1e)27m=1 for e > €.

Equation (C35) was obtained by noting that in (C34) the third
term is less than the forth term evaluated at any odd k between
27=1 4 1 and 2" — 1; and the first term is less than the third
term if and only if both & = ¢ + 1 (since k is even) and (after
some algebra) ¢(e) < 0 (i.e., € < € via Lemma IV.1). If i =
27=1 _ 1, then

(i, k
i)

:min{e+2_"_1(i+k+1)5k :
—on—1

e+2‘"‘1(i+k+é)6—%} (C36)

min
i<k
2n—1l41<k<2n—1
k odd
1
=—. (C37)
2

Equation (C37) was obtained by noting that in (C36) the second
term evaluated at any odd k between 2"~ 4+ 1 and 2" — 1 is
always greater than the first term.

The ith encoding cell R,,(7) is nonempty if and only if the
conditions in (C20)-(C22) are each false. Suppose 0 < e <
€. Then (C32), (C33), and (C35) imply (C20) is false for ¢ #
2"=1 — 1 if and only if

which is always true. If i = 2"~! — 1, then (C32) and (C37)
imply (C20) is false if and only if

2n2
)

which is always true. Equations (C35) and (C37) imply (C21)
is always false since

-6 — <21 -

§) = 2" (C39)

i pn(iB) > 0
min pn (i, k) >

by inspection. Equations (C32) and (C33) imply (C22) is false
if and only if

62 < 2"(1 —€)? (C40)

which is always true. Hence, if ¢ € [0,¢€}), then R, (i) is
nonempty.
Suppose € < e < 1/2. Equations (C32) and (C35) imply

(C20) is false (assuming 7 # 1 and 7 # 2"~! — 1) if and only if

((20 —2)6 + 6> + 2" Tle)27 !

< ((2i+2)6 + 82+ 2"e)27"1 (C41)

which is always true. If i = 27~! — 1, then (C32) and (C37)
imply (C20) is false if and only if

—§(4—8) <2 (C42)

which is always true. If 7 = 1, then (C33) and (C35) imply (C20)
is false if and only if

—2mHe? <267 4 63 4 2" T es (C43)
which is always true. Equations (C35) and (C37) imply (C21)
is always false since

min pn (i, k) > 0

by inspection. Equation (C32) implies (C22) is false for 7 # 1
if and only if

(20 — 2)6 + 6% < 2" (1 —¢) (C44)

which is always true. If + = 1, then (C40) implies that

1
max pn(1, k) <
and hence (C22) is false. Therefore, if € € [,
is nonempty.
Case 3: ieven, 2"~ <4 < 2" —2

1/2), then R,,(4)

on 2 2"€(2 + €) Equations (5), (C18), and (C30) as well as Lemma II1.5 imply
5 <o+ 1+ 2 (C38) (C45) at the bottom of the page. Equation (C45) implies (C46) at
e+ 27 itk +1420)8 — U= for 0<k<2°7! —2 k even
(ik) = €e+27" (i + k + 1+ 2€)6, for 2771 <k <2" -2, k even
Pl B =Y e+ 27100 + k + 1)8, for 1 <k<2"=1_1 k odd
e+27" M i+ k+1)6 — S5 for 2"~ +1<k<2"—1, k odd
=1—p(2" —1—14,2" —1—k). (C45)
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max py, (i, k):1—m1npn(2 —1-4,2" —1—k)

k<i

(z§ +352) 2, for i # 271 and ¢ < ¢
= g (20 = 2)6 + 1 — 4> + 2" e)27"=1 for i #£2""! and € > € (C46)
3 for 4 =271
min gy, (i, k) =1 — max p, (2" =1 —4,2" =1 - k)
((i +1)5+ %) 2-m, for € < €*
=< ((2i4+2)6+1 -4 +2"Te)27"71 fori#2" -2 and € > €, (C47)
((2" )5+ %) 2-m, for i=2" —2 and € > ¢
the top of the page, where (C46) follows from (C35) and (C37), _ <i6 N 2"e(2 — 36)) - (C50)
as well as (C47) also at the top of the page, where (C47) follows )
from (C32) and (C33). where (C50) follows from (C25), and (assuming 7 # 2™ — 1)
The ith encoding cell R, (7) is nonempty if and only if the
conditions in (C20)-(C22) are each false. Equation (C45) im- I]z1>11£1 pn (i, k) :1—1}3;%?( pn(2"—1-i,2" =1 k) (C51)
plies (C20) is false if and only if ’ o 3. 9n2
= 4+ 1 27" 2
r’?inpn(Q"—l—z’ﬂ"—l—k) <(Z+ )8+ 1+2e> (©52)
<z

(27— 1—4,2" —1—k
i S >
<= min p, (7, k) > max p, (7, k),
k>jP(J ) k<jP(J )
for 1<j <21 -1, jodd

which is always true, as shown by (C38), (C39), (C41), (C42),
and (C43). Equation (C45) implies (C21) is false if and only if

W27 —1—i,2" —1—k) <1
@t )<
<= n(7, k) <1,
r]?g;,(P(J,) :
for 1 <j <271 —1, jodd

which is always true, as shown by (C40) and (C44). Equation
(C45) implies (C22) is false if and only if

< min pn(j,k) >0
k1>1jﬂ (4, k)
for 1<j<2" 1—l,jodd

which is always true, as shown by inspection of (C35) and
(C37). Hence, R,,(%) is nonempty.

Cased:iodd, 2"t +1<i<2"—1

Equations (5), (C18), and (C23) as well as Lemma II1.5 imply
(C48) at the bottom of the page. Equation (C48) implies that

max pn(i, k) =1-1min p, (2" ~1-4,2" =1 — k) (C49)

where (C52) follows from (C24).

Fori # 2™ —1, the ith encoding cell R,,(¢) is nonempty if and
only if the conditions in (C20)—(C22) are each false. Equations
(C49) and (C51) imply (C20) is false if and only if

iy o2 =1 )
> (=1 !
<~
. /.k /'k_
1}:1;1;1pn(J7 ) > I}??j( pn(J, k),
for2 <j <2"7' —2, jeven

= e<en (C53)

where (C53) follows from (C26). Equation (C51) implies (C21)
is false if and only if

max pp(2" —1—-4,2" —1-k) <1
k>i
—

max p,(7,k) <1, for 2<j <2t —

2, jeven. (C54)
k<j

Equation (C28) implies (C54) is always true. Equation (C49)
implies (C22) is false if and only if
i 2" —1—4,2" =1 —
min pn i, k) >0
<= min p,(J, k 0,
min pn (3, k) >

for2 < j <27 ' —2 jeven (C55)

e+ 27" i+ k + 1)8,
pn(is k) =

(

(
e+2" i+ k+6
e+ 27"+ k +6)6,

-1

=1-pa(2"

)

e+2 i+ k+1)8 +f}€ 62)57
)6 +
)

F(l €)
i—k

—i2" —1—k).

for0 < k<21 —2 k even
for 2" 1 < k< 2" —2, k even
for 1<k<2"!'—1, k odd
for 2" 1 +1<k<2"—1, k odd
(C48)
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Equation (C27) implies that (C55) holds if and only if

1
< 2(n/2)—(1/2)log(2" —1—i+1) 9

(C56)

Lemma IV.1 implies that €}, is smaller than the right-hand side
of (C56) for 7 < 2™ — 1. Hence, if € < ¢}, then (C56) holds
and, therefore, R,,(4) is nonempty for i # 2™ — 1 if and only if
€ < €.

For 2 = 2™ — 1, the conditions in (C20) and (C22) are equiv-
alent and the condition in (C21) is always false. Therefore, the
encoding cell R, (2™ — 1) is nonempty (from (C22) and (C49))
if and only if

min p,(2" —1-(2"—-1),2" —1—-k) >0

k<2m—1
i 0,k) >0
S g8 >

=e< (C57)

2n/2 42
where (C57) follows from (C29). O
Proof of Theorem IV.4: The definition of r. implies
L
ZGA

For i € A, Theorem IV.2 and Corollary IV.3 give I(R,,(4)) as
follows. If n = 2 and € € [0,1/4), then

) log m (C58)

. 527 — < for 1 =10,3
URn(i)) =4 5 . T
53— 027"+ %, fori=1,2.
Ifn =2and e € [1/4,1/2), then
1
I(Rn(3)) = 3 fori=1,2.

If n > 3 and e € [0,€)), then

(527 — < for i =0, 2" — 1
627" 15({1 ) for 1<i<2"~1—3, jodd; or
. 214 9<i<2" 2 jeven
I(R,(7))= == ’
(Fn (i) 62_"—%, for 2<i<2""1-2 i even;or
27 141<4i<2" -3, j0dd
027"+ S +e, for i =2""1—1, 2771,

Ifn > 3ande € [e,1/(2"/2 4 2)), then

(R, (i)
527 — < for i=0, 2" — 1
52742182 et & for i=1, 2" — 2
=9621—", for 3<i<2""1'—3, i odd; or
2" 14 2<i<2" 4, jeven
§2t—m — 27162, for i =2""1 —1, 2"~1
Ifn >3ande € [1/(27/% +2),1/2), then
I(Rn(7))
g1 42 =162 ¢ for i =1, 2" — 2
) 2t for 3<4<2""1 -3, i odd; or
o 21 42<i<2"—4, ieven
§21—m — 27142 for § =271 —1, 2n71,
The result follows from (C58) and routine algebra. O

APPENDIX IV
LEMMAS AND PROOFS FOR SECTION V
Lemma IV.1: z,(1) - an(%, I.(2)) = Bn(i, I-(2)).
Proofof Lemma IV.1: Leti and j denote the indices of two
adjacent, nonempty encoding cells. Then for all z € R,,(7), the
weighted nearest neighbor condition implies that

(i, 5)2 > B (i, j)-
Assume, without loss of generality, that «,, (¢, 7) < 0. Then
B
an(i, J)
forall z € R, (i). The weighted nearest neighbor condition also
implies that

an(f, 1) 2 Bu(j i)

for all + € R,,(j), or equivalently that

ﬂn(jv i)
2 an(Gr)
for all z € R,(j) because
an(f,i) = —an(i,j3) > 0.
Note, however, that
Buli,g) _ Buldsi)
) B an(j,0)
Hence,
B (i, )

must be the boundary between R,,(7) and R,,(j), for otherwise
they cannot be adjacent. The lemma now follows from the def-

inition of z, (7). O

Proof of Lemma V.1: From (1), we have

2" —1
DI =3 3 pulmailma®) [ (o= uli))?d
€A j=0 Ry, (1)
(DD
Substituting
yn () = (4 + (1/2))27

into (D1), expanding the squared term, integrating and then
summing over constant terms, and expressing the result in
terms of z, (i) and I;(4) gives

Dsﬁo) :% _9-n=14 9=2n—2
— 2_"2[,2,21( i))] Z JPn(mn(5)]70 ()
+2‘2”Z[zn(i)—zn(lz(i))]Z_(sz)pn(ﬁ(j)lﬂ(i))
S J= (D2)

where (D2) follows since each R,(7) is an interval. Re-ex-
pressing the elements of (D2) which include I;(7) in terms
of I,.(i), collecting terms using the definitions of «,,(i,k)
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and 3, (i, k) in (4) and (5), respectively, and simplifying with

Lemma IV.1 gives

D) — =

EO

_ 2—n—1 + 2—2n—2
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Case 2: 2,1/24_2 <e<1/2
Theorem IV.2 and Corollary IV.3 imply that
V ={1,3,5,...,2" 7' -1}

u{ntonmt 2.2t g 2m —4)

—n 2/. . .
+277 [ 3 20(0) - an (i, 1(3) L(i)=i+2, forie{iieV,if2" -1}
z€V2n_1 IT(anl _ 1) :2n71
- Z ]pn 7rn |7rn(11)) Il =2" -2
_— Hence, using Lemmas II1.3 and IIL5 to evaluate the last two
_on L2 . sums in Lemma V.1; using (C18) and Theorem IV.2 to simplify
+2 _2_:0 (7 +57)Pn(mn ()| (11)). = the first sum in Lemma V.1; and collecting terms according to
= which power of ¢ they contain gives
Proof of Theorem V.4: Let | . s
J . D =--3-27"" 9.27°"7
Pu(ili) = pa(a O ()N (0)). =0 =3 " 2
Casel:0S€<€n +<_2+62n_342n>6
Theorem IV.2 and Corollary IV.3 imply that 3 3
V={1,2,...,2" - 2} +<--7.2—"+52- )é’
I() =i+1 3 3
Il _on_q + (2—n+1 _ 2—2n+3)63
Hence, using Lemmas II1.3 and IIL.5 to evaluate the last two 1 — 4¢2
sums in Lemma V.1 and (C18) to simplify the first sum in —2n +25 > z(i) (D4)
Lemma V.1 gives i€V
i#£2n—1—1

CNC
D

1
- _ 2777,71 27277,72
3 +

" (2—2n 272" = 1)e+6(2" — 1 —¢)]

—2n 2" —1 n
+ 2 € 3 +2"+1

€
3

V)

+ — (22"t —21.2" —2) 4 3. 2"t

+ (2" — 1)8[2¢(2" — 1) — 2¢6] + (2" — 1)252>

R D IEACR D D
eV 2%
i even 7 odd

(5/2))e

27271

=30 120 ((1/4)+ (2" +

— (22 152" 4 4)é?
_|_ 6(227’1, _ 2TL+2
—12(2" — 4)¢%)

= Di(n,e€)

1+2€)

—4)e + (2" - 4)(2" - 2)¢?
(D3)

Theorem IV.2 shows that
z2,(1) =1—2,(2" =3 —14)

for 21 < § < 2" — 4 and i even when

1
ST <e<1/2

Therefore, using Theorem IV.2 to evaluate z,, (%), the last term
in (D4) can be rewritten as

1 — 42 on—1_3g on_y
o~ +25 | Y 22+ > #2)
i=1 j=on—1
© odd i even
1 3
— _ 3 . 277171 . 272“72 273"’!/
( 3+ 3 +

+(1-7-27"429.27>" 1 —5. 273 ¢
(-

1+13-27"—21.27%F 4 5.273743) ¢

5 . 2—3n+4> 63

9 . 2—2TL+2 _|_ 5 . 2—37‘1,—1—4)64
_ 2—3”-{-5)65 (DS)

_|_
2 43
I 3 2 n+2 . 2—2n+2 _
+ (3 3
+ (2—TL+2 _
+ (2—2n+3

where (D3) follows from considerable arithmetic and using

(from Theorem IV. 2) where (D5) follows after considerable arithmetic. Substituting
((L +1) ) 92—, for 0<i<2"=1_9_ i even (D5) for the last term in (D4) and collecting terms gives
— v = ? Can
i+1)6+ M)T". for 2#1<i<2"-2 jeven  D(ONO) = ZT (2" +34[(2" = 3)(22" 4+ 10) — 2" Ve

[T

(
=1 (

i+1)0+ 2 G )2,
fori =2""1 -1

. 2n 2 —n
(+1)s+522 ) 2,

for1<i<2n~1—3, 4odd

for 2714+1 < i <2"—3, 4 odd.

—[(2" — 6)(2" — 5)(2" — 4)6 — 3 - 22"]¢?
+12(2" — 5)(2" — 4)e* + 24(2" — 4)65) (D6)
= D3(n,¢).
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Case3: ¢, < e < ﬁ
Theorem IV.2 and Corollary IV.3 imply that

Vv ={0,1,3,5,...,2" "1 — 1}

ufor-ton-tpgon-lyyg . 2n—2}
I.(0) =1
L(2"—2)=2"—1
I, =2" —1.

Theorem IV.2 also shows thatif i € V' — {0,2™ — 2}, then the
expressions for z, () and I,.(z) are the same as the expressions
for z,, (i) and I,.(¢) in Case 2. Hence, Lemma V.1 gives

CNC
DY)

=Ds(n,€) + 27" [22(0) e, (0, 1.(0))
+22(2" — 2)a, (2" — 2, 12" — 2))]

2" —1
+ @7 =27 Y (a2 = 1) = (i12" - 2)]
7=0
2" —1
4+ 272 Z jQ[ﬁn(ﬂZ" —1)—pn(j]2" — 2)]. (D7)
j=0

Simplifying (D7) with (4) and Theorem IV.2, using (C18) to
evaluate «,, and using Lemma IIL.5 to calculate the sum over
52 gives

Dé((})NC) =Ds(n,e) — 2 "[22(0)8% + (1 — 2,(0))?6?]
+ (27— 278
2

4272 gntle 4 %(—30 2" 4 12)

+e3(6-2"T —8)

+8[26R"—1) —2R"H1-3)ed] +(2"T1-3)8%|. (D8)

Theorem IV.2 implies

—n

2n(0) =1— (2" =1+ (=2""? 4+ 6)¢

52
+(5-2" —12)€® + (—2"T! +8)e*). (DY)

Substituting (D6) and (D9) into (D8) and performing consid-
erable arithmetic gives

DN = Dy(n,e). O

Proof of Lemma V.5: Let N = 2". The proof is straight-
forward for the case N = 4, so assume N > 8. Note that

gn(N72)= —4N"!' —2N72 4 SN2 9N
—2N5 44N~ —16N"8
gn(2N72)=1-8N"" —8N~2 + 32N~3 4+ 40N ~*
— 16N> + 64N "7 — 256 N5,

We have g,,(N~2) < 0 since

—4N"14+8N34+9N"* <0
and
2N 5 4+ 4N"7 <0

and we have ¢, (2N~2) > 0 for N > 8 since

64N 7 — 256N % >0,
40N~ —16N~° >0,

and
1-8N"1—8N"2>0.

Thus, the function g,, has a root in
(N72,2N7%) C (0,1/2)

for N > 8, andithas arootin (0,1/2) for N = 8 since g3(0) =
—1 < 0and g3(1/2) = 8. The first three derivatives of g,, are

g, (€) =16(N — 4)e* + 3N (N — 2)¢?
—4(N? —4N — 4)e + N(N — 4)
g (€) =48(N — 4)e> + 6N (N — 2)e
— 4(N? — 4N — 4)
g (€) =96(N — 4)e + 6N (N — 2).

Since g/ > 0 on [0,1/2] and

gr(1/2) = =5N* 4+ 38N — 16 < 0

we must have g// < 0 on [0, 1/2], which implies g/, = 0 at most
once on [0, 1/2]. Therefore, since

gn(0)=—-1<0
and
gn(1/2) =N?/8 >0

the function g,, has exactly one root on [0, 1/2), which implies
that g,,(¢) < 0 on if and only if € < é,. O

Note that the root ¢, of g, could be found explicitly using
the formula for the general solution to a quartic polynomial
equation.

Proof of Theorem V.6: 1f n = 2, then Theorem V.4 implies
that the value of DES%N ©) is the same for

0<e<e
and
N 1

< -
€, S€e< /2 1 2

which gives

2
DENC) _ { g, for 0<e<
EO T ) 7424e+48€7 1 1
Tos —» for 7 <e<s.
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Theorem V.3 gives

D(NBC) _ 1+ 60e — 24¢> + 48¢3 .
Bo 192
Therefore, for n = 2
DG - DO
_ {6(1*63_462), for0§e<%
%, for % <e< %

> 0.

Now let n > 3.
Case1: 0 < e < €
Theorems V.3 and V.4 imply that
NBC CNC
Dgso ) - D(EO )
B 2—2n6

T 142

[_ 1 + (22n _ 2n+2)6
_ (22n+1 _ 2n+3 _ 8)62 + (22’!7, _ 2n+1)€3

which (by Lemma V.5) is positive if and only if € > &,.
Case2: ¢ <e< m
Theorems V.3 and V.4 imply that

DWBC) _ pCNC) 9¢4

e — = (- et 55

+2772[6% — 2(1 + 6¢€)] + 277" (1 + 2€)6°.

(D10)
For n = 3, the right-hand side of (D10) is
—1 4 26€ — 44¢% — 8¢3 n 2¢*
64 62

3 1—4
:26<(1_€26)2+ — E)+¢‘°éi€) >0 (DI

where (D11) follows from ¢3(e) > 0 and

€< 1/(24V8) < 1/4.

For n > 4, the right-hand side of (D10) can be lower-bounded
as

2¢t

e(1—¢)+ =+ 27772 [6% — 2(1 + 6¢)]
+2727(1 4 2¢)6°

>e—e? 42t + 2777 (=1 — 18¢ + 1267 — 8¢%)

+ 277" (1 — 2e — 4€® + 8¢%) (D12)
>t #nl) +2"(1—¢€)— 10
2€
— (14 26)27"2 — 2¢ (D13)
>e2 "1 [24(1 - (1/6)) — 10
—(1+2(1/6))27% = 2(1/6)] (D14)

>0

where (D12) follows from 26%4 > 2¢* and simplifying; (D13)
follows by eliminating all positive terms except ¢, and then sim-
plifying; and (D14) follows from the fact that ¢,,(¢) > 0 when
€ > € (by Lemma IV.1), and the fact that

1 1
< =
€< 2n/2+2 — 24/2+2
for all n > 4.
Case 3: 2/—£+2 <e<1/2
Theorems V.3 and V.4 imply that

NBC CNC
D,E;o )_DESO )

1/6

— 9 n8? [6(1 — ) — 2721 4 18¢ — 28¢ + 86%)
_ 272n53:|

> 2—n62 |:€(1 _ E) _ 2—n—2 . 22.1 _ 2—2nj|

>0

(D15)
(D16)

where (D15) follows from the fact that 6> < 1 and
log(1 4 18¢ — 2862 + 8¢*) < 2.1

for 0 < € < 1/2; and (D16) follows from the facts that €(1 — ¢)
is monotone increasing with € and

€(l—e€) =270 _9=2n 5

for
B 1
€= on /2 +2
and n > 3. O
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