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Quantization of Multiple Sources Using Nonnegative
Integer Bit Allocation
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Abstract—Asymptotically optimal real-valued bit allocation
among a set of quantizers for a finite collection of sources was
derived in 1963 by Huang and Schultheiss, and an algorithm for
obtaining an optimal nonnegative integer-valued bit allocation
was given by Fox in 1966. We prove that, for a given bit budget, the
set of optimal nonnegative integer-valued bit allocations is equal
to the set of nonnegative integer-valued bit allocation vectors
which minimize the Euclidean distance to the optimal real-valued
bit-allocation vector of Huang and Schultheiss. We also give an
algorithm for finding optimal nonnegative integer-valued bit
allocations. The algorithm has lower computational complexity
than Fox’s algorithm, as the bit budget grows. Finally, we compare
the performance of the Huang—Schultheiss solution to that of
an optimal integer-valued bit allocation. Specifically, we derive
upper and lower bounds on the deviation of the mean-squared
error (MSE) using optimal integer-valued bit allocation from the
MSE using optimal real-valued bit allocation. It is shown that, for
asymptotically large transmission rates, optimal integer-valued
bit allocations do not necessarily achieve the same performance as
that predicted by Huang—Schultheiss for optimal real-valued bit
allocations.

Index Terms—Data compression, high-resolution quantization,
source coding.

I. INTRODUCTION

HE classical bit allocation problem for lossy source coding
T is to determine the individual rates of a finite collection of
scalar quantizers so as to minimize the sum of their distortions,
subject to a constraint on the sum of the quantizer rates. Bit al-
location arises in applications such as speech, image, and video
coding. It has been shown [1], [21] that finding optimal integer
bit allocations is NP-hard (as the number of sources grows), via
reduction to the multiple-choice knapsack problem.

Huang and Schultheiss [20] analytically solved the bit alloca-
tion problem when the mean-squared error (MSE) of each quan-
tizer decreases exponentially as its rate grows. The results in
[20] were generalized in [26] by finding optimal real-valued bit
allocations when the MSE of each quantizer is a convex function
of its rate. Other generalizations were given in [17] and [24].
Bit allocation was studied in [3], in the context of trading off
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the total bit budget and the quantization error, a generalization
of the Lagrangian approach.

The formulaic solution given in [20] allows arbitrary real-
valued bit allocations. However, applications generally impose
integer-value constraints on the rates used. In practice, bit allo-
cations may be obtained by using some combinatorial optimiza-
tion method such as integer linear programming or dynamic pro-
gramming [10], [15], [16], [19], [30], [31], [34] or by optimizing
with respect to the convex hull of the quantizers’ rate-versus-dis-
tortion curves [6], [7], [25], [29], [32]. These techniques gen-
erally ignore the Huang—Schultheiss solution. Alternatively, a
widely used technique is to explicitly use an optimal real-valued
bit allocation as a starting point and then home in on an in-
teger-valued bit allocation that is close by. As noted in the text-
book by Gersho and Gray [14, pp. 230-231]:

“In practice, ... if an integer valued allocation is needed,
then each non-integer allocation b; is adjusted to the nearest
integer. These modifications can lead to a violation of the
allocation quota, B, so that some incremental adjustment
is needed to achieve an allocation satisfying the quota. The
final integer valued selection can be made heuristically. Al-
ternatively, a local optimization of a few candidate alloca-
tions that are close to the initial solution obtained from [the
Huang—Schultheiss solution] can be performed by simply
computing the overall distortion for each candidate and se-
lecting the minimum. ... Any simple heuristic procedure,
however, can be used to perform this modification.”

In 1966, Fox [12] gave an algorithm for finding nonnegative in-
teger-valued bit allocations. His algorithm is greedy in that at
each step it allocates one bit to the quantizer whose distortion
will be reduced the most by receiving an extra bit. Fox proved
this intuitive approach is optimal for any convex decreasing
quantizer distortion function. There are many other algorithmic
techniques in the literature for obtaining integer-valued bit allo-
cations. Some examples of these include [1], [4], [5], [13], [22],
[23], [27], [35].

In this paper, we first prove that, for a given bit budget,
the set of optimal nonnegative integer-valued bit allocations
is equal to the set of nonnegative integer-valued bit allocation
vectors which minimize the Euclidean distance to the optimal
real-valued bit-allocation vector of Huang and Schultheiss. The
proof of this result yields an alternate algorithm to that given
by Fox for finding optimal nonnegative integer-valued bit allo-
cations. This algorithm uses asymptotically (as the bit budget
grows) less computational complexity than Fox’s algorithm.

Despite the wealth of knowledge about bit allocation algo-
rithms, there has been no published theoretical analysis com-
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paring the performance of optimal bit allocations with integer
constraints to the performance obtained using the real-valued
allocations due to Huang and Schultheiss.

We provide some such theoretical analysis. Specifically,
we derive upper and lower bounds on the deviation of the
MSE using optimal integer-valued bit allocation from the MSE
using optimal real-valued bit allocation. Informally speaking,
we show that no matter what bit budget is chosen, optimal
integer-valued bit allocation might be as much as 6% worse
than optimal real-valued bit allocation, but never more than
26% worse.

Our main results are summarized in the following (for & > 2).

i) For any k£ scalar sources and any bit budget, the set of
optimal nonnegative integer-valued bit allocations is the
same as the set of nonnegative integer-valued bit alloca-
tion vectors (with the same bit budget) which are closest
to the optimal real-valued bit-allocation vector of Huang
and Schultheiss (Theorem III.13).

ii) An algorithm is given for finding the set of optimal
nonnegative integer-valued bit allocations from the
Huang—Schultheiss optimal real-valued bit allocation
(Algorithm II1.14).

iii) For any k£ scalar sources, suppose the optimal real-valued
bit allocation is never integer-valued for any bit budget.
Then, the ratio of the MSE due to optimal nonnegative
integer-valued bit allocation and the MSE due to optimal
real-valued bit allocation is bounded away from 1 over all
bit budgets (Theorem IV.3).

iv) There exist k scalar sources, such that for all bit budgets,
the MSE due to optimal nonnegative integer-valued bit al-
location is at least 6% greater than the MSE due to optimal
real-valued bit allocation (Theorem IV.5).

v) For any k scalar sources and for all bit budgets, the MSE
due to optimal integer-valued bit allocation is at most 26%
greater than the MSE due to optimal real-valued bit allo-
cation (Theorem V.2).

Our results are for memoryless scalar quantizers and pos-
sibly correlated sources. Cases i) and ii) are first established
for integer-valued bit allocations and then extended to such al-
locations with nonnegative components. In case ii), the problem
of finding an optimal nonnegative integer-valued bit allocation
is reduced to first computing a particular real-valued bit allo-
cation for the same bit budget, and then performing a (low-
complexity) nearest neighbor search in a certain lattice using
the real-valued bit allocation vector as the input to the search
procedure. In each of the cases iii), iv), and v), we derive ex-
plicit bounds on the MSE penalty paid for using integer-valued
bit allocation rather than real-valued bit allocation. A prelimi-
nary version of our results without the nonnegativity constraint
was presented in [11].

This paper is organized as follows. Section II gives defini-
tions, notation, and some lemmas. Section III shows the equiva-
lence of closest nonnegative integer-valued bit allocation and
optimal nonnegative integer-valued bit allocation. Section IV
characterizes, for a given set of sources, the set of bit budgets
for which no penalty occurs when using integer-valued bit allo-
cation instead of real-valued bit allocation. Also, a lower bound
is given on the ratio of the MSEs achieved by using optimal
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integer-valued bit allocation and optimal real-valued bit alloca-
tion. Section V presents an upper bound on the ratio of the MSEs
achieved by using optimal integer-valued bit allocation and op-
timal real-valued bit allocation. The Appendix contains proofs
of lemmas.

II. PRELIMINARIES

Let X, ..., X} be real-valued, possibly correlated, random
variables (i.e., scalar sources) with variances o2, 2.

Throughout this paper, we assume &k > 2 and
0 <cr%./...,cr,% < 0.

The sources X7, ..., X} are memoryless scalar quantized with
resolutions by, . .., by, respectively, measured in bits. The goal
in bit allocation is to determine the k quantizer resolutions, sub-
ject to a constraint on their sum, so as to minimize the sum of
the resulting MSEs.

Let R denote the reals and Z denote the integers. We will use
the following notation:

b:(blvbk)

k
lu| = Zui Yu € R*
i=1

. 1/k
(i
i=1

Agr(B) ={u € R* : |u| = B}
Ar(B) ={ue7":|u =B}
Af(B) ={u € 7" :u; > 0Vi, [u| = B}.

The vector b will be called a bit allocation and the integer B > 1
a bit budget. We say that b is a nonnegative bit allocation if
b; > 0 for all i. Ag(B), Ar(B), and Aj (B) are, respectively,
the sets of all real-valued, integer-valued, and nonnegative in-
teger-valued bit allocations b with bit budgets B. Bit allocations
in A7(B) and A} (B) are said to be integer bit allocations. We
use the notation B mod k to represent the unique integer x sat-
isfying k | (B—xz) and 0 < z < k — 1. If the components of two
vectors are the same but ordered differently, then each vector is
said to be a permutation of the other vector.
We will assume the MSE of the ith quantizer is equal to
di = hio?4™" M
where h; is a quantity dependent on the distribution of X, but
independent of b;. It is known that (1) is satisfied for asymptot-
ically optimal scalar quantization [14], in which case

hi = (1/12) </ |fxi/o 1/3>3

where fx, denotes the probability density function of X;. Also,
uniform quantizers satisfy (1), but with a different constant h;.
Many useful quantizers have distortions of the form in (1), as the
distortion d; in (1) often represents a reasonable approximation
even for non-asymptotic bit rates.
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The total (MSE) resulting from the bit allocation b is

We will also assume that
hi=h

for all ¢. It is straightforward to generalize our results to the case
where d is a weighted combination of the d;’s and where not all
the h;’s are equal. Such multiplicative constants can essentially
be absorbed by o?.

For any k scalar sources and for each bit budget B, let

k

argmin Z
beAr(B) ;4

k
dor = Y hopder(B)i,
i=1

aor(B) = ho?4™b

We call a,,.(B) the optimal real-valued bit allocation and d,,
the MSE achieved by a,,(B). In 1963, Huang and Schultheiss
[20] derived the optimal high-resolution real-valued bit alloca-
tion for the multiple-source quantization problem. Their result,
stated in the following lemma, shows that a,.(B) is unique.

Lemma I1.1: For any k scalar sources and for each bit
budget B,

B 1 2 2
aor(B)=—(1,...,1) + 3 <10g2 %17 ..., log,y %)

k

dor = khga=B/*.

Lemma II.1 implies that the components of the bit allocation
a,r(B) are positive for a sufficiently large bit budget B; how-
ever, a,.(B) need not be an integer bit allocation for any par-
ticular bit budget. The next lemma follows immediately from
Lemma II.1. Let

(aor(B) = b);
denote the ith component of the vector obtained from sub-
tracting b component-wise from a,,(B).

Lemma I1.2: For any k scalar sources, for each bit budget B,
and for any bit allocation b € Agr(B), the MSE resulting from
b is

k
d= hg4_B/k . Z glaor(B)=b)i
=1

For any k scalar sources and for each bit budget B, let
k

min h0i24_bi
beA;(B) pr}

k
Am’(B) = {b S A[(B) : ZfLJi24_b’ = dai}
1=1

doi =
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k
dl = min ho?4~ b
be AT (B) i
k
AR(B) = {b € A (B): Zhafzrbf = d;} .
i=1
By Lemma II.1, these equations are equivalent to
k
do; = min_ hgd=B/EN " glaor(B)=b):
ALY
k
Aui(B) = {b € Ar(B) : hga=B/k 24(%43)4» = doi}
i=1
@
k
dl = min hga=B/E N glaer(B)=b):
beAT (B) ;
k
AL(B) = {b € Af(B) : hgd=P/E Y " 4laer(B)=0)i = d;}.
i=1

We call A,;(B) the set of optimal integer bit allocations and
do; the MSE achieved by any bit allocation in A,;(B). The set
A;L,i(B) and the scalar dji are the analogous quantities for non-
negative bit allocations. In order to analyze A, (B) and df;, we
will first obtain results about A,;(B) and d,;.

A. Lattice Tools

We next introduce some notation and terminology related to
lattices that will be useful throughout the paper. We exploit cer-
tain facts from lattice theory to establish bit allocation results,
specifically Theorems IV.5 and V.2. Most of the following def-
initions and notation are adapted from [8].

For any w € R™, denote a set ' C R™ translated by the
vector w by

F'tw={ut+w:uel}.
For any k > 1, define! the following lattice:
A ={u e yARRE |u| = 0}.

The lattice Ai_; is useful for analyzing bit allocations for &
scalar sources since it consists of points with k integer coordi-
nates which sum to zero. For 0 < j < k, define the (k + 1)-di-
mensional vector

c(k,j) = lc—-i—l(_j"" J I
j J

Note that
le(k, )| =0

for all 7 and k.

lUsually denoted A, in the literature. We use alternate notation to avoid con-
fusion with sets of bit allocations.
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Let ||w|| denote the Euclidean norm of w. For any k& > 1 and
w € RFtL define

D (w) = {u € Ay : |Jw — u|| = min ||jw — v||}
VEAL

i.e., the closest lattice points in Ay to w. Typically, ®4(w) con-
tains a single point, however it can contain more than one point
when w equidistant from muliple lattice points.

Lemma I1.3: For any w,y € RF*!

{u € Ap+y: ||w—u||:v€nﬁr_1w ||w—v||}:<1)k(w—y)+y.

Denote the Voronoi cell associated with any point 4 in the
lattice Ay by

V(y) = {u € R flu—y|| < [lu—wll, Ywe A}

This definition implies V'(y) shares boundary points with neigh-
boring cells. Let

HY = {u e R*™ : ju| = 0}.

The lattice Ay, is a subset of R*+! and also a subset of the k-di-
mensional hyperplane H*. Define the quantity

Vi(y) = V(y) N HE.

III. CLOSEST INTEGER BIT ALLOCATION

In this section, we first demonstrate the equivalence of closest
integer bit allocation and optimal integer bit allocation. Then,
we extend this equivalence to the case where the bit alloca-
tions must have nonnegative integer components. Finally, we
obtain an algorithm for finding optimal nonnegative integer bit
allocations.

For any k£ scalar sources and for each bit budget B, let

Ai(B) = {b € Ar(B) : ||b — aor(B)||
= min ||5 - aOT(B)H}
beA;(B)
k
Dy = {Z ho?4=b ;b e Am;(B)}
i=1

A =A,(B) — a,r(B)

AL(B) = {b € A7(B) : [Ib— aor(B)|

= min
be At (B)

k
Df = {Z ho?4™% . b e A:;(B)} )
=1

Ib - aor(B)Il}
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For a given bit budget B, A.;(B) is the set of closest integer
bit allocations, with respect to Euclidean distance, to the op-
timal real-valued bit allocation. Note that each b € A.;(B) is,
in general, different from a bit allocation obtained by finding the
closest integer to each component of a,,.(B), since such a com-
ponent-wise closest bit allocation might result in using either
more or less than B bits. The set A is a translate of A..;(B) and
is a function of o2, . .. 7cr,% and B, although we will notation-
ally omit these dependencies. .A}%;(B) and D, are the analogous
quantities to A.;(B) and D,;, respectively, for nonnegative bit
allocations.

The following lemma will be used to prove Lemmas III.2 and
IV.4, and Theorem V.2. Define the quantities

1 o? 02)
w==1|log, —,...,logos —= ) —c(k —1,B mod k
2( 2y >y ( )
Mp= |J A
02,02

and note that ;o € H*~!. The union in the definition of Mp is
over all k-tuples of sources that satisfy the assumptions made in
Section 1II.

Lemma III.1: For any k scalar sources with variances
o?,... 0% and for each bit budget B

A=@p_q(p) — p

Furthermore, Mp = Vj_1(0) for all B.

The next lemma states that the smallest distance (in the Eu-
clidean sense) that a closest integer bit allocation can be to the
optimal real-valued bit allocation vector must occur when the
bit budget is at most the number of sources.

Lemma II1.2: For any k scalar sources

inf ||w||= min |w].
wEA wEA

B>1 1<B<k

A. An Algorithm for Finding A.;(B)

The following theorem is adapted from [9, pp. 230-231] and
immediately yields an algorithm for finding closest integer bit
allocation vectors (the components of the resulting bit allocation
vectors need not all be nonnegative). For all u € R, define

The quantity 7(u) is a closest integer to w.

Theorem I11.3: Let B be a bit budget,

lA) = (T(QOT(B)l)./ C.. 77"(aor(B)k))7
and

t=|b|-Bel.
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Let 7 denote the set of all permutations (i, ...
{1,...,k} such that

,ik) of

1

=5 < Paor(B)iy) < -+ < plaor(B)iy) <

DN | =

and let

RT = {b € Ar(B) : 3(i1, ..., i) € Ij such that

) _{IBJ-—L if 5 € {i1, ... 0t} }
= ~

bj7 1f76{2t+1/71k}

R = {b € A7(B) : 3(i1, ..., i) € Iy such that

b_:{éﬁl, if € {in—ests-oovin} |
! bj, ifj € {ir, ... irt}

Then
{b}, ift=0
Aui(B)=4q R, ift >0
R-, ift<0.

Proof: For any w € ZF

4or(B) = b| < llaon(B) = wll.
Suppose ¢t = 0. Then
be Ar(B) c 7*.

Thus, b is a point in A;(B) of minimum distance to ao,(B).

This means that b € A.;(B). Since r(u) is a closest integer to u

and since r breaks ties by rounding upward, any other integer bit

allocation b with minimum distance from a,,.(13) must satisfy

|b] < |aor(B)|. Thus, b ¢ A;(B) and hence, A.;(B) = {b}.
Suppose t # 0 and let

_ I RY,
we R

ift >0
ift <0.

It can be seen that every element of R is a bit allocation b €
Ar(B) which minimizes the difference between ||a,,(B) — b||
and ||aor (B) —b||. Since ||aor (B) — b|| does not depend on such
b, we have

R C{be Ar(B) : [laor(B) = b]| < [lac(B) — |
vb' € Ar(B)}
= A.i(B).

To finish the proof, we will show that A.;(B) C R. Let
b € A.;(B). For any ¢ and j, the following identity holds:

[(bi = 1) = aor(B)i]* + [(b +1) — aor(B);]°

— [bi = aor(B)i]” = [bj — aor(B);)°
:2[1—{—0,("(3)1' —bi—l—bj —ao,,(B)j]. “4)
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Suppose there exists an ¢ such that
bi —aor(B); > 1.
Then there must exist a § such that
bj — aor(B); <0

since
> b= a.(B) = B.
1 l

But then the right-hand side of (4) would be negative which
would imply b ¢ A.;(B), since subtracting 1 from b; and
adding 1 to b; would result in an integer bit allocation closer than
b to a,(B). A similar contradiction results in the case where

bi — GOT(B>,L' S —1.
Thus, for every 2, we must have

b; € {Laor(B)iJ7 |—am“(B)'i—| }

Since
l;i S { LGOT(B)iJ ’ [aOT(B)J }
we conclude that
b — bi < 1

for all 3.
Now, suppose ¢ > 0. Then there exists at least one 7 such that

~

b;=b;,—1= LGOT(B),L'J < aor(B>i-
For each j, it cannot be the case that
bj =b; + 1= laor(B);] > aor(B);,

for otherwise the Euclidean distance between b and a,,.(B)
could be reduced by adding 1 to b; and subtracting 1 from b;,
which violates the fact that b € A.;(B). Thus, for all 7, we have

b; — bi € {0,1}.

To minimize the distance between b and a,,.(B), the ¢ compo-
nents of b for which 57 — b; = 1 must be those components with
the smallest values of p(a,,.(B);). Thus b € RT.

A similar argument shows that if ¢ < 0, then for all ¢, we have
bi — b; € {0, —1}; this then implies that the ¢ components of

b for which b; — b; = —1 must be those components with the
largest values of p(a,r(B);),i.e.,b € R™.In summary, b € R.
O

Note that in practice A.;(B) will usually consist of a single
bit allocation, although in principle it can contain more than one
bit allocation.

We note that Guo and Meng [18] gave a similar algorithm to
that implied by Theorem III.3. Instead of rounding each com-
ponent of the Huang—Schultheiss solution a,.(B) to the nearest
integer, they round each component down to the nearest integer
from below. Then, they added 1 bit at a time to the rounded
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components, based on which components were rounded down
the most. The technique implied from our Theorem III.3 uses the
same idea, but also adds bits to components which were rounded
up too far. The authors of [18] did not claim that their resulting
bit allocation gave a closest integer bit allocation. They did,
however, assert that their resulting bit allocation was optimal;
but, in fact, their proof was not valid. They attempted to show
that adding bits, one at a time, in the manner they described was
optimal among all ways to add bits to the rounded bit allocation.
However, their proof did not eliminate the possibility of adding
more than two bits to multiple components of the rounded bit
allocation. Nor did they rule out the possibility of subtracting
extra bits from some components in order to add even more bits
to other components. We believe their algorithm is indeed cor-
rect, despite the lack of proof.

Wintz and Kurtenbach [33, p. 656] also gave a sim-
ilar algorithm for obtaining integer-valued bit allocations.
Their technique was to round off the components of the
Huang—Schultheiss solution to the nearest integer, and then add
or subtract bits to certain components until the bit budget was
satisfied. However, their choice of which components to adjust
up or down was based on the magnitudes of the components,
rather than how much they were initially truncated. The authors
of [33] note that their technique is suboptimal.

The algorithm in [18] assumes the Huang—Schultheiss solu-
tion has nonnegative components, as does the algorithm implied
by our Theorem II1.3. However, in Section III-C, we generalize
the result of Theorem IIL.3 to give an algorithm for finding op-
timal nonnegative integer bit allocations without any such as-
sumptions about the Huang—Schultheiss solution.

B. Equivalence of Closest Integer Bit Allocations and Optimal
Integer Bit Allocations

In this subsection, we allow bit allocations to have nega-
tive components. In Section III-C we will add the nonnegativity
constraint. The next two technical lemmas are used to prove
Lemma III.6.

Lemma I11.4: For any k scalar sources and for each bit budget
B, let 5 € A be such that 5; € (—1/2,1/2] for some j.
If 8; < —1/2, then

ﬂi = - p(aor(B)i) -1
Bi = — plaor(B);)
plaor(B)i) < plaor(B);)-

If 5; > 1/2, then

A

ﬂi = - p(aor(B)i) +1
ﬂj = = p(aor(B)j)
p(aor(B)i) Zﬂ(ao1’(B)j)'

Lemma IIL.5: For any k scalar sources and for each bit budget
B, let

t =1(apr(B)1) + -+ + r(ao(B)x) — B.
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Then for any 5 € A and for all ¢

(-1/2,1/2], ift=0
Biel (-1,1/2], ift>0
(-1/2,1), ift <0,

For each ¢ and j, define a k-dimensional vector w(%, j) whose
components are

1, ifl=x1
w(i,j) = { —1, ifl= 5)
0, otherwise.

Lemma II1.6: For any k scalar sources, for each bit budget B,
and for any b € A.;(B),let 8 = b — a,-(B). Then for all ¢, j

B — B < L.
If ﬂj — B = 1, then

b+ w(i,j) € Ai(B). (6)

The following theorem establishes that for each bit budget,
the closest integer bit allocations and the optimal integer bit al-
locations are the same collections.

Theorem II1.7: For any k scalar sources and for each bit
budget B

Ai(B) = Ay(B)
Dci = {doi}~
Proof: First, we show that A.;(B) C A,i(B). Letb €
Ar(B) and b € A.;(B), and let d and d denote the resulting

MSEs, respectively. It suffices to show that d > d.
Define

nt={l:b —b >0}
n={l:b—b <0}

and consider any sequence of integer bit allocation vectors
b=b0, .. b =p )

such that foreach m = 0,...,n — 1 there exists an i € T and
aj € n~ such that

b+ pm) = (i, ). (8)
By (8) we have that
b™ e Ar(B)

for each mn since exactly one element of b(™) is incremented and
exactly one element of (™) is decremented going from b("™ to
b(™+1)_ Such a sequence is guaranteed to exist since |b| = |b].
For each m, let d™) be the MSE achieved by b(m) . To establish
d> J, we will show that d(™) is monotonic nondecreasing in m.

The construction of the sequence b(?), ..., b implies that
foreachm = 0,...,n—1

(b —b); >0
(b(m) _ b(U))j <0
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where ¢ € nt and j € 5~ are defined by (8), and are functions
of m. Thus,

(b — b(O))j < (b — pOy,.

Let
B = b —a,,(B).
Then
/3](»0) - ﬂi(o) <1 [from Lemma II1.6]
and therefore for each m = 0,...,n — 1, we get

B =B = (00 =), < 1= (b —H);
or equivalently (by the definition of 3(°))

— (b — apn(B)); — (0™ — @), —1
< =00 = a0r(B)); = (6 =), ©9)

Canceling terms in (9) and raising 4 to the remaining quantity
on each side of the inequality gives

m (m)
4=8 =1 < 4B (10)

or equivalently

4B L0 < g B g8 D)

m+1)

(m+1)
=479 L7 [from (8)]

which implies

k
dm = hg4_B/k - Z 4_'Hl(m) [from Lemma I1.2]
1=1

< hga~P/k. zk: 4=y
1=1
=d(m+1) [from Lemma IL.2]. (11)
Thus, d(™) is monotonic and therefore we have shown
Aci(B) C Aoi(B).

The fact that D.; = {d,;} then immediately follows.

Next, we show that Ay;(B) C Aci(B). Let b € A,i(B).
Since A,;(B) C A;(B), a decomposition as in (7) still holds.
Our goal is to show b € A..;(B), which will be accomplished by
showing b(™) € A.;(B). By the optimality of b, we must have
d < d, which by the monotonicity of d(™) implies

d™ = 400)

Hence, equality holds in (11) and therefore also in (10), which
implies foreachm = 0,...,n — 1 that

g g =1, (12)
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Now, we use induction to show b) € A;(B). The m = 0 case
holds since

bO) = ¢ A.(B).

Now suppose for all m < [ (where [ > 1) that
b(™ e A.(B).

Then we can apply Lemma II1.6 to (12) in the case m = [, and
use (8) to obtain

b+ e Au(B). O

Note that an immediate consequence of Theorem II1.7 is that
the components of every element in A,;(B) tend to infinity as
the bit budget grows without bound.

C. Equivalence of Closest Nonnegative Integer Bit Allocations
and Optimal Nonnegative Integer Bit Allocations

The problem of finding nonnegative bit allocations was ad-
dressed by Segall [26], but his solution did not assure integer-
valued quantizer resolutions. Fox [12] gave a greedy algorithm
for finding nonnegative integer bit allocations by allocating one
bit at a time to a set of quantizers. His algorithm is optimal for
any convex decreasing distortion function, and in particular, it
is optimal for the distortion function we assume in (1).

In this subsection, we prove (in Theorem III.13) that optimal
nonnegative integer bit allocations are equivalent to closest non-
negative integer bit allocations. Our proof leads to an alternate
algorithm for finding optimal nonnegative integer bit alloca-
tions. The algorithm is faster than Fox’s algorithm (as the bit
budget grows).

First we introduce some useful notation and then establish
five lemmas that will be used to prove Theorem II1.13.

For any bit budget B and any nonempty set S C
{1,2,...,k}, define a vector a,,.(B,S) € R* whose compo-
nents are

tor(B, S); = { % + %log2 35y if7 € S
0, otherwise
where
/18]
9(8) = (H o} ) :
=

Lemma II.1 shows that the |S|-dimensional vector obtained
by extracting the coordinates of a,.(B,S), corresponding to
the elements of S, is the optimal real-valued bit allocation for
the quantizers corresponding to the elements of S. For any bit
budget B, any bit allocation b € Ag(B), and any nonempty set
S c{1,...,k}, let

gl(b) = ||b - aor(B7 S)H

k
02(b) = hga—B/% Z 4laor(B,S)=b);

i=1
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and for any set T C Z* and any function f : T — R, let

Qr.f) = {be T 16) =min 13}

beT

Define the quantities

25 ={ueZF:u;j=0Vj¢S}
Ar(B,S) ={u € 7% : |u| = B}
Af(B,S) ={u € A1(B,S) : u; > 0Vi}
Ai(B,S) =Q(A(B,S), b1)

AZL(B, S) =Q(A7 (B, S),61)
A%(B,S) = Q(AF (B, S),62).

For a given bit budget B, A.;(B, S) is the set of closest integer
bit allocations to a,,.(B, S), and A (B, S) is the set of closest
nonnegative integer bit allocations to a,(B, S).

Lemma HI.8: If Q(W,f) ¢ V. C W, then Q(W, f) =
Q(V, f).

The following lemma shows that to find a closest integer bit
allocation to a,(B, S), one can assume without loss of gener-
ality that zeros are located in bit allocation vector components
corresponding to integers not in S.

Lemma II1.9: For each bit budget B and for any nonempty
set S C {1,2,...,k}

Ai(B,S) = Q(Ar(B),61).

Lemma I11.10: For any k scalar sources, for each bit budget
B, and for any nonempty set S C {1,2,...,k}, if ap-(B,S) is
nonnegative, then every bit allocation in A.; (B, S) is nonnega-
tive.

Lemma II1.11: Consider k scalar sources with bit budget B
and a nonempty set S C {1,2,...,k}.If A%(B) C A7(B,9),
then A%(B) = A%L(B,S). If AT (B) C Af(B,S), then

Asi(B) = AJ(B, S).
Lemma 1I1.12: Consider k scalar sources with bit
budget B and a nonempty set S C {1,2,...,k}. Suppose

A(B),AT(B) c A;(B,S) and there exists an i € S such
that a,,.(B, S); < 0. Thenb; = 0 forallb € A%, (B)UAY(B).

The following theorem shows that optimal nonnegative in-
teger bit allocation is equivalent to closest nonnegative integer
bit allocation. In other words, minimizing the distortion among
all nonnegative integer bit allocations is equivalent to finding
which nonnegative integer bit allocation vectors are closest in
Euclidean distance to the Huang-Schultheiss real-valued bit-al-
location vector. This, in turn, can be accomplished with a nearest
neighbor search in a lattice. Following Theorem II1.13, we give
an efficient algorithm for finding optimal nonnegative integer
bit allocation vectors.

Theorem I11.13: For any k scalar sources and for each bit
budget B

AL(B) = A5(B)
D ={dg;}.
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Proof: Let S = {1,...,k} and consider the sequence
of bit allocations

aor(B, S, ... 1o (B,5™)
where

S+l — fi e §(M) . q,.(B,S™); > 0}

and n is the smallest nonnegative integer such that
aor(B7 S(n))z >0

for all 7. Such an integer n exists since the following hold.

« |S™)| > 1, for all m.

« If|SU™)| = 1, then a,, (B, S(™)); > 0, for all 4.

+ |S(™)| is monotone decreasing in m.
We will show that both A'(B) and AY,(B) are equal to
A.i(B,S™). The fact that D}, = {d};} then follows from the
definition of D}.

Note that for any m > 0, if

AL(B), AL(B) c Ar(B,S™)

then (by Lemma III1.12) any optimal or closest nonnegative in-
teger bit allocation b must satisfy

b; =0
fori ¢ S(m*1) and therefore,

A+ (B), A% (B) C Ar(B,SM+D).

Thus, since
AL(B), AL(B) C A;(B) = Ai(B,S?)
we obtain by induction that
AL(B), AL(B) C Ax(B,S™). (13)
Now using (13) and Lemma IIL.11, we have
At(B) = A%(B,5™) (14)
AX(B) = AF(B, S™). (15)

Since a,,(B, (™) is nonnegative by definition, Lemma IIL.10
implies that each b € A.;(B, S(")) is nonnegative, i.e.,

A.i(B,S™) c Af(B,5™). (16)
From (16) and the fact that
AF(B,S™) c Ar(B,S™)

we can apply Lemma II1.8 with

W = A (B,S™)
V =AF(B,S™)
f=0
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to obtain

Ai(B,SM™) = A% (B, s™).
Thus, we have

AF(B) = A.(B,S™) [from (14)].

Now consider a set of sources X1, ..., X} with variances

2 B(k—|5(")))
sty 4 M

4—B/k

ifi e S
ifi ¢ S

/\2_
g, =

Lemma II.1 shows that a,,. (B, S") is the optimal real-valued
bit allocation for X Tyeo- ,X r (mimicking the argument
from the proof of Lemma III.10). Therefore, by Lemma IIL.9,
A.i(B, S™) s the set of closest integer bit allocations (without
requiring any zero components) for X Tyee- 7X x. Hence, by
Theorem I1L.7, A.;(B, S(™) is also the set of optimal integer
bit allocations for Xl, . ,Xk. Thus,

.A”'(B,S(n)) :Q(A[(B),HQ) [fI‘OIIl (2)]

CAF(B,S™)  [from (16), (17)]
C A[(B).

7)

Now applying Lemma III.8 with

W = A;(B)
V =AF(B,S™)
f=0:

gives
Q(A1(B),6;) = AL(B,S™).
Therefore, we have

AL(B) = Aui(B,S™)  [from (15), (17)]. O
The proof of Theorem III.13 yields an alternative procedure
to that given by Fox [12] for finding optimal nonnegative integer
bit allocations. The main idea is to remove any negative com-
ponents in the Huang-Schultheiss real-valued solution and then
re-compute the Huang-Schultheiss solution for the surviving
quantizers, iteratively repeating this procedure until no nega-
tive components remain. Then, the set of closest integer-valued
vectors (with the same bit budget) to the resulting nonnegative
real-valued vector is computed as the output of the algorithm.

Algorithm IIL14: (Procedure to Find AY,(B) and
AL(B)
For any k scalar sources and for each bit budget B, the fol-

lowing procedure generates a set of bit allocations which is both
the set AT, (B) and the set AT(B).

o Step I:Set S = {1,2,...,k}.
* Step 2: Compute a,, (B, S) and let

J={i€S:a,(B,S5); >0}
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o Step 3:1f J = S go to Step 4.
Otherwise, set S = .J and go to Step 2.

» Step4:Seta,,-(B)equalto ae. (B, S) in Theorem I11.3 and
then compute A;(B).

Set A+(B) = AX(B) = A.(B).

Remark: We briefly remark on the computational complexity
of the algorithm above as a function of the bit budget B, for a
fixed k. When there exists a unique closest nonnegative integer
bit allocation, the computational complexity of the algorithm re-
duces to the complexity of determining A.; (B). The complexity
of this lattice search is known to be constant in B (e.g., see [9,
p. 231]). In contrast, Fox’s algorithm has complexity linear in
B. Thus, for large B, Algorithm III.14 is faster than Fox’s al-
gorithm.

Also, by examining the proof of Theorem III.13, one can
readily verify a possible modification to Algorithm III.14.
Namely, in Step 2 of the algorithm, instead of zeroing out all
negative components of the Huang—Schultheiss bit allocation,
one could zero out one negative component per iteration in the
algorithm. The optimal nonnegative integer bit allocation is
still achieved.

IV. DISTORTION PENALTY FOR INTEGER BIT ALLOCATIONS

For any k scalar sources and for each bit budget B, let
dOT‘ '

We call p°i* the distortion penalty resulting from optimal non-
negative integer bit allocation. The distortion penalty measures
the increase in distortion when one uses (the practical) optimal
nonnegative integer bit allocation instead of (the fictitious) op-
timal real-valued bit allocation given by the Huang—Schultheiss
formula. For any b € A.(B), we have

1

=3 alen®:

i=1

oit _ [from (2), Lemma II.1]. (18)

Also, clearly p°'t > 1.
It is straightforward to see that for any & scalar sources with

variances o7, . .. 7cr,% and a bit budget B, the following three
statements are equivalent.
i) poit = 1.

ii) The optimal real-valued bit allocation is a nonnegative
integer bit allocation.

iii) 1log, % + Bmedk ¢ 7 v,
Lemma IV.1: For any w € Ag(0)
41w IEDTE (g, _ 1ygllwlly/T7GEGE=D)
k
S 24—'11)1'
=1
< AleIVEDTE (), — )4 Il D).
For any b € Ag(B), if w = b — a,-(B), then Lemma IV.1

gives bounds on the sum in Lemma II.2. Moreover, both the
upper and lower bounds in Lemma I'V.1 are functions only of &
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and ||w||, both bounds are monotone increasing with ||w||, and
as ||w|| — 0O the bounds become tight.

Lemma 1V.2: For any k scalar sources, for each bit budget B,
and for any bit allocation b € A;(B), the MSE d resulting from
b satisfies

hgd—B/k . (4—||b—aaT<B>u\/m
+(k — 1)4llb=ae (Bl 1/(k(k—1)))

<d

< hgd=B/k . (4||b—aor<B>u\/<k—1>/k
(k- 1)4—ub—aor(Bm\/l/(k(k—l))) _

For any k scalar sources, define

16— aor(B)]-

6 = min min

B>1b€A,,(B)

The quantity 6 is the minimum distance, for k fixed sources, be-

tween an optimal integer bit allocation (with possibly negative

values) and the optimal real-valued bit allocation vector, over all

bit budgets. Lemma III.2 and Theorem III.7 show that we can
write

o =

min min
1<B<k beA.;(B)

16 = aor(B)|-

Hence, ¢ is simple to compute since A.;(B) typically consists
of a single bit allocation, easily found using Theorem II1.3. The
minimal value of the quantity 4 is 0, which occurs when a,.(B)
is integer-valued for some bit budget. The maximum value of ¢
is

(k+1)(k—1)
12k

which is the covering radius of the dual of the lattice A;_; (see
[8, p. 115]).

One can show that for & scalar sources, if 6 = 0, then there
exists a nonnegative integer n < k — 1 such that for each suffi-
ciently large bit budget B

p°* = 1if and only if B mod k = n.

Theorem IV.3 examines the case when 6 > 0. In this case

aor(B) & Asi(B)
for all B. Theorem IV.3 shows that, in fact, if

aor(B) & A;(B)
for all BB, then the distortion penalty resulting from optimal non-
negative integer bit allocation is bounded away from 1 for all bit
budgets. This may appear surprising since one might expect the

distortion penalty due to optimal nonnegative integer bit alloca-
tion to tend to 1 as the bit budget grows.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 52, NO. 11, NOVEMBER 2006

Theorem IV.3: Consider k scalar sources. If § > 0, then for
every bit budget B

Pt > % (476\/(k71)/k 4 (k—1)4° 1/(k(k71))) > 1.

Proof: For each bit budget B, for any b € Aj’i (B), and for
any b’ € A,;(B), we have

be AL(B)
and

b € Aui(B)

by Theorems III.13 and III.7, respectively. Since bit allocations
in AY(B) minimize the distance to a,,.(B) over a smaller set
of integer bit allocations than bit allocations in A.;(B)

16 = aor(B)]| = [Ib = aor(B)|l- (19)
The definition of ¢ and (19) imply
b = aor(B)|| > 6 > 0. (20)
Define a function f : [0,00) — (0, 00) by
f(u) — 4—u\/(k—1)/k + (k _ 1)41u/1/(k(k—1))'
For each bit budget B and for every b € A%(B)
+
poit = doi
dor
hgd—B/k
> g f(Ib = aor(B)||) [from Lemma IV.2]
1
:Ef(Hb—am,(B)H) [from Lemma II.1]
1
> Ef (6) [from (20) and the monotonicity of f]
>1 [from the arithmetic-geometric mean inequality].

O

A. Lower Bound on Worst Case Distortion Penalty for Integer
Bit Allocations

For any particular set of k£ sources, the distortion obtained
by using optimal nonnegative integer-valued bit allocation may
be larger than the distortion predicted by optimal real-valued
bit allocation. Theorem IV.5 below illustrates how much worse
nonnegative integer-valued bit allocation can be compared to
real-valued bit allocation.

Let
T = ! (—k,—k+2,....k—2,k)
2k +2 ’
Lemma IV.4: 1f the variances o7, ..., o7 of k scalar sources
satisfy

1 o2 o2
— <10g2 —1, ..., log,y —k> =
2 g g

then for each bit budget B and for any b € A (B), the vector
b — a,r(B) is a permutation of y;_1.
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Theorem IV.5: For each k, there exist k scalar sources, such
that for any bit budget, the distortion penalty resulting from op-
timal nonnegative integer bit allocation satisfies

oi 3.9(k-1)/k
D + —

= Ha a7 > L

The distortion penalty in Theorem IV.5 is monotone in-
creasing with £ and is bounded as

3v2 ;
1.06 ~ 3v2 < poit < ~ 1.08
4 41n2
where the lower bound is attained at & = 2 and the upper

bound is approached as & — oo. Thus, the theorem guaran-
tees that for some sources, the MSE due to optimal nonnega-
tive integer-valued bit allocation is at least 6% greater (and as
much as 8% greater for large k) than the MSE due to optimal
real-valued bit allocation. We do not claim this is the largest
or smallest possible distortion penalty—indeed p°** can range
from 1, when a,,,.(B) happens to be nonnegative integer-valued,
to oo as shown by Theorem V.1. Rather, Theorem I'V.5 demon-
strates that p°'* can be bounded away from 1. Unfortunately,
one cannot qualify the distortion penalty in Theorem IV.5 as
typical, or atypical, without first defining what constitues a typ-
ical set of sources. We leave this task to the reader for any par-
ticular application.

Proof of Theorem IV.5: Let a > 0 be arbitrary. For each
1 < k, consider a scalar source whose variance is given by

ol = adk=1)i

Then
k 1/k
i=1
1 o? o2
3 <log2 j, ..., log, j‘) =Ye_1

and Lemma IV .4 implies that for each bit budget B and for any
b € A%(B), the vector b — a,,(B) is a permutation of y;_;.
Hence, for each B

k

. 1
poz+ — Z Z 4—(“/"‘*1)1' [from (18)]
=1
1 k—1
_ 4 —[(—(k—1)+2i)/2K]
=2 24
1=0
ok=1)/k 3
= Z 4k (21)
1=0
an/k g (g7
— k ' 1— 4—l/k
3.9(k=1)/k

}(4 — aG-D/k)"

Applying the arithmetic-geometric mean inequality to (21)
gives p°'t > 1. O

4955

We note that for the sources used in the proof of The-
orem IV.5, the lower bound in Theorem IV.5 is greater than
that given in Theorem IV.3, for all k.

V. UPPER BOUND ON DISTORTION PENALTY FOR
INTEGER BIT ALLOCATIONS

The Huang—Schultheiss formula gives a bit allocation which
can include the fictitious concept of “negative” bits. In prac-
tice, such negative bits tend to disappear as the bit budget B
grows. However, for any bit budget B, there exist collections
of pathological sources that always lead to negative bits in the
Huang—Schultheiss allocation. As a result, when restricted to
using nonnegative integer bit allocations, these pathological
sources prevent one from obtaining a finite uniform upper
bound on the distortion penalty p°**. This fact is demonstrated
in Theorem V.1 below.

In contrast, by mathematically allowing negative integer bit
allocations (to more closely approximate Huang—Schultheiss al-
locations containing negative bits), a useful upper bound on a
new distortion penalty p°® can be obtained. For any k scalar
sources and for each bit budget B, let

dm',
dor .

o1

We call p° the distortion penalty resulting from optimal integer
bit allocation.

One implication of Lemma IIL.5 and Theorem III.7 is that
no component of an optimal integer bit allocation can differ
form the corresponding component of the Huang—Schultheiss
allocation by more than one, i.e., |a.(B); — b;|] < 1, for
all 7. Thus, we have p°* < p°*, with equality whenever the
Huang—Schultheiss bit allocation is nonnegative. An upper
bound on p"i is only practical, however, for sources whose
Huang—Schultheiss bit allocation is nonnegative. Such an upper
bound is given in Theorem V.2.

Theorem V.1: For each k > 2 and for any bit budget

where the supremum is taken over all k-tuples of sources with
positive, finite variances.

Proof: For a bit budget B, let N > B/k and suppose the
variances o7, ..., o7 of k scalar sources satisfy

g2 L2, ifi=1
CL if1<i<k.

Then

1 o? o?
— (log, =, ..., log —k): N(k—-1),-N,....,—N
5 (1082 oy ) = (V- 1) )
and Lemma II.1 implies
(B): = (B/K)+ N(k—-1), ifi=1
@oriB)i =1 (B/k) — N, if1<i<k.
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1.25

Optimal Integer Bit Allocation Distortion Penalty

W e |
Upper bound on p° from Theorem V.2
p°t from Theorem IV .4
1.05 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Number of Sources (k)

Fig. 1.

Algorithm III.14 shows that

AX(B) = {(B,0,....0)}.

Hence, by (18) we have

ot :% (4(k—1)[N—(B/k)] + (k- 1)4(B/k)—N)

—so0as N — oo. O

In the following theorem we give an upper bound on the dis-
tortion penalty resulting from optimal integer bit allocation. The
bound does not depend on the source distribution or the bit
budget.

Theorem V.2: For each k > 2, for any k scalar sources, and
for any bit budget, the distortion penalty resulting from optimal
integer bit allocation is upper-bounded as

where

_1[4k :
TR 3 T 1—auE|

The upper bound on p°! in Theorem V.2 is tight since, for

arbitrary a > 0, if

02 = g4—ck=LkT)i 1<i<k

and the bit budget B is a multiple of k, then by Theorem II1.3,
Theorem III.7, and (18) we have

. 37
P=4T(1-—|.
p=r(1-5)
For all k& > 2, the upper bound on p°’

ST o3 16
4 e21/31n2

where the lower bound in (22) is attained at k = 2 and k = 4
and the upper bound in (22) is approached as k — oo. Thus,

in Theorem V.2 satisfies

1.25 < 47 <1 - (22)

Plot of the achievable distortion penalty from Theorem IV.5 and the upper bound on the distortion penalty from Theorem V.2.

Theorem V.2 guarantees that for any k scalar sources and for all
bit budgets, the MSE due to optimal integer-valued bit allocation
is at most 26% greater than the MSE due to optimal real-valued
bit allocation.
Fig. 1 compares the upper bound in Theorem V.2 with the
distortion penalty from Theorem IV.5.
Proof: We show that

doi
o (1_ 31)
B o2, g2 lor 4

where, for a fixed k, the suprema are taken over all possible
k-tuples of sources and over all bit budgets.
Define a mapping f : R* — R by

k
_ § :4—'117
1=1

Then we have

sup sup

B o2 .. 0;

1
Sup_sup 24(%(3 ~Yi Wb e A,i(B) [from (18)]

% 2
Tios k =1
1
(aor(B)=b)i )
=7 sup glsup , ; 4 i Vb e A.(B)
[from Theorem II1.7]

1 k

= Sup sup Z 47" Yu € A [from the definition of A]

2
B of,...0% 21

1
= 7 sUp sup f(u) [from the definition of Mpg]

B w€Mp

=— sup f(u) [from Lemma III.1]
k u€Vy—1(0)
1 l »

= max 4= ek=1,5); (23)
k 0<j<k—1 P

— max 4/ (1- 3 [from (3)]
0<j<k—1 4k
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where (23) follows from the fact that the convex function f,
restricted to the closed and bounded polytope Vi, _1(0), achieves
a global maximum (e.g., see [28, Theorem 6.12 on p. 154]) on
the polytope’s set of vertices, which consists of all coordinate
permutations [8, pp. 461-462] of

ce(k—1,0),...,c(k—1,k—1).
,...,k — 1, define

; 3
= j/k E—
4 (1 4kJ>.

Since g(j) > 0 if and only if j < 4k/3, the function g must
attain its maximum when j < 4k/3.Intherange0 < j < 4k/3,
the ratio

9(j + ): k(1
o (1 %—j)

is greater than 1 if and only if

4k 1

A SR eV

SO ¢ attains is maximum when

T4k 1
j‘{?_1—4—l/kw H

APPENDIX
Proof of Lemma 11.3:

{vetet:lo—l= gin o]

=yt {ueds o el = min o - 0+ )}
= &p(w —y) +y. O
Proof of Lemma III.1: First, note that for each ¥ > 1 and

for any u € H*, the symmetry of Ay, implies that
u € V% (0) if and only if — u € V(0). (A1)

Also, note that since Aj_; consists of all vectors with & in-
teger coordinates which sum to 0, and since

it follows that

Ar(B) = A1 + E(1,...,1) +c(k—1,Bmod k). (A2)
k e——
k
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Now, Lemma II.3 and (A2) imply that

B
Ai(B) = —(1,...,1) + ¢(k — 1, B mod k)
kN —
k
B
+®@p_1 | ap-(B)— | =—(1,...,1) + ¢(k — 1, B mod k)
kN —

k
Thus, Lemma II.1 gives
A= 1(p) — p

Since p1 € Vj—1(w) for all w € ®_1(u), we have that for
each w € ®p_q1(p)

(A3)
(A4)

ln—wl| <llp—yll Yye A

=[l(n—w) = (y—w)ll Vy € Ap_1.

Since w € Ap_1, wehavey —w € Ap_q forally € Ajp_;.
Thus, by (A1) and the definition of V},_1(0), (A3)—(A4) imply
w — pu € Vk_1(0). Hence, A C V,_1(0), and therefore,
Mp C Vi_1 (0)
Now, for any v € V},_1(0) and for arbitrary a > 0, setting
2 a4(‘(k—1,Bmodk)1—v1

g, =

for 1 < 4 < k results in

& 1/k
g = <H J?) =a
=1

1 2 2
- <log20—1,...7log2ﬁ> =c(k—1,Bmod k) — v
2 g 9

and therefore
A=, 1(—v)+wv.

Since v € Vi_1(0), by (Al), we also have —v € Vj,_1(0).
Hence, 0 € ®_1(—v), and thus v € A. So,

kal(O) C Mp

and therefore, Mg = Vj_1(0). O
Proof of Lemma I11.2: From (3) we have
{e(k—=1,Bmod k): B> 1}
={c(k—1,Bmod k) :1< B < k}.

Lemmas I1.3 and III.1 imply that for each B, any element of A
is the difference between the vector

(1/2)(logy(03/9), - . ., logy(0i/g))
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and a point (not necessarily unique) closest to it from the set
Ag—1+ c¢(k—1,B mod k).
Hence,
Uac | a
B>1 1<B<k

s0, in fact, these two unions are equal. The result then follows
from the fact that for each B, the set A is finite. O

Proof of Lemma I11.4: Let t and Z;, be defined as in The-
orem II1.3 and let
b=+ a,(B) € Au(B).
Then for all ¢

Bi = b; — T(aor(B)i) - p(aor(B)i)
[from the definitions of p and 7] (AS5)
1 1
- 55 p(aor(B)i) < 5
[from the definitions of p and 7] (A6)
‘ {0,—-1}, ift>0
bi=r(ao(B)i)€ {{0 1},  ift<0
[from Theorem III.3]. (A7)
Since 8; € (—1/2,1/2], we have
1 1
—5< bj — r(aor(B);) — plaer(B);) < 3 [from (A5)]
(A8)
bj —r(aer(B)j) =0 [from (A6), (A7), (A8)] (A9)
B = —plaor(B);) [from (A5), (A9)].
Suppose 3; < —1/2. Then
bi — r(ao(B)i) =B + p(aor(B)i) [from (A5)]
< - 5 + p(aor(B)i)
<0 [from (A6)]
(A10)
bi —r(ap-(B);) = —1 [from (A7), (A10)]
(A11)

Bi = — plaor(B)i) — 1

By (A9), (A11), the fact that b € A.;(B), and Theorem IIL3,
there exists (i1 ,ik) € Ty such that

[from (AS), (A1D)].

’1;6{7;1,...77;t}
j € {Z't-l-la v 7ik}
p(aor(B)i) < plaor(B);).

Suppose 3; > 1/2. Then

bi — (a0 (B):) = B + plaor(B):) [from (AS)]
1
> 5 + p(aor(B)i)
>0 [from (AG)]  (Al2)
b; — r(aor(B);) =1 [from (A7), (A12)]  (Al3)

Bi = — plaor(B)i)+1  [from (A5), (A13)].

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 52, NO. 11, NOVEMBER 2006

By (A9), (A13), the fact that b € A.;(B), and Theorem I1L.3,
there exists (i1, ir) € Iy, such that

i@ € {ihgests- -0k}
j E {'1;1, “e . 77;k+t}
p(aor(B)i) 2 plaor(B);). .

Proof of Lemma II1.5: Let b and 7}, be defined as in The-
orem III.3. If ¢ = 0, then the result follows from Theorem 111.3
and the definitions of A and ().

Suppose ¢ > 0 and let

b= 0+ a,(B) € A (B).
By Theorem II1.3, there exists (41, ..., i
bj = {IZJ -

bj,

Subtracting a,,-(B) from both sides of (A14) gives

) € I}, such that

ifj e {i1,....it}

R . (Al4)
lf] € {Zt+17"'71k}'

aOT(B)j>

_[bi-1 if j € {ir,....ic}
s {5y

if j € {Zt+1....7ik}

_ { plaoe(B);) — 1, ifj € {ir,..., zt}
plaor(B)j), ifj € {isgr,. .00}
Since
_1/2 < p(aor(B)j) < 1/2
we have

—p(aor(B);) €

Thus, it suffices to show that

(-1/2,1/2] C (—1,1/2].

paor(B);) <0
for j € {i1,..., i}, since then
_p(aor(B)j) -1le(-1,-1/2]

Let n denote the number of components of a,,.(B) such that
p(aor(B)j) < 0. Since the subscripts 7; are ordered by in-
creasing value of p(a..(B);), we have p(a.(B);) < 0 for

j € {i1,...,in}. Hence, it suffices to show that ¢ < n. We
have
t= (Z r(aOT(B)Z)> -B
1=1
=n+ (Z LaOT(B),J> -B
i=1
=n = (a0 (B)i = Laor(B)i])
=1
<n
The result then follows by symmetry for ¢ < 0. O
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Proof of Lemma I11.6: Since # € A, Lemma IIL.5 gives
Bi,B; € (—1,1). Itis easy to verify that

Bi—B:i <1

in the following three cases:

- 0105 € [0,1).

s B € (=1,1), B; € (=1,0],

s Bi € [_1/270]9 /Bj € [071/2]
The inequality also holds for

G; € (—1,—1/2) and ,3]' S [0,1/2]

since

B —1=—=plae(B);) =1 < —plao(B)i) —1=p;
[from Lemma II1.4]
and it holds for

Bi € (—1/2,0]
jnce

i~ 1= _p(aor(B)j) < _p(aor(B)i) = ﬁi
[from Lemma I11.4].
Finally, Lemma IIL.5 implies that it cannot be the case that 3; €
(-1,—1/2]and 3; € (1/2,1). Thus, 8, —3; < 1foralliand j.
Let

and f; €(1/2,1)

b=b+w(ij)

and suppose 3; — 3; = 1. Then

bj :bj —1= ﬁj -1+ (IOT(B)j = ,37 + am,(B)j.
Hence,
~ B, ifl=1
bl_aoT(B)l:{/Bh lfl:./
b1, otherwise .
Therefore,

1 = aor(B)I| = |15]

which, by the definition of A, implies be Aci(B). O
Proof of Lemma II1.8: Assume

QW.f)cVcw.
Ifb € Q(W, f), then

f(b) = min f(b) [fromb € Q(W, f)]

bew

< min f(lA)) [from V C W]
bev

< f(b) [from b € V]

and therefore, b € Q(V, f). Thus,

QW f) c (V. f)
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If b € Q(V, f), then

£(b) = min f(b) [from b € Q(V, f)]

bev

< min f(b) [from Q(W,f) C V]
beQ(W.f)

= min f(b) [from the definition of Q(W, f)]
bew

<f(b) [frombeV C W]

and therefore, b € Q(W, f). Thus,
QV,f) c QW, f). O
Proof of Lemma I11.9: Suppose
be Q(A[(B),61).
For any 7 and j, the following identity holds:

[(bi — 1) — aor(B, S)i]2 + [(bj +1) — aor(B, S)j]2
= [bi = 30n (B, S)i)? — b — aur(B, ),

:2[1+(10T(B,S)7; —bqj-i-bj —aOT(B,S)j]. (A15)

Now, suppose there exists an ¢ such that
bi — aor(B,S); > 1.
Then there must exist a j such that
bj — ao(B,S); <0

since
> b= a.(B,S) =B
1 1

But then the right-hand side of (A15) would be negative which
would imply

b ¢ Q(Ar(B),b1)
since subtracting 1 from b; and adding 1 to b; would result in
an integer bit allocation closer than b to a,.(B,S). A similar
contradiction results in the case where
bi - aor(B,S')i S —1.
Thus, for every ¢, we must have
bi € {laor(B,S)i], [aor(B,S)i]}.

The definition of a,, (B, S) then implies b; = 0 foralli ¢ S.
Thus, b € Ap(B,S), and therefore,

Q(A1(B),601) C Ai(B,S).

Now applying Lemma II1.8 with

W =A;(B)
V = A(B, S)
f=0
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gives

Q(AI(B)/gl) :Aci(Ba‘S)' U
. Proof of Lemma III. ]0 Con51der a set of sources
X1, X , with variances 61, ...,6% given by
b2 BGk=lS)
52 — (5)4 ST ifi e S
t | amBr ifi¢ s,

The geometric mean of the variances is

k 1/k 5 1/k 1/k
.9 . o; CICE) Bk
<H0i> = (H 9(9) A ) <H4 )
i=1 ' i¢S

i€S
1/k
I1 o7

; B(k—|S —B(k—|s)\ L/k
_ 1€S 4% (4%)

g(9)Is]
1/k
4 (| >> <4

- (1)

i€S

—B(k—\sw)l/k
A,

Therefore, substituting the variances and their geometric mean
into Lemma II.1 gives

B 1 o7
aor(B)i = T + 3 log, 1
B 1 o? o
{ Eill 5 logy 3y ifi e S
0, otherwise
—aor(B7S)

Hence, a,,(B,S) is the optimal real-valued bit allocation for

X, .. Xk Thus, by Lemma IIL9, Aa(B S) is the set of
closest integer bit allocations for X 1y X & (regardless of S).
Let

t=1|(r(aor(B,S)1),....7(aor(B,S)))| — B
and for b € A (B, S), let
B=b—a,(B,S) € Au(B,S) — ao-(B,S).

Then Lemma III.5 implies that for all ¢

(=1/2,1/2], ift=0
Bield (-1,1/2], ift>0 (A16)

(-1/2,1), ift <.
Combining the fact that a,,.(B,S); > 0 for all ¢ with (A16)
gives b; > 0 for all 4. O

Proof of Lemma I1I.11: Let

_(BU=IS) 1y
m‘( HIS| *21%(5))'
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Then, for all : € S

aor(B)i + m = apr (B, S);. (A17)
Suppose
A%(B) C A(B, S).
Since every vector in A7, (B) is nonnegative, we have
AL(B) C Af (B, S)
C Af(B). (A18)
From (A18), we can apply Lemma II1.8 with
W =Af(B)
V = A} (B,S)
f() =|lb = aor (B
to obtain
AL(B) = Q(AF (B, 8). |Ib = aor(B)Il). (A19)
For any b € Af(B,S)
Ib=aor(B)|I?
= Z|aor |2+Z|b aor
i¢S i€s
[fromb;, =0 Vi¢ 5] (A20)
= D laor(B)il* + Y Im +bi = (m+ ao(B):)|”
¢S i€s
=3 [aor(BYi[* + 8] - m?
¢S
+ " 2m(bi — aon(B, S)i) + (bi — aor(B, §):)?
€S
[from (A17)]
:Z|aor )il? +15] - m—i—Zb—aor(B S))
i¢S i€S
[from Y bi=> ao(B, S); =B
i€S ieS
= laor(B)il* + S| -m* + Z b — aor(B, 8)i|”

¢S i=1
[from b; = a,.( B, S); =0 Vi ¢ S]
= laor(B)il* + 18] - m* + [|b — aon(B, I, (A21)
¢S
Equations (A20)-(A21) show that the quantities
16— aor(B)]l
and
6 — a0 (B, S)|]

differ by a constant which is independent of b. Hence, among all
bit allocations in A (B, S), we see that b is of minimal distance
from a,,(B,S) if and only if b is of minimal distance from
a.-(B), ie.,

AL(B,8) = Q(AF (B, ), 1Ib = ac(B)])).-
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Thus, by (A19), we have
AL(B) = AK(B.9).
Now, to show the second part of the lemma, suppose
A%(B) C Ar(B, S).

Since every vector in A", (B) is nonnegative, we have

A5i(B) C A7 (B, S)
C Af(B). (A22)
From (A22), we can apply Lemma IIL.8 with
W = (B)
V =A7(B,S)
fb) =d
to obtain
A5(B) = Q (A7 (B, S),d). (A23)

For any b € A (B, S)

k
d=hga B/k. Z 4(@or(B)=b); [from Lemma I1.2]
i=1
_ hg4—B/k . Z4aor(3)i + hg4—B/k . 24@”(3)—1))1-
i¢S ies
[fromb;, =0 Vi ¢ S]
— hgd=B/k .3 gaer(B):
i¢S
+ hg4—B/k . Z 4_m+(m+aor‘(B)i)_bi
i€s
_ hg4—B/k . Z4aor(B)i
i¢S
+ hgd-BI=m 3 e (BS)=b):
i€s
— hg4—B/k . Z 4®or(B)i
i¢S

+ hgd(~B/R)=m <Z 4(@or(B,S)=b);
i€s

+ 3 4leer(BS)=h 2 4(aw(B,S)—b)i)
i¢s i¢S

Sl D i i E A ()
i¢S

[from (A17)]

[from a,.( B, S); =b; =0 Vi ¢ S]

which is an affine function of 6(b), with coefficients which
are independent of b. Therefore, among all bit allocations in
AT (B, S), we see that b minimizes 6 (b) if and only if b mini-
mizes d, i.e.,

Aji(B7 S) = Q(A}(BMS()vd)
Thus, by (A23), we have

A(B) = A%(B, S). O
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Proof of Lemma IIL.12: We prove that for all b €
Ar(B,S),if b; > 0, then

b¢ AL(B)UAS(B).

Let b € Ap(B,S) satisfy b; > 0, where i1 € S and
aor(B,S); < 0.By Lemma III.11, we know that

AL(B) = AL(B, S)
and
AL(B) =A%(B,S).

We will show that b ¢ AT,(B,S) and b ¢ A% (B,S). In par-
ticular, we demonstrate that there exists 7 € S such that adding
1 bit to b; and subtracting 1 bit from b; reduces both 61 (b) and
62(b), i.e., the original b chosen could not have been an optimal
nor a closest nonnegative integer bit allocation.

Suppose

aOT(B,S)i —b; > GOT(B, S)l —b — 1, VieS. (A24)

Then we get
([S1=1)(aor(B, S)i — bi)
= Z aor(B7S)i - bz

ol

> (a0r(B, )i — b — 1)
%

=(B — ao(B,S)i) = (B —b;) = (15| - 1)

[from Z b = Z a,-(B, S); = B]
les les

[from (A24)]

which implies
S|(L = bi + aor(B, S)i) 2 1,

a contradiction, since b; > 1 and a,,.(B,S); < 0. Therefore,
(A24) is false, so there exists j € S such that j # ¢ and

G,OT(B7 S)l —b; < aOT(B,S)j - bj —1. (A25)

Multiplying each side of (A25) by —2 and adding
(aor(B, S)i — bi)2 + (aor(B, S); — bj)2
to each side gives
(aor(B7 S)z - bL)2 - 2(aor(B7 S)L - bL)
+ (a0, (B, 8); = b))
> (GOT(B7 S)z — bz)z — 2(GOT(B, S)] — b]) + 2
+ (aor(B, S); — bj)2
or equivalently
(aor(37 S)z - bL)2 + (G/OT(B’ S)] - b])2
> (aor(B7 S)z - b2>2 + 2(0’07‘(37 S)Z - bZ) +1
+ (aor(B, S); — bj)2 = 2(aor(B,5); —bj) +1
= (aor(B, 8)i — (bi = 1)) + (aor(B, ); — (b; + 1))*.
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Thus, subtracting 1 bit from b; and adding 1 bit to b; reduces
61(b). Some algebra shows that the inequality in (A25) is equiv-
alent to
40,0,(3,5)2'—1)4; + 4aor(Bas)j_bj

> 490r(B,5)i=(bi=1) 4 gaor(B,5);—(b;+1)
from which it follows that 62(b) can be reduced by adding 1 bit
to b; and subtracting 1 bit from b,. a

Proof of Lemma IV.1: The proof is trivial for ||w|| = 0, so
assume ||w|| > 0. We determine the extrema of

k
Z 4 wi (A26)
=1
subject to the constraints
k
> w; =0 (A27)
i=1
k
> wi=a’. (A28)
i=1

Define a Lagrangian .J associated with multipliers A; and A by

J= Z4-wl+/\12wq+/\2 <Zw —a).

=1

The extrema of .J must satisfy (for 1 < i < k)

aJ
0= = —(hl 4)4—11)1- + )\1 + 2)\2’(1), (A29)
8wi
Suppose Ay > 0. Then << is monotone increasing in w; and

approaches oo as w; — :l:oo Thus, exactly one w; satisfies
(A29) for each ¢, and therefore w; = wj; for all 4, j. So, by
(A27), it follows that w; = 0 for all 7, contradicting ||w]|| > 0.
Thus, we can assume Ay < 0. Since é‘? I s strictly concave,
(A29) can have at most two solutions. It cannot be the case that
(A29) has only one solution, for otherwise (A27) would again
imply that w; = 0 for all 4, contradicting ||w]|| > 0. So (A29)
has exactly two solutions and by (A27) these two solutions must
be of different signs.
Thus, the extrema of J must lie in the set
P=PU.---UP,,
where P; is the set of all ( ) component-wise permutations of
the vector

N g

~~ —J

J

(A30)

The constant factor in (A30) ensures that the elements of P sat-
isfy (A27) and (A28).
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Summing both sides of (A29) over ¢ and solving for A; yields

Ind ¢~ _,
:%;4 :

(A31)

From (A29), we obtain

(hl 4)4_wi — A = 2)w;
which when squared, summed over ¢, and simplified using
(A28) and (A31) gives

97 1/2

(A32)

1n2 b . —ws
216 wi—— > 4w

i=1
Now, for any component w; of any w € P;, using (A30),
(A31), and (A32) gives
—( In 4)4—11)1- + /\1 + 2)\2wi

k
—w; In4 —w;
= — (4™ + == Y4
=1
9 1/2

2w11n b k Cws
216 wl—— > 4w

=1

— (In4)4~
. 1%4 (/-4a\/<k—j>/(kj> F (k= j)aVITEE=D)

_ wiln4 [ 169V =D/ (k) 4 (g — jy16-2V/3/ (k=)
1/2
1 (j4a =00 4 (ks — jy1-e j/(k(k_j)))2]

— (In4)4~w
114(4am+( — e j/(k(k—j)))

_ wilnd J(’“k— 7) [4a\/<k—j>/<kj _ 4—a\/j/<k<k—j>>}
a
(A33)

=0

where (A33) follows by considering the cases

)/ (k5)

w; = —av/(k —
and

wi = a/j/(k(k = 7).

Hence, every w € P satisfies (A29), and therefore, P is the
set of solutions to (A29) subject to the constraints in (A27) and
(A28).

Substituting an arbitrary element w € P (i.e., an extremum
of .J) into (A26) gives

k
3 a4 = 4V E=D/ k) 4 (J; — j)4=aV3/ (k=)
i=1

— jaleIVE=DID L ()4l /a7 RG=5))
[ from (A28)].  (A34)
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To complete the proof it suffices to show that (A34) is de-
creasing in j. This implies (A26) is upper-bounded by (A34)
when j = 1 and lower-bounded by (A34) when j = k — 1.

Note that if the right-hand side of (A34) is viewed as a con-
tinuous function of j, then its derivative with respect to j is

Allwl/G=3)7C5) [1 = [Jw]l (In2) <N€L—])> 1/2]

L+ ] (n2) (L)/]

_ g~ Il /37 (R R=3)) . ,
gk —13)

which is negative if and only if

7 (Ilwll (02) /E7G(E = 7)) > 0

where
flu)=14+u—(1—u)e?™.
Since
f0)=£'(0)=0
and
f(u) =4ue*™ >0
for all uw > 0, we have f(u) > 0 for all u > 0. O

Proof of Lemma IV.2: The result follows from Lemma I1.2
and Lemma IV.1 with w = b — a,,.(B). O

Proof of Lemma IV.4: First we show the result for each bit
budget B and for all b € A,;(B). Then we prove that A,;(B) =
AT (B) for each bit budget B.

For any vector v and any permutation 7 of the positive inte-
gers less than or equal to the dimension of u, let 7(u) denote the
component-wise permutation of u according to «. First observe
that

Py (7(ve)) = {0}

for any k and any permutation 7 of {1,...,k + 1}. To see this,
note that for any w € Ay \ {0}, since |(v):| < 1/2 for all 4,
we have

if w; 75 0

(7 ()i = wil > [(w(&))il;
l, ifw =0

which implies
(k) = wl| > |7 ()l

and therefore,

s (r(ow)) = {1 € A s lno) =l = i (o) — o1}
— {0}.

Now observe that y,—1 — c(k — 1, 7) is the left-cyclic shift of
Yr—1 by j positions, for any j, since
V-1 — c(k = 1,)
1 . .
:ﬁ(—(k—1)+2],—(/€—1)+2j+2,...,k‘—1,
—(k=1),....,—(k=1)+2j—4,—(k—1)+2j — 2).
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In particular, for each bit budget B, Theorem III.7 and Lemma
I11.1 imply that for every b € A,;(B)

b— ao,(B) € Pr_1 (k-1 — ¢(k — 1, B mod k))
— (Ye=1 — ¢(k — 1, B mod k))
=P 1(Th-1) — Y1
= {_’A}/k—l}

where 4x_1 denotes ;1 left-cyclic shifted by B mod k po-
sitions. Since the components of v;_1 are the same as those
of —vyk_1, so are the components of —4_1. Thus, —y;_; is a
permutation of «;_;. Hence, for each bit budget B and for all
b € A,i(B), the vector b — a,,(B) is a permutation of v_1.

To show that A,;(B) = A.(B) for each bit budget B, it
suffices to show that A,;(B) C Aj(B) for each bit budget
B. Lemma II.1 and the definition of -y, imply that for each bit
budget B and for 1 < < k

—(k—1)+2(i—1)+2B

afo’r'(B)’L' = 2%k

Thus, the definition of r(-) implies that for each bit budget B
andfor1 < i< k

1+2(:—-1 2B
Fa(B)) = [ LR DE2B | s
2k
For each bit budget B, let
b= (r(aor(B)1),...,r(aor(B)k))
as in Theorem III.3. Then
k .
s 1+2(:i—-1)+2B
[EDY { o J (A36)

-5 -5

i<k—(Bmodk)+(1/2)

g
>

\‘EJ +1
i>k—(Bmodk)+(1/2)

— (k- (B mod k)) {%J + (B mod k) Q%J + 1)
=B (A37)

where (A36) follows from (A35). Equation (A37) and
Theorem IIL.3 imply

A.i(B) = {b}.

Therefore, Aoi(B) = {13} by Theorem II1.7. Since (A35) shows
that b is nonnegative

A.i(B) C Af(B)

for each bit budget B. O
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