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Quantizers With Uniform Encoders and Channel
Optimized Decoders

Benjamin Farber, Student Member, IEEE, and Kenneth Zeger, Fellow, IEEE

Abstract—Scalar quantizers with uniform encoders and
channel optimized decoders are studied for uniform sources
and binary symmetric channels. It is shown that the natural
binary code (NBC) and folded binary code (FBC) induce point
density functions that are uniform on proper subintervals of the
source support, whereas the Gray code (GC) does not induce a
point density function. The mean-squared errors (MSEs) for the
NBC, FBC, GC, and for randomly chosen index assignments are
calculated and the NBC is shown to be mean-squared optimal
among all possible index assignments, for all bit-error rates and
all quantizer transmission rates. In contrast, it is shown that
almost all index assignments perform poorly and have degenerate
codebooks.

Index Terms—Point density function, quantization asymptotics,
source channel coding.

I. INTRODUCTION

HE most basic source and quantizer are the uniform scalar

source and the uniform scalar quantizer. If the source is
uniform on [0, 1], for example, then an n-bit uniform quantizer
has equally spaced encoding cells of size 2" and has equally
spaced output points which are the centers of the encoding cells.
For this source, the mean-squared distortion of this quantizer is
known exactly when there is no channel noise, and is known to
be minimal among all quantizers.

In the presence of channel noise, one approach to improving
system performance is to add explicit error control coding, so
that some of the transmission rate is devoted toward source
coding and some toward channel coding. Drawbacks of this in-
clude the added complexity and delay of channel decoding.

An alternative low-complexity approach in the presence of
channel noise is to add to the quantizer an index assignment,
which permutes the binary words associated with each encoding
cell prior to transmission over the channel, and then unpermutes
the binary words at the receiver prior to assigning a reproduc-
tion point at the output. The cells are assumed to be labeled in
increasing order from left to right, before the index assignment.
Examples of index assignments include the natural binary code
(NBC), the folded binary code (FBC), and the Gray code (GC).
The benefit of an index assignment is derived from the fact that
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reproduction codepoints that are relatively close on the real line
can be assigned binary words which are close in the Hamming
sense (i.e., in the number of same bits) on average. Thus, when
channel errors occur, the mean-squared error (MSE) impact on
the quantizer is reduced.

Yamaguchi and Huang [8] and Huang [9] derived formulas
for the MSE of uniform scalar quantizers and uniform sources
for the NBC, the GC, and for a randomly chosen index as-
signment on a binary symmetric channel. They also asserted
(without a published proof) the optimality of the NBC for
the binary symmetric channel. Crimmins et al. [1] studied the
uniform scalar quantizer for the uniform source and proved the
Yamaguchi—Huang assertion, that the NBC is the best possible
index assignment in the mean-squared sense for the binary
symmetric channel, for all bit-error probabilities, and all quan-
tizer rates. McLaughlin, Neuhoff, and Ashley [3] generalized
this result for certain uniform vector quantizers and uniform
vector sources. Other than these papers, there are no others
presently known in the literature giving index assignment op-
timality results.

There have been some analytic studies on the performance
of various index assignments. Hagen and Hedelin [7] used
Hadamard transforms to study certain lattice-type quantizers
with index assignments on noisy channels. Knagenhjelm and
Agrell [10] introduced an analytic method of approximating
the quality of an index assignment using Hadamard transforms.
Skoglund [12] provided index assignment analysis for more
general channels and sources. In [4], explicit MSE formulas
were computed for uniform sources on binary asymmetric
channels with various structured classes of index assignments.
In [5], it was shown that for the uniform source and uniform
quantizer the MSE resulting from a randomly chosen index
assignment was, on average, equal in the limit of large n to
that of the worst possible index assignment. In this sense, the
result showed that randomly chosen index assignments are
asymptotically bad. A number of papers have also studied
algorithmic techniques for designing good index assignments
for particular sources and channels (see the citations in [6, p.
2372)).

While index assignments can improve the robustness of quan-
tizers designed for noiseless channels to the degradation caused
by channel noise, another low-complexity approach is to use
quantizers whose encoders and/or decoders are designed for
the channel’s statistical behavior. It is known that an optimal
quantizer for a noiseless channel must satisfy what are known
as “nearest neighbor” and “centroid” conditions on its encoder
and decoder, respectively [2]. For discrete memoryless chan-
nels, it is known that an optimal quantizer must satisfy what we
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call “weighted nearest neighbor” and “weighted centroid” con-
ditions on its encoder and decoder, respectively (see [11] for
example). Even for uniform scalar sources, the resulting quan-
tizers in general do not have uniform encoding cells nor equally
spaced reproduction codepoints. In fact, very little is presently
understood analytically about quantizers for noisy channels be-
yond the NBC optimality results previously mentioned for uni-
form quantizers.

In the present paper, we attempt to move a step closer toward
understanding optimal quantization for noisy channels by ex-
amining the structure of quantizers with uniform encoders and
channel optimized decoders (i.e., that satisfy the weighted cen-
troid condition), for uniform sources on [0, 1] and for certain
previously studied index assignments. In particular, we study the
high-resolution distribution of codepoints for such quantizers
and the resulting distortions. Slightly more general, but nota-
tionally cumbersome results could also be easily obtained from
our results by allowing the source to be confined to any bounded
interval instead of just [0, 1].

An important tool in analyzing the performance of quantizers
is the concept of point density functions. Point density functions
characterize the high-resolution distribution of scalar quantizer
codepoints. As a result, they provide insight about the asymp-
totic behavior of scalar quantizer codebooks and encoding
cells. Point density functions also are useful in analyzing the
distortion of quantizers. For example, Bennett’s integral [2, p.
163] gives the average distortion in the high-resolution case for
a nonuniform quantizer in terms of a point density function,
source distribution, and size of the quantizer codebook (see [6]
for more details). For uniform quantizers, the computation of
a point density function is trivial. For nonuniform quantizers,
however, point density functions are not always guaranteed to
exist, and when they do, their computation can be difficult.

Point density functions depend on the quantizer decoders.
Channel optimized quantizer decoders, in turn, depend on the
source, the quantizer encoder, the channel, and the index assign-
ment. For this paper, we assume a uniform source on [0, 1], a
uniform quantizer encoder, a channel optimized quantizer de-
coder, and a binary symmetric channel with bit-error proba-
bility e. An index assignment maps source codewords to channel
codewords. The quantizer has 2" encoding cells, and index as-
signments are one-to-one maps from the index of an encoding
cell to a binary word of length n. These words are transmitted
across the channel and decoded according to the weighted cen-
troid condition.

Certain results we obtain are somewhat counter-intuitive. For
example, we show that for a binary symmetric channel with bit-
error probability €, quantizers using the NBC index assignment
and n bits of resolution have codepoints uniformly distributed
on the interval [e + §,1 — ¢ — ¢] where

1—2¢
= on+1 :

This is peculiar in light of the fact that the source is uniformly
distributed on the interval [0, 1], and yet asymptotically as n —
oo no codepoints are located within a distance of € from 0 or 1.
The lack of codepoints in regions of positive source probability
is due to the reduction in average distortion that results from

moving codepoints closer to the source mean (by the weighted
centroid condition), to avoid large jumps in Euclidean distance
from channel errors. The weighted centroid condition dictates
this movement of codepoints to minimize average distortion for
a given quantizer encoder. A similar result occurs for the FBC.

For the GC index assignment, we show that, in fact, no point
density function exists. In other words, the location of code-
points cannot be described according to a point density function
as n — 00. The structure of the GC simply does not allow the
histogram of codepoint locations to converge to a smooth func-
tion in the limit of high resolution.

We also show that asymptotically, almost all index assign-
ments give rise to quantizers which have almost all of their code-
points clustered very close to the source’s mean value (i.e., 1/2).
Thus, almost all index assignments are bad. As n grows, the
clustering of codepoints becomes tighter and tighter. This con-
trasts with the NBC and the FBC cases where the codepoints re-
main uniformly distributed on proper subsets of [0, 1] no matter
how large n becomes. An additional curiosity we show is that
among all possible index assignments, the NBC is optimal de-
spite its lack of codepoints within € of O or 1.

Our main results for quantizers with uniform encoders and
channel optimized decoders are the following. First, we show
that the NBC index assignment yields a uniform point density
function on the interval (e,1 — €) (Theorem IIL.3), the FBC
index assignment yields a uniform point density function on a
union of two proper subintervals of [0, 1] (Theorem IV.2), the
GC index assignment does not yield a point density function
(Theorem V.10), and an arbitrarily large fraction of all index
assignments have an arbitrarily large fraction of codepoints ar-
bitrarily close to the source mean as n — oo (Theorem VI.4).
Then we extend a result in [5] by showing that most index as-
signments are asymptotically bad (Theorem VIIL.2), and we ex-
tend results in [4], [8], and [9] by computing the MSE resulting
from the NBC (Theorem VII.4), the FBC (Theorem VII.6), the
GC (Theorem VII.8), and a randomly chosen index assignment
(Theorem VII.10). As comparisons, we state previously known
MSE formulas for channel unoptimized decoders (i.e., that sat-
isfy the centroid condition), for the NBC (Theorem VII.3), the
FBC (Theorem VIL.5), the GC (Theorem VII.7), and for a ran-
domly chosen index assignment (Theorem VIL.9). Finally, we
extend the (uniform scalar quantizer) proof in [3] by showing
that the NBC is an optimal index assignment for all bit-error
rates and all quantizer transmission rates (Theorem VII.12).

The paper is organized as follows. Section II gives definitions
and notation. Section III gives NBC results, Section IV gives
FBC results, Section V gives GC results, Section VI considers
arbitrarily selected index assignments, and Section VII gives
distortion analysis.

II. PRELIMINARIES
A rate n quantizer on [0, 1] is a mapping

Q: [07 1] - {yn(o)/yn(l) cee 7yn(2n - 1)}

The real-valued quantities y,(¢) are called codepoints and the
set
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is called a codebook. For a noiseless channel, the quantizer Q is
the composition of a quantizer encoder and a quantizer decoder.
These are, respectively, mappings

Q.:[0,1] = {0,1,...,2" — 1}
Qd: {07 17 LK) 2" — 1} - {yn(o)/yn(l) ce
such that

7yn(2n - 1)}

Qu(i) = yn(i)
for all 7. For each i the set

Q™ (yn (1)) = Q- 1(Q7 " (yn(4)))
is called the 7th encoding cell. The quantizer encoder is said to
be uniform if for each ¢

Q Hyn(i) 2 (227", (i +1)27").
The nearest neighbor cells of a rate n quantizer are the sets
R (i) = {w:yn (i) — 2] < |yn(j) — 2|, Vi#i}

for 0 < ¢ < 2™ — 1. Let m denote Lebesgue measure and for
each 7 let

pin (i) = (R, (7).

A quantizer’s encoder is said to satisfy the nearest neighbor
condition if for each 4

Q™ (yn(i)) 2 Rn(i).

That is, its encoding cells are essentially nearest neighbor cells
(boundary points can be assigned arbitrarily).

For a given n, ¢, and source random variable X, the centroid
of the sth cell of the quantizer Q is the conditional mean

en(i) = E[X | QX) = yn(2)].

The quantizer decoder is said to satisfy the centroid condition if
the codepoints satisfy

yn (i) = cn(i)

for all 7. A quantizer is uniform if the encoder is uniform and
for each 4 the decoder codepoint y,,(7) is the midpoint of the
cell Q@ 1(yn(7)). It is known that if a quantizer minimizes the
MSE for a given source and a noiseless channel, then it satisfies
the nearest neighbor and centroid conditions [2]. In particular,
if the source is uniform, then a uniform quantizer satisfies the
nearest neighbor and centroid conditions.

For a rate-n quantizer, an index assignment T, is a permuta-
tion of the set {0, 1,...,2™ — 1}. Let Sa» denote the set of all
2™! such permutations. For a noisy channel, a random variable
X € [0,1] is quantized by transmitting the index

I=m, (Qe(X))

across the channel, receiving index .J from the channel, and then
decoding the codepoint

yn(my (1)) = Qa(my ' (1)

We impose the following monotonicity constraint on quantizer
encoders in order to be able to unambiguously refer to certain
index assignments: For all s,¢ € [0, 1]

if s <t,then Q.(s) < Q.(t).
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The MSE is defined as

D= E[(X = Qa(m, " (1)))*] .
The random index J is a function of the source random variable
X, the randomness in the channel, and the deterministic func-
tions Q. and 7.

An alternative approach would be to view the quantizer en-
coder as the composition 7, - Q. and the quantizer decoder
as the composition Q - 7%, by relaxing the previously made
monotonicity assumption. This would remove the role of index
assignments from the study of quantizers for noisy channels.
However, we retain these encoder and decoder decompositions
as a convenient way to isolate the effects of index assignments,
given known quantizer encoders and decoders.

Assume a binary symmetric channel with bit-error proba-
bility €. Denote the probability that index j was received, given
that index ¢ was sent by

p(7 |) = O (1 = e H )

for 0 < e < 1/2, where H,,(4,7) is the Hamming distance
between n-bit binary words ¢ and j. Let ¢(4|7) denote the prob-
ability that index ¢ was sent, given that index 7 was received.
For a given source X, channel p(-|-), index assignment 7,,,

and quantizer encoder, the quantizer decoder is said to satisfy
the weighted centroid condition if the codepoints satisfy

2" —1

yn(i) = D enlDa(mn(@) | mn())-

i=0
Throughout this paper, we assume a uniform quantizer encoder,
so the centroids of the encoder cells are given by

- (1)

for 0 < ¢ < 2™ — 1. Since the source is uniform and the encoder

cells are each of length 27", we know that p(j|i) = ¢(i|j) for

all » and j. Hence, the weighted centroid condition implies that
27 —1

S en@p(rnli) | 7ali))

i=0

; 1
o 1+ 2) EHW(WH (i)77"71(j))

. (1 — E)n_Hn(ﬂn(i’)"’rn(j)).

For a given quantizer encoder and index assignment, we say
the quantizer decoder is channel optimized if it satisfies the
weighted centroid condition.

Notice that if the centroid condition is assumed, then the
quantizer decoder Q; does not depend on the index assignment,
even though the MSE does. In contrast, if the weighted centroid
condition is assumed, then the quantizer decoder Q, does de-
pend on the index assignment, as does the MSE. Thus, under
the centroid condition, minimizing the MSE over all possible
index assignments is carried out for a fixed quantizer decoder.
However, under the weighted centroid condition, minimizing
the MSE over all possible index assignments involves altering
the quantizer decoder for each new index assignment.

For any set A, let the indicator function Z4(x) of A be

_q1 ifzre A
Talw) = {o ifz ¢ A
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For each n and each index assignment m,, € Son, define the
function AL : [0,1] — [0, 00) by

2" —1

/\5:1)(30) = Z ﬁfm(i)(x)

i=0 P

For a sequence 7, € Son (forn = 1,2,...) of index assign-
ments, if there exists a function A such that

Az) = lim A\ (z)

for almost all zz € [0, 1] and fol A(z)dz = 1, then ) is said to
be a point density function with respect to {m,, }.

The following lemma is a result of the fact that index assign-
ments are permutations.

Lemma Il.1: For any n and any index assignment 7,, € Son,
if 0 <5 <2™—1,then
2n—1
Z (1- E)ann(ﬂn(i)nrn(j))eHn(ﬂn(i)-,Wn(J')) - 1.

=0

Let a decoder optimized uniform quantizer denote a rate-n
quantizer with a uniform encoder on [0, 1] and a channel op-
timized decoder, along with a uniform source on [0, 1], and a
binary symmetric channel with bit-error probability €. Let a de-
coder unoptimized uniform quantizer denote a rate-n uniform
quantizer on [0, 1], along with a uniform source on [0, 1], and a
binary symmetric channel with bit-error probability e.

III. NATURAL BINARY CODE INDEX ASSIGNMENT

For each n, the natural binary code (NBC) is the index as-
signment defined by

r(NBO () = i for 0 <4 < 2" — 1.

The following lemma is easy to prove and is used in the proof
of Proposition II1.2.

Lemma IIl.1:

Hn+1(i7j) = Hn(z7])7

ifo<ij<2"—1 G.1)
if0<ij<2m—1 (3.2)

Hy1(i,j) = Ho(i,j — 2") + 1,
ifo<i<2m—1,2"<j<2ntl 1
(3.3)
Hn+1(i7j) = Hn(‘ —-2"5 = 2n)7
if 2" <q4,j <2t 1. (3.4)

Proposition I11.2: The codepoints of a decoder optimized
uniform quantizer with the NBC index assignment are, for 0 <
j<2n—1

Yn(d) = e+ (1 = 2€)cn(4)- (3.5)

Proof: We use induction on n. The weighted centroid con-
dition implies that

2" —1
yn(,}) —9-n-1 Z (1 _ e)n—Hn('L'J)eHn (i’j)(Zi + 1). (3.6)
i=0

In particular, (3.6) gives

1

Yo(0) = 3

which satisfies (3.5). Now assume (3.5) is true for n and con-
sider two cases forn + 1. If 0 < 5 < 2™ — 1, then

yn+1(j)
— 2—n—2
2ntl_1
Z (1 — €)1t Hnir (03) (Hua(03) (95 4 1)
i=0
=(1-e22
2" -1
. Z (1 — )"~ Hn(d) Hn(i0) (24 4 1)
=0
+ 2—n—2
2n 1
S (=gt G eHen i) (25 4 1) (37)
i=2n
U0 71F) B
2
2" -1
S (A= D H D (97 4 1 4 27 (3.8)
=0
(1 — 6>yn(.]) 6yn(J> €
= 9 + 9 + 2 (3.9)
=e+ (1 —2¢)cpr1(y) (3.10)

where the first sum in (3.7) and the second sum in (3.8) follow
from (3.1) and (3.2), respectively, (3.9) follows from Lemma
II.1, and (3.10) follows from the induction hypothesis.

If 27 < j < 27*! — 1, then

yn+1(j)
_ 2—n—2
on+1_q
Z (1 _ 6>n+1_H77,+1(i!j)€H77r+1(i!j)(2i + 1)
1=0
= 272
2" —1
D (= e eI H (2 (95 4 1)
1=0
ontl_q
L2 Z (1- e)n+1fH,1(i72”,j72”)EH,I(Z?Z” G—2m)
7:2211
(204 1) (3.11)
AU DI
2
2" —1
. Z (1 = ¢)nHL—Hn(0=2") Hn(ij=2")
=0

(20 4+ 14271
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_ yn(J - 2n)€ yn(J - zn)(l - 6)
2 2
+ M (3.12)

2
= e+ (1 —26)cns1()) (3.13)

where the sums in (3.11) follow from (3.3) and (3.4), respec-
tively, (3.12) follows from Lemma II.1, and (3.13) follows from
the induction hypothesis. O

The following theorem shows that with the NBC, the quantizer
codepoints are uniformly distributed on a proper subinterval
in the source’s support region, in the limit of high resolution.
As the channel improves (i.e., as € — 0), the point density
function approaches a uniform distribution on [0, 1].

Theorem I11.3: A sequence of decoder optimized uniform
quantizers with the NBC index assignment has a point density
function given by

/\(,z‘):{1—125 if6<fI)<1—€
0 otherwise.

Proof: Let
1
Az) = { 1—026
From (3.5), the codepoints satisfy
Yn(+1) —yn() = (1 —2¢)27"
and thus are equally spaced apart. Also,

Yn(0) =€+ (1 —2¢) 27"
Yn(2" —1) =€+ (1 —2¢) (1 —27"7").

fe<zr<l-—ce
if0<z<eor(l—¢)<z<Ll.

. (1—2¢e)27"
tn (i) = { e+ (1—2¢)27"
and, therefore, we get the expression at the bottom of the page.

(]

if1<i<2m—2
ifi e {0,2" — 1}

IV. FOLDED BINARY CODE INDEX ASSIGNMENT

For each n, the folded binary code (FBC) is the index assign-
ment defined by

(FBO)(j) = {2"—1 —1-i if0<igal o

7 if2n - <i<2" —1.
The FBC is closely related to the NBC and has somewhat similar
properties for decoder optimized uniform quantizers, as shown
by Proposition IV.1 and Theorem IV.2. The proofs of Proposi-
tion IV.1 and Theorem IV.2 are similar to those of Proposition
II1.2 and Theorem III.3, respectively, and are therefore omitted
for brevity.
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Proposition IV.1: The codepoints of a decoder optimized
uniform quantizer with the FBC index assignment are

3e—2¢2
e b (1-20)%c,(j) if0<j<2m1-1

Un(]): 56—662

5 T (1-2¢)%cn(j) if2nt<j<2n—1.

The following theorem shows that with the FBC, the quantizer
codepoints are uniformly distributed on two proper subintervals
of the source’s support region, in the limit of high resolution.
As the channel improves (i.e., as ¢ — 0), the point density
function approaches a uniform distribution on [0, 1].

Theorem IV.2: A sequence of decoder optimized uniform
quantizers with the FBC index assignment has a point density
function given by

1
—_ ifreB
M) = { (1—202 F
0 otherwise
where
B_ 36—26271—6—1—262
2 2

U 1—1—6—262.1_ 3e — 262 .
2 ’ 2

V. GRAY CODE INDEX ASSIGNMENT

For each n, let 7r7(1GC) denote the Gray code (GC) index as-

signment, recursively defined by

¢90)=0

1
9 1)=1

(GQ)
Wﬁi?)(i): (GC) ™ ()
(2 = 1) 42"

ifo<i<2m—1
ifon <j<ontl_q,

Define the quantity
(i) = H(m0), i (5)).
The definition of the GC directly implies the following lemma.

Lemma V.1:

A A

ifo<ij<2—1 (5.1
Hyq (i 42", 5) =H, (2" —1—i,7) + 1
ifo<ij<2"—1 (5.2)
Ho(i,j) =H,(2" —1—1i,2" —1—7)
if{ 2rl<j<2n 1 (5.3)
0<i<2m—1.

1
n 1-2
=] 157
2me+ (1 — 2e¢)

— AMx) as n — oo.

ife—l—(l — 26)2_n <zr< (1 — e) — (1 — 26)2_"

if0<z<et(1—2)2"0r (1—e)—(1-2e)27"<z<1
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Lemma V.2: The codepoints of a decoder optimized uniform
quantizer with the GC index assignment satisfy
i) =127
2" 1 R R
. Z (1- e)n—Hn(Z"—l—i,j)GHn(Z"—l—i,j)(2,L- +1)
i=0

for0 < j7 < 2" —1.
Proof:

2" —1
27 L ST (1= g @) Ha (210 (9 4 1)
=0

1
— 2—77.—1
7 +

2" —1 ) )

, Z (1 — ) Hn (2" =1=i4) H (2" =1=i)
i=0

“(2i—-(2" - 1))

2" 1
_ 1 —n—1 n—H, (i,5) H,(i,5)
_1—[5—2 ;(1—6) D tn (g

54

(202" =1 -4) - (2" - 1))]

2" 1
=1- [2—"—1 > (1= @At (24 4 1)
1=0
= 1-yn(j) (5.5
where (5.4) and (5.5) follow from Lemma II.1. O

Corollary V.3: The codepoints of a decoder optimized uni-
form quantizer with the GC index assignment satisfy

yn(.]) =1- yn(2n -1 _])

for 2"l < j <27 — 1.

Proof:
2" —1 ) R

yn(j) =271 D0 (L= O (21 4 1)
=0
2" —1

—9-n-1 Z (1— e)n—f{n(2”—l—i,2”—l—j)
i=0

(5.6)
(5.7)

. EHn(z"—1—i,2”'—1—j)(2i +1)
=1-ya(2" = 1)

where (5.6) follows from (5.3), and (5.7) follows from Lem-
ma V.2. O

For0 < j <2"—1land1 <4 < n,letb,(j,i) be the ith
most significant bit of the n-bit binary representation of j. Then

i=2 ba(Gi)2"
i=1

and it follows that for0 < 5 < 2" — 1

bn(4,7) = bpg1(j, i +1) =1—-0,(2" =1 —4,7). (5.8)

Proposition V.4: The codepoints of a decoder optimized uni-
form quantizer with the GC index assignment are

I (1
un(j) = 5 + 5 (=)o (5 - e) (5.9)
=1

for0 < j < 2" —1.
Proof: We use induction on n. The weighted centroid con-
dition implies that for all j

2" 1
Yn(j) = g—n-l Z (1- e)n—Hn(i,j)eHn (i,j)(zi +1).
i=0
For n = 0 this reduces to
which satisfies (5.9). Now assume Proposition V.4 is true for n

and consider two cases for n + 1.
If0 <5 <2 —1, then

"/n+1(J)
ont1_q
— 9—n-2 Z (1 _ E)n+1_gn+l(i7j)6f{n+l(ivj)(2,L' + 1)
=0
2" —1

(1—- 2772 3 (1 — o)~ Hn@D i) (27 4 1)
=0

2" —1

49 n—2 Z (1 . G)n—Hﬂ (2" —=1—1,5)
i=0

CeHn (M1 (95 4 1 4 gnY (5.10)
_ N n+1 n+1 _ s
1/1 1 11
=3 (2t (3-)m-3(3-9)
11
=3 (5 + )

LI Ga (L
2+2Z( 1 5 ¢

(5.12)

n+1 N 1 7
+Z(_1)bﬂ+1(1,1)+1 <5 . 6) ] (5.13)
1=2

1 1 n+1 1 i
— 4 _1\br4r GO+ [ =
513 ;:1( 1) (2 6) (5.14)

where the sums in (5.10) follow from (5.1) and (5.2), respec-
tively, (5.11) follows from Lemmas II.1 and V.2, (5.12) fol-
lows from the induction hypothesis, (5.13) follows from (5.8),
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and (5.14) follows from the fact that b,,+1(j,1) = 0 whenever
0<j<2n—1.
[f27 < j < 271 — 1, then

"/n+1(J)
n+1 i
1 1 n+1 .. 1
—1— - - -1 brn41(2 —1—j54)+1 [ = _
(2 t3 ;( ) 9~ €
(5.15)
n+1 7
11 bpy1(Gyi)+1 1
=5+5 ;( 1) 5 ¢ (5.16)

where (5.15) follows from Corollary V.3 and (5.14), and (5.16)
follows from (5.8). (|

To show that no point density function arises from the GC
index assignment, we will show that

almost everywhere on [0, 1], and hence
1
/ AMz)dx # 1.
Jo

To simplify notation, let /\E:(L)G o) be denoted by A.

First, several preliminary results are necessary. In order to
determine the asymptotic behavior of \,, we examine the values
of p,,(7) and the relationship of R,,(7) to R,,_1(|7/2]). For any
fixed value of n there are groups of nearest neighbor cells with
the same length. These groups and the properties of the cells in
them are key to the subsequent results.

Lemma V.6 describes each of these groups by the number
of cells in the group and their common length. This is done
by identifying a cell in each group whose index is of the form
i = 2"~% —1 and considering its length. Lemma V.5 shows that
the codepoints are indexed in increasing order, and is used in the
proof of Lemma V.6.

Lemma V.5: The codepoints of a decoder optimized uniform
quantizer with the GC index assignment satisfy y,(j + 1) >
yn(j) whenever 0 < j < 2™ — 2.

Proof: Let

k=min{k' : b,(j,4) =1, Vi > k'}.

Then the binary representation of j ends in exactly n — k + 1
ones, and therefore,

bn(j,k—1)=0
bn(j,1) =1 fori >k
bo(j+1,4) =b,(j,i) for1 <i<k—2
bn(j+1,k—1)=1
bo(j+1,4) =0 fori > k.

Thus, from (5.9), we have

_ %i [EDRERREAER) (% _ €>1
=1
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SCISCRICED]
e (5
-G-) 26

> 0. O

Lemma V.6: Forl < k < n—1,adecoder optimized uniform
quantizer with the GC index assignment has 2* nearest neighbor
cells whose lengths equal g, (2" % — 1).

Proof: By Lemma V.5, the codepoints y,(j) are in-
creasing in j. Thus, for 1 <7 < 2™ —2

) 1 . .
/an(z) = i(yn(L + 1) - yn("} - ]-))
Note that for 1 < k < n — 1, the binary representation of on—k

1S

00...0100...00
N A
k n—k

and the binary representation of 2" % — 2 is
00...0011...10,
—_——A—
k n—k

which agree on the first £—1 digits and on the last digit. By (5.9),
the difference between the ¢th and jth codepoints depends only
on the locations in the binary representations of 7 and j where
they differ. For all w € {0,...,2*"1 — 1} and b € {0, 1}, the
binary representations of
Z’nfk + w2’n7k+1 + b
and
Zn—k -9 + w2n—k+1 4 b

agree in exactly the same locations that 2"~ and 2"~ —2 agree
in, and hence,

(1 (2"7F) —yn(27F = 2))
—yn (2" — 2 1 w2 4 p).

/Ln(Qn_k —-1)=

N =N =

The claimed 2* nearest neighbor cells are thus,

R(2"F — 1 4 w2n *+ 4p). O

The next lemma computes (i) for 0 < ¢ < 2™ — 1.
By Lemma V.6, it suffices to consider the lengths of R, (0),
R,.(2" —1),and R,,(2""* — 1) for 1 <k <n— 1.

Lemma V.7: For a decoder optimized uniform quantizer with

the GC index assignment

1
[ (0) = (2" — 1) = — 22—~ (5.17)
2
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andforl <k <n-1

2"k 1) =
fin( ) %-i—e

Proof: By Corollary V.3, Lemma V.5, and the definitions
of R,(0) and R, (2" — 1)

(2" = 1) =1 = S (2" = 2) + 32" = 1)
1= (= (1) + 1= g (0))
= 11, (0).

Since the n-bit binary representations of 0 and 1 differ only in
the least significant bit

i (0) = £ (1 (0) + (1))

2

n—1 i
1 1 . 1
_ - - § :(_1)1)” (0,3)+1 <_ _ 6)
2 2 e 2

1 1(1-(5-e" .
2 2 3+e
6+l(l_ )n
=22 (5.18)

where (5.18) follows from (5.9). Recall from the proof of
Lemma V.6 that

pn(2VF 1) = %(%(2”7’“) — oy (27F = 2))

and that the binary representations of 2"~ and 2"~ — 2 are

00...0100...00
———N
k n—k
and

00...0011...10
——A—
k n—k
respectively. Combining this information with (5.9) gives
U’n(Enik -1
= Sn(2"7) = ya(2"7" - 2))

I
DN | =

The next result follows directly from Lemma V.7 and will be
important in determining the behavior of \,, as n — oo.

Corollary V.8: For a decoder optimized uniform quantizer
with the GC index assignment

1
= lim ——— =0

lim ——

and for each fixed & > 1

1
lim =0.

- 5.1
e D (2 — 1) G192

Define the sets

En,k = U
i:Hvz(i):I"n(Tlik*l)
Fo = Rp(0)U Rn (2" — 1)

R,(i) for1<k<n-1

forn>1

and note that F,, ;, and F;, are disjoint for all k¥ and n.

Lemma V.9: For a decoder optimized uniform quantizer with
the GC index assignment

1) Rl(O) D) RQ(O) D R3(0) Do

i) Ri(2' —1) D Ra(22 - 1) D R3(23 - 1) D ---

i) £y D Fy D F3 D ---

iv) VE> 1, Erp16 D Ekqor O Erysre D -

°° e(1 — 2¢)F
v) m( N En’k> = (17)
n=k+1 5 T¢
Proof: By Lemma V.7
Yn(0) + yn(1) _¢ + %(% — o)
2 % +e

which is decreasing in n2. This proves part i) and also shows that
(using Corollary V.3)

yn(2" =2) +yn(2" = 1) _ 1=y(1) +1—ya(0)
2 2

is increasing in n, thus proving part ii). Part iii) follows directly
from parts i) and ii).

To prove part iv), first note that (5.9) implies that for 0 < 7 <
2n=t —1

(@) =) - 3 (3-)

U2+ 1) = s () + 5 (1 - )

Also assume without loss of generality that
{@: |ya()) — 2| = lyn(i + 1) — o[} € Ra(i 4+ 1).

Suppose 1 <7 < 2" —2andn > 2.
If 4 is even (say ¢ = 27), then

R, (L) = Rn(2j>

_ (@G =D+ + (@)

n(2) +gn2<2j + 1>>
- :ynl(J - 1; + yn1(j),yn_l(J)>
CRn_1(j) = R (é) (5.20)

where (5.20) follows from the definition of R,,_1(4).
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If ¢ is odd (say © = 25 + 1), then

Ro(i) = R (2] +1)
_ [f‘/n(zj) +yn(2j + 1)

2 7
Yn(27 + 1) + yn (27 + 2)>
2
- [yn_l(j), pnotld) 4 pnca i+ 1>>
CRu1(j) = Rny (“‘%) (5.21)

where (5.21) follows from the definition of R,,_1(4).
For each cell R,(7) in E,, , with 1 < k& < n — 1, the proof
of Lemma V.6 shows that 7 is of the form
i=2"k 1 w2n TR 4y
where w € {0,...,2*=t — 1} and b € {0,1}.If R,,(i) C E,
and 7 is even, then b = 1and
i = 2n—k + w2’n—k+1

or equivalently

1 o(n-1)=k 4 p(n=D=k+1
2
which implies R,,_1(i/2) C E,_1 . Equation (5.20) shows
that R,,(i) C R,,_1(i/2), and hence, R,,(i) C E,—_1,.
Likewise, if R, (7) C Ey,  and ¢ is odd, then b = 0 and

i=2""F 1 4 n kL
or equivalently

(i—1) _ on=D)=k _ 1 4 yon=1)=k+1
2

which implies R,,_1((¢ — 1)/2) C E,_1 . Equation (5.21)
shows that R, (i) C R,—1((i — 1)/2), and hence, R, (i) C
E,_1 1. Therefore,

Eng = U R, (i) C En_1
i () =pn (27 7F=1)
proving part iv).
Since { £y, 1 }52 ;.1 is a decreasing sequence of bounded sets
(for each fixed k) by part iv)

( ﬂ E, k) —nlLH;Om(En k)

n=k+1
= lim m U R, (4)
it (D) =pn (277 =1)
= Jim Yoo m(Ra(i)
L () =pa (2r k1)
. E(l—e)k_}_l(l_e)n
= lim 2* ( 222 (5.22)
_e(1—2¢)F
%+e
where (5.22) follows from Lemmas V.6 and V.7. This proves
part v). -
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The following theorem shows that the sequence of functions
(n) . . .
)\ﬂf}(’) does not converge to a point density function as n — oo.

Theorem V.10: A sequence of decoder optimized uniform
quantizers with the GC index assignment does not have a point
density function.

Proof: We construct disjoint sets Fj, C [0, 1] whose union
has measure 1 and for which lim,,_,oc An(2) = Oforall z € Ej,
and for all k.

Let Ey = (\,—, F». Then for any n and any = € Ej, either
x € R,(0) orz € R, (2" — 1), and therefore,

1 1
M) = ) ~ 22— 1)
by Lemma V.7. Hence, for any z € Fj

lim A\,(z) = lim —— =0
A () = 0 o (0)
by Corollary V.8.
For k > 1, let

N Ennx

n=k+1

Then for any n and k such that n > k£ + 1 and for any z € Fj,
there exists an i such that = € R,, (i) and ju,, (i) = p,,(2"~* 1),
which implies

1

MO Ty

Hence, for any z € Ej,

by Corollary V.8.

Part v) of Lemma V.9 shows that F is nonempty for all & >
1. Subsequently, it will be shown that Ey is nonempty.

Ey and FE}, are disjoint for all & > 1, since F,,  and F,, are
disjoint for all £ and 7. The sets E}, are disjoint for k& > 1, for
otherwise F,, ; and F,, ; would intersect for some n and some
i # j. Therefore,

k=0
— (A5 +3om( 1) )
n=1 k=1 nk+1
L e(1 - 2¢)
= lim m(F +Z€ 2 (5.23)
=1
2¢ € 1
= (=1 524
%-{—6 %—l— 2e > (5:24)
=1

where the first term in (5.23) follows from Lemma V.9, part iii)
and the boundedness of R,,(0) and R,,(2" — 1), the second term
in (5.23) follows from Lemma V.9, part v), and the first term in
(5.24) follows from (5.17). Thus, the set

{x € 0,1]: nlingo An(z) # 0}

has measure 0 since it is a subset of

([j Ek> 0[0,1]. O

k=0
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VI. RANDOMLY CHOSEN INDEX ASSIGNMENTS

Suppose for each n > 1 an index assignment 11,, is chosen
uniformly at random from the set of all 2"! index assignments.
Then A does not exist in a deterministic sense as the limit of
/\< ") . However, the distribution of codepoints can still be char-
actenzed probabilistically.

Proposition VI.1: Suppose an index assignment is chosen
uniformly at random for a decoder optimized uniform quantizer.
Then for all 7, the expected value of the jth codepoint is

Elyn(5)]

=3+ (e -3) (25 ) (- -2).

Proof: Letd = ¢/(1—¢) and note that (1 —¢)(1+6) = 1.
Then
2" -1
Elya(i)] = > en(i)Elp(TL, (4)|TL. ()]
i=0
27 -1
) 1
= Z Cn(z) . %
i=0
Z EHn(”n(i)aﬂ'n(j))(l _ e)n—Hn(”n(i)aﬂ'n(j))
T €ESon
_ (1 B E)n < Hy (70, (4),m0 (5))

=0 7"71652

+Y eali)

i#]

=(1-9" <Cn(j) + <Z cn (i) = Cn(j)>

. kzn::l (Z) 5’“)) (6.1)

_ (zn(2n —2)!
on]
(146" —1

= (1= (enli) + 27 = eai)) SRS
(6.2)

— 5+ (00-3) (5= Ja-a -2,

To justify (6.1), consider the following observations. Suppose
i # j. There are 2" possible values 7, (j) can have, and for each
one there are 2" — 1 values , (i) can take, (}) of which must
have Hamming distance k from 7, (5). Given any of the 2™ (2" —

1) possible choices of 7, (j) and 7, (%), there are (2" —2)! ways
to assign the remaining index assignment words. Equation (6.2)
follows from the fact that

Z 6Hn (70 (3), 70 (])))

T €Son

on_1 on_1

ch()_2"2<i+<%>>:2"‘l. O

1=0 1=0

With Proposition VI.1, the variance of the jth codepoint is

Var(yn(4)) = Var< (J)_%>
(yn(j)—%)Q]
_ Km(]’%%) <1_12_n> ((1—6)"_271)]2'

(6.3)

=F

The motivation for the form of (6.3) will become clear in the
proof of Theorem VI.4. Evaluation of the expectation in (6.3)
yields Proposition VIL.3.

Lemma VI.2:

2" —1

ing

e

2“+1 —1)

- _1)2 (27;—1) Lo <2n2—1>21

Proposition VI.3: Suppose for each n, an index assignment
is chosen uniformly at random for the nth quantizer (of rate n)
in a sequence of decoder optimized uniform quantizers. Then
for all j, the variance of the jth codepoint decays to zero at
the rate Var(y,(j)) = O(27°") as n — oo, where 3 =
—log, (1 — 2¢ + 2¢2).
Proof: Recall from (6.3) that the variance of y, () is

Var(ya(4))
=)

Il
=

B [(c"(j) - %> (1 —12—n> (1—em—27") 2(6.4)
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whose second term goes to zero as O((1 — €)?) when n — oco. 4) Ifj=1i#1(orj=1=1),then
Expanding the first term of (6.4) yields E |:6H,1(Hn (4),1, (3))+Hn (T (1), T, (J'))]

1\? 1
E n _ — Hy (mn (1),70(3))
(u ) ] = o o8 J
T, ESon
2”‘1 1 ’ 2m (2" — 2) & n
! r=1
m 1271 1 1 1+ -1
= n 1) — = n l)— - a 2n =1
Z <C ; 2> (=0-3)
- E[p(IL, () [, (4))p(ILn () [T ()] Thus, (6.5) can be written in terms of the four cases as
271271 1 1\ 2
_ 2n - FE n 1) — =
SUEEC 35 S CUR VI CRURE) B CRORE )
=0 =0 2
E [6Hn(nﬂ(z‘),H,z(j))+Hﬂ(Hﬂ(l),nﬂ(J’))] . (6.5) = (1= (culj) - 1
" 2
We consider four cases. The computation in the last three cases on (1 +6H" =1
is justified by an argument similar to the one used to justify (6.1). +(1-e on _ 1

+ (1—€)*™

1) Ifi = [ = j, then 21 1?2 L~ 1\?
(X (0-5) ) (0-3)
B [5Hn(Hn(i),Hn(j))Jan(Hn(l),Hn(J')):| -1 i=0

_<2+(1—|—6)2"—2(1+6)"—(1+62)”>
2) If i = [ # j, then (2n —1)(2" - 2)

L1 1
E [5Hyz(nn<i>7nn<j>)+Hn(nn(z>,nn<j>>} S>> (cn('L) - 5) (cn(l) - 5)

. i) 1, 1£]
- §2Hn (7. (1), () (1+6)" -1
n| Z _ )2n A
2n! Ty €San + (1 6) 2 2n —1
2"(2" = 2)! Q= or (1 . ho L _!
T >0 <T> Z <Cn(]) 5) =53] (6.6)
r=1 l#]
= w The first term in (6.6) decays to 0 as O((1 — €)?") as n — oc.
2n—1 The second term in (6.6) is
3) Ifi £ 1,3 # j,and [ # j, then (1— <( +52) )

E [5Hn<m (i), T (7)) + Ho (TL (1), T, <j>>}

2 2
1 1
1 Hyy (7 (i), (5)) 4 Hon (0 (1) 70 (G - —> - (Cn(J) - —>
= o Z §Hn(mn (i), ) +Hy, (700 (1),70 (5)) 5 5
ol
ey oy ( (1+ 62)" 1>
27(27 — 3)! e = A
% Y sk <Z> _ -

. 2
k=1m=1 22n _ 1 ' 1\ 2
n Nz (@l 3
< ) ifm#k L
m = [(1 =2 +2H)" - (1 - ¢)*]
(”)—1 ifm =k 2 +1 42 o — 1 —4j
m . + +
_12 .9n 22n (2n _ 1) 22n+2
= ( 2n _ 2) =0 ((1 —2e+ 262)n)
n as n — oo, since 0 < € < 1. To evaluate the third term in (6.6)
[ ] Z 62’“ note that
k=1

_((+9) ) —1) 23 (e00-3) (w0-3)

i£] 1£1,1#]
@n—n@n—m )

24 (1467 2146 — (1467 I N A Y N R G j
- (2" —1)(2" — 2) ' [Z< ) 2)] [Z< ) 2)

=0
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1\ = 1
- [— (cnti - 5) + > (cnt- 5)]
U oin L1)?
:0—5(2 -2 )—|—2<Cn(J)—§> :
Thus, since (1 — €)(1 4 §) = 1, the third term in (6.6) is

2(1—€)* +1—2(1— )" — (1 = 2¢ + 263"
< (2n —1)(2" —2) )

' <2 (c"(‘j) B %)2 N % + 12%271)

which tends to 0 as O(27™) as n — oo. To evaluate the forth
term in (6.6) note that

M CIOEEY

1]

Thus, the forth term in (6.6) is

(1_6)%'2((1%)"—1

o 1
> (ent=3) (en0-3)
) o)

as n — oo. Thus,
Var(ya(j) = O (1= 2¢ +2¢%)") = 02~")
as n — oo, where 3 = — log, (1 — 2¢ + 2¢2) > 0. O

Proposition V1.3 is key to the proof of the next result. The fol-
lowing theorem shows that asymptotically, an arbitrarily large
fraction of index assignments induce an arbitrarily large frac-
tion of codepoints to be arbitrarily close to 1/2. This result is in
contrast to the fact that the NBC index assignment has an arbi-
trarily small fraction of codepoints arbitrarily close to 1/2.

Theorem VI.4: For a decoder optimized uniform quantizer,
arbitrarily small r, s, ¢ > 0, and n sufficiently large, at least (1—
r)2"™! index assignments each have at least (1 — s)2" codepoints
within a distance of ¢ from 1/2.

Proof: Assume II,, is chosen uniformly at random from
the set Son of all 2”! index assignments. Let
€
1—c¢
and note that (1 — ¢€)(1 4 6) = 1. Also, let

in= (i) - 5) (15 ) (@ =0 =2

6:

By the Chebychev inequality, for any £ > 0

P{yn(j)—% >t] = P{yn(j)—%—an%—an >t]
S P|:yn(j)_%_an >t_|an|:|
= Pllyn(j) = Elyn()]] > t — [an]]
_ Var(ya()))

(t = lan|)?
which means that
7 {wn € Son : |yn(4) — %‘ >tH < W

Thus, for any A > 0 there are at most

2m12™  Var(yn(5)

A (t=lan|)?
index assignments 7,, € San, such that for each such 7,,, there
exist at least A codepoints y,,(j) satisfying

1

(5 — =| > t.
Yn () 2‘>

Taking A = «2™ we get the following equivalent conclusion.
For any « € (0, 1), there are at most

2" Var(ya(j))
o (0= fan])?

index assignments 7,, € San, such that for each such 7,,, there
exist at least 2™ codepoints y,,(7) satisfying

1
(5 — =] > t.
Yn () 2‘>

This implies that for any a € (0, 1), there are at least
a(t = |an])?

index assignments 7, € So» such that for each such m,, there
exist at most 2™ codepoints y,,(j) satisfying

yﬂ(ﬂ) -5 >t

2

A careful look at the variance shows a dependency on j but we
can easily make a uniform upper bound on the variance which
goes to zero at the speed O(27°"), where 3 = — log,(1 — 2¢ +
2¢?) > 0. We choose

t=q=2"P/4,

This implies that for any n, a fraction of at least 1 — O(27/"/4)
of all index assignments have the property that the fraction
of codepoints v, (j) farther from 1/2 than 2=77/4  is at most
2-0n/4 In other words, as m — oo, an arbitrarily large
fraction of all index assignments give rise to codebooks with
an arbitrarily large fraction of codepoints arbitrarily close to
1/2. O

Note that the proof of Theorem VI.4 demonstrates that the
random mapping )‘(rﬁ ) converges to zero in probability.
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VII. DISTORTION ANALYSIS

Let 7,, be the index assignment for a rate-n quantizer with a
uniform encoder on [0, 1] for a uniform source on [0, 1] and a
binary symmetric channel with bit-error probability €. Then the
end-to-end MSE can be written as

2m 12" —1 (i+1)/2"
D) = 35N s (@) [ = al)Pe

=0 j5=0 i/2m

R

3
an—127—1
Z Z p(mn(9)|mn (7)) [yn(.}) - QCn(Z)yn(J)] .
=0 j=0

For any index assignment 7, € Sa», let D(CW[}) denote the
MSE of a decoder unoptimized uniform quantizer and let D(g 5)
denote the MSE of a decoder optimized uniform quantizer. For
given € and n, an index assignment 7, € Sp» is said to be
optimal for a decoder unoptimized uniform quantizer if for all
™ ;L € Sgn

Tn (7—71)
D&y < DS

and 7, is said to be optimal for a decoder optimized uniform
quantizer if for all 7, € Son

() (70)
DCO < DCO :

Lemma VII.1: The MSE of a decoder optimized uniform
quantizer with index assignment m,, € Son is

2" —1

Dgg)_§_2_ Zyn
7=0

on_19m_1

P(rn () (0)) [y (5) = 2en (0)yn(i)]

j=0 =0

_1+2—n
3

2" —1
Y wn () = 20n ()
7=0 1=0
2" —1

:__2_ Zyn

where (7.1) follows from the weighted centroid condition. [

2" —1

P(mn(9)|mn (i) en (4)

(7.1)

In [5], it was shown that randomly chosen index assignments
for a decoder unoptimized uniform quantizer are asymptotically
bad in the sense that their MSE approaches that of the worst
possible index assignment in the limit as n — oo. The proof
involved an explicit construction of a worst index assignment.
The following theorem extends the result to a decoder optimized
uniform quantizer and its proof does not require the construction
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of a worst case index assignment. In Theorem VII.2, the term
1/12 is, in fact, the variance of the source.

Theorem VIL.2: The MSE of a decoder optimized uniform
quantizer is at most 1/12, and for n sufficiently large, an arbi-
trarily large fraction of index assignments achieve an MSE ar-
bitrarily close to 1/12.

Proof: For any index assignment 7, the average of the
codepoints is

on_q on_19m_1q
27 2, =27 3 3 enOp(ma (I (©)
7=0 =
2"—1
=27" Z cn (1)
i=0
~2
Thus,
2" -1
Dgr(; =5;-2" Z yn
2
1 2" 1
<527 X wm (7.2)
=0
11 1
3412
where (7.2) follows from Jensen’s inequality. The second asser-
tion follows from Theorem V1.4 and Lemma VII.1. O

Although Theorem VII.2 indicates that asymptotically most
index assignments yield MSEs close to 1/12, in the following
it will be shown that the NBC, the FBC, and the GC perform
substantially better asymptotically.

The next two theorems give the MSEs for the NBC with a
channel unoptimized decoder and with a channel optimized de-
coder. Theorem VII.3 was stated in [8] (see, e.g., [4] for a proof).
The results are given as a function of the quantizer rate n and the
channel bit-error probability €. Analogous results are then given
for the FBC, the GC, and the average for an index assignment
chosen uniformly at random.

Theorem VII.3: The MSE of a decoder unoptimized uniform
quantizer with the NBC index assignment is
2—2n

DINBO) — T+ % (1-272").

Theorem VII.4: The MSE of a decoder optimized uniform
quantizer with the NBC index assignment is
1—
€( €) (1
12 3
Proof: Combining Proposition II.2 and Lemma VII.1
gives

2—277.

NBC —2n
D(co): _22)'

2" —1

S I
Do =3-27" )
7=0

[ez +2e¢27"(1 — 2¢) <j - %)

1
+272(1 — 2¢)? <j2 +i+ Z)}
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= % — [52 +277e(1 — 2€) + 27 (1 — 2¢6)(2" — 1)
+2727(1 — 2¢)?
2r-1nErtt—-1) 2" -1 1
( 6 LR
2720 (1 —¢) —9n
= s (1-2 ). O

The next two theorems give the MSEs for the FBC with a
channel unoptimized decoder and with a channel optimized de-
coder. Theorem VIL.5 was given in [4]. The proof of Theorem
VIL6 is similar to that of Theorem VII.4 and is omitted for
brevity.

Theorem VII.5: The MSE of a decoder unoptimized uniform
quantizer with the FBC index assignment is

DEBO — L (50 92 49 (1 - ge 4 8e%).

12
Theorem VIL.6: The MSE of a decoder optimized uniform
quantizer with the FBC index assignment is

DgOBC) T (56 —9¢% 4+ 8¢ — 4e* — 272(1 — 2¢)*) .
The next two theorems give the MSEs for the GC with a
channel unoptimized decoder and with a channel optimized de-

coder. Theorem VII.7 was stated in [9] (see, e.g., [4] for a proof).

Theorem VII.7: The MSE of a decoder unoptimized uniform
quantizer with the GC index assignment is

peo _L_ 27 (3-35)0-(3-3%)")
cu 6 12 3te :

Theorem VII.8: The MSE of a decoder optimized uniform
quantizer with the GC index assignment is

1= (2o
-2

T 3-97
Proof: Combining Proposition V.4 and Lemma VII.1
gives

@o 1,
DS = — 2

co) _ L
CcO 12

2" —1 n 7
1 1 bn(j.,i)+1 1
' Jz:;) 173 ;(_1) 7~ ¢

n

Lo 1 i+k
1 b Gi)tba G2 [ L
Ao (3=

(7.3)

where (7.3) follows from the fact that the average of the code-
points for any index assignment is 1/2 (see the proof of The-
orem VII.2) and that for ¢ # k, the sum b, (j,%) + b, (4, k) is
even 2"~ ! times and odd 2"~ times as j ranges between 0 and
2" — 1. O

It can be seen from Theorems VII.3 and VIL.4 that for the
NBC, the reduction in MSE obtained by using a channel op-
timized quantizer decoder instead of one obeying the centroid
condition, is €2(1 — 272")/3. For small ¢, the MSE reduction
is thus small. For a randomly chosen index assignment how-
ever, Theorems VIL.9 and VII.10 show that channel optimized
decoders reduce the average distortion by a factor of two over
decoders obeying the centroid condition, independent of ¢, in
the limit as n — oo. Theorem VIIL.9 was stated in [8], and [5]
contains a concise proof. Let D(CRUA ™) be a random variable de-
noting the MSE of a decoder unoptimized uniform quantizer
with a randomly chosen index assignment.

Theorem VIL.9: The average MSE of a decoder unoptimized
uniform quantizer with an index assignment chosen uniformly

at random is
—2n 1

[D(RAN)] SpI, I-(2"+ 1)1 —-¢e"

6-2m

Since most index assignments are asymptotically bad, their
average is bad as well. More precisely, the next theorem shows
that the asymptotic average MSE of a decoder optimized uni-
form quantizer with an arbitrary index assignment converges to
1/12, consistent with Theorem VIL2. Let D(Cfg‘N) be a random
variable denoting the MSE of a decoder optimized uniform
quantizer with a randomly chosen index assignment.

Theorem VII.10: The average MSE of a decoder optimized
uniform quantizer with an index assignment chosen uniformly
at random is

272 11— (2" + 1)(1 — 2e + 263"
E.D(RAN) _ L .
[Peo™ 2 "1z 12-2n
Proof: Let
1 1
= N=—=)—— | (1= =27").
in=(eni) = 5) (1= ) (G =0 =27)
(RAN

By Lemma VIL.1, the expected value of D, ) (over all index

assignments) is

E[D (RAN)]
) 2m 1
A
=0
_ % —27" 3 (Var(ya()) + Elya()))
j=0
=1y (E (- 3) +an+§> 74
2" —1 2
= % -2" Y E (yn(j) - %) ] (7.5
=0
1 _n2’u1 o 1 2
=552 3 |10 (- 3)
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o (M)
l( 0-3) )~ (-]
+(;+(1+5) m—2(1+68)" — (L+ 62"
( )

(20 —1)(2" — 2)
2>

i) 11 <Cn(i) ) %) <Cn(l) B %>

w55

; (Cn(J) - %) (cn(l) - %) (7.6)
_ 1;%_ -
Z (-0 (cnu)— ;)
[(5)-Gon %ﬂ
F(L—e?n N
<2+ (1+9) 271—_25)1(;622) (1+682) )

oo 5%
21— g (Lé) )@m—%ﬂ

o 1
(1.7)

where (7.4) follows from Proposition VI.1 and (6.3), (7.5) fol-
lows from the fact that

ig (enti) = 5) =0

(7.6) follows from (6.6), and (7.7) results from the computations
following (6.6). Passing the sum over j inside, distributing the
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factor of 27" over all terms, applying Lemma VI.2, and multi-
plying the (1—¢)?" term through gives (7.8)—(7.9) at the bottom
of the page, where (7.8) makes use of the computations fol-
lowing (6.6). O

Crimmins et al. [1] and McLaughlin, Neuhoff, and Ashley
[3] showed that for every € and every n the NBC is optimal for
a decoder unoptimized uniform quantizer. We next extend the
proof in [3] to show that for every € and every n the NBC is also
optimal for a decoder optimized uniform quantizer.

Lemma VII.11: Let Q). denote the 2" X 2™ matrix whose
(i, j)th elements are g(7,,(7)|m,(j)). For any index assignment

Ty, there exists a 2" x 2™ permutation matrix P such that
2 2
= PQ%xso) P'.

Tn

Proof: Let P be the permutation matrix whose elements

are
pis={!
L] 0

for 0 <4,7 < 2" —1.Leta; ; and b; ;, respectively, denote the
(4, 7)th elements of Q_(~ec) and PQ_(xzc) P*. Then

ifr,(i) =7
otherwise

q(ilj) = ;5 = bﬁgl(i%

or equivalently

L €))

(7 ()70 (4)) = ar, (i),mn (i) = bij

which implies

Qr, = PQﬂSINBc)Pt.
Thus,
er = PQiglNBmPt
since P is orthogonal. O

Theorem VII.12: The NBC index assignment is optimal for
a decoder optimized uniform quantizer, for every bit-error prob-
ability € > 0 and every quantizer rate n. > 1.

Proof: Let
c=[ca(0),cn(1),...,cn(2"=1)]"

and

Y= [yn(0),yn(1),...,yn(2"=1)]"

(1 —2¢+2e*)" —

D(RAN) _
[ ] 12 . 22n

2(1 —
L2

{(22” — D1 - +

e)2n+1_

2(1 — €)™ — (1 — 2e + 262"

(1 _ 6)271 22n -1 22n -1
’ . 22n

on _ 1 12-27 12

@ -2 —2)

22r —1 22m — 1
.12 I —
12220 1227

9 <(1 - 6)" - (1 - 6)2”) GZ” ;;)}

(7.8)

12 12 - 22”

2—2n

_ 1 22"—1 2”1—26—1—26) -1
| u |
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= + 1

12 12.2n
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denote the column vectors of cell centroids and codepoints,
respectively. Then Lemma VII.1, Lemma VIL11, and the
weighted centroid condition imply that

1

Dgs =5 —2 "Iyl
= % —27"Q2 ¢
= % — 2_thPQ72r£2NBC)PtQ
= % — 2‘"2@72#\;3@&
=2 =270 vnorz (7.10)

where
z=P'c

and where Qﬂ_(NBC) is the same as _(xsc) but with € replaced
by 2¢(1 — €) '€ (0,1/2). McLaughlin, Neuhoff, and Ashley
[3] showed that for every ¢ € (0,1/2), the quadratic form
2'Q_vecyz (and thus in particular thAﬁch)g) is maxi-
mized for uniform sources and uniform qugntizers satisfying
>icen(i) = 0, when m,, = mNBO), Shifting the support of a
uniform source from [0, 1] to [—1/2, 1/2] changes each term in
(7.10) by a constant term, independent of the index assignment.
Thus Dgrg) is minimized when 7,, = m(lNBC), and therefore
the NBC is optimal for decoder optimized uniform quantizers

for all € and n. O

(1]

(21

(3]

(4]

(51

(6]
(71

(8]

(9]

[10]

[11]

[12]

REFERENCES

T. R. Crimmins, H. M. Horwitz, C. J. Palermo, and R. V. Palermo, “Min-
imization of mean-square error for data transmitted via group codes,”
IEEE Trans. Inform. Theory, vol. IT-15, pp. 72-78, Jan. 1969.

A. Gersho and R. Gray, Vector Quantization and Signal Compres-
sion. Norwell, MA: Kluwer, 1991.

S. W. McLaughlin, D. L. Neuhoff, and J. J. Ashley, “Optimal binary
index assignments for a class of equiprobable scalar and vector
quantizers,” IEEE Trans. Inform. Theory, vol. 41, pp. 2031-2037,
Nov. 1995.

A. Méhes and K. Zeger, “Binary lattice vector quantization with linear
block codes and affine index assignments,” IEEE Trans. Inform. Theory,
vol. 44, pp. 79-94, Jan. 1998.

, “Randomly chosen index assignments are asymptotically bad for
uniform sources,” IEEE Trans. Inform. Theory, vol. 45, pp. 788-794,
Mar. 1999.

R. M. Gray and D. L. Neuhoff, “Quantization,” IEEE Trans. Inform.
Theory, vol. 44, pp. 2355-2383, Oct. 1998.

R. Hagen and P. Hedelin, “Robust vector quantization by a linear map-
ping of a block code,” IEEE Trans. Inform. Theory, vol. 45, pp. 200-218,
Jan. 1999.

Y. Yamaguchi and T. S. Huang, “Optimum binary fixed-length block
codes,” MIT Res. Lab. Electronics, Cambridge, MA, Quart. Progr. Rep.
78, 1965.

T. S. Huang, “Optimum binary code,” MIT Res. Lab. Electronics, Cam-
bridge, MA, Quart. Progr. Rep. 82, 1966.

P. Knagenhjelm and E. Agrell, “The Hadamard transform—A tool for
index assignment,” IEEE Trans. Inform. Theory, vol. 42, pp. 1139-1151,
July 1996.

H. Kumazawa, M. Kasahara, and T. Namekawa, “A construction of
vector quantizers for noisy channels,” Electron. Eng. Japan, vol. 67-B,
no. 4, pp. 3947, 1984.

M. Skoglund, “On channel-constrained vector quantization and index
assignment for discrete memoryless channels,” IEEE Trans. Inform.
Theory, vol. 45, pp. 2615-2622, Nov. 1999.




