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The 3/4 Conjecture for Fix-Free Codes With at
Most Three Distinct Codeword Lengths
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Abstract—The 3/4 conjecture was posed 25 years ago by
Ahlswede, Balkenhol, and Khachatrian, and states that if a
multiset of positive integers has Kraft sum at most 3/4, then
there exists a code that is both a prefix code and a suffix code
with these integers as codeword lengths. We prove that the
3/4 conjecture is true whenever the given multiset of positive
integers contains at most three distinct values.

Index Terms— Prefix codes, Kraft inequality, Huffman codes,
unique decodability.

I. BACKGROUND ON FIX-FREE CODES

NE of the most intriguing unsolved questions in informa-

tion theory is the so-called “3/4 conjecture” for fix-free
codes. The conjecture was posed 25 years ago by Ahlswede,
Balkenhol, and Khachatrian, and states that if a multiset of
positive integers has Kraft sum at most 3/4, then there exists
a code that is both a prefix code and a suffix code with these
integers as codeword lengths. This conjecture is analogous to
the well-known fact that if a multiset of positive integers has
Kraft sum at most 1, then there exists a prefix code with these
integers as codeword lengths.

In this paper, we prove that the 3/4 conjecture is true
whenever the given multiset of positive integers contains at
most three distinct values.

Our proof technique is partially constructive and partially
existential, the latter approach relying on a random coding
argument, similar in spirit to that used in the classical channel
coding theorem of Shannon [60].

For any two binary words u and v, let uv denote their
concatenation. Let € denote the empty word, such that eu =
ue = u for any binary word u. Denote the binary alphabet by
A ={0,1}. Let A° = {€}, and for each n > 1 let A" denote
the set of all n-bit binary words. Also, let A* = U, A" be
the set of all finite-length binary words. For any sets S, 7T C
A*, denote their direct product by ST = {uv : u € S,v € T'}.
Note that T = T'@ = @ vacuously. For any binary word
u € A*, let |u| denote its length.
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A code is a finite subset of A*, and a code’s elements are
called codewords. A word u € A* is a prefix (respectively,
suffix) of a word v € A* if there exists x € A* such that
v = ux (respectively, v = zu).

A prefix code (respectively, suffix code) is a code for which
no codeword is a prefix (respectively, suffix) of any other
codeword. A fix-free code' is a code that is both a prefix code
and a suffix code.

If C is a code, then C'A* (respectively, A*C) is the set of
all words having a prefix (respectively, suffix) in C.

A pattern is a code described by a string in {0,1, A}*.
The code consists of all possible words obtained by assigning
either 0 or 1 to each occurrence of A in the pattern’s string.
For example, 11 A0A20 is a pattern that contains [11A0A42%0| =
23 = 8 strings, each of length 7, namely

{1100000, 1100010, 1100100, 1100110,
1110000,1110010,1110100,1110110}.

Also note that the length-one patterns 0 and 1 are the sets {0}
and {1}, respectively.

The multiplicity of an integer in a multiset is the number
of occurrences of that integer in the multiset. If a multiset
of positive integers has distinct integers Ai, Ao,... with
corresponding multiplicities pq, p2, ..., then the Kraft sum
of the multiset is the quantity

S

n>1

and the Kraft sum of a code C' is the quantity

K(C)y=> 27"
ueC
Note that the Kraft sum of any pattern U € {0,1, A}? is
K (U) = |U|/2P, where |U| equals 2 raised to the number of
As in U.

As an example, the multiset {2,3,3,4,4,4,4} has distinct
lengths 2, 3, and 4, with corresponding multiplicities j; = 1,
e = 2, ug = 4, and its Kraft sum is 1 - 2724 92.9273 4
4.274=1.

Variable length codes have been successfully used for
transmission and storage of information for at least 75 years.

IFix-free codes have also been called “biprefix codes” (e.g., [7], [49], [50],
[51], [52], and [54]), “Difix codes” (e.g., 6], [8], [9], [10], [11], and [12]),
“affix codes” (e.g., [21] and [53]), “reversible variable length codes” (e.g.,
[5], [27], [30], [34], [45], [61], [63], [64], [65], [66], [67], [68], [69], [70],
[711, [72], [73], and [82]), and “never-self-synchronizing codes” (e.g., [23]).
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In particular, binary prefix codes have been the most com-
monly used variable length codes, and are widely embedded
in many practical communication systems, such as speech,
image, and video coding standards.

Prefix codes have been extensively studied and are well
understood both in theory and practice. The existence of prefix
codes with a given set of codeword lengths was characterized
by Kraft [43] in 1949, and an optimal construction algorithm
was given by Huffman [29] in 1952 that finds prefix codes with
minimum average length with respect to a source distribution.

A fix-free code is a special type of prefix code, namely one
that is also a suffix code. Fix-free codes have been studied for
primarily four reasons: (1) theoretical and algebraic proper-
ties; (2) data compression; (3) error correction; (4) sufficient
conditions for existence using Kraft-type inequalities.

Theoretical analyses of fix-free codes were originated in
1956 by Schiitzenberger [57] and in 1959 by Gilbert and
Moore [23]. Various other algebraic properties were given
from the 1960s to 1980s by Berstel and Perrin [7], Césari [16]
and [17], Leonard [47], Perrin [49], [50], [51], and [52],
Reutenauer [54], and Schiitzenberger [58] and [59], and more
recently by Berstel, Berthe, DeFelice, Dolce, Leroy, Perrin,
Reutenauer, and Rindone [8], [9], [10], [11], and [12], and
Gillman and Rivest [24].

A special case of a fix-free code is a palindromic (or
“symmetric”’) code which is defined as a prefix code, all
of whose codewords are palindromes. Constructions of such
codes were considered in [1], [3], [26], [55], [61], [63], [64],
and [74].

In 1995, Takishima, Wada, and Murakami [61] studied
fix-free codes for providing error correction capability by
decoding both in the forward and reverse directions. Numerous
other studies applying such codes to error correction appeared
later (e.g., [5], [15], [22], [25], [27], (301, [34], [35], [45],
[46], [48], [62], [63], [64], [65], [66], [67], [68], [69], [70],
[71], [72], [73], and [82]). In fact, the practical application
of fix-free codes was adopted into international standards for
video compression, including ISO MPEG-4 [31] in 1998 and
ITU-T H.263+ [32] in 2000.

In terms of data compression, prefix codes achieving a min-
imum possible average length with respect to a given source
distribution are well known from Huffman’s algorithm [29].
For fix-free codes, the situation is a bit more complicated.
Some studies of this include [1], [33], [36], [37], [39], [41],
[42], [55], [74], [77], [80], and [81].

In addition to the practical use of fix-free codes for error
correction of variable length lossless codes, the foundational
theory of fix-free codes has been a topic of great interest.

In order for any variable length code to be useful, it
is generally required that it be uniquely decodable (UD),
which means that there is only one way to correctly parse a
concatenation of variable length codewords. Prefix codes are
always UD, and it is known that for every UD code, there
exists a prefix code with the same codeword lengths [18].
So there is no loss of generality in restricting one’s attention
from general UD variable length codes to prefix codes.

On the other hand, for the purpose of lossless data com-
pression, one would like the average codeword length to be as
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short as possible, in order to reduce transmission and storage
costs. This assumes each codeword is assigned to represent a
particular outcome of a discrete source random variable. The
desire to have codes be UD and short on average are opposing
needs. That is, if a code is too short, it cannot also be UD.

The Kraft inequality makes this idea quantitatively precise.
Specifically, the Kraft inequality gives an upper bound of 1 on
the Kraft sum of a multiset of positive integers corresponding
to the codeword lengths of a prefix code. In other words, as
long as this upper bound is not violated, a prefix code exists
having those positive integers as its codeword lengths. In fact,
the converse to the Kraft theorem is also true, namely that the
Kraft sum of the codeword lengths of any prefix code can be
at most 1.

For fix-free codes, a similar trade-off exists between having
short codeword lengths and being both a prefix and a suffix
code. An analogous question to the prefix code case asks for
the lowest possible upper bound on the Kraft sum of a multiset
of positive integers that would ensure the existence of a fix-free
code having those positive integers as its codeword lengths.
No improved converse can exist however, since fix-free codes
can indeed have Kraft sum equal to 1, such as a code consisting
of all codewords of a given length.

In 1996, Ahlswede, Balkenhol, and Khachatrian [4] showed
the weaker result that if the Kraft sum is at most 1/2, then
a fix-free code is guaranteed to exist with the corresponding
codeword lengths. They also showed the existence of a fix-
free code if the Kraft sum of the multiset of codeword lengths
is at most 3/4 and each integer in the multiset is at least
twice any smaller integer in the multiset. More generally, they
showed that any upper bound on the Kraft sum that ensures
the existence of a fix-free code cannot be larger than 3/4.
Perhaps most interestingly, the authors of [4] conjectured that
3/4 itself is in fact such an upper bound on the Kraft sum.
This is now commonly referred to as the “3/4 conjecture”,
and is stated next.

Conjecture 1.1 (Ahlswede, Balkenhol and Khachatrian [4]):
If a multiset of positive integers has Kraft sum at most 3/4,
then there exists a fix-free code whose codeword lengths are
the elements of the multiset.

Since the 3/4 conjecture was made, numerous attempts to
prove it have failed. However, many interesting special cases
of the conjecture have been proven, which we review next.

In 1999, Harada and Kobayashi [28] proved that Conjec-
ture 1.1 holds if the multiset contains at most two distinct
positive integers. Initially, they attempted to use a randomized
algorithm in their proof, but demonstrated that it is not
guaranteed to find the desired fix-free code. To achieve their
result, they used a deterministic algorithm. They were unable
to extend their methods beyond multisets containing at most
two distinct positive integers and, in fact, stated the following:

“However, finding a fix-free code for li,...,l,
which consists of three or more different lengths
seems not to be always easy.”

In 2012, Savari, Yazdi, Abedini, and Khatri [55, p. 5121]
proved, among other things, one special case of Conjecture 1.1
where the given multiset has three distinct values. In particular,
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their result is limited to the case where the smallest such value
is 2 and appears exactly once, and the remaining two values
have further specific restrictions. The authors also stated the
following that acknowledges the Harada-Kobayashi result for
multisets with two distinct values and confirms the difficulty of
proving Conjecture 1.1 for multisets containing three distinct
values:

“The progress on the 3/4 conjecture has been slow
even over binary code alphabets. One of the early
results [by Harada-Kobayashi] is that the 3/4 con-
Jecture holds for length sequences (l,...,l,) for
which 1; € {A1, 2} for all i. The case where
l; € {\1, A2, A3} is only partly understood.”

It is precisely the proof of Conjecture I.1 for at most three
distinct integers that we achieve in the present paper (in our
Theorem II.1).

In 2001, Ye and Yeung [75] proved that Conjecture 1.1 holds
when the multiset values do not exceed 7. They also proved
the weaker result that a fix-free code exists when the multiset
contains the integer 1 and the Kraft sum is at most 5/8.

In 2001, also Yekhanin [76] gave a proof sketch that
Conjecture 1.1 holds in two different cases: (1) when the
multiset values do not exceed 8; or (2) when the Kraft sum of
the submultiset of is and (i+1)s is at least 1/2, where i is the
smallest integer in the multiset. A special case of this second
result is stated as the following theorem, which we use as one
component of our main result, Theorem II.1. Theorem 1.2 is
proved in more detail in Yekhanin’s unpublished notes in [78].

Theorem 1.2: Conjecture 1.1 holds when the Kraft sum of
the multiset of smallest length words is at least 1/2.

In 2004, Yekhanin [77] also proved Conjecture 1.1 holds
when the Kraft sum is at most 5/8.

In 2005, Kukorelly and Zeger [44] proved that Conjec-
ture I.1 holds in two different cases: (1) when the minimum
integer ¢ in the multiset is at least 2, and no integer in the
multiset, except possibly the largest one, occurs more than
29=2 times; or (2) when every integer in the multiset, except
possibly the largest one, occurs at most twice.

In 2007, Schnettler [56] (see also [19], [20], and [40])
gave a survey of sufficient conditions for the existence of fix-
free codes and generalized to nonbinary alphabets the result
described above in [44]. He also expanded the proof sketch
given in [76] to a more general version of Theorem 1.2, and
proved several specialized cases of Conjecture I.1.

In 2008, Khosravifard and Gulliver [38] further studied and
improved the algorithm used by Harada and Kobayashi [28] to
establish Conjecture 1.1 for two-level integer multisets. They
experimentally showed that their algorithm tends to almost
always find fix-free codes, when they exist, for multisets
containing at most 30 integers, with two or more distinct
values.

In 2013, Aghajan and Khosravifard [2] calculated the
fraction of cases covered by Yekhanin’s result (2) in [76].

In 2015, Bodewig [13], [14] proved several special cases of
Conjecture 1.1 for infinite multisets.

Today, there still remains an infinite number of unsolved
cases of Conjecture I.1.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 3, MARCH 2023

II. SUMMARY OF THE MAIN RESULT

Our main result covers an infinite number of new cases
not previously known in the literature, and is summarized in
Theorem II.1.

Theorem I1.1: Conjecture 1.1 is true whenever the multiset
contains at most three distinct integers.

Proof: By Lemma V.1, it suffices to prove the result
when the Kraft sum is exactly 3/4. If the multiset contains
only one distinct integer \;, then any subset of A* of size
p1 = 3-2M72 will give the desired fix-free code. If the
multiset contains exactly two distinct integers, then the result
is known by [28] (see also our Theorem III.1).

Suppose the multiset contains exactly three distinct integers,
which, in increasing order, are A\j, A2, A3, with nonzero
multiplicities p1, pe, i3, respectively, and such that

(127 M+ 127 4 32708 = 3 /4.

Theorem 1.2 implies that Conjecture 1.1 holds when
u12~™M > 1/2, so it suffices to assume 12~ < 1/2, in
which case the proof follows from our following three results:
o Theorem V1.2, i.e., when ;27 < % and
2272 < 4
e Theorem VII.2, i.e., when u12_/\1 < % and
1< 27 < H (1= 2™
e Theorem VIII.1, i.e., when u12’A1 < % and
3 (L= 27 < 2™
These theorems are stated and proven in Sections VI, VII, VIII,
respectively. If A\; = 1, then u; = 1, so Theorem 1.2 applies.
Thus, for each of Theorems VI.2, VII.2, and VIII.1, it suffices
to assume A; > 2. Throughout the proofs of these three
theorems, we will use the following transformed quantities:

n=/\1—1
=X — A +1
k=MX3— A +1. (1)

|

The main idea used in proving Theorems VI.2, VII.2,
and VIIIL.1 is to build sets of codewords of the three desired
lengths so that none of the shorter words is a prefix or suffix
of any longer word.

The codewords of the shortest length A; will be elements
of the set U1 A", where U; = 0. The set of codewords of the
middle length Ao will be a union of at most three sets of the
form Uy A'=2U3A™, where Us and Us are two fixed bits. Since
A1 = n+ 1, the conditions Uy # U, and Us = Us ensure any
word from Uy A'=2U3A™ will not have a length-\; prefix or
suffix from Uy A™. Additionally, even if Uy = Us or Uy = Us,
we will still be able to choose codewords of length Ao as long
as these words avoid having prefixes or suffixes among the
codewords from U; A™.

Once the codewords of lengths A\; and Ao are constructed
with the correct multiplicities p1 and po, and with no offend-
ing prefixes or suffixes, we then carefully construct enough
codewords of length A3 to make the total Kraft sum equal
3/4, while avoiding prefixes and suffixes from codewords of
lengths A\; and As.
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During this construction, the locations in words of length
A3 of the fixed bits Uy, Us, and U3 (which are fixed in words
of lengths A\; and A9) play an important role in our ability
to avoid prefixes and suffixes of words of lengths A; and As.
There are three possible “overlap cases” that are separately
considered, depending on how much overlap there is between
the prefix and suffix of length A5 in a codeword of length As.
The three cases are illustrated in Figure 1, and correspond to
whether the value Ay — \; is less than, equal to, or greater
than, A3 — A2, An equivalent condition, using the terminology
from (1), is whether the value 2] — k is less than, equal to,
or greater than 1.

In Overlap Case 1, the fixed bits Uy and Us of the
length-\o prefixes and suffixes do not coincide, and also the
length-)\o prefixes do not overlap the length-\, suffixes in their
first [ positions. In this case, length-\3 codewords are drawn
from sets of the form

ZlAl—2Z2Ak’—2lZSAl—2z4An

for some subset of the 16 possible assignments of
(Z1, Zo, Zs, Zy). In Overlap Case 2, the fixed bit Us in length-
Ao prefixes of length-A3 codewords coincides with the fixed
bit Us in length-)5 suffixes of such length-\3 codewords.
In this case, length-\3 codewords are drawn from sets of
the form
Z1AT2 2, A2 2 A

for some subset of the 8 possible assignments of (771, Z3, Z3).
In Overlap Case 3, the fixed bits Us and Us of the
length-\o prefixes and suffixes do not coincide, but the
length-\o prefixes do overlap the length-)\5 suffixes in their
first [ positions. It turns out that this latter property is a
source of complication throughout the construction. In this
case, length-A3 codewords are drawn from sets of the form
Z1 A=l 70 A20-k=2 7, Ak—I=17, A" for some subset of the
16 possible assignments of (71, Za, Z3, Z4).

In all three cases, the codewords of length A3 are randomly
selected from carefully designed patterns to avoid words of
lengths A; and Ay as prefixes and suffixes. The proof of our
main result demonstrates that, on average, the random choices
of codewords of lengths A\; and A leave enough remaining
potential codewords of length A3 to satisfy the Kraft sum
being 3/4 without violating the prefix or suffix conditions.
This bound on the average Kraft sum implies that there exists
at least one particular choice of words of the desired lengths
that forms a fix-free code and satisfies the requirements.

III. THE 3/4 CONJECTURE WITH
TwoO DISTINCT LENGTHS

In order to illustrate aspects of our random coding technique
in a relatively simple example, we next prove Conjecture 1.1
when the multiset of positive integers is restricted to having
only two distinct values. This result was originally given by
Harada and Kobayashi [28] using a different, and considerably
longer, proof.

Theorem 1II.1: Suppose a multiset of positive integers
consists of p; copies of A\; and po copies of Ay, such that
A1 < Ao and u12’A1 + /122*)‘2 < 3/4. Then there exists a
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fix-free code with p; codewords of length \; and uo code-
words of length As.

Proof: Let F' be a randomly chosen set of p; distinct
words of length A\;. Each word of length Ay — A; is the
prefix of a unique word of length A2 whose length-\; prefix
equals its length-\; suffix. So the number of such words is
2X%2=M and their Kraft sum is 2222 . 2722 = 2=M The
probability that any such word does not have its common
length-\; prefix/suffix in F is 22;1’“. On the other hand,
any word of length Ao whose length-\; prefix and suffix differ
does not have a prefix or suffix in F' with probability

My 2Ny —1
2M 20— 1
(using Lemma V.6), and the Kraft sum of the set of such words
is (222 —2%2=M).927A2 =1 277 Therefore, the expected
Kraft sum of the set of length-A, words that have neither a
prefix nor suffix in F' is

9=\ | 20—y
2M
+ (1 _ 27/\1) . (2)\1 - Ml)(Q)\l - Ml B 1)
21 (2/\1 _ 1)

3 1 2
=1 2~ M+ <§ - /i12)‘1)

3
> 2
=1 M1
> 19272,

Thus, there exists at least one particular choice of F' such that
there are at least uo words of length Ay that have neither a
prefix nor suffix in F, i.e., there are then enough available
words of length Ay to create the claimed fix-free code. |

IV. OVERVIEW OF THE PROOF OF THE 3/4 CONJECTURE
WITH THREE DISTINCT LENGTHS

We give here a preview and high-level description of the
proof of the 3/4 conjecture with three distinct lengths (i.e., the
proof of Theorem II.1). In Sections VI-VIII, detailed proofs
are given, and some useful lemmas are given in Section V and
proven in the appendix.

The random coding method illustrated in the proof of
Theorem III.1 for two distinct lengths plays an important
role in the case of three distinct lengths, but significant
complications arise when trying to avoid prefixes and suffixes
in the words of longest length. To avoid such prefixes and
suffixes in our constructions, we assign fixed values to certain
bit locations in the chosen words of all three lengths, which
in turn does make the analysis based on random coding more
difficult. Also, the method in the proof of Theorem III.1 of
counting each length-\y word whose length-\; prefix is also
a suffix does not work when there are bits with fixed values,
as in the proofs with three distinct lengths, so we instead
develop a more widely applicable result that is proven in our
Lemma V.3. As a result, the proofs provided in subsequent
sections are substantially longer and more complex than that
of Theorem III.1.
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Overlap Case 1: Ao — A\ < A3 — A

ol T
|Z1 | Al-2 |ZQ| Ak—2 = An |
ol o

Overlap Case 2: Ao — A\ = A3 — A

|0, ] Al-2 \us|  a
4] A2 %] A2 an |
3 Al-2 I

Overlap Case 3: Ao — A\ > A3 — A

|0, ] A2 A
|Z1 | Ak-1-1 A2l—k—2 |Zz| Ak-1-1 An |
A = I

Fig. 1.

Three cases of code word overlap. The three word lengths illustrated are A1, A2, and A3. The bit positions Uy, Uz, Us correspond to certain fixed

bits in patterns of length A1 and A2, and the bit positions Z1, Z2, Z3, Z4 represent fixed bits in patterns of length Az. These fixed bit positions are used to

avoid prefixes and suffixes in order to create a fix-free code.

Explicitly constructing the needed numbers of strings of
lengths A, A2, and A3 appears to be a difficult task, so we
chose an alternative approach that randomly chooses such
strings according to certain rules that maintain the prefix/suffix
conditions. The construction process chooses the correct num-
ber of strings of lengths A; and A2 and then we show that on
average there remains enough strings of length A3 to complete
the process.

The proof of Theorem II.1 is broken into three main cases,
depending on the values of the Kraft sum components £1;2~

and y127*2. The three cases are:

(1) 27 < § and pg27*2 < ¢

@) 2™ < Land T <2 <1 (1- g2 )
(3) 27 < $and § (1 —p27™) < pp2722,

The third main case is broken into the following four subcases:

(@) Ao > 2\ (e, n<I[-2)

(b) A2 <2\ (e,n>1—2)and <27 <4

(©) A2 < 2\ (e, n >1—2) and 127N < % and
P<p2h <)

(d A2 < 2\ (ie,n >1-2)and ;2~™ < 1 and
% < M22_/\2.

Each of the main cases (1) and (2) and the subcases (3a)—(3d)
are further divided into the three overlap cases illustrated in
Figure 1, namely:

e Mo — AN <A3— Xy (le,20—k<1)

° )\2—/\12/\3—)\2 (i.e., 21—k=1)

o Ao — A\ >/\3—)\2 (i.e., 20 — k > 1).

Within each overlap case of each main case or subcase,
specific definitions are given of the three sets F}, Fb, and F3.
These are the sets containing codewords of lengths Ay, Ao,
and A3, respectively. Our construction chooses these three sets
using various randomizations, and we show that in each case,
on average, there are enough codewords to correctly populate
the sets without violating the prefix or suffix conditions. Once
this step is accomplished, we then conclude that there must
be at least one (non-random) code with the correct sizes of
Fy, F5, and F3, and without violating the prefix or suffix
conditions.

o Constructing Fi:

In all cases and subcases we define I} = 04" — C,
where C' is a set of size 2" — uq chosen randomly from
certain subsets of 0A". In other words, we construct
F} by starting with all binary strings of length n 4 1
that start with 0, and then we delete in a random way
enough of those strings to leave exactly p; remaining.
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The motivation behind this definition of F} is that when
we construct larger codewords of lengths Ay and A3, they
can avoid having length-)\; codewords as prefixes by
having a 1 in their leftmost position or having a word
in C as a prefix, and they can avoid having length-
A1 codewords as suffixes by having a 1 in position
n + 1 from the right or having a word in C as a suffix.

In the main cases (1) and (2) and the subcase (3a),
we choose C' uniformly at random from among the
271 length-\; strings of 0A™. For these cases, the
construction of F} is equivalent to simply choosing
elements at random without replacement from 0A™.

In subcase (3b), we choose C' uniformly at ran-
dom from among the 2"~! length-\; strings of
0A'=21 A" 1 In other words, in this case Fj is
constructed by randomly deleting enough strings from
0A"™ containing a 1 in the [th position to leave exactly
[41 strings remaining.

In subcases (3c) and (3d), since pu127™ < % the
value of p; is smaller than in case (3b), so the random
set C' must be made larger than in (3b). So we choose
C to have all 2"! strings in 0A'=21 A"+ together
with 2"~ — 14, strings chosen uniformly at random from
0A'20 A"*1 In other words, in these cases F) is
constructed by deleting all strings from 0A™ that contain
a 1 in the [th position and also randomly deleting enough
strings from 0A™ that contain a O in the [th position to
leave exactly p4; strings remaining.

o Constructing Fy:

The construction of F5 requires that F5 has po strings,
each of length Ao, and that none of these strings contains
a prefix or suffix in F}.

Notice that each word in 1A'~21 A" avoids both
prefixes and suffixes from F. There are 2"7/~2 = 12%2
such words available for F,, and each is of length
n~+l = \y. For main case (1), this number of codewords is
sufficient since po < i2)‘2, but for main cases (2) and (3)
more codewords are needed of length Ay since po > iZAQ
in those cases. In these two cases, one way to increase
the number of codewords of length A, is to include in F»
some words from 0A'~21 A™ or 1A"~20 A™, and then
require such words to have a prefix or suffix, respectively,
from C, in order to avoid prefixes or suffixes from Fj.

When constructing F», we make use of a new set D
which is chosen uniformly at random from one of the
four sets:

1472147
042147
1A72C
CA-T,

In all cases except (3d), the words in set D are avoided
when constructing F5, which allows words of length A3 to
have prefixes or suffixes from D in the construction of
F3. In contrast, in case (3d) we add words from D
when constructing F5, and then avoid such words in
constructing Fj.
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Table I shows for each main case, subcase, and overlap
case which of the four sets D is chosen from, how many
words D contains, and the exact definition of F5. The
precise usage of these quantities will become apparent
in the detailed proofs given in Sections VI-VIII. The
involvement of D for constructing F5 in each case allows
sufficient codewords of length A, while avoiding prefixes
and suffixes from Fj.

o Constructing Fj:

Our general strategy for constructing the set Fj is to
form a union of subsets of A" where each subset
obeys certain constraints (according to which overlap case
is being considered) that prevent prefixes or suffixes from
F or F5. Each subset in such a union is an intersection of
two specially constructed sets Y}, ; and W, , over various
binary values of p, g, 7, s, specified by an index set Z.
The intersection of Y, , and W, ¢ produces a pattern that
falls into one of three specific forms, as seen in the third
column of the Table II. The patterns are designed based
on the locations of the bits 7y, Z5, Z3, Z4 in Figure 1.
By controlling the values of these four bits we prevent
the strings in F3 from having prefixes and suffixes in
Fy and F>. The sets Y, , regulate prefixes and the sets
W, s regulate suffixes.

Table II summarizes the construction of F3 and the
pattern used for each overlap case.

These constructions of the random set F3 are used for
all cases, except for main case (3d), where a slightly
different construction is used.

The proofs in Sections VI-VIII calculate the average size
of F3 and show that it is at least ug. This ensures that there is
at least one (deterministic) instance of the random sets C' and
D that guarantees a (deterministic) instance of the set F3 with
at least us elements, and this instance of F3 can be pruned
back to have exactly us elements.

V. LEMMAS ABOUT KRAFT SUMS

This section gives many technical lemmas used to prove the
main theorems in the sections to follow. Most of the proofs
of the lemmas in this section can be found in the appendix.

For any set S C A*, the indicator function 1g : A* —
{0,1} is defined by

1 ifxzesS
Ls (@) = {0 else

Lemma V.1: If a multiset of positive integers has Kraft sum
less than 3/4, then the multiplicity of its largest value can be
increased to make the Kraft sum equal to 3/4.

Some basic facts about Kraft sums will be
used throughout this paper. As some examples:
@ if S and T are disjoint codes, then

K(SUT)=K(S)4+ K (T); (ii) if S and T are codes and at
least one of them is fixed length, then K (ST') = K (S) K (T);
(iii) L (A™) =1 for all n > 1; and (iv) £ (0) = £ (1) = 1/2.
Two consequences of these facts are given in the following
lemma.
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TABLE I
SETS F'5 AND D FOR ALL OVERLAP CASES AND SUBCASES USED IN THE PROOF OF THEOREM III.1

Case : Fy |D| D is from
Overlap
(1) 1A'-214A" — D ntl=2 _ 14214
(): 1,3 || (1A7214" — D)u1Al=2C (1= 27 )20 — py | 147214
(2):2 1A7214" U (1AY2C - D) (1= p27)2% — gy | 1AI2C
(3a): 1 (1A721A" — D)U1A2C U CA2 1A | (3 — 272222 — gy | 14172147
(3a): 2,3 || 14172147 U (1A1-2C — D) U CAl=2—"1 4" (% — 127222 — py | 1A2C
(3b): 1,3 || (1A'7214" — D)u CA! (3 — 27 M)2% — pp | 1417214
(3b): 2 1A'721A" U (CA-! — D) (3 —pn272)2% — py | CA!
(3c): 1,3 || (1A721A" — D)U0AI~214 2h2—1 1472147
(3c): 2 1A'721A" U (0A'~21A4" — D) 2r2—1 0A—214"
3d) 147214 U0A 214" U D g — 22271 14=2C
TABLE 11
SET F3 AND CORRESPONDING PATTERN FOR ALL OVERLAP CASES USED IN THE PROOF OF THEOREM III. 1
Overlap Case F3 Pattern
(1) U (YZl,Zz n WZ3tZ4) ZlAlizZQAk72l23Al72Z4An
(Z1,22,23,Z4)€ET
) U (YZl,Zz n WZz,Zg) ZlAl7222Al7223An
(Z1,22,23)€T
3) U (Yzr.2s VW, 2,) | Zi AR 2, A2 k=2 2 AR—l=1 7, An
(Zl,ZQ7Z3,Z4)EI
Lemma V.2: o Let U =0A4204%1 and = 5. So m — [ = 3. Then
@) If p1,...,p, are nonnegative integers and uq,...,u, €

A*, then
K (ur AP ug AP? . uy APr) = 27 (halttunl)

(ii) If S is a code and T is a fixed-length random code, then
E[K(ST)] = K(S) E[K(T)].

Let m > 1 > 1 be integers, and let U € {0, 1, A}™. Define
R;(U) C A™ to be the set of words w € U such that the [-bit
prefix of w equals the [-bit suffix of w.

The following lemma is used in many of the proofs of our
other lemmas.

Lemma V.3: Let U = Uy Us---U,, € {0,1, A}™ and let
I < m be a positive integer. Then the number of words in U
whose length-/ prefix and suffix are the same is

M

1<i<m
i=p mod (m—1)

m—1
R =]] Uil .
p=1

Three examples illustrating the usage of Lemma V.3 are
given next.

UNnUsNU;=0N0NA=0
UsNUsNUgs=ANAN1=1
UsNUg=ANA=A.
So |R;(U)| =10]-|1|-|A] =1-1-2 = 2. The two words
in R;(U) are 01001001 and 01101101.

o Let U = 04%0A4%1 A and [ = 5. So m — [ = 3. Then
UnUsNU;,=0Nn0N1=2
UsNUsNUgs=ANANA=A

UsNUg=ANA=A.
So [R(U)| =|2]-|A]l- |4 =0-2-2=0.

e Let U =1A4%1 A1 A1 and [ = 6. So m — [ = 3. Then
UnUsnUz;=1N1NA=1
UsNUsNUg=ANANA=A
UsnNUsNUg=AN1N1=1.

So |R;(U)| =|1]-]A|-|1] =1-2-1 = 2. The two words
in R;(U) are 101101101 and 111111111.

A fixed point in a pattern X € {0,1, A}* is a position in
the pattern’s string whose value is not equal to A.
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We will say that a randomly generated set of words of a
given length is of a fixed size if the set is chosen according to
some probability distribution on all sets of the same cardinality
that contain words of the given length.

Lemma V.4: Let m be a positive integer. For each ¢ = 1,2
let X; € {0,1,A}™, with m; < m, and let Y; be a
set of a fixed size drawn uniformly at random and without
replacement from X;, where the words of Y; and Y5 are drawn
independently of each other. Let W; = A%Y;A* N U; and
Wy = A°Y3A% N Uy for some patterns U; € A%X; A and
U C A°X5 A%, where a+b = m—m; and c+d = m—ma. Let
p denote the number of positions where U; and Us both have
a fixed point, and assume that the values of U; and U, agree
at each such position. Then

2
BIK (Wi nWo)] =27 - ] K W))

i=1

Note that in the above lemma, the cardinality of each
random set Y; is fixed and its elements are all of length m;,
so the Kraft sum of Y; is deterministic.

Corollary V.5: Let Y be a set of a fixed size chosen
uniformly at random and without replacement from a pattern
X € {0,1, A} Let U € {0,1, A}k If U C A*X A,
then
a b _ K (Y)
IC(A YA ﬂU) =K (U) K(x)"

Lemma V.6: Let X be a set of size at least 2 and let C' be
a set of a fixed size chosen uniformly at random from X. For
any particular element of X, the probability that the element
lies in C' is |C|/|X]|. For any two particular distinct elements
of X, the probability that both lie in C is %

Lemma V.7: Let n > 1 and p > 0 be integers, let b € A,
and let C' be a set of a fixed size chosen uniformly at random
from bA™. Then for any U € {0,1, A}?,

B[ (CAP* NbUDA™ N APFIC)] = K (U)K (C)?

The next lemma calculates the expected Kraft sum of the
set all (k+n)-bit words that have both a prefix and suffix in a
randomly chosen set of words of the form 1A=21 A™, where
2<Il<k.

Lemma V.8: Letn,l, k > 0 be integers, with 2 <[ < k, and
let D be a subset of a fixed size chosen uniformly at random
from 1A'=21 A". Then

E[K (DAY ' A*'D)]

K (D)?
if2l— k<1
2K (D)?
if2l— k=1
) K(D)?
if20—k>1land (k—1)f(2l—k—1)
e
if2l—k>1land (k—1)| (21— k—1).
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Corollary V.9: Let n,l,k > 1 be integers, with 2 <[ < k
and n > [ — 2. Let Cy be a subset of a fixed size chosen
uniformly at random from 0A'~20 A™~(=1)_ Then

E[K (C()Akil N AkilC())]

K (Co)?
if2l— k<1
2K (Cp)?
if2l—k=1
) K(Co)?
if2l—k>1land (k—0)t(20 —k—1)
K (00)2 + ’C(COQ)T(El—iCl(CU))
if2l—k>1land (k—1)| (20 —k—1)

Proof: This corollary follows from Lemma V.8 by chang-

ing 1s to Os. |

Lemma V.10: Let C C A" be a random set of a fixed

size. Let g(C) C A™** be a set that is some function of C.

If D is a set of a fixed size chosen uniformly at random from
1A"=2C, then

EK (DA ng(C))]

E[K (9(C) N A*'D)]
= %‘)D}Q . E[IC (g(C) N Ak7l1A172C)]’

and if D is a set of a fixed size chosen uniformly at random
from C A"~ then

EIK (DA* 1 9(0))]
K (D) ko1
=X E[K (CA* ng(O))],
where KC(D)/K(C) = 0 whenever K(C) = K(D) = 0.

In Theorem VIIL.1(c) and Theorem VIIL.1(d) in
Section VIII, the set C' is not chosen uniformly at random
from a fixed pattern, but instead C = C; U Cj, where
C, = 0 A=21A70=1) and Cy is chosen uniformly
at random from 0A'~20A"~ (=1 The following lemma
calculates E[K (DAF~' 1 A*~1C)] in this situation.

Lemma V.11: Let n,l,k > 1 be integers, with 2 <[ < k
andn > [—2. Let C = C1UCy be a set of a fixed size where
Cy = 0A=21A7=(=1) and Cy is chosen uniformly at random
from 0420 A"~(=1) Let D be a set of a fixed size chosen
uniformly at random from 1A'~2C. Then

E[K (DAY nAM10)

K(C)K (D)
if2l-k<1
2(K(C) = DK (D)
if2l-k=1
T KOk
if 20 —k>1and (k—1) (20 —k—1)
K(D)(K(C)—1)(3—-K(C
K(O) K (D) + =2 ity
if 20—k >1and (k—1)] (2l —k—1).
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Lemma V.12: Let n > 1 and a,b > 0 be integers and let C
be a subset of a fixed size chosen uniformly at random from
0A™. Then

E[K (1 ACCA“TPT201 A0 AP0 A1 A”ﬂAa+b+2CAa+1)]
K(©)? _ K(@O)(5-K(C)
1

1(2"—1)
B ifn>aand (b+1)] (a+1)
o K(©)?
1
else.

Lemma V.13: Letn > 1 and a,b > 0 be integers and let C'
be a subset of a fixed size chosen uniformly at random from
0A™. Then

EK (CA23 10 A0 A0 A1 A™ 0 0ACAT0+2)]

k©® ifn<b
S ifb<n<a+b+1
and (a+1)1(b+1)
T EQE L MOEEOD iy < <at bt
and (a+1) | (b+1)
RO _KOGKED jfp s a4b+1.

127 —1)

Lemma V.14: Let n > 1 and a,b > 0 be integers and let
l=a+ b+ 3. Let C be a subset of a fixed size of at least 1
chosen uniformly at random from 0A™, and let D be a set of
a fixed size chosen uniformly at random from 1A'~2C. Then

E[K (DA™ N1 A"1 A’0 A0 A™ N A®*1D)]
K(D)*
if (a+1)1(b+1)
K (D)~ erstti - (552 - K (D))
if (a+1)](b+1).
Lemma V.15: Let n > 1 and [ > 3 and

fley) = G—y>2—% (g—y)

Y (m ) 1 1
- (Y| ——a =2
w1 —1\2 Y) T 1) \2
Then f(z,y) > 0 for all € [52+, 3 — 55<) U {3} and
y€0,5 - mml U{5}

VI. MAIN RESULT, PART 1: y;27 < 2 AND p1p27 %2 < 1

We are given three positive integers in increasing order, \j,
A2, A3, and corresponding nonzero multiplicities 1, pa, i3,
such that the Kraft sum 1127 452722 4+ 1327% equals 3/4.
We are also given that the Kraft sums of the words of lengths
A1 and Ay are upper bounded by 1/2 and 1/4, respectively.
Our objective is to demonstrate that a fix-free code exists with
the corresponding multiset of integers as codeword lengths.

We first construct length-A; codewords by randomly remov-
ing a subset C' of 0A™, whose size is chosen to leave
exactly 1 codewords remaining. Then, length-\y codewords
are chosen from the words in 14"~21 A", since none of them
can have a prefix or suffix from the length-\; words already
chosen. Specifically, these words are chosen by randomly
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removing a subset D of 1A21 A", whose size is picked to
leave exactly po words remaining after removal. The largest
possible Kraft sum of the length-\2 words that can be achieved
in this manner occurs when no words are removed, i.e., when
|D| = 0. In this case, the expected Kraft sum of the length-
A2 words is K (1A"721A") = 1/4, by Lemma V.2, which
explains the upper bound on 152~ *? used in Theorem VI.2.

Finally, length-A3 words are constructed to avoid prefixes
and suffixes in the randomly constructed sets of words of
lengths A\; and As.

It appears to be a somewhat difficult task to describe which
codewords of lengths A\; and A to use in order to ensure
the availability of the needed length-A3 codewords, while
preserving the fix-free condition and the 3/4 Kraft sum upper
bound.

We use a probabilistic approach and remove the correct
number of codewords of lengths A\; and Ao by random
selection. In other words, we remove 2 ~! — ;1 of the original
length-\; codewords, uniformly at random from among the
2*1~1 original length-\; codewords, and then we remove
2222 _ 1, of the original length-\o codewords uniformly at
random from among the 2*2~2 original length-\; codewords.
We prove that, on average, there are at least p3 codewords
of length A3 that do not have any prefix or suffix from the
resulting iy codewords of length \; and po codewords of
length A\s. So, there must exist at least one actual collection of
11 codewords of length A\; and po codewords of length A, that
result in at least 3 codewords of length A3 that have neither
prefix nor suffix in the collection. This existential technique
is somewhat analogous to that used in Shannon’s proof of the
channel coding theorem [60].

Throughout the proof of the main results, we shall use cer-
tain repeated terminology. The quantities A1, Ao, and A3 will
represent, in increasing order, the three distinct codeword
lengths for the desired fix-free code. Throughout, we will use
the quantities n, [, and k as defined in (1).

The proof of Theorem VI.2 is broken into three “overlap
cases”, namely when: (1) 2l — k < 1; (2) 2l — k = 1; and (3)
2l — k > 1. These cases correspond, respectively, to when a
length-\o prefix and a length-As suffix of a length-A3 word:
(1) overlap in at most n positions; (2) overlap in exactly
n + 1 positions; and (3) overlap in at least n + 2 positions.
The same three cases are also used to prove Theorems VII.2
and VIII.1. These three cases are illustrated in Figure 1.

The proof of Theorem VI.2 uses the following lemma,
whose proof can be found in the appendix.

Lemma VI.1: Let n,l, k > 1 be integers such that 2 <[ <
k. Let C be a set of a fixed size chosen uniformly at random
from 0A™. Let D be a set of a fixed size chosen uniformly at
random from 1A'=21 A™. For any by,by € A, if 21 — k # 1,
then

(i) K (14720410 AP 10A2147) = 1/16
(i) E[K (CA* 1 N0A"2b A" Th-tn AF~lo Al7214m)]
=K(C)/8
(i) E[K (LA"720 A™tF=In AR 1y AT20)]
=K(C)/8
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(iv) E[K (C’Ak—1 M OA=2by AP HRL A AR, 41220
=K (C)* /4
) B[ (DA* 0 A™047214M)] = K(D) /4
(i) BIK (14204~ 0 4*~1D)] = K (D) /4
(vii) B[ (CA*~1 n0A"2b, A" Th=! 0 4RI D))
=K(C)K(D)/2
(viii) E[’C (DAk l N Ak lb Al 20)]
=K(C)K(D)/2
(ix) E[K (DA A*'D)]
K (D)? it 21—k < 1
(D) it 20—k > 1
and
= (k—1) 1 (2l1—k—1)
K (D) +ELUGKDD g o) >
and
(k=1) | (21—k—1)
and lf 2Z — kj = 1’ then

x) K (1Al—20An+k—l N Ak—loAl—QlAn) _ 1/8
(xi) E[ (CAM 1 noAl 2040 AFl0Al21A™))

K(C) /4
(xii) ElC(lAl 20AM RN AR AT20)]
=K (C) /4
(xiii) EIC(CA’“ ' N0A b A0 ARy A2 0]
=K (C)* /2
(xiv) E[K (CAF ' n0A214"F~1n AF-ID)]
=K(C)K(D)
(xv) E[K (DAYt nAF11A2C)] = K (C)K (D)

K (

(xvi) E[K (DA*'n AF'D)] = 2K (D D).

Theorem VI2: Suppose a multiset of positive integers
consists of y; copies of Ay, uo copies of Ag, and g copies of
A3z, such that 2 < \; < Ao < A3. Then there exists a fix-free
code with p; codewords of length A1, po codewords of length
A2, and ps codewords of length A3, whenever the following
conditions hold:

2N <

w2272 <

W =N =

127N A 1272 4 132708 =

Proof: Let C be a set of size 2" — p1 chosen uniformly
at random from the 2™ length-)\; elements of 0A™, and let
D be a set of size 2"'=2 — 15 chosen uniformly at random
from the 2"+'~2 length-\y elements of 1A'=21 A™. Define
the following (random) sets:

FL=0A"-C
F=1A"214"-D

Then F} contains p; words, each of length A1, and F5 contains
2 words, each of length A\o. By Lemma V.2, we have
K(F1) =K (0A4A") - K(C) = % —-K(C) < % and K (Fy) =
K(1A721A") — K (D) =1 —K(D) <

1
1 4

1461

In each of three cases, we will construct a third random set
of words, F3. The random set

F=FUFUF;
on average forms the desired fix-free code. The union of
non-random instances of F, F5, and F3 will then yield the

asserted fix-free code. Let

CAF=1N0A2ZjAMTE=L if =0

Y= 1AI-20 AR if 1=1, j7=0
DAF-! if i=5=1
Akl Al=2C if =0
Wi = AFI0AT21A™ if =0, j=1
AF=lD if i=j=1.
e Overlap Case 1: 2[—k < 1.
In this case, the set F3 is built as a union of

16 disjoint subsets of A", The basic building
block of each such subset is a pattern of the form
Z1AZ_QZQAk_QlZ3Al_2Z4A", where 71, 25, Z3, Z4 are
fixed bits that ensure the 16 subsets are disjoint and
are chosen to avoid prefixes or suffixes from F) or Fb.
When these four bits do not prevent such prefixes or
suffixes, the sets Y; ; and W; ; are constructed to remove
offending prefixes or suffixes. These constructions can
require certain subsets to have prefixes or suffixes in
C and/or D. The terms in each intersection below
satisfy

Yz,.20 W Wy 2, € Z1 A2 2o A2 7, A2 7, AT

Let 7 = A* and define the set Fj, containing words
of length A3, by:

F3 = U

(Z1,22,23,24)€T

(YZI ,Za M WZ3,Z4)

Each of the 16 sets in the union comprising F3 consists
of words of length A3, and these sets, except when
(Z1,Z4,Z5,7Z4) = (1,0,0,1), are random, since they
involve the random sets C' or D. Thus, the Kraft
sums of all but one term in the union are random
variables.

When Z; = 0 (respectively, Z4 = 0), the words in
the sets of the union are designed to contain prefixes
(respectively, suffixes) in C' in order to avoid prefixes
(respectively, suffixes) in F}, and when 77 = Z5 = 1
(respectively, Z3 = Z4 = 1), the words in the sets of
the union are designed to contain prefixes (respectively,
suffixes) in D in order to avoid prefixes (respectively,
suffixes) in Fb.

It is easy to verify that none of the words of F» have
prefixes or suffixes in Fi, none of the words of F3 have
prefixes or suffixes in Fy; or Fb, and that every two of
the sets in the union forming F3 are disjoint.
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Next, we lower bound the expected Kraft sum of Fj3:
E[K (F3)]

-y

(Z1,22,23,24)€A*

K©) K@)

E[IC (Yzl,Zz N WZ3,Z4)]

K (C)?

+
K (C)?

e 3)
()

where (2) follows from Lemma VI.1.
From (4), we can lower bound the expected size of the
random set F3 by

E[|F3] > 2% (% — 27— u22A2> = pa.

There must exist at least one instance of the randomly
constructed set F3 that satisfies the same lower bound
satisfied by the average size of F3. Such an instance of
the random set F3 corresponds to some particular choices
of the random sets C' and D. Let F; and F5 denote
the resulting (non-random) instances of the random sets
F and F3, respectively. Let F5 denote the resulting (non-
random) instance of F3, but only after throwing away
enough codewords to make the size of F35 exactly equal
to the lower bound on E[|F3|]. That is,

|Fy| = ps.

The code ﬁl U ﬁg U ]33 is fix-free, has Kraft sum equal
to 3/4, and has py, p2, ps codewords of sizes A1, Az,
A3, respectively.

Overlap Case 2: 2I—k = 1.

In this case, the set F3 is built in a similar manner as in
Overlap Case 1, although here it will be a union of only
8 disjoint subsets of A*t™, using patterns of the form
Z1AY27,A"27,A". The terms in each intersection
below satisfy

YZ17Z2 N WZQ,Z;:, - ZlAl_QZQAl_QZ‘g,An.

Let 7 = A? and define the set I3 containing words
of length A3, and lower bound its expected Kraft sum as

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 3, MARCH 2023

follows:

B=

(Z1,Z2,Z3)€T
EK (F3)]
= >

(Zl,ZQ,Z:;)EI

(YZhZz N WZz,Z:s)

E[IC (YZLZQ N WZ27Z3)]

_K(@©  K(@©)  K(@©)

=2 B R vk ok )
KO kormrm? ©)
:(IC(CH—IC(D)—%) +(K(D)—i>
+K(C) + K (D)

> K (C) + K (D)

where (5) follows from Lemma VI.1. Overlap Case 2 is
then finished by applying the same reasoning as used
from (3) to the end of Overlap Case 1.

o Overlap Case 3: 2[—Fk > 1.
This case is nearly identical to Overlap Case 1, but uses
the following definition of F3:

U

(Z21,22,23,Z4)ET

Fy = (Yzy,2s "Wz,,2,)

where

YZ17Z3 N WZz7Z4
g ZlAkflflZ2A2l7k72z3Ak7l7124An.

The only other difference is that the equal sign in (2)
changes to >, since in Lemma VI.1(ix) when 2]—Fk > 1
we have

E[K (DA*'n A*'D)] > K (D)*.

VIL. MAIN RESULT, PART 2: 1112 < 2 AND
3 <27 <3 (1= 27™)

In Theorem VI.2, sets of words of lengths A\; and Ay were
initially constructed, and then some words were independently
and uniformly removed from each set in order to bring their
sizes down to w1 and po, respectively. Then a set of length-
A3 words was constructed that avoided prefixes and suffixes
from the random sets of lengths A\; and A,. The constraint
in Theorem VI.2 that u22_’\2 < % allowed us to construct
the set F5 of length-\o words entirely based on words from
1A!=21A" (whose Kraft sum is 1/4).

The construction for Theorem VII.2 is slightly different
however, since this theorem requires u22”\2 > i, but there
are not enough words in 1A'~21A" to get a Kraft sum larger
than 1/4 for the length-\s words.

To solve this issue, in Theorem VII.2 we start with a larger
set of length-\o words, namely 1A4'"21A4™ U 1A'~2C, where
C is a random set of words removed from 0A™ to leave
exactly p1 of such words of length n+1 = \; remaining (just
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like in Theorem VI.2). Then, to construct a set of uo length-
Ao codewords, we remove a randomly selected subset D from
1A21A™ in Overlap Cases 1 and 3, and from 1A72C in
Overlap Case 2, where the cardinality of D ensures that there
will be a total of o codewords of length A, left after removal.
In this manner, no length-\; codewords can be prefixes or
suffixes of any length-\; codewords, since any word in the
set 1A'=21A™ has a fixed bit of 1 where a length-\; prefix
or suffix from 0A™ would have a 0, and any word in the
set 1A'=2C has a fixed bit of 1 where a length-\; prefix
would have a 0, and has a length-\; suffix from C, which,
by construction, cannot be one of the p; words of length A\
chosen for the fix-free code.

The largest Kraft sum of the length-\o words that we can get
with this technique is when we do not remove any codewords
of length Ao, i.e., when |D| = 0, in which case the expected
Kraft sum of the length-\o words, in all three overlap cases,
is

K (1472147 U 14'2C)
=K (14"7214") + K (14'72C)

=K (LA7?14") + K (1A7?) K (C) (6)
11

=7 +5@" — )2 )
1

=3 (1—m2™) ®)

where (6) follows from Lemma V.2 and Corollary V.5; (7)
follows from Lemma V.2 and the fact that IC(C') equals the
constant (2" — 111)2~(™*1); and (8) explains the upper bound
on 115272 imposed in Theorem VIL2.

The proof of Theorem VII.2 uses the following lemma,
whose proof can be found in the appendix.

Lemma VILI: Let n,l,k > 1 be integers such that
2 <l < k. Let C be a set of a fixed size chosen uniformly
at random from 0A™. Let D; be a set of a fixed size chosen
uniformly at random from 1A'~21 A", and let D5 be a set of
a fixed size chosen uniformly at random from 1A4'~2C. For
any by,bs € A, if 21 — k # 1, then

(i) E[K (1A72(0A"—C) ARt n AM10A21A™)]

= (3 -K(0)/8
(i) E[IC (1A~ Q(OA” C) ARt N AR=l0 A2
K(C) (3 -K(C)) /4
(iii) ElC(lAl 2(0An—C) ARt n AF=IDy)]
K(D1) (3 -K(0)) /2

and if 2/—k = 1, then
(iv) E[K (1Al—2(0A"—C)Ak’—l N Akl AI=21.4m)]

= (3 -K(C) /4
(v) E/C(CAk TNOA21AM TR0 AR D,)]
K(C)K(D2)
(vi) E/C(1Al 2(0A"—C) At 0 ARL0AI2C))]
=K(0) (3 -K(C)) /2
(vii) E[K (DoAMt 0 AFTI0AI2147)]
=K (D2) /2
(viii) EIC(DQAk fnAFl0A=20)
=K (C) K (D2)

Theorem VIIL.2: Suppose a multiset of positive integers
consists of p; copies of Ay, po copies of As, and pu3 copies of
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A3, such that 2 < \; < Ao < A3, Then there exists a fix-free
code with p; codewords of length A1, po codewords of length
A2, and ps codewords of length A3, whenever the following
conditions hold:

2N <

1 a2 2 <
15 <

127 102702 g2 =

(1 m2 )

=W =N =

Proof: As in Part 1, let C' be a set of size 2" — 111 chosen
uniformly at random from among the 2" length-\; elements
of 0A™ and define the following (random) set:

F,=0A"-C.

o For Overlap Cases 1 and 3 below:
Let D be a set of size § (1 — p1271) 2*2 — 15 chosen
uniformly at random from among the 2"*!=2 length-

A2 elements of 1A"=21 A", and let

Fy, = (1A7214" — D)u (1A20).

o For Overlap Case 2 below:
Let D be a set of size % (1 — u12’)‘1) 222 — 115 chosen
uniformly at random from among the 2!2 - |C| length-
Ao elements of 1A~2C, and let

Fy =1A"?1A" U (1A"72C - D).
Then K (D) = 5 (1= 1a27™) — 112272, s0
1 1 1 1
< D<—1— 2_)\1 _—_ = - — 2_ <_

This means there are enough words from which to choose D,

since K (1417214") = 1, and
1 1.1
1A72C) = =—(z —m2™
’C( C) QIC(C) 2(2 H1 )
1
_ - _ 2—)\1—1
4 M1 )
by Lemma V.2.

Note that the words in F5 all start with 1, and have a 0 in
position [ only if they have a suffix in C. These conditions
guarantee that no word in F} is a prefix or suffix of a word
in F5. In all 3 cases,

|[F1] = [0A"] = |C| =2" — (2" — 1) = 1
|Fyl = |1 A'721 A™| 41 A'=2C| — |D|

— 2n+l72 + 2l72(2n _ ,Lll)
1
=5 (L= m270) 2% 4 gy
= /_}12

so the set F) contains u; words, each of length A;, and
F5 contains po words, each of length \;. The set Fj can
be viewed as being chosen uniformly at random among all
subsets of 0A™ of size p;.

In each case, we will also construct a third random set F3,
consisting of p3 words of length A3. The random set

F=FUFUF;
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on average forms the desired fix-free code. The union of o Overlap Case 2: 2[—k = 1.

non-random instances of F}, Fs, and F3 will then yield the Let
asserted fix-free code. CAR-1 A QAl-2j An+h—1 i i=0
e Overlap Case 1: 2[—k < 1. Y;; =
e < T (D ULAI2(0AR—C)) AR if i=1, j=0
Let
C A=Y QA2 Anth=L if j—0 AFI0AI2C i i=j=0
Yi,; =] 1A72(04"—-C) AR if i=1, j=0 Wi =< AFL0A=21A™ if i=0, j=1
AR-I0AI2Cif = j=0 Let Z = A3 — (11A U Al1) and define the set F3 by:
Wi, = AFL0A=214™ if =0, j=1 ) B= | 0z2znWzz)
AFID if i=j=1. (21,22,73)€T

Let 7T = A* — A210 and define the set F3 by:
F3 = U (YZ17Z2 N WZ&ZAL)
(Z21,22,23,Z4)ET

where
Yz, 20 "N Wy 2, C Z1 A2 2o AR 2 25 A2 7, A,

In contrast to Overlap Cases 1 and 3 of Part 1, here
F3 is comprised of only 12 of the 16 possible sets
obtained from the pattern

ZlAl_QZQAk_QlZ?,AZ_QZ4An,

namely by excluding (Z3, Z4) = (1,0) from the union.
One can verify that no words in F} or F5 can be either
prefixes or suffixes of any words in F3.

The expected Kraft sum of Fj is then lower bounded
as follows:

E[K (F3)]

= >
(Z1,22,23,24)€T
_K(©)® | K(C) , K(C)K(D)
! + 8 + 2

L KOKD)

E[’C (Y217Z2 N WZ37Z4)]

+ K (D)? (10)

where (10) follows from Lemma VII.1 when (Z7, Z2) =
(1,0) and otherwise follows from Lemma VI.1; and (12)
follows from the quantities |C| and |D| defined at the
beginning of the proof of this theorem.

The current case is then finished by applying the same
reasoning used following (4) to the end of Part 1, Overlap
Case 1.

where

YZhZz N WZz,Z;; - Z1A172ZQA172Z;>,ATL.

In this case, F3 is comprised of only 5 of the 8 possible
sets obtained from the pattern

Z1 A2 2, A2 2 A
namely by excluding (Z1, Z2, Z3) from being (1, 1,0),
(0,1,1), or (1,1,1) in the union.

The expected Kraft sum of F3 can be lower bounded
as follows:

E[K (F3)]
>
(Z1,Z2,23)eT
K(C)? K(C)
4

=S HK(O)K(D)

- (MG oy o)

+<%—I§(C)+IC(D)) (13)

E[IC (Yzl,Zz N WZz,Z3)]

2
(1 -2K(C)(1 —4K(D))
8

+K(C)K (D) +

K(©)
2

+K(D) (14)

+ K (D)

where (13) follows from Lemma VI.1 when Z; =
Z5 = 0 and otherwise follows from Lemma VII.1; and
(14) follows since K (D) < 1/4 and K (C) < 1/2.

Overlap Case 2 is then finished by applying the same
reasoning as used from (11) to the end of Overlap
Case 1.

o Overlap Case 3: 2[—Fk > 1.

We use the same sets Y; ; and W; ; as defined in (9) for
Overlap Case 1. Let Z = A* — A1A0 and define the set

F3 by:
F3 = U
(Z21,22,23,Z4)ET

(Yzl ,Z;} m WZ27Z4)

where

Yz,,2, "Wz, 2,
g ZlAkflflZQA217k72Z3Ak7171Z4An.
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Here F3 is comprised of 12 of the 16 possible sets
obtained by excluding (Z2, Z4) = (1,0).

The expected Kraft sum of Fj is then lower bounded
as follows:

E[K (F3)]

- ¥

(Z1,22,23,7Z4)€ET

> (m+K(D)—3)2+m+K(D>

E[IC (Y217Z3 N WZQ7Z4)]

15
> 5 1 5 (15)
where the > in (15) follows from Lemma VI.1(ix), and
the remainder of the proof is the same as for Overlap
Case 1 starting at (11).

VIII. MAIN RESULT, PART 3: 1112~ < 1 AND
3 (1= m2M) < pp2—>e

The methods for constructing codes in this section are
similar in spirit to the methods from the past two sections,
but contain some significant changes as well. As before, sets
of words of lengths A\; and Ao are initially constructed, but in
this section sometimes we will then remove words at random
from these sets, and sometimes we will add words at random
to these sets. Specifically, in the proofs of Theorem VIII.1,
parts (a), (b), and (c), some words are removed, and in part
(d) some words are added, but in all cases the resulting words
of lengths A\ and A, have cardinalities ;41 and us, respectively.
Then, just as in previous sections, we will show that there are
enough words of length A3 available to produce the desired
fix-free code.

There are additional complications in this section that result
in more cases to consider than in the previous sections. Before,
we removed words of length Ay from 14'=21A4" or 1A!=2C
only, but in this section we will need to remove words of
length Ao from CA=1 N 0A~21A" as well. However, if
n > 1 —2 and C happens to be a subset of 0A!~20A" !+,
then CA'"1N0A!=21A" = @, leaving us no length-\y words
to remove from this set. To remedy this, we split the proof
into separate lemmas, where we first consider the case when
n < | — 2 (in which we proceed in a similar fashion as the
previous sections), and then consider when n > [ — 2. This
latter case requires us to take more care in choosing C, and
so we break this case into three separate lemmas.

Additionally, it turns out that as n grows, other compli-
cations can arise depending on the values of the lengths
A2 and A3. As can be seen in Lemma VIIIL.2, particularly in
cases (ix)—(xii), the expected Kraft sums of certain sets
may depend on specific divisibility conditions involving the
codeword lengths. These conditions are a result of the ways in
which randomly chosen codewords may overlap each other as
factors in codewords of a larger length. Fortunately, these com-
plications are present in Overlap Case 3 of Theorem VIII.1(a)
only, and we use Lemma V.15 to prove our desired result even
in this case.

Theorem VIII.1: Suppose a multiset of positive integers
consists of y; copies of Ay, po copies of As, and pu3 copies of
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A3, such that 2 < A\; < Ao < A3. Then there exists a fix-free
code with p; codewords of length A1, po codewords of length
A2, and ps codewords of length A3, whenever the following
conditions hold:

2N <

DN | =

% (1—p27™) < pp27

u12_/\1 + MQQ_/\Q + M32_/\3 =

e~ w

Theorem VIII.1 follows immediately from the following
four cases, which depend on the values of A\, Aa, w1, and

f2!

(@) Ay >2)\

(b) A2 <2y and % < py27M <
(¢) Ao <2\ and /112’)‘1 < i and
(d) A2 <2y and p127 < 7 and

N[ =

< pg27 <
< /.LQZ_/\Q.

1
2

—
N[ |

A. Proof of Theorem VIII.1(a)

The proof of Theorem VIII.1(a) uses the following lemma,
whose proof can be found in the appendix.

Lemma VIIL2: Let n,l,k > 1 be integers such that
2 <l <kandn <[—2. Let C be a set of a fixed size
chosen uniformly at random from 0A™. Let D; be a set of a
fixed size chosen uniformly at random from 1A721 A", and
let Dy be a set of a fixed size chosen uniformly at random
from 1A'~2C. For any b € A, if 2l — k < 1, then

o ()
E[’C (CAI727n0An+k7l
nA oA —C)A=27m1 A)]

—K(C) <% —IC(C)) /4

o (ii)
E[K (1A"72(0A"~C) AR
nA oA —C)A27m1 A™)]

- (% —K(C))2/4

o (i) E[K (D1 AFtn AR 0A"—C)AI=271 A7)
=K(D1) (5 —K(C))/2.
If 21—k = 1, then

. (IV)
E[’C (C«Al727n0An+k7l
NAMH0A"—C) A2 "1 A™)]
—K(C) (% - IC(C)) /2
. (V)

E[K (1A72(0A"~C) AR
NAMH0A"—C) A2 m1 A™)]

- (% - IC(C)) /4.
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If 21—k > 1, then
o (vi) EIK (CA=27m0 AnTh=tn AFD,)]

=K (C)K(Ds) /2
o (vii) E[K (1A2(0A"—C)AM1 N AFID,)]
= (3 = K(C)K(D2) /2
o (viii) E[K (D2 AM1n AF10A20)]
=K(C)K(D2) /2

° (IX)

E[IC (CAI727n0 AnJrkfl
NAMH0A"—C) A7 147)]
_K©O)G-K(©)

4
W ifn>20—k—2
_ and (k—1)| (2l -k —1)
0 otherwise

° (X)

EK (1A72(0A"—C) AN
NAMH(0A"—C) A2 "1A™)]

(KO
4
% ifn>k—1-1
- and 21—k —1)| (k=1)
0 otherwise
° (Xl)
E[K (D A" P AFH0A"—C) A2 14™)]
_ (1 -K(©)K (D)
2
RGO iy > k-1 -1
+ and (2l —k—1)| (k=1
0 otherwise
. (Xll)
E[K (D2AM ' n AF D))
=K (D2)?
K(D2 K(Cc
T ( n _’C(DQ))
- if (k=0 @2—k-1)
0 otherwise.

Proof of Theorem VIII.1(a): Here we assume Ao > 2\
(or equivalently n <[ — 2 by (1)).
Let C be a set of size 2" — uy chosen uniformly at random
from among the 2" length-A; elements of 0A™. Note that
0 < py <27 since 0 < pg2™M < 1. Also,

1
K (C) _ (2n _ Ml) 2—A1 _ 5 _ M12—/\1
Define the following (random) set:
Fy =0A" - C.
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o For Overlap Case 1 below:

Let D be a set of size (2 — p12721)2*2 — 115 chosen
uniformly at random from among the 2"+'~2 length-
A2 elements of 1A"=21 A", and let

Fy=(1A7214" - D)u1A'2CcuCcA=2 14",

o For Overlap Cases 2 and 3 below:

Let D be a set of size (3 — p127*1)2%2 — py chosen
uniformly at random from among the 2'=2 - |C| length-
A2 elements of 1A=2C, and let

Fy=1A"721A" U (1A'"2C - D)u CcA=27 "1 A",

Then
K (D)= |D|-27*

3

=1 — 127 — a2 (16)
3 _ 1 M12

< - 2 —

=3 SR

12
T4 2

This means there are enough words from which to choose D,
since

12 1 =24 gn
z_ < =
1 5 <y /C(lA 1A )
and
1 /1,12 A . IC(C) . 1—2
1 5 =—5 = K (1A C) .

Note that the (n + 1)-bit prefixes and suffixes of words in
F5 either start with 1 or else lie in C, whereas all words in
F start with 0 and cannot lie in C'. So no word in F} can be
a prefix or a suffix of a word in F5.

Also in all three cases,

1| = (04" = |C] = 2" — (2" = ) =
|Fy| = [1A'721A™ | 4+ 1A72C| + |CA'27 1A — | D)
— 2n+172 + 2[72(271 _ Ml) + 2l72(2n _ Ml)
3
(B )
= /’[/2

so the set F) contains u; words, each of length A;, and
F5 contains o words, each of length As.

In each case, we construct a third random set F3 consisting
of s words, each of length A\3. The random set

F=FUFUF;
on average forms the desired fix-free code. The union of

non-random instances of F, F5, and F3 will then yield the
asserted fix-free code.
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o Overlap Case 1: 2[—k < 1. Let

CAIZ2ZnoAHR=Lif =5=0
Y=< 1A72(0A"—0) AL if i=1, j=0

DAF! if i=j=1

Akl Al-20 if i=5=0
Wi j= ¢ AFH0A"—C)AI=27"1A" if i=0, j=1

AFID if i=j=1.

Let Z = A* — (0142 U A%10) and define the set F3 by:

F3 = U

(Z21,22,23,Z4)€ET

(YZhZQ ﬂ WZ;},Z4)

where
Yz, 20 N Wy 2, C Z1 A2 2o AP 2 25 A2 7, A

Here F35 is comprised of only 9 of the 16 possible sets
obtained from the pattern Z; A'=2Z, A¥=2L 7, AI=2 7, A",
namely by excluding patterns with (Z1, Z2) = (0,1) or
(Z3,Z4) = (1,0). One can verify that no words in F; or
F, are either prefixes or suffixes of any words in Fj.

The expected Kraft sum of Fj is then lower bounded
as follows:

E[K (F3)]

- ¥

(Z1,22,23,Z4)€ET

E[IC (Y217Z2 N WZ37Z4)]

_K©) L KOG -K(©O)  KO)K(D)
4 4 2
L K© (%4— K@), G —ii<0>>2
) 62— K©O) | KOKD)
LKD) (%2— £C) |k py an
_ (K(D)-i) +K(D)
> K (D)

where (17) follows from Lemma VI.I when both

Z1 = Zy and Z3 = Z,, from Lemma VII.1 when both

(Z1,73) = (1,0) and Z3 = Z4, from Lemma VIIL.2

when (Z3, Z4) = (0, 1); and (18) follows from (16).
The current case is then finished by applying the same

reasoning used following (4) to the end of Part 1, Overlap

Case 1.

o Overlap Case 2: 2[—k = 1.
Let

if i=j=0

(DUTA2(0A"=C))AM ! if i=1, j=0

S Ak—loAl—QC if Z:j:O
Y AN (04 —C) A2 AT i i=0, j=1.

4=

{CAZ—Q—noAn-i-k’—l

Let 7T = A3 — A1A and define the set F3 by:

=

(Z1,22,23)€T

(YZhZz N WZz,Z:s)

where the terms in the union satisfy
Yz,0 \Wo.z, € Z1A720 A2 72547

In this case, F3 is comprised of 4 of the 8 possible sets
obtained from the pattern Z; A'=2Z,A'=2 73 A", namely
excluding (71, Z2, Z3) being (0, 1,0), (1,1,0), (0,1,1),
or (1,1,1). Therefore, these conditions are equivalent to
Zy # 1.

The expected Kraft sum of F3 can be lower bounded
as follows:

E[K(F3)]

>

(Z1,22,23)€T

K(C) | K(C) (3 - K(C))

E[IC (YZhZz N WZz,Z:s)]

2 2
+ (K (C)K (D) + ©) (52_ K (C))>
N <0 N w> (19)
_£© @ —/C(C)) +K(C)K (D) + =
> <’CTC) K <D>) (% K <C)> LKD) Q)
> K (D) 1)
- % — 2N = g2 (22)

where (19) follows from Lemma VI.1 when Z; =
Zy = Z3 = 0, from Lemma VIL.1 when (7, Zy, Z3) =
(1,0,0), and otherwise from Lemma VIIL.2 and the fact

that D N A*={(0A"—C) = @; (20) follows since % >

@; (21) follows since K (C) < % and K (D) < @;
and (22) follows from (16).

The current case is then finished by applying the same
reasoning used following (4) to the end of Part 1, Overlap
Case 1.

Overlap Case 3: 2I—k > 1.
Let

~JoAmEroAnth if i=j=0
Y (DUTAR2(0A"—C) AR if i=1, j=0
ARl Al=20 if i=j=0
Wi =< AL 0A"—C)AI=27 "1 A" if i=0, j=1
AFID if i=1, j=0.

Let Z = A* — (A21AU A1A1) and define the set F3 by:

F3 = U

(Z1,22,23,24)€T

(Y21,23 N WZz,Zz;)'
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where

Yz,,2, "Wz, 2,
g ZlAk:flflZQAQ[*k*QZBAkflflzélAn.

Here F35 is comprised of only 6 of the 16 possible
sets, namely by excluding patterns with (Z1,723) €
{(0,1),(1,1)} or (Z3,Z4) = (1,1) from the union.

Let 1, be the indicator function for the condition (k —
)| (2l — k —1), let 1, be the indicator function for the
condition (2l — k — 1) | (k —1), let 1. be the indicator
function for the condition n > k — [ — 1, and let 1, be
the indicator function for the condition n > 21 — k — 2.

Regarding 1, and 13, note that k& — [ is the length of
any word in Z1 AR1=1 and 21—k —1 is the length of any
word in Zo A2=F=2 If 1, = 1, then any word from QA"
that is a prefix of a term in the union above must extend
at least to the bit Z5, which would cause, for example,
overlap in prefixes of Yj ( that lie in C' and subwords of
Wo,1 that lie in 0A"—C. Also, if 14 = 1, then any word
from 0A™ that is a subword in a term in the union above
that starts at the Z5 position must extend at least to the bit
Z3, which would cause overlap in subwords of Y7 o that
lie in 0A™—C' and subwords of W ; that lie in 0A"—C.
It turns out that there are four such complications that
arise in this overlap case, which are considered in cases
(ix)—(xii) of Lemma VIIL.2.

If1l, =1, = 1. = 14 = 0, then the expected Kraft
sum of F3 is

E[KC (F3)]

= X
(Z1,22,23,24)€T
K@), KO)G=K(©)  K©K(D)
4 4 )

E[IC (Y21,23 N WZz,Zz;)] (23)

K
+ K (D)*+

1 2
= <4 +K (D)>

where (24) follows from Lemma VI.1 when Z; = Z5 =
Zs = Z4 = 0, from Lemma VII.1 for part of the case
when (Z1, Za, Z3,Z4) = (1,0,0,0), and otherwise from
Lemma VIII.2 using the factthat 1, = 1, = 1. =14 = 0.

Of the 6 terms in the summation of (23), the 3 terms
corresponding to (Z1, Zs, Zs, Z4) equaling (0,0,0,0),
(0,1,0,0), and (1,0,0,0), remain the same even when
it’s not the case that 1, = 1, = 1. = 14 = 0. The values
of the remaining 3 terms of the summation, i.e., when
(Z1, Za, Z3, Z4) is (0,0,0,1), (1,0,0,1), or (1,1,0,1),
are obtained from Lemma VIIL.2 using

E[’C (CA1727n0An+kfl
NAMH(0A"—C) A2 " 1A™)]

(24)
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K (C)K (0A"—C)
4

K(©) (5 -K(C)

~Lola =5 (25)
E[K (1A"2(0A"—C) AF!
nA*t(0A"—-C) A4
_ K(0A"-C)? LK)
== bl YTCTESY) K@)  @6)
E[K (DAY A 04 —C)A 27 1A
_ K(D)K(04A"—0C)
B 2
3 —K(©)
2
+ 11, - 20 —1) K (D) (27)
E[K (DAY ' A*'D)]
=K (D)’
K (D) K(C)
—1,- s < 5 —IC(D)>. (28)

The first expressions on the right hand sides
of (25)—(28) correspond to those in the calculations used
to obtain (24), i.e., when 1, = 1, = 1, = 14 = 0.
Therefore, in general, the expected Kraft sum of F3 is
given by

E[K (F3)]
(er
N

- ]-b]-c

(D>)2
K

K(Cc
(O ~ K (D)
2027 — 1)
K(C) (3 -K(0)
427 - 1)
k(D) (52 -k (D))
|C]-21-2 -1
We will show that for any binary values of 1,, 1, 1.,
and 14, we have E[K (F5)] > K (D). Since K (C) <
1/2 and K (D) < K(C) /2, the quantities multiplying
141, 1,14, and 1, are all non-positive. Thus, it suffices
to show that with 1, = 1, = 1. = 14 = 1, the quantity
in (29) minus K (D) is non-negative for any

K(C) € {0} u {z—lﬂé‘ﬁ] U{%}

_]-a]-d'

— 1,

(29)

and

K (D) e [O,K(C) ! }u{’c(c)}.

9 ontl 9

These ranges for K (C') and K (D) are sufficient to finish
the proof, since |C| and |D| are integers, and so it is not
possible that

1 1 1 1
K (C) € <O’ 2n+1> U (5 - on+1 ’ 5)

Ke) 1 IC(C))

or

2 ontl’ 2

/C(D)G(
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Since 21—k > land k > 3, we have [ > 3. If K (C) =
0, then the original multiset of lengths contains only two
distinct values, and this case is covered by Theorem III.1.
So suppose K (C) > 1/2"*1. Then

EIK (F3)] = K(D)
1 2
- (i-xm)

-k (@) (M2 -k D)

—1pl,-

227 — 1)
(D) (52 - k(D)
— 1,
C[- 22 —1
IR (Ci((;:llc)(c)) (30)
>0 (31)

where (31) follows by first setting 1, = 1, = 1. =
14 = 1 to minimize (30), and then applying Lemma V.15
by setting z = K (C') and y = K (D). The current case
is then finished by applying the same reasoning used
following (4) to the end of Part 1, Overlap Case 1.

B. Proof of Theorem VIII.1(b)

The proof of Theorem VIII.1(b) uses the following lemma,
whose proof can be found in the appendix.
Lemma VIIL.3: Let n,l,k > 1 be integers such that
2 <l < kandn >1—1. Let C be a set of a fixed
size chosen uniformly at random from 0A'=21A"~ (=1 Let
G = 0472147 (=1) _ . Let D; be a set of a fixed size
chosen uniformly at random from 1A721 A", and let D5 be
a set of a fixed size chosen uniformly at random from C' A!~1,
For any b € A, if 2] — k # 1, then
o () BIK (1A'T20A =10 AR=lp A2 0]
=K(C)/8
o (ii) E[K (1A720A" 10 ARG AT
= (3 —K(0)/4
o (i) E[K (D1 ARt 0 AFpAl—20))]
=K (C)K(Dy) /2
e (iv) E[K (DlAk’_l N Ak_lGAl_l)]
=K (D1) (3 - K(C)).
If 2l — k = 1, then
o (V) E[K (1A'720AMTF=I 0 AR—lg AI20)]
=K(C)/4
o (vi) BIK (1A'720A" T 0 ARG AL
= (1 -K(0))/2
o (vi) BIK (1A'720A™ TR0 AR=LD,)]
=K(D2) /2
o (vill) E[K (DQAk_l N Ak_llAl_QC)]
=K (C)K (Dy).
Proof of Theorem VIII.1(b): Here we assume Ao < 2)\;
(or equivalently n > [ — 2 by (1)) and % < p27™ < 1.
Let C be a set of size 2 — uy chosen uniformly at random
from among the 2"~ ! length-)\; elements of 0A'~21 A+,

1469

Since 2 < 1127 < 1, we have 27! < py < 2", which
implies 0 < |C| < 2"71, so there are enough words from
which to choose C.

Define the following (random) set:
F =0A"-C.

o For Overlap Cases 1 and 3 below:
Let D be a set of size (2 — 111271)2*2 — 115 chosen
uniformly at random from among the 2"!=2 length-

A2 elements of 1A"=21 A", and let
Fy = (1A7%1A" - D)uCcA!,

o For Overlap Case 2 below:
Let D be a set of size (2 — p12771)2*2 — 115 chosen
uniformly at random from among the 2!~! - |C| length-
A2 elements of C' A1, and let

F, =1A7214" U (CA™! - D).
Then
K(D) = G - ulwl) — 27, (32)

SO

3 _ 1 /1,127)‘1 1 /1,127)‘1
< D < — — 2 )\1 — = _— = - — .
0skD)sg-m 2T 1 2

This means there are enough words from which to choose D,
since

1 m2™™ 1 1 1 1 o n
i S I N S
and
A1
(- ()

< 1 — M127)\1

2

=K(C)=K(CA™Y).

Note that the words in F5 all have first bit equal to 1 or
prefix in C, and a 1 in the (n + 1)th position from the right.
These conditions guarantee that no word in F} is a prefix or
suffix of a word in F5.

Also, in all 3 cases,

|[Fi| = [0A"]| = |C] = 2" — (2" — 1) =
|Fo| = [1A721 A"+ [CA™ Y| = |D|
_ 2n+l72 + 2l71(2n _ ,Lll)
3
= /_}12
so the set F; contains p; words, each of length A;, and
F5 contains s words, each of length As.

In each case, we will also construct a third random set F3,
consisting of p3 words, each of length A3. The random set

F=FUFUF;
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on average meets the requirements of the desired fix-free code. e Overlap Case 2: 2[—k = 1.

The union of at least one non-random instance for each of F,
F5, and F3 will then yield the asserted fix-free code.

o Overlap Case 1: 21—k < 1.
Let G = 0A"21A" 11 — O, so that E[K (G)] =
K (C). Let

1
4

LAZ20ATR=1 if 4=1, j=0
}/i,j - k—1 . . .
DA if i=j=1
ARG A2 i =0
WILJ‘ = AkilGAlfl if iZO, j:].
AF=LD if i=j=1.
Let 7T = A* — 0A3 and define the set F3 by:

Fs = U (Y1,2, "1 Wz,,2,)
(Z21,22,23,Z4)ET

where
Yl,Zz n WZ3,Z4 c1 AliQZQAk72lZ;>,A172Z4An.

Here F3 is comprised of only 8 of the 16 possible sets
obtained from the pattern

ZlAl_QZQAk_QlZ?,AZ_QZ4An,

namely by excluding patterns with Z; = 0 from the
union. One can verify that no words in F; or F5 can
be either prefixes or suffixes of any words in F3.

The expected Kraft sum of Fj is then lower bounded
as follows:

E[K (F3)]
- 3 EIK (Yz,,2, N\ Wz,.,2,)]

(Z1,22,23,24)€T

_ /CéC) n 1 —’j(C) N KéC)
LK (4D) LK (0)216 (D)
1+ K(D) G —IC(C)> +w
+ K (D)? (33)
— K (D) + (IC(D) - 3)2
> K (D)
= Z — 27N — 27 (34)
where  (33) follows from Lemma VLI when

7 = 43 = Z4 = 1, and otherwise from Lemma VIII.3;
and (34) follows from (32).

The current case is then finished by applying the same
reasoning used following (4) to the end of Part 1, Overlap
Case 1.

Let G = 0A=21A""*1 — C, so that E[K(G)] =
LK (O). Let

v DAk if i=0, j=1
Y 1A 20AM R =1, j=0
— AR=liAl=20 if j=0
Yl AN DuUGAY) if =0, j=1.

Let Z = {(0,1,0),(1,0,0),(1,0,1)} and define the set
F3 by:

F3 = U (YZ1,Z2 n WZ2723)
(21,72,73)€T
where Y'th2 n WZ2,Z3 - Z1A172ZQAI72Z‘3An. In this
case, F3 is comprised of 3 of the 8 possible sets obtained
from the pattern Zy A2 Z, A'=2Z3 A",
The expected Kraft sum of F3 can be lower bounded
as follows:

EK (F3)]

= > EK(Yz.2NWzuz,)
(Z1,%2,73)€T

k() , KD  3-K(©)

=K(O)KD)+ ==+ ="+ (35)
_(1-2€ (C))8(1 —4K(D) | (D)

> K(D) (36)
= % — 27N — 27 (37)

where (35) follows from Lemma VIIL.3; (36) follows
since £(C) < % and K(D) < i; and (37) follows
from (32).

The current case is then finished by applying the same
reasoning used following (4) to the end of Part 1, Overlap
Case 1.

o Overlap Case 3: 2[—Fk > 1.
This case follows from the same reasoning as in Overlap
Case 1, except using > in (33), since in this case (i.e.,
when 2/ — k > 1) Lemma VI.1 shows

EK (Y11 N Wi,1)] = E[K (DA*'n AF~'D)]
> K (D).

C. Proof of Theorem VIII.1(c)

The proof of Theorem VIII.1(c) uses the following lemma,
whose proof can be found in the appendix.

Lemma VIIL4: Let n,l,k > 1 be integers such that
2 <l < kandn >1—1. Let Cy be a set of a fixed
size chosen uniformly at random from 0A"=20A4"+1 and
let C = 0A=21A" "1 U Cy. For i € {0,1}, let D; be a set
of a fixed size chosen uniformly at random from 5 A'~21 A™.
For any b € A, if 2l — k # 1, then
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o (i) E[K (1A'720Am k=0 AR=IpAI=2C))]
=K(C)/8
o (i) E[K (C()A’“*1 N A’“*lel*QC)]
=K (C)(K(C) - 3)/2
o (iii) E[K (CoAF=1 N AF=IDy)]
= (K(C) = 1)K (D1)
e (iv) E[K (DlAk*l N A’“*lel*QC)]
— K(C)K(Dy) /2.
If 2l — k = 1, then
o (v) E[K (1A'7204m k=1 0 A=l A1=20))
=K(C)/4
o (vi) E[K (CoAF—1 N Ak=l0Al=20))
=K(C)(K(C)~})
e (vii) E[K (1Al*20A"+k*l N Ak*lDo)]
=K (Do) /2
o (vii)) E[K (CoAR~1 n A= Dy)]
=2(K(C) - %)IC (Do)
o (ix) E[K (D()Ak*1 N A’“*llAl*QC)]
=K (C) K (Do)
Proof of Theorem VIII.1(c): Here we assume Ao < 2\
(or equivalently n > [ — 2 by (1)) and yn2~* < ; and
TS me27 <4
Let C = Cy Uy be a set of size 2" — uy, where C; =
0 A'=21 An="*1 and Cj is chosen uniformly at random from
among the 2"~ ! length-); elements of 0A'~20 A"~!*+1. Note
that
|CO| —9n _ p1— 2n—1 — 2n—1 — 1

and
1
K (Co) = K(C) K (C1) = K(C) - 1.
Since 0 < 127 < 1, we have 0 < gy < 277!, which
shows 0 < |Cp| < 2771 =]0A720 A"~!*1|, and so there are
enough words from which to choose C. Define the following
(random) set:

F, =0A"-C.

o For Overlap Cases 1 and 3 below:
Let D be a set of size 2*2~! — ;5 chosen uniformly
at random from among the 2"!=2 length-\, elements of
1421 A", and let

Fy = (1A721A" — D)U0A' 214",

o For Overlap Case 2 below:
Let D be a set of size 2*2~! — ;5 chosen uniformly
at random from among the 2" /=2 length-\, elements of
0A"21A", and let

Fy =1A"721A" U (0A'?14™ — D).

Then K (D) = & — 122772, so
1 1 1
< < —_——_——= -,
0<K(D)< 5" 1= 1

This means there are enough words from which to choose D,
since
1

1=K (LA7214") = K (0A'214™) .

1471

Note that none of the words in F5 start with a word from
0A"=20A"*1 or end with a word from 0A™, and so no word
in F; C 0A'720A"~!*+1 is a prefix or suffix of any word
in FQ.

Also, in all 3 cases,

|[F1] = 04" = [C]=2" = (2" — 1) =
|Fy| = |1Al’21A"| + |0Al*21A”| —|D|
— 27L+l—2 + 27L+l—2 _ 2)\2—1 + e
f— ‘LLQ
so the set F) contains u; words, each of length A;, and
F5 contains o words, each of length As.

In each case, we will also construct a third random set F3,
consisting of 3 words, each of length A3. The random set

F=FUFUF;

on average forms the desired fix-free code. The union of
non-random instances of F}, F5, and F3 will then yield the
asserted fix-free code.

e Overlap Case 1: 2[—k < 1.

Let
CoAF—! if i=j=0
Yij = 1A720A"HE=1 f =1, j=0
D AR if i=j=1
L
D if 1=5=1.

Let T = A* — (0142 U A%01) and define the set F3 by:

F3 = U

(Z21,22,23,Z4)ET

(YZ1 2o N WZ37Z4)

where
Yz,.2, W Wy 2, € Z1 A2 2 A2 7, A2 7, AT

Here F3 is comprised of only 9 of the 16 possible sets
obtained from the pattern

Z1 A2, ARz, A2 7, AT

namely by excluding patterns with (71, Z2) = (0,1) or
(Z3,Z4) = (0,1) from the union. One can verify that no
words in F3} or F, can be either prefixes or suffixes of
any words in Fj.

The expected Kraft sum of Fj is then lower bounded
as follows:

E[K (F3)]
(Z1,22,23,24)€T

KEk© -1,

E[IC (YZLZQ N WZ37Z4)]

2 2
+K (D) (K(C)—i) +$
. IC;C) . ICELD) . (0)2/c (D)
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S (C)QIC D) 4k (D)? (38)
:K«U+Kun—i+(nan+nun_%)
> K(C)+ K (D) - |
= Z — 27N — g2 (39)

where (38) follows from Lemma VI.1 when Z7 = Z35 =
Z4 = 1, and otherwise from Lemma VIIL.4; and (39)
follows from the quantities |C| and |D| stated earlier in
the proof.

The current case is then finished by applying the same
reasoning used following (4) to the end of Part 1, Overlap
Case 1.

o Overlap Case 2: 2[—k = 1.

Let
CoAF—1 if i=5=0
Yi; = 1A=20A7 =1 if =1, j=0
DAk if i=0, j=1
AR A2C i =0
Wij;= k_lZ : ! .
A'D if i=0, j=1.

Let T = A% — (114U A11) and define the set Fj by:

=

(Z1,22,23)€T

(YZhZz N WZz,Z:s)

where
YZ17Z2 N WZ27Z3 - Z1A172ZQAI72Z'3,A’”.

In this case, F3 is comprised of only 5 of the 8 possible
sets obtained from the pattern ZyA'"2Z,A'"27Z3A",
namely excluding (71, Z2, Z3) being (1,1,0), (0,1,1),
or (1,1,1).

The expected Kraft sum of F3 can be lower bounded
as follows:

E[K (F)]

>

(Zl,Zz,Z:;)EI

E[IC (Yzl,Zz N WZz,Z3 )]

——K(C)(K(C)——>-+2K(D)<K(C)—i>
+(O) k(D) + BEL KD (40)

> K(C)+K(D) -

3
= — — //[/127)‘1 _

(41)
e (42)

where (40) follows from Lemma VIIL.4; (41) follows

since K (D) < 1 < K(C); and (42) follows from the

quantities |C| and |D| stated earlier in the proof.
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The current case is then finished by applying the same
reasoning used following (4) to the end of Part 1, Overlap
Case 1.

e Overlap Case 3: 2[—k > 1.
This case follows from the same reasoning as in Overlap
Case 1, except using > in (38), since in this case (i.e.,
when 2] — k > 1) Lemma VI.1 shows

EK (Y11 N Wi,1)] = E[K (DA*'n AF~'D)]
> K (D)>.

D. Proof of Theorem VIII.1(d)

The proof of Theorem VIIIL.1(d) uses the following lemma,
whose proof can be found in the appendix.

Lemma VIILS5: Let n,l,k > 1 be integers such that
2 <l < kandn >1—1. Let Cy be a set of a fixed
size chosen uniformly at random from 0A"20A4" 1 and
let C = 0A=21A"1+1 J . Let D be a set of a fixed size
chosen uniformly at random from 1A'~2C. Then

o () EIK (1A'20A" Tt n AFIO)] = K (C) /4

o (i) E[K (CoA*~1 N AF10))

=K(C)(K(C)-3)
o (iii) E[K (DA n AR

K(C)K (D)
it 2 — k<1
2(K(C) = 1K (D)
it 2 — k=1
| K(OK(D)
i£20— k> 1and (k—1)f (2 —k—1)
K(D)(K(C)-1)(i-K(C
K (C) K (D) + PGz @)
if 20—k > 1 and (k1) | (2 — k1),

If 2l — k < 1, then
o (iv) BIK (1A720A" 10 AFID)] = K (D) /4
e (V) E[’C (CQAk_l N Ak_lD)]
= (K(C) - )K(D).
Proof of Theorem VIII.1(d): Here we assume Ao < 2\
(or equivalently n > [ — 2 by (1)) and p127* < 1 and
/L227)‘2 > %

Let C =0 A=21 An=H1 Uy be a set of size 2" — u1,
where Cj is chosen uniformly at random from among the 2" ~*
length-\; elements of 0A'~20 A"~!*+1 Note that

Co| =2" = =271 =271 — puy,
and thus |Cy| < 2771, so there are enough words from
which to choose Cjy. Let D be a set of size ps — X1
chosen uniformly at random from among the 2!=2-|C/| length-
X2 elements of 1A'~2C. Define the following (random) sets:

F, =04"—C
Fy,=1A"214" U0A 214" U D.
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Then K (D) = pp2722 — 1, s0

0<K(D)< G —u12”1) -
1
4
1
2

Il
N | =

IN

=K (14"2C)

which means there are enough words from which to choose
D. None of the words in F, start with a word from
0A'~20 A" 1 or end with a word from F}, and so no word
in F; C 0A'=20A"~*1 is a prefix or suffix of any word in
F5. Also in all 3 cases,

|[F1| = [0A"] — |C] = 2" — (2" — 1) =
|Fy| = |1Al’21A”| + |0Al’21A"| + |D|
— 27L+l—2 + 27L+l—2 + o — 2k2—1
f— ‘LLQ
so the set F) contains p; words, each of length A;, and
F; contains s words, each of length As.

In each case, we will also construct a third random set F3,
consisting of u3 words, each of length A3. The random set

F=F,UFUF;

on average forms the desired fix-free code. The union of
non-random instances of Fj, F5, and F3 will then yield the
asserted fix-free code.

e Overlap Case 1: 2]—k < 1.

Define the following sets:

F3 1= 1 Al720 AnJrkfl N Ak—lc

)

Fs9 = CoAF—1 n A 1C
Fs3 = DAl n AR
Fyy=1A720 AmHFtnAFiD
Fy5= CoAF~tnAFID

F35 = (F31UFs9) — (F33UF34UF55).

Each set F3 , consists of words of length A3, and these
sets are random, since they involve the random sets C
or D. It is easy to verify that none of the words of F}
(respectively, F5) are prefixes or suffixes of any words in
I, or F3 (respectively, F3), and that F3; and F3 o are
disjoint. Note that F3 s UF35 4 UF3 5 is the set of all words
of F3 1 U F3 4 that have some word of D as a prefix or
suffix. We have

E[IC (F371 U F372)]
= E[K (14720 A" n AR )]

E[K (CoAM 1 n AF1C)] (43)
- @ 1K (Co) K (C) (44)
=K (C)?

E[/C (Fg’g U F3’4 U F3’5)]

E[K (DAF'n A1)
+ E[K (1A'720 A"t n AF D))
E[K (CoAF~1 n AF~'D)]

— K(C)K (D) + @ + K (Co) K (D) 5)
— 2K (C)K (D)
E[’C (£3)]
E[K(F51UF39)]—E[K (F53UF354UF35)] (46)
K (C)* = 2K (C)K (D).

[ (F1UF2UF3)]
(K (F1)] + E[K (F2)] + E[K (F5)]

K
E
E[K (0A"—C)] + E[K (1A'?1A")]
T
1
2

E[K (0A"?1A™)] + E[K (D)] + E[K (F3)]

> LK)+ 3+ +K (D) +K(0)

2K (C) K (D) “7)
5w s wrn)
. % (48)

where (43) follows since F3 1 and F3 o are disjoint; (44)
and (45) follow from Lemma VIILS; (46) follows from
F373 U F3’4 U F3’5 - F371 U F3’2; (47) follows from
Lemma V.2; and (48) follows since K (C) < % and
K (D) > 0.

The current case is then finished by applying the same
reasoning used following (4) to the end of Part 1, Overlap
Case 1.

Overlap Case 2: 2I—k = 1.

Define the following sets:

Fyi=1A720 A=l nak-1c
Fyo=CoAMtnAM1C
F3 = (Fg}l U ngg) - (DAkil n Akilc).

The sets Fs1, F32, and (DA~ N A¥=1C) consist of
words of length A3, and these sets are random since they
involve the random sets C' or D. It is easy to verify that
none of the words of Fj (respectively, F5) are prefixes or
suffixes of any words in F5 or F3 (respectively, F3), and
that F3; and Fj o are disjoint. Also note that DA*~! N
AF=1C is the set of all words of F31 U F3 5 that have
some word of D as a prefix or suffix.
Then we have

E[IC (F3’1 U ngg)]
= E[1A"720 AnT=1 0 AR Q)

+ E[CoARF1 0 AR (49)
- ko) = ke (50)

E[K (DA 0 A*10)] =2 (’C (©) - i) k(D)
(5D
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EIK (F)] = K (C) — 2 </c (©) - i) k(D) (2

E[K (FL UF, UF;)]
= E[K (F1)] + E[K (F2)] + E[K (F3)]
= E[K (04" —C)] + E[K (1A'7?14")]
+ E[K (0A'214™)] + E[K (D)] + E[K (F3)]

- (3-x@)+1+1rxmxEP

2 4
_9 </c () — i) K(D) (53)
- Z+ (%—/c (0))2+2/c (D) (Z—/c (0)>
>3 (54)

where (49) follows since F3 1 and Fj o are disjoint; (51)
follows from Lemma V.11; (52) follows from DA*~! N
AFLC C Fy1 U Fy; (53) follows from Lemma V.2;
and (54) follows since K (C) < § < 2.

The current case is then finished by applying the same
reasoning used following (4) to the end of Part 1, Overlap
Case 1.

Overlap Case 3: 2[—k > 1.

If n =1 then 127" < % implies ;112~* = 0, in which
case the proof is covered by Theorem III.1 since then
there are codewords of only two distinct lengths Ay and
A3. So assume n > 2.

Of the calculated expected values of the Kraft sums
of F5 1, F32, F33, F54, and F3 5 in Overlap Case 1,
the only quantity that changes under the condition of
Overlap Case 3 is E[K (F33)], as seen in Lemma V.11.
In particular, since 2l—k > 1 in this case, we have

E[K (Fs,3)]

= E[K (DA ' n AF10)]

K (D)(K(C) - 1)(5 =K (C))
K(C)@2r1-1)
Therefore, in the calculation of E[/C (F}y U F5 U F3)], we
get the lower bound
E[K (F1 U Fy U F3)]

>34 <——IC(C)) %—IC(C)+2IC(D))
k(D) (K(©)- DL - K

< K(C)K (D) +

) (©))
K@) @t -1
3 1
—Z+<§—IC(C)> i—lC(C)
K(C)(@2"-3)+§
K 0) g
3
> 1 (55)
where (55) follows from K (C) < % and 2" > 4.

The current case is then finished by applying the same
reasoning used following (4) to the end of Part 1, Overlap
Case 1.

|
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APPENDIX
PROOFS OF LEMMAS

Proof of Lemma V.1: Suppose a sequence of positive
integers consists of p, > 0 occurrences of integer [,, for
1 < n < M. Suppose its Kraft sum is less than 3/4 and
define

Ln ifl<n<M-1

r_ M-1
Fn =133 g2 _ Zu ol =k if p = M.

Note that

M
3

/ —k l

Har = <Z—k§_1uk2 >2M+MM > M

and the new Kraft sum is

M M-—1
D2 =Y 2T l“+——Zuk2 a2
n=1 n=1

_3

==

If the sequence with multiplicities {y],} has a fix-free code,
then discarding any 1, — pas codewords of length A yields
a fix-free code for the sequence with multiplicities {y,}. W

Proof of Lemma V.3: Suppose w € R;(U). Then the ith
bit of the length-/ prefix of w must be the same as the ith bit
of the length-/ suffix of w (which lies at position ¢ + m — ).
In other words, w € R;(U) if and only if w € U and w; =
Witm— forall 1 <4 < [. The condition on w; is equivalent to
w; being constant whenever 7 is congruent to p mod (m — 1),
and 1 <i<m,andp€e{l,...,m—1}.

For any word w € R;(U), the constant bit value w; associ-
ated with each congruence class can be assigned independently
of any other congruence class. Thus, the cardinality of R;(U)
is equal to the product of the number N, of allowable constant
bit values for each congruence class. That is,

=10

|Ri(U

Let I, = {i € {1,...,m} | i = pmod (m —[)} be the
set of positions in w that are in the pth congruence class.
If U; = A for each i € I, then N, = 2, since any word
w € Ry(U) could have either a 0 or 1 in the positions of
I,,. If there exist ¢,j € I, such that U; = 0 and U; = 1, then
N, = 0, since there is no way to label the positions in I, with
a constant bit value. Otherwise, N,, = 1, since then there exists
at least one ¢ € I, such that U; € {0,1}, and U; € {U;, A}
for every other j € I,,. Hence, N, equals the cardinality of
the intersection of the sets U; taken over all i € I,. u

Proof of Lemma V.4: For each i € {1,2}, let

=7: (Xi); = A}]
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be the number of positions in X; that are not fixed points.
Then for all v € Uy N Us, by independence, we have

E[K (W1 NW3)]

Z 1W1FTW2 (u)z—m

ucUi;NU2

—9—m Z

ucU;NU2

—9—m Z

ucU;NU2

=27

ucU;NU2

- Y[ - 2moms
R (L TR
ucUNU3 i=1

|U1 N U2 13[ |Y|/2m

=F
P(u S (Wl N Wg))
P(u € Wy)P(u € Wa)

P(u € A*Y;A)P(u € A°Y,A%)

(56)

Let fy denote the set of positions where V' has a fixed
point. Then fu,nv, = fu, U fu,, so using Lemma V.2,

K (Ul N UQ) _ Qf\fumuz\
_ 2*\fU1UfU2\
— 9p . 9—lfuil9=|fu,l
— 9P K (U)K (U).

Combining this with (56) proves the lemma. [ ]
Proof of Corollary V.5: By Lemma V.4,

E[K (A*Y A" NU)]

= BK ((A*Y AP N U) N (A"F 0 AnHE))

n+k
— K (U) —,’583

|
Proof of Lemma V.6: If |C| = 0, then clearly the lemma
holds. Suppose |C| > 1. If uw € X, then the probability that

ueCis X|-1
(|C|—1) ]
|X]
(jo))
Now suppose |C| > 2. If u,v € X are distinct, then the
probability that u,v € C' is

[X]—-2
(ei=2) _ Jeiqel -
Xy —1)
) XX 1)
Finally, note that this last equation also fits the |C| =1 case,
since then the probability that such particular distinct v and v

lie in C' is zero, as |C| contains only one element. ]
Proof of Lemma V.7: Let

X = CAPTI NbUBA™ N APTLC.

T

1475

By Lemma V.3, |R,,1(bUbA™)| = |U|, and so
[BUbA™ — Ry 1 (BUBA™)| = |U| - 2" — |U| = |U| - (2" = 1).

A word of Ry,41(bUbA™) is in X if its (n + 1)-bit prefix
(which is also its (n 4 1)-bit suffix) is selected during the
construction of C, and a word of bUbA™ — R,, 11 (bUDA™) is in
X if the distinct (n+ 1)-bit prefix and suffix are both selected
during the construction of C. Thus the expected number of
words of bUbA™ with a prefix and a suffix in C' is

E[|CAPT nbUDA™ N APTLC]

> loartinaric (v)

vEbUbA
= Y  PlvecArtnarticy
vebUbA™
= Z P{3w € C:v € wAPT 0 AP 1w}
vEbUbA™

+ Y PlvecAt nArtC, fweC:

veEbUbA™

=F

v e wAPtI N Ap+1w}
Cl-(c]-1)

2727 — 1)

ICI

=|Ul- o7 +1U]- (2" = 1) (57)

IC 2
on
where (57) follows using Lemma V.6. These words all have
length p 4+ 2 4 n, so their expected Kraft sum is
E[K (CAPTI NbUbA™ N APTIC)]
E[|CAPTL NbUBA™ N APTLC]
op+n+2
__ 1 C?

_ ol 1ery?
_27'(2n+1)
=K (U)K (C)?.

=10

|

Proof of Lemma V.8: First suppose n = 0 = [ — 2. Then
either D = & or D = {11}. Since k > 3, we have 2 —k < 1.
If D = @, then clearly E[K (DA*'n AF¥~!D)] =0, and so

the lemma holds. If D = {11} and 2 — k = 1, then
E[K (DA*'n A*'D)] = E[K (111)]
1
~ 8
9. Lok (D)*
16 ’
and if 2/ — k < 1, then
E[K (DA*'n A*'D)] = E[K (114**'11)]
1
16
=K (D),

by Lemma V.2. Thus the lemma holds when n =0 =1 — 2.
Now suppose n > 0 or [ > 2, so that the set 14'~21 A"
from which we choose D has at least 2 elements. We consider
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three cases, depending on the value of 2/ — k. In each of the By Lemma V.3, |G;| = 2%, where
cases, we will define a particular pattern X C {0,1, A}F+n
such that the randomly created set DA~ N A¥=!D is a 1 if(a+1)|(b+1)
subset of the deterministic set X. For each such case, let p= 1/2 1f( Dt(b+1).
G1 = Rn+l(X) and G2 =X — Gl. Then |G2| = |X| — |G1|,
since G1 C X. Note that a word of G4 is in DA*—tn A*¥—!D Therefore, from (59),
if and only if the common (n + [)-bit prefix and suffix is in
D, and a word of Gy is in DAt N A*=!D if and only if the EK (DA’C*I N A’“*ID)]
distinct (n + [)-bit prefix and suffix are in D. Therefore, D|

E[K (DA* ' n A¥1D)] = Q2nthti—2

_ k—1 k-1 n— D[ -1

= E[K (DA™ nX nA"D)] '<|G1|+(2kJr 4—|G1|)'m

=E | lparinarip (u)- 2—<n+k>] B D]\ (28— 1)(% — |D]27m)

ueX - 2n+l on-+l on+l—-2 _ 1
_ 1 k=l ~ pk—l K(D)(; —K(D ))(25—1)
- on+k < Z P{u € DA nAa D} ’C ) on+l-2 _ 1
u€Gy
k-1 k—1 [ ]
+ 1; Plue DA™ N A D}> Proof of Lemma V.10: First suppose D is a set of a fixed
3 2

1 ID| \D|(|D|-1) size chosen uniformly at random from 1A'~2C. Then given a
= (|G1| : +|Ga| - ) (58) word is in 1A"=2C A%~ N g(C), the probability that that word

e gri=2 2ntim2(2nti=2-1) is in DA~ is the probability that the (n + [)-bit prefix is
_ |D| (|G1|+(|XA"|—|G1|) |D|_1 ) in D, which is
22n+k+1—-2 on+l—-2 _ 1)’
(59) IDI/[LA2C] = K(D) /(K (C) /2).

where (58) follows from Lemma V.6.

Therefore, letting
e Case 1: 2l -k < 1.

Let X = 1A"214%214'-214". By Lemma V.3, X =1A"72CA " ng(0)
|G1| = 2#~!=2. Therefore, from (59),
EK (DA A A1 D)] (and noting that DA*~!' N g(C) = DA N X),
D -
_ ﬁ EK (DA* 1 g(C))]
Dl =1 2k+n—4 _ 2k’—l—2 1
: (2’“[2 + (12 )2(n+l_2 —3 )> - WE Z 1par-inx(u)
uc Antk
2 1
—(42%) —x@P, =5 Y Bllpsoiox()
ugc Antk
o Case 2: 2l — k= 1. 1
— = — P(ue DA*'nX
Let X = 147214721 A", By Lemma V.3, |G1| = 2!72. otk ;ﬁ (ue nXx)
Therefore, from (59), 1 e
_ k—1
E[,C(DAkflmAkle)] = ontk Z Plue DA |ue X)P(u e X)
ugc Antk
_ D K(D) 1
- 22n+k}+l72 = ﬁ . W Z P('U; S X)
(|D| _ 1) (22l—4+n _ 2[—2) ug€An+k
|2 nD K (D)
2n -1 = WE[IC (1AI’QCA’“’I Ng(0))].
D] 2
=2 <2n+l =2K(D)". The other cases follow similarly. [
o Case 3: 2 — k> 1 Proof of Lemma V.11: For any C' as in the Lemma state-
?' ' ment, we have
a=k-1-1 K (CAFtn AR
b=2l—k—2 =K (C1A" N AFIC) + K (CrAY 0 ARGy
X = 1414141 A™. — K (CoA*F PN AFTICy) + K (CoAM T n AL Cy)

Authorized licensed use limited to: Univ of Calif San Diego. Downloaded on February 17,2023 at 18:41:05 UTC from IEEE Xplore. Restrictions apply.



CONGERO AND ZEGER: 3/4 CONJECTURE FOR FIX-FREE CODES WITH AT MOST THREE DISTINCT CODEWORD LENGTHS

Using Lemma V.4,

K (CrAFtnAFloy)

{0 ifh=2—1

1_16 otherwise
KCo) fp—91-1
k—I k-1
BIK (CoA* " n A™Ch)) = {@ otherwise
1
Bl (Cy A AR 00 =
[ ( 1 0)] % otherwise,

and by Corollary V.9,
E[K (C()Akil N AkilC())]

K (Co)?
if2l— k<1
2K (Cp)?
if2l— k=1
) K (Co)?
if20—k>1land (k—10)1(2—k—1)
K (Co)” + Ml KlCo)
if2l—k>1land (k—1)| (2l —k—1).

Thus
BIK (04 410)
(K (Co) + 1)?
if2l — k<1
K (Co) (2K (Co) + 3)
if2l—k=1
(K (Co) + $)?
if2l —k>1
and (k —1) (2 =k —1)
(K (Co) + 1)2 4 HG) K(Co)

on—1_7
if2l —k>1
and (k—1)| (2l —k—1)
K(C)?
if2l — k<1
2K (C)(K(C) - 1)
if2l — k=1
K(C)?
- if2l—k>1

and (k=01 (2l —k—1)
K (C)? + O KO
if20—-k>1

and (k—1)| (2l —k—1).

The lemma now follows using Lemma V.10 since
E[K (DAY nA1C)]
= E[K (DAF'n1A2CAM T n AF1C)]

_ _K(D) ) 1—2 v g k—1 k—1

=X 2 ©) /2 E[K (1A CA"™"'nA C’)]

_K(D) ) k—1 k—1

=X E[K (CA nA C)] (60)
where (60) follows by Lemma V.2. [ |

1477

Proof of Lemma V.12: First suppose n < a. Then
E[K (1A“CA““’Jr2 N1 A%0 A0 A%1 A"
mAa+b+QCAa+l)]
= E[K (LA"(CA" N0 A°0 A" N APT1O) A " 1A™)]
=K (1A") E[K (CA"Jr1 Nno A0 A" n Ab“C)]

K (ATm1AT) (61)
1 1

=3 K (O)? K (AY) - 5 (62)
K(©)?

= 63

0 (63)

where (61) follows from Lemma V.2; (62) follows from

Lemma V.2 and Lemma V.7; and (63) follows from
Lemma V.2.

Now suppose n > a. By Lemma V.3,
IR, 11(0A%0A4%1 A" (@+1)]

b—1 -
_ {2 if b+ D@+ 1) )
0 otherwise

Let X = R,,+1(04°0A4%1 A"+ If (b+1) 1 (a+ 1), then
the expected Kraft sum is

B[ (1A°C A2 01 A%0 AP0 A”1 A
mAa+b+QCAa+l)]
- E[IC (1Aa(0Ab+1 N0 A0 A91 A™—(a+D)

mAb+1C)A“+1) } (65)
= K (14%)
'E [/c CAM 1 A0 A0 A%1 An—(a+D) Ab“Cﬂ
X ’C (AaJrl)
1 b+1 b a n—(a+1) b+1
:§E[IC(CA N0 AP0 A°1 A nA C)]
(66)
1/ X .Eﬂ+ 1 X\ [e)(c]-1)
2 \ on+tb+2  9n 8 Qnt+b+2 2”(2”—1)
(67)
_ 1 /e 2n=-1 el -1
— onHd <2n R TR T— (68)
_leP
T ont4
2
_k©r (40) (69)

where (66) follows from Lemma V.2; (67) follows from the
fact that K (04°04°1A"~(a+1)) = 1/8 (by Lemma V.2) and
from Lemma V.6; (68) follows from (64).

On the other hand, if (b+ 1) | (a + 1), then following the
same Kraft sum calculation as in (65)-(67) gives

E[K (1A*CA“T"2 11 A%0 A%0 A"1 A"
ﬁAa+b+20Aa+1)]

_L/_0 ¢, (1 0 \|C|(C|-1)
2<2n+b+2 2”+<8 2n+b+2> 2n(2n_1) (70)
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K@©?* 1 ¢, 1 |cilcl-1)

Otherwise, when |R,,41(X)| = 22+t 4 3220+t for 3 €

— _ _ .= 7
4 nt4 gn o gndd gn(2n — 1) 1 {—1,1}, we have, using the previous calculation,
2
KO _ o, (1 - 7|2Cn|_‘11) EIK (X))
K ()’ 22tb r1C] _[Cl(C] - 1)
K(C)? K(©C) 20 —|C] - B (o — SR T
= T o onq 42 22atbtntd | 2 2n(2n — 1)
2 1 K(C 1 1
_K© ic<c>(<§ —fc)<c>> - bk © <§ _;c<c>) |
4 4(2n —1
|
where (70) follows from (64); and (71) follows from (68) Proof of Lemma V.14: Let
and (69). [ |
Proof of Lemma V.13: Let X = 0A%0A%0A%1A™. If n < G1 =1A°1A°R,, 1 (0A“0A™)
b, then using Lemma V.3, Gy = 1A91 AP0 A0 A" — el
|Rpi1 (X)) Hy = Rn+a+b+3(1A“1Ab0Aa0A")
_ a b a n __
_ |Rn+1(0Aa0An)Ab7n0Aa1A”| Hy =1A%1A°0A%0A Hi.
= |Rn41(0A%0A™)] - |Ab*n0AalAn| Then Hy; C G and G2 C Hy. Then Lemma V.3 implies
— 9a,9atb _ 92a+b |G1 - H1| _ |H1| _ ga—1 if (a—l—l) )[ (b—l—l)
. 0 otherwise
Ifb<n<a+0b+1, then using Lemma V.3,
|G1 ﬂH2| = |G1 — H1|
| B (X)) 220t 201 if (a4 1) £ (b41)
= R 41(0A0APQ A" (ot D)) gastbidzny gn| 0 otherwise
= |Rn+1(OAaoAboAn—(a+b+1))| . |Aa+b+1—n1An| G N H| = |G| = 92a-+btn _ G|
- 92a+b+1  if (a+ 1) | (b + 1) _ 22a+b+n _ 2a+b2a
~ |22t otherwise. = 920tb(gn _ 1),
If n>a+b+1, then Let S = DAt N1A%1AY0A0A™ N A1 D. If C is cho-
sen uniformly at random from 0A”, and D is chosen uniformly
| R (X)] at random from 1A4+t*+H1C C 14904104, then for any
~ R +1(OAaoAboAa1An7(a+b+2))Aa+b+2| word of length n+1+a+-1, the probability it lies in SNG1NH;
is
= |Rpy1(0A®0 AP0 A1 A" (abH2)y| | gatb+2) (e} |D|
o 2n ezt

the probability it lies in S NGy N Ha is
using Lemma V.3, since Xgyp43 = 0, Xog4p4a = 1, and

a+b+3=(2a+b+4) mod (a+1). cr |D| - (D] - 1) ,
Then using a similar probability calculation as in the proof 2n|Cf - 20401 (JC] - 2001 1)
of Lemma V.7, when |R,,1(X)| = 227 we have

and the probability it lies in S N Go N Hs is

E[K (X)) IC]-(C1-1) [D|- (1D - 1)
et L] Zi2r—1)  [O]-27 ¢ (O] 2 1)
= BlK (B (X))]- on Therefore, if (a + 1) 1 (b+ 1), then
cl(jc] -1
+ E[K (AT — R, (X)) - % E[K(9)]
92a+b IC| =FEIK(SNGyNHy)]+ E[K(SNG1 N Hy)
= 92a+b+n+4 ’ 2_n -+ E[IC (S NGaN HQ)]
L2 22 N Cl(C] - Y 201 (] D
22a+b+n+4 22a+b+n+4 2n(2n _ 1) = 2n+2a+b+4 : 2_71 : |C| . 2a+b+1
- 1 |C'|2 22a+b _ 2a—1 |C|
=1 pm t gntzatbra g
k(@ ~ pl-(pI-D)
4 |C] - 20+0F1(|C| - 204041 — 1)
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22th(2n — 1) |C]- (€= 1)
2n+2a+b+4 271,(271, _ 1)
| DI (D] - 1)
|C] - 20+0+1(|C] - 204041 — 1)
= K(D)? (72)
where (72) follows from K (D) = %
On the other hand, if (a + 1) | (b+ 1), then
E[K(5)]
27t [C] Dl
2
=K(D)" - 2nt2atbd " on T |C[ L 2atbHT
20-1 |C]
+ on+2a+b+d  9n
| DI (D] - 1)
|C] - 20+0+1(|C| - 20+0+1 — 1)
K (D) K(C)
=K (D) - -K (D).
IC( ) |C| . Qa+b+1_1 ( 2 IC( )
|

Proof of Lemma V.15: Let r = 2" and s = 2. Then

1 z(3—2)
TRy
Since
T r 1 1 1
7 (#:3) =) (“5)(*5*5)
1 1
> <z - —
20 rs5oy,
s 1 _ TS 1 1+1
2 Y) T \s—a)\Y )\ T 1T
1 1
>0 Vy < — — —
4 rs

and f(1/2,1/4) = 0, the lemma holds when y = z/2 and

also when 2 = 1/2. Note that
1 x
z)z—2—
2 r—1

T 1 1/1
f<x’5_%>_1<5_

S (1)

and when = < 1 — L satisfies

which is 0 when z = 1,

! €T 1 >1 1 1 1 n 1 1 1
YT rs) 1 o\ 2r2s 2

> 0.
Thus f(x, y)>0wheny————anda:€[ - LJu{i},
i.e., the lemma holds when y = § — —~
Forall z € 4, 2 — 4], since ars > (1/27’)7"5 > 4, we have
af 1 2r — 3 2x
all - (z—2 _
Oy ly=2 -1 2 r—1 xrs — 2
<0.
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Thus, for any fixed = € [0 = — 2,,+1] the function f is a

convex parabola in y, which at y = § — - is both non-negative

and has a negative slope, and is therefore non-negative for all
1

y<2 - 1L [ ]

s
Proof of Lemma VI.1: For cases (i)—(ix), we will assume
— k # 1. For these cases, the set

ZlAl—QZQAn-i-k’—l N Ak—lngl—QZ4An

has bits Z5 and Z3 in different positions, so it is either the

pattern
ZlAl—QZ2Ak—QZZSAl—QZ4An

(when 2] — k < 1) or the pattern

ZlAk’—l—lZBAQZ—k—222Ak—l—1z4An

(when 2] — k > 1), which in both cases has exactly four fixed
bits.

e (i) The set
1A720AM 10 A oA 2147

is a pattern with exactly four fixed bits, and thus, by
Lemma V.2, its Kraft sum is 1/16.
o (ii),(ii1) The set

CAk71 N 0A172b1An+k7l N AkfloAl721An

equals CA*=1 N OU (where U € {0,1,A}"tF=1 is
a pattern with exactly three fixed bits), and thus, by
Corollary V.3, its expected Kraft sum is K (C') /8. Similar
reasoning proves case (iii).

e (iv) The set

CAk’—l N OAZ—leAn—i-k—l N Ak’—leAl—QC

equals CA*=1N0U0AN A*~1C (where U€ {0, 1, A}F—2
is a pattern with exactly two fixed bits) and thus, by
Lemma V.7, its expected Kraft sum is K (C)* /4.

e (v),(vi) The set

DAF N ARlpAl=21 A7

equals DA*~' N U, where U € {0,1, A}"** is either
the pattern 1A'=21A4%=210A=21A™ (when 21 — k < 1)
or the pattern 1AF~!=10 A2=k=2] Ak=I=1] A" (when
2l — k > 1), both of which have exactly four fixed bits.
Thus, by Corollary V.5, the set’s expected Kraft sum is
KC (D) /4. Similar reasoning proves case (vi).

o (vii),(viii) The set

CAk—l N OAl—2b1A7z+k’—l N Ak_lD,

by Lemma V4, has expected Kraft sum is
K (C) K (D) /2. Similar reasoning proves case (viii).
o (ix) This case follows immediately from Lemma V.8.
For cases (x)—(xvi), we will assume 2] — k = 1. For these
cases, the set

ZlAl72Z2An+kfl N AkleBAl72Z4An

is empty if Z5 # Z3, and otherwise is a pattern with exactly
three fixed bits.
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o (x) The set
1Al720An+k7l N AkfloAl721An

is a pattern with exactly three fixed bits, and thus, by
Lemma V.2. its Kraft sum is 1/8.
(xi),(xii) The set

CAF1 N0AT2047 TR0 AR lgAl =214

equals CA*=1 N OU, (where U € {0,1, A}ntk=1 js
a pattern with exactly two fixed bits), and thus, by
Corollary V.5, its expected Kraft sum is K (C') /4. Similar
reasoning proves case (Xii).

(xiii) The set

CAkfl N 0A172b1An+k7l N AkflblAl72C

equals CAF1 N 0U0A™ N A*1C (where U €
{0,1, A}*=2 is a pattern with exactly one fixed bit), and
thus, by Lemma V.7, its expected Kraft sum is K (C)* /2.
(xiv),(xv) The set

CAF 1T noAl=2147 TR0 AR D

equals CA*~1 N A*=!D, and thus, by Lemma V.4, its
expected Kraft sum is & (C) K (D). Similar reasoning
proves case (XV).
o (xvi) This case follows directly from Lemma V.8.

|
Proof of Lemma VII.1: The proof is similar to that of

Lemma VI.1. For cases (i)-(iii), we will assume 2] — k # 1.

o (1) The set
1A72(0A" —C)AF N AFloAl=214n

equals the set A'"1(0A"—C)A=! N U (where U €
{0,1, A}"** is a pattern with exactly four fixed bits),
and thus, by Corollary V.5, its expected Kraft sum is
K(0A"-C) /8 = (5 — K(C))/8, since 0A™ — C is
chosen uniformly at random from 0A™ (by Lemma V.2).
(i1) The expected Kraft sum of the set

1A72(0A"—C) AP n Aklg Al=20
_ (1A1720An+k7l N Akflo AliQC)
— (1A'2C A n ARl Al20)

is 1IC(C) - 1K (C)* = 1K (0) (2 — K (0)), since the
expected Kraft sums of its two parts are K (C) (by
Lemma VL1) and 1K (C)* (by Lemma V.7).

(iii) The sets C' and D; are chosen independently
of each other, and the locations of the fixed bits of
the sets from which they are drawn do not overlap
(since 2l — 1 # k). Therefore, the expected Kraft sum
of 1A=2(0A"—~C) A+~ N A¥=!Dy, by Lemma V.4, is
(1/2)(3 — K(C))K (D1), since the probability that it
contains any particular word of length n+k is the product
of the probabilities that the word lies in each of the two
intersected sets.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 3, MARCH 2023

equals the set A""1(0A"—C)A*! N U (where U €
{0,1, A}"** is a pattern with exactly three fixed bits),
and thus, by Corollary V.5, its expected Kraft sum is
1K (0A"—C) = 1( — K (C)), since 0A"—C is chosen

1\2
uniformly at random from 0A".

(v) By Lemma VI.1,

E[K (CAM T noAl 1AMt n AMliAl=2C)
K©)
==
and so by Lemma V.10, using

g(C) = CAF 1 noAl=21AnTH!

and
Ak—lD2 C Ak’—llAl—ch7

we get
EK (CAF ' n0oA?1A™ 10 AF 1 D,)]
_K(©) K(Dy)

2 K(0))/2
=K (C)K (Dy).

(vi) The expected Kraft sum of the set

1Al—2(0An_C«)Ak—l
N ARl Al=2¢
_ 1Al—20An+k—l
N Al A20 — 1A 20 ARt 0 ARl A2

is LK(C) - 1K(0)* = 1K(C) (L - K(C)), since
the expected Kraft sums of its two parts are K (C) /4
(by Lemma VL1) and K (C)?/2 (by Lemma V.2 and
Lemma V.7).

(vii) Since 1A'72CAF~1 N AF710AI=21A" equals
ALCAR=E AU (where U € {0,1, A}"H* is a pattern
with exactly three fixed bits), by Corollary V.5. its
expected Kraft is IC (C') /4. Then by Lemma V.10,

E[K (DgAkil N AkilOAFQlAn)]
(K(C) /9K (D2)
K(C) /2
=K (D2) /2.

(viii) By Lemma V.2 and Lemma V.7, we have

E[K (1420 AM n AFloAl=2C)]
=K (1A7?) E[K (CAM ' n A1)

=K (C)? )2
so by Lemma V.10, the claimed expected Kraft sum is
(K(C)* /2)K (Da) _
K(C) /2 =K(C)K(D2).

For cases (iv)—(ix), we will assume 2/ — k = 1.
e (iv) The set

1A'72(0A"—C) APt 0 Ao A2 1 A

|
Proof of Lemma VIII.2: The proof is similar to that of
Lemma VI.1. For cases (i)—(iii), we will assume 2/ — k < 1.
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o (1) The set
CAZ27mA™ =0 AR —C) A2 AT
= CAT?TrpAR A 1A
— CAFrAM R C AT AY

has expected Kraft sum
1 1 1
SK(C) = JK(0)* =K (C) (5 - K(C)/4,

since its first term has expected Kraft sum /C (C') /8 (by
Corollary V.5) and its second term has expected Kraft
sum K (C)? /4 (by Lemma V.2 and Lemma V.7).

o (ii) This case follows from Lemma V.12, since 0A"—C
is chosen uniformly at random from 0A™, and since n <
l—2.

o (iii) Since 0A™—C and D, are chosen independently and
the fixed bits of 1A'~21A"+*=! and A*~!10A=21A" do
not overlap, Lemma V.4 implies the claimed expected
Kraft sum is

_ _ K (D1)
-2 n+k—1\
K (]‘A 1A ) IC (1Al—21An)
e K (0A"—C)
. Ak l Al 214 2 )

For cases (iv)—(v), we will assume 2]—k = 1.

e (iv) The set
CAZ—Q—noAn+k—l N Ak’—l(oAn_C)Al—Q—nlAn
_ CAZ727n0A1721An o CA1727nCAl727n1An

has expected Kraft sum
1 1 1
1K (€)= 5K(C) =K(0) (3 - K(C))/2,

where its first term has expected Kraft sum K (C') /4 (by
Lemma VI.1) and its second term has expected Kraft sum
K (C)? /2 (by Lemma V.2 and Lemma V.7).

e (v) The expected Kraft sum of

1A72(0A"—C)AF I n AR pAm—0) A2 A
=14"72(0A"—C) A 7271 A"
is (3 — K (C))/4 by Lemma V.2.
For cases (vi)—(xii), we will assume 2[—k > 1.
o (vi) Since
K (CAZ2moA Tkt n Akl AI720) :i/c (C)?
by Lemma VI.1, the desired expected Kraft sum is
(K (C)* /49K (D)
K(C) /2
o (vii) By Lemma V.10, the expected Kraft sum of the set
1A72(0A"—C)AM T n ARl A2 0
=1 Ak—l—ll AQl—k—QO Ak’—l—lc
_ 1 Ak—l-1q g2i—k-2 (CAkfl N0 Ak—1-1¢ gn
nA*LC)

= K (C) K (Ds) /2.

is

since the expected Kraft sum of the first term is K (C') /8
(by Lemma V.2) and the expected Kraft sum of the second
term is K (C')* /4 (by Lemma V.2 and Lemma V.7).

o (viii)) Lemma V.2 and Lemma V.7 imply

K (1LA27"C AR n AF10AT20)

_ IC (1Ak—l—10 AQl—k—Q(CAk’—l no Ak’—l—lo An
nAk~to))

=K (C)* /4

so the claimed expected Kraft sum is

1 K(Dy) _
Z/C(C)2 W)Q/z =K (C)K (D) /2.

o (ix) We have

K (CA=2 oAtk
NAMH(0A"—C) A1 A"
= K (CA72 ARt n AM oA 2147)
-K (C«Ak—l N0 Ak—1-10 A2l-k-20 gk—l-114n

mAksz)
_K(@©) K@
=3 1
1
W ifn>21—k—1
_ and (k—1) [ (2l —k—1)
0 otherwise

by Lemma V.2 and Lemma V.13 (with a = kK —[—1 and
b=2l—k—2).

o (x) This case follows immediately by Lemma V.12 (since
0A™—C is drawn uniformly at random from 0A™), with
a=k—l—landb=2l—k—2.

o (xi) We have

K (14720 4K 0 AR (0 A" —C) Al=21 A)
=K (1A"2CAF I n AFloAl—214m)
_K (1Al—20Ak’—l N Ak’—lCAl—Q—nlAn)

_K(© _K(©)
= 1
1
W ifn>k—1
+ and (21—k—1) | (k=) ;
0 otherwise
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so by Lemma V.10,

E[K (D APt 0 AFH(0A™—C) AT 271 A™)]
_ K(D)
K(C) /2
K (1A20AR 0 AR H0Ar—C) AT AT)

_ G -K(©)K (D)

2
MPAG KD > k1
+ and (21—k-1) | (k=) -
0 otherwise

o (xii) This case follows directly from Lemma V.14.

|
Proof of Lemma VIII.3: The proof is similar to that of
Lemma VI.1. For cases (i)—(iv), we will assume 2/ — k # 1.

e (1) The set
1A1720An+k7l N Akflel72C

equals the set UOA"NAF=1C (where U € {0,1, A}*~1is
a pattern with exactly three fixed bits), so by Lemma V.2,
its expected Kraft sum is IC (C') /8.

o (i1) The claimed expected Kraft sum is

/(e = (1 -K©) 1

by Lemma V.4.
o (iii) The claimed expected Kraft sum is

K(Dy)- (1/49K(C) /(1/2) = K(C)K (D) /2,
by Lemma V.4.

e (iv) The claimed expected Kraft sum is

k(D0 E©) =K () (1K ().

by Lemma V.4.
For cases (v)—(viii), we will assume 2[—k = 1.
o (v) The set

1Al—20An+k—l N Ak—loAl—QC

equals the set 1A'"20A'~2C, which has expected Kraft
sum K (C) /4 by Lemma V.2.
o (vi) The set

1A20AM R ARG A2

equals the set 1A""2G' A2, which has expected Kraft
sum K (G) /2 = (+ — K (C))/2 by Lemma V.2.
o (vii) We have

E[IC (1Al—20An+k’—l N Ak’—lCAl—l)]
=E[K (14"2CA )] =K(C) /2
by Lemma V.2, so the claimed expected Kraft

sum is (K (Dy) /K (C))(K (C)/2) = K (D) /2. by
Lemma V.10.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 3, MARCH 2023

o (viii) We have

RnJrl(OAZ721A1720Al721An7(l71))
_ 92(1-2) _ 92-4 _ k-3

by Lemma V.3. Therefore, using Lemma V.6, the
expected Kraft sum of

CAFtnAk-l1A-20
C OAl721A1720A1721An7(l71)
is

A L2872 felel -1
on+k gn—1 + 16 ontk |- on—1(2n—1_1)

S e e A G (G
— + —
22(n+1) 8 on 2n—1(2n—1 _ 1)
el 2
= 92(ntl) k).

Thus the claimed expected Kraft sum is
(K (D2) /K(C))K(C)* = K (C)K (D),

by Lemma V.10.

|
Proof of Lemma VIII.4: The proof is similar to that of
Lemma VI.1. For cases (i)—(iv), we will assume 2/ — k < 1.

o (i) The set
1A'20A" ! n AM A2 0

equals the set UOA®NA*~1C (where U € {0,1, A}F~1is
a pattern with exactly three fixed bits), so, by Lemma V.2,
its expected Kraft sum is K (C') /8.

o (ii) We have

Ry (0AI20 451 0 AR 1pAI=20 4120 A7~ (-1))
— 2k’—4

by Lemma V.3, since exactly 3 of the first £ — 1 posi-
tions in the set above are fixed bits. Therefore, using
Lemma V.6,

BK (CoAF T n AF 1A 2 Cy)]

_ 251 |G| n (i _ 2""“) [Col(ICol = 1)
on+k 9n—1 25 on+k 2n71(2n71 _ 1)

_ Gl 1 (2”1 - 1) |Co|(ICo| — 1)
22043 1 16 2n 2n—1(2n-1 — 1)

1 |Cof?

=5 20D
K (Co)?

2
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Corollary V.5 then implies
E[K (CoA* " n AF'pAI2C)]
—E [/c (COA’H N A’“*lel*QOA“QlA"*(l*I))}
+ E[K (CoA* 1 n A 1A' 2Cy)]

_ ’C(SCO) n ’C(go)2
_ K(C) (3 +K(G))
KO3 K@)
« (iii) By Lemmz V.4, the claimed expected Kraft sum is
K(Co) K (Dy) = (/c () — i) K(Dy).

¢ (iv) By Lemma V.4, the claimed expected Kraft sum is
K (D1)- (1/4)K(C) /(1/2) = K(C) K (D1) /2.
For cases (v)—(ix), we will assume 2/—k = 1.
o (v) The set
1Al—20An+k—l N Ak—loAl—QC

equals the set 1A"=20A!'=2C, so the claimed expected
Kraft sum is I (C') /4 by Lemma V.2.
o (vi) We have

E[K (CoAF—1 0 AF=10AI20))
_E [/c (COA’H n Ak*IOAl*QOAl*HA”*U*U)}
+ E[K (CoA "t n AR 10A2Cp).

The first expected Kraft sum on the right equals
K (Co) /4 by Corollary V.5, and the second expected
Kraft sum on the right equals X (00)2 by Corollary V.9.
Thus the claimed expected Kraft sum is

K (Co) /4+ K (Co)* = K (Cy) G +K (co)>

_ (IC(C)—%)IC(C).

o (vii) The set 1A'720A"tF=1 N A*=ID, equals the set
1A'-2D,, and so the claimed expected Kraft sum is
K (Do) /2 by Lemma V.2.

o (viii) By Lemma V.4, the claimed expected Kraft sum is

2K (Co) K (Do) = 2 (/c () — i) K (Do) .

o (ix) We have
E[K (DoAk’l N A’“’llAl’QC)]
= E[K (DoA* ' n AM 11420y
+ B K (DoAP! 0 A1 A 204121 40D )]
The first expected Kraft sum on the right equals
2K (Do) - (1/8)K(Co) /(1/4) = K (Co) K (Do)
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by Lemma V.4, and the second expected Kraft sum on the
right equals 2K (D) (1/8) = K (Dg) /4 by Lemma V.4.
Thus the claimed expected Kraft sum is

K (Co) K (Do) + @
— (£(0) - 1/4)K (Dy) + P

= K (C)K (Dy).

|
Proof of Lemma VIIL.5: The proof is similar to that of
Lemma VI.1.

o (i) We have
LA20AM I 0 AMIO = 1472041

so its expected Kraft sum is IC (C') /4 by Lemma V.2.
o (i) If 21 — k # 1, then
E[K (CoA" ' nAF10)]
= E[K (CoA*"n AF10A20)]
+ E[K (CoA" ' n A 11A42C)]
1
—x©) (x©-7)

by Lemma VIIL4. If 2] — k = 1, then

EIK (Cod*' 0 AF10)]

— E[K (CoA™1 1 AF10 A=20)]
1

~x©) (k@) -7)

by Lemma VIIL4.
o (iii) This case follows directly from Lemma V.11.

For cases (iv) and (v), we will assume 2[—k < 1.
o (iv) We have
E[K (1A20A"TF~1 0 A1 Al20)]
= E[K (1A"20A4"2"11A2C)] = K (C) /8

by Lemma V.2. Then by Lemma V.10, the claimed
expected Kraft sum is

(K(D) /(K(C) /2))(K(C)/8) =K (D) /4.
o (v) We have

E [K (CoAR—1 n A1 A-20)]

-E [/c (COA’“*QZ1Al*20Al*21A”*<l*1>)]

+ E[K (CoAF 211 A-2Cp))]
K <Sco> LK (gof
_ (K@) -1K(©)
2

by Lemma V.2 and Corollary V.9, and using the fact
that Cy A*~2/1A'=2(C} contains exactly half of the words
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of CoAF='=1C,. Then by Lemma V.10, the claimed

expected Kraft sum is
1
- = 2
4) K(C)/ )
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