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Abstract

For any finite discrete source, the competitive advantage of prefix code C over prefix
code (Y is the probability C; produces a shorter codeword than Co, minus the probability Cy
produces a shorter codeword than C. For any source, a prefix code is competitively optimal if
it has a nonnegative competitive advantage over all other prefix codes. In 1991, Cover proved
that Huffman codes are competitively optimal for all dyadic sources. We prove the following
asymptotic converse: As the source size grows, the probability a Huffman code for a randomly
chosen non-dyadic source is competitively optimal converges to zero. We also prove: (i) For
any source, competitively optimal codes cannot exist unless a Huffman code is competitively
optimal; (ii) For any non-dyadic source, a Huffman code has a positive competitive advantage
over a Shannon-Fano code; (iii) For any source, the competitive advantage of any prefix code
over a Huffman code is strictly less than %; (iv) For each integer n > 3, there exists a source of
size n and some prefix code whose competitive advantage over a Huffman code is arbitrarily
close to %; and (v) For each positive integer n, there exists a source of size n and some prefix
code whose competitive advantage over a Shannon-Fano code becomes arbitrarily close to 1
as n — o0.
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1. Introduction

In a probabilistic game where multiple players are each rated by a numerical score, one way to designate
a particular player A as being superior among their fellow competitors is by “expected score optimality”,
where no other player B can obtain a better score on average than the score of A. A second way, called
“competitive optimality”, occurs if for every other player B, the probability of A scoring better than B is at
least the probability of B scoring better than A. That is, A has a nonnegative “competitive advantage”

P(A scores better than B) — P (DB scores better than A)

over all other players B (where tie scores are ignored). In this paper we obtain results about competitive
advantage and optimality when lossless source coding is viewed as a game, source codes are the players,
the numerical score is the length of the codeword of a randomly chosen source symbol, and a codeword
length is deemed to be better than another if its length is shorter. We first formalize some terminology and
definitions and then explain the history of the problem and our results.

An alphabet is a finite set S, and a source of size n with alphabet S is a random variable X such that
|S| = nand P(X = y) = P(y) forall y € S. We denote the probability of any subset B C S by

P(B) = Z P(y). A source is said to be dyadic if P(y) is a nonnegative integer power of 1/2 for all
yeB
yeSs.

A code for a given source X is a mapping C' : S — {0, 1}* and the binary strings C'(1),...,C(n) are
called codewords of C'. A prefix code is a code where no codeword is a prefix of any other codeword.

A code tree for a prefix code C'is a rooted binary tree whose leaves correspond to the codewords of C';
specifically, the codeword associated with each leaf is the binary word denoting the path from the root to
the leaf. The length of a code tree node is its path length from the root. The rth row of a code tree is the
set of nodes whose length is 7, and we will view a code tree’s root as being on the top of the tree with the
tree growing downward. For example, row r of a code tree is “higher” in the tree than row r 4+ 1. If x and
y are nodes in a code tree, then z is a descendent of y if there is a downward path of length zero or more
from y to x. Two nodes in a tree are called siblings if they have the same parent. In a code tree, for any
collection A of nodes having no common leaf descendents, define P(A) to be the probability of the set of
all leaf descendents of A in the tree.

A (binary) Huffinan tree is a code tree constructed from a source by recursively combining two smallest-
probability nodes until only one node with probability 1 remains. The initial source probabilities correspond
to leaf nodes in the tree. A Huffiman code for a given source is a mapping of source symbols to binary words
by assigning the source symbol corresponding to each leaf in the Huffman tree to the binary word describing
the path from the root to that leaf. A Shannon-Fano code is a prefix code, such that for each y € S the
codeword associated with the source symbol y has length [logs %]

Given a source with alphabet S and a prefix code C, for each y € S the length of the binary codeword
C(y) is denoted Ic(y). Two codes C and Cy are length equivalent if lc, (y) = lc, (y) for every source
symbol y € S. The average length of a code C' for a source with alphabet S is Z lo(y)P(y). A prefix code

yes
is expected length optimal for a given source if no other prefix code achieves a smaller average codeword

length for the source.

A code is complete if every non-root node in its code tree has a sibling, or, equivalently, if every node
has either zero or two children. A code C' for a given source is monotone if for any two nodes in the code
tree of C, we have P(u) > P(v) whenever lc(u) < lc(v). Expected length optimal codes are always
monotone (see Lemma 2.3).
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Huffman codes are known to be expected length optimal, monotone, and complete for every source (e.g.,
see [7]), whereas Shannon-Fano codes are monotone, but need not be expected length optimal nor complete.
Shannon-Fano codes are known to achieve the same average lengths as Huffman codes whenever the source
is dyadic. For non-dyadic sources, Shannon-Fano codes always have larger average lengths than Huffman
codes, but nevertheless the average length of the Shannon-Fano code (and thereby also the Huffman code)
is less than one bit larger than the source entropy [7].

The Kraft sum of a sequence of nonnegative integers Iy,...,l; is 274 + ... 4+ 2% We extend the
definition of “Kraft sum” to also apply to sets of source symbols or sets of nodes in a code tree as follows.
The Kraft sum K (A) of any collection A of leaves is the Kraft sum of the corresponding sequence of
codeword lengths. The Kraft sum K (A) of any collection A of nodes having no common leaf descendents
is the Kraft sum of the set of all leaf descendents of A in the tree. The Kraft sum of a collection of source
symbols is the Kraft sum of the corresponding leaves in a code tree. The well-known Kraft inequality and
its converse are stated next.

Lemma 1.1 (Kraft, e.g., [7, Theorem 5.2.1]). The codeword lengths 11, ..., 1, of any prefix code satisfy
2=l ... 427 < 1. Conversely, if a sequence l1, . . . , 1, of positive integers satisfies 2711 4. .. 427l < 1,
then there exists a binary prefix code whose codeword lengths are l1, . .. 1.

The following lemma' expresses an equality condition for Lemma 1.1.
Lemma 1.2. A prefix code is complete if and only if its Kraft sum equals 1.

We have defined sources and prefix codes to be finite throughout this paper, but we note that a complete
infinite prefix code need not have Kraft sum 1 (e.g., see [12]).

For a subset A of a source’s alphabet and for a Huffman code H for the source, we say the Huffiman-Kraft
sum of A is

K(A)y=> 2710,

€A

where we reuse the “A” notation. Note that the Huffman-Kraft sum of A is the (usual) Kraft sum of the
Huffman codeword lengths of the symbols in A.

As previously mentioned, one measure of the success of a source code that generally differs from ex-
pected length optimality is called “competitive optimality” and has been considered in the form of one-on-
one competitions between pairs of prefix codes to determine in each competition which code has the higher
probability of producing a shorter codeword for a given source.

For a given source with alphabet S, and for any codes C and Cs, define

W=1{icS:lg(i) <lc,(i)}
L={ieS:lo (i) >lc, (i)}
T={ieS8: (i) =lc,(i)}. W

The sets W, L, and T contain the source values of the wins, losses, and ties, respectively, for code C in
a one-on-one competition against code Cs to see which produces shorter length codewords for the given
source. Even though the notation for W, L, and T does not explicitly reference C; and C5, the codes
involved will be clear from context. Code C| is said to competitively dominate code Co if P(W) > P(L),

The proof follows easily from the proof of Theorem 5.1.1 in the Cover-Thomas textbook [7]. A more general
result can be found in Theorem 2.5.19 of the Berstel-Perrin-Reutenauer textbook [2].
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and strictly competitively dominate code Cy if P(W) > P(L). A prefix code is competitively optimal for
a source of size n if it competitively dominates all other prefix codes for the same source. The notion of
competitive optimality dates back at least to 1980 in the field of financial investment [1].

In 1991, Cover proved that Shannon-Fano codes are competitively optimal for dyadic sources. Since
Huffman and Shannon-Fano codes are length equivalent for dyadic sources (via [7, Theorem 5.3.1]), Huft-
man codes are also competitively optimal in this case, as reworded below.

Theorem 1.3 (Cover [6, Theorem 2]). Huffman codes are competitively optimal for all dyadic sources.

Cover’s proof also showed that for all dyadic sources the Huffman code strictly competitively dominates
all other (i.e., not length equivalent) prefix codes. Additionally, he showed that for all non-dyadic sources
Shannon-Fano codes competitively dominate all other prefix codes if an extra one-bit penalty is assessed
to the non-Shannon-Fano code during each symbol encoding. This comparison favorably treats ties as if
they were wins for the Shannon-Fano code and treats one-bit losses for the Shannon-Fano code as if they
were ties, thus giving the Shannon-Fano code a one-bit handicap in betting parlance. As dyadic sources are
rare among all sources, it is natural to ask whether Cover’s (non-handicapped) competitive optimality result
extends in some way to non-dyadic sources.

In 1992, Feder [9] showed that for all non-dyadic sources Huffman codes competitively dominate all
other prefix codes if an extra one-bit penalty is assessed to the non-Huffman code during each symbol
encoding. This result is analogous to (but uses a different proof technique from) Cover’s result for Shannon-
Fano codes.

In 1995, Yamamoto and Itoh [16] illustrated a non-dyadic source whose Huffman code was not com-
petitively optimal. They presented a prefix code for the source which strictly competitively dominates the
Huffman code, and whose win and loss probabilities are P(W) = 0.5 and P(L) = 0.4, respectively. Their
example consists of a source of size 4 and distinct prefix codes C, Cs, and C', such that C; competitively
dominates C; whenever (i, j) € {(1,2),(2,3), (3,1)}. This example demonstrates that the relation of com-
petitive dominance is not transitive. One of these codes was the Huffman code, so the Huffman code is not
competitively optimal, and no competitively optimal code exists in this case. They also provided a sufficient
condition for a source not to have a competitively optimal Huffman code.

Their results, however, do not provide an indication of how many or few source codes would have
competitively optimal Huffman codes.

In 2001, Yamamoto and Yokoo [17] studied competitive optimality for almost instantaneous variable-
to-fixed length codes.

In 2021, Bhatnagar [3] studied the use of competitive optimality for analyzing error probabilities in
artificial intelligence systems.

The Cover-Thomas textbook [7, p. 131] gives the following gambling interpretation of competitive
optimality and acknowledges the difficulty of mathematically analyzing Huffman codes:

“To formalize the question of competitive optimality, consider the following two-person
zero-sum game: Two people are given a probability distribution and are asked to design an
instantaneous code for the distribution. Then a source symbol is drawn from this distribution,
and the payoff to player A is 1 or —1, depending on whether the codeword of player A is
shorter or longer than the codeword of player B. The payoft is O for ties.

Dealing with Huffman code lengths is difficult, since there is no explicit expression for the
codeword lengths.”

To determine whether a code is competitively optimal, one must determine if the difference between
the probabilities of winning and losing a competition for shortest codeword length is nonnegative for every
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possible opponent code. When a code (] is determined not to be competitively optimal, at least one other
code (5 has a larger probability of winning against C than C] has against Cs. It has not previously been
known how large or small the difference between those probabilities can be when, say, C1 is a Huffman or
Shannon-Fano code. We define terminology for that probability difference and then proceed to derive an
upper bound for it, and describe the tightness of the bound.

For a given source, the competitive advantage of code C'y over code Cs is the quantity

A = P(W)— P(L).

Thus, |A] < 1, and C competitively dominates Cy if and only if A > 0. Whereas competitive optimality
indicates whether one code always dominates other codes, competitive advantage quantifies by how much
one code dominates over another code. If the codes C'; and C5 are complete, then their Kraft sums each
equal 1 by Lemma 1.2; if additionally C; and C5 are monotone and differ in codeword lengths for at least
one source symbol, then it is impossible for C; to have codewords that are shorter than or equal in length to
those of Cy for every source symbol, so A # 1.

The example in [16] gives a non-competitively-optimal Huffman code with a competitive advantage of
0.5 — 0.4 = 0.1 over a Huffman code. Under the game-playing description of source coding in [7] quoted
above, the competitive advantage of Player A’s code over Player B’s code is equal to the total expected
earnings of Player A.

Example 1.4 (Golf analogy). One round of professional golf typically consists of a collection of players
competing for 18 holes. Each player’s score for a hole is the number of strokes it takes that player to get
the ball in the hole. A player’s total score for the round is the sum of the player’s scores for all 18 holes.
The player with the lowest total score for the 18 holes is the winner of that round. This scoring method
is sometimes called “stroke play” or “medal play”. Another form of golf scoring is known as “match
play”, where (perhaps two) players compete against each other, and each hole results in either a “win”, a
“loss”, or a “tie” depending on which player had the lowest number of strokes for that hole. A player’s
total score for the round is then the total number of wins that player achieved. A player wins the round if
the player has more wins than the other player. Stroke play and match play golf scoring are analogous to
average codeword length and competitive advantage, respectively, in lossless coding, if one associates the
golf players with prefix codes, golf holes with uniformly drawn source symbols, and player scores for a hole
with codeword lengths produced by a prefix code.

The following questions have not previously been answered in the literature: (i) How likely or unlikely
is it for a Huffman code to be competitively optimal, allowing for non-dyadic sources?; (ii) If a Huffman
code is not competitively optimal for a particular source, how large can the competitive advantage A of
another code be over the Huffman code?; (iii) Do Huffman codes always (perhaps, strictly) competitively
dominate Shannon-Fano codes for non-dyadic sources, and how large can the competitive advantage A of
another code be over the Shannon-Fano code?

One approach we exploit to answer the first question is to choose a source “at random” and seek the
probability that a resulting Huffman code is competitively optimal. For the second and third questions,
one can seek the best possible upper bound on the competitive advantage over a Huffman code or over a
Shannon-Fano code.

In this paper we address these questions by proving the following main results: (1) Competitively opti-
mal codes can exist for a given source only if some Huffman code is competitively optimal for that source
(Theorem 2.7); (2) The probability that a Huffman code for a rather generally chosen random source is com-
petitively optimal converges to zero as the source size grows (Theorem 3.5), and therefore the probability
that competitively optimal codes exist for such sources also converges to zero (Corollary 3.7); (3) For all
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non-dyadic sources, Huffman codes strictly competitively dominate Shannon-Fano codes (Theorem 5.1);
(4) For all non-dyadic sources, the competitive advantage A of any code over a Huffman code is strictly
less than % (Theorem 6.6); (5) For each integer n > 3, there exists a non-dyadic source of size n and some
prefix code whose competitive advantage A over a Huffman code is arbitrarily close to % (Theorem 6.7); (6)
For each positive integer n, there exists a non-dyadic source of size n and a prefix code for the source such
that the competitive advantage A of the code over a Shannon-Fano code for the source becomes arbitrarily
close to 1 as n — o0, and the average length of the code becomes arbitrarily close to one bit less than the
average length of the Shannon-Fano code as n — oo (Theorem 7.1).

We also analyze “small” sources and show that for all sources of size at most 3, Huffman codes are
competitively optimal (Theorem 8.1), and sources of size 4 for which Huffman codes are competitively
optimal can be characterized in terms of a certain convex polyhedral condition (Theorem 8.2).

Finally we conducted computer simulations that drew a million random sources from a flat Dirichlet
distribution for each source size up to 34 source symbols and determined whether the resulting Huffman
code satisfies a sufficient condition for competitively optimality. Our numerical observations are given in
Section 9 and indicate that the convergence proven in Theorem 3.5 is very rapid for relatively small source
sizes (Figure 2).
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2. Existence of competitively optimal codes

In this section, we use a result of Yamamoto and Itoh to show that competitively optimal codes can exist for a
given source only if some Huffman code is competitively optimal for that source (Theorem 2.7). This result
is later used in Section 3 to show that competitively optimal codes usually do not exist for large randomly
chosen sources (Corollary 3.7).

If a source is dyadic, then there can be only one Huffman code (up to length equivalence) and this
code is length equivalent to a Shannon-Fano code. However, for non-dyadic sources, somewhat unusual
circumstances can arise. In what follows, Example 2.1 illustrates a source where one Huffman code is
competitively optimal but another Huffman code for the same source is not, and Example 2.2 illustrates a
source with two Huffman codes and a non-Huffman code that form a cycle of strict competitive domination,
as well as another non-Huffman code that is expected length optimal.

Example 2.1 (Two Huffman codes).

A source with symbols a, b, c, d and corresponding probabilities %, %, %, % has a Huffman code H with code-
word lengths 2,2, 2,2, and another Huffman code Ho with lengths 1,2,3,3. Each Huffman code has com-
petitive advantage zero over the other. However, one can verify that Hy is competitively optimal, whereas

Hs is not.

Example 2.2 (Two Huffman codes and two other codes).

A source with symbols a,b, c,d, e, f and corresponding probabilities %, %, %, %, 1—18, % has a Huffman code
H with codeword lengths 1,2,3,4,5,5 and another Huffman code Hs with lengths 2,2, 3,3, 3,3 (see Fig-
ure 1), each with average codeword length equal to % Two other trees for codes C1 and Co are shown,
which are relabeled versions of the trees for Ho and H1, respectively. H1 strictly competitively dominates
Hy since its competitive advantage is P(a) — P(d, e, f) = %, while C1 strictly competitively dominates Hq
since its competitive advantage is P(b,c) — P(a) = %, and Ho strictly competitively dominates C1 since
its competitive advantage is P(a,d,e, f) — P(b,c) = %. That is, H\, Ho, and Cy form a cycle, which
illustrates the non-transitivity of strict competitive dominance. Also, Cy is an expected length optimal code,

but it is non-Huffman since nodes e and f were not merged.

As observed in the example, although Huffman codes are always expected length optimal for any given
source, expected length optimal prefix codes need not be Huffman codes. But it turns out that any expected
length optimal code is length equivalent to some Huffman code for the source.

Lemma 2.3 (e.g., [10, p. 670]). For any source, if a prefix code is expected length optimal, then it is
monotone.

The following lemma may be hinted at in the proof of [7, Lemma 5.8.1, p. 123], and is also a special
case of Lemma 4.3 in Section 4.

Lemma 2.4 ( [5]). For any source, every expected length optimal prefix code is length equivalent to some
Huffman code.

Lemma 2.5 (Yamamoto and Itoh [16, Theorem 3]). For any source, every competitively optimal code is
expected length optimal.

The following corollary follows immediately from Lemma 2.5 and Lemma 4.3 (in Section 4).

Corollary 2.6. For any source, every competitively optimal code is length equivalent to some Huffman code.
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Figure 1: Code trees of four prefix codes for a source of size 6.

Note that the premises in Lemma 2.5 and Corollary 2.6 might be vacuous if no competitively optimal
code exists for a particular source, in which case no conclusion can be drawn.

The following theorem shows that competitively optimal codes for a given source can exist only if some
Huffman code is competitively optimal for the source.

Theorem 2.7. For any source, if no Huffman code is competitively optimal, then no prefix code is competi-
tively optimal.

Proof. To prove the contrapositive, suppose some prefix code C' is competitively optimal for a given source.
Corollary 2.6 implies that some Huffman code maps source symbols to codewords of the same length as
the codewords assigned by C. Thus, for any prefix code C’, the competitive advantage of C over C’ is
nonnegative and is equal to the competitive advantage of the Huffman code over C’, so the Huffman code
also dominates C’. Thus, the Huffman code is competitively optimal. |
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3. Asymptotic converse to Cover’s theorem on competitive opti-
mality of Huffman codes

In this section, our goal is to analyze how likely it is that a source will have a competitively optimal Huff-
man code (and more generally any competitively optimal code). To address this question, we need to make
precise what “how likely” means in this context. There are many possible ways to choose a source “at
random”. By some means we wish to randomly obtain numbers p1,...,p, € (0,1) whose sum equals 1,
interpret them as probabilities, and then determine whether a Huffman code constructed from these proba-
bilities is competitively optimal.

One commonly used way to randomly obtain such probabilities is to sample from a “flat Dirichlet
distribution”. A flat Dirichlet distribution of size n has a uniform probability density on the (n — 1)-
dimensional simplex {(z1,...,2,) € [0,1]" : 1 + -+ + x,, = 1} embedded in R" (e.g., see [14]). For
example, when n = 3, the point (p1, p2, p3) is chosen uniformly from the (2-dimensional) triangle embedded
in R3, whose vertices are (0,0, 1), (0,1,0), and (1,0,0). Choosing a random source from a flat Dirichlet
distribution tends to be a natural approach since it treats all coordinates equally and uniformly. This method
of random source selection was used, for example, to analyze average Huffman code rate redundancy in [11]
and [15].

Another way to randomly create a source of size n is to choose n positive i.i.d. samples X1,..., X,
according to some probability distribution, form their sum S,, = X + - - - + X, and then construct the nor-
malized sequence )S(—;, e X—Z This technique specializes to a flat Dirichlet distribution when X7, ..., X,

are i.i.d. exponentials with mean one, as given in the following lemma.

Lemma 3.1 (e.g., [8, Chapter 11, Theorem 4.1]). If Xy,..., X, are i.i.d. exponential random variables

with mean one and S,, = X1 + - - - + X,,, then the joint distribution of )S(—i, e )5{: is the same as that of a

flat Dirichlet distribution of size n.

Using this more general method for randomly generating a source of size n, we prove in this section
that if the density of the i.i.d. sequence is positive on at least some interval (0,¢) with € > 0, then the
probability a Huffman code is competitively optimal shrinks to 0 as n grows (Theorem 3.5). In other words,
competitively optimal codes become rare for large sources. This result can be viewed as an asymptotic
converse to Cover’s theorem for dyadic sources (i.e., Theorem 1.3). It also indicates that Cover’s result
cannot be extended to many large sources beyond the dyadic ones.

We also examine an important special case of Theorem 3.5 when the random variables X7, ..., X,, are
i.i.d. exponential.

Our Corollary 3.6 notes that the result of Theorem 3.5 is true when choosing a source at random from
a flat Dirichlet distribution, which we use in Section 9 to gather experimental evidence of the convergence
rate as n — 00.

The next lemma shows that if one set of leaves of a Huffman code has a smaller Kraft sum than that of
a second disjoint set of leaves, then one can find a prefix code that competitively wins against the Huffman
code on the set of smaller Kraft sum, loses on the set of larger Kraft sum, and ties on all other leaves.

Lemma 3.2. For any source, if H is a Huffinan code, and U and V' are disjoint subsets of the source’s
alphabet S whose Huffman-Kraft sums satisfy K(U) < K(V'), then there exists a prefix code C such that

U={zeS8:lc(z) <
V={reS:icl)>

()

}
()}

Iy
Iy

Sections: 123456789 References Page 10 of 35



Competitive advantage Congero-Zeger November 13, 2023

Proof. Let k be an integer such that
K(U) <(1-2"K(®V) 2)
and for each = € .S, define the following integer:

lp(x)—1 ifzelU
l(z)=S1lg(x)+k ifzeV
L () ifr g UUV.

Then

$ 27l = § g 97l $ g kgl 1§ 9lul)

zeS zeU zeV zgUUV
=2K(U)+27"K(V)+ (1 - K(U) — K(V)) 3)
=1+ KU)-(1-2""K (V)
<1, )

where (3) follows since the Kraft sum of all the Huffman codewords is 1, by Lemma 1.2; and (4) follows
from (2). Therefore, the Kraft inequality (Lemma 1.1) implies that there exists a prefix code C' whose
codeword lengths are the values of I(z) for all x € S. Thatis, lc(z) = lg(z) — 1 for all x € U,
lo(x) =lg(x)+ kforallz € V;and lo(x) = lg(x) forall z ¢ U UV, and therefore

U={zeS:lc(z) <lg(zx)}
V={zeS:lc(x)>lu(x)}.
|

Lemma 3.3. For any source and any Huffman code for the source, if U and V are disjoint subsets of
the source alphabet whose Huffman-Kraft sums satisfy K(U) < K(V') and whose probabilities satisfy
P(U) > P(V), then the Huffman code is not competitively optimal for the source.

Proof. Let S denote the source alphabet and let H be a Huffman code. By Lemma 3.2, since K(U) <
K (V), there exists a prefix code C' such that

U={zxeS:lc(x) <ly(z)}
V={zxeS:lc(z)>Ilg(x)}.

The competitive advantage of C' over the Huffman code H is thus P(U) — P(V') > 0, so the Huffman code
is not competitively optimal. |

The following lemma is essentially given in [16, equation (4)], but we give an alternate short proof here
for completeness.

Lemma 3.4. For any source, if y and v are sibling nodes in a Huffiman tree, z is a leaf node descendant of
y, and P(z) < P(y) — P(y'), then the Huffman code is not competitively optimal for the source.

Proof. We may assume P(y) > P(y’) since P(z) > 0. Let U and V be the sets of leaf node descendants
of y and y/, respectively. Let U" = U — {z}. Then, K(U') < K(U) = K (V) (since siblings have the same
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Kraft sum) and P(U’) = P(U) — P(z) > P(U) — (P(U) — P(V)) = P(V). Then by Lemma 3.3, the
Huffman code is not competitively optimal. |

A hypothetical converse to Theorem 1.3 would say that Huffman codes for non-dyadic sources are
never competitively optimal. This is not true (e.g., Theorem 8.1), but we are able to demonstrate that such a
converse becomes probabilistically true as the source size grows.

Our next theorem, one of our main results, demonstrates an asymptotic converse to Theorem 1.3, by
showing that competitively optimal Huffman codes become rare for randomly chosen sources as their size
Srows.

Theorem 3.5. Let ¢ > 0 and let X1, Xa, ... be an i.i.d. sequence of nonnegative random variables with a
density which is positive on at least (0, €), and let S,, = X1+ - - - + Xy,. Then the probability that a Huffman
code for )S(—i, cey )5{—: is competitively optimal converges to zero as n — Q.

Proof. Let F denote the distribution function for each X;. Let 6 = €/24. For each k € {1,...,24}, define

the interval

I, = (e — kb, e — (k — 1)9).

The intervals [y, ..., [z4 are disjoint and their union lies in (0, €).
Denote the indicator function forany £ C R by 1g(z) = 1if z € E and 1g(x) = 0 otherwise. For
each k € {1,...,24}, since the binary random variables 1;, (X;) are i.i.d. for all 7, we have

ie{l,....n}: X; €} 1L

=2 E[17,(X1)] (5)
= P(X; € I)

= F(e — (k — 1)0) — F(e — k¢)

> 0, (6)

where (5) follows from the strong law of large numbers (e.g., [4, Theorem 6.1]); and (6) follows since F'
is increasing on (0, €). Let A be the event that all 24 of the convergences in (5) occur. The intersection of
finitely many events with probability 1 has probability 1, so P(A) = 1.

We will show that for any outcome w € A, there exists N > 1 such that for all n > N, any Huffman

code for ;(i ((:j)) ey fé:((s)) is not competitively optimal. Suppose this has been done, and for each n > 1 let
B,, be the event containing the outcomes w such that a Huffman code for ;(i ((:j)) ey fé:((:))) is competitively
optimal. If w € A, then w appears in only finitely many B,,, so w ¢ limsup B,, = ﬂ U Bj. Therefore
n—00 n>1j>n
lim sup B,, € A€, and so the theorem is proved using
n—oo
limsup P(B,,) < P(limsup B,,) < P(A°) =0
n—o0 n—oo

where the first inequality follows from Fatou’s Lemma (e.g., [4, Theorem 4.1]).

We will now prove what we promised. Let w € A, and consider the sequence X;(w), Xo(w),.... Let

X1 (w) Xn(w)

H be a Huffman tree constructed from the n probabilities Sulw) 0 Sale)

. Since w € A, the convergence
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in (5) holds for all k € {1,...,24}, so for each such k there exists Ny > 1 such that for all n > Nj, we
have [{i € {1,...,n}: X;(w) € I} > 1.

Let n > max(Ny,...,Nog). Then for each & € {1,...,24}, let Y} equal X;(w)/Sy(w) for some
Xi(w) € Ij. Thatis, Y7 > Yy > .-+ > Yy are probabilities corresponding to 24 of the n leaves in the
Huffman tree H. Note that for all k, we have Y;.S,(w) € I, so

e —ko e—(k—1)
<Y, <——.

Sa(w) ~TF T Suw)
The sibling in H of the leaf for Y7, has probability at most Y73, for otherwise the leaf for Y74 and its

sibling would not have been nodes with two of the smallest available probabilities for merging as required
by the Huffman construction. Then the probability Y74 of the parent of the leaf for Y7, satisfies (using (7))

(7

€ — 130 6—125_ €—90

o _
Yig <Yy +Yi3< S(w) + S (@) S (@)

< Y.

Then since the Huffman code H is monotone by Lemma 2.3, the leaf for Y] appears on a row in H that is at
least as high as the row on which the parent of Y7, appears, so the leaf for Y7 appears on a row strictly higher
than the row on which the leaf for Y74 appears. Since Y7 > Y5> > --- > Yj4, monotonicity of Huffman
codes shows the row numbers on which the leaves for these 14 probabilities appear are non-decreasing, so the
conclusion from the previous sentence implies the leaf for some probability in the sequence Y7, Ys, ..., Y14
appears on a row strictly higher in H than the leaf for the next probability in the sequence. Specifically,
there exists m € {1,...,13} such that the leaf for Y;,, appears on a row r strictly higher than the row 7’ on
which the leaf for Y,,, ;1 appears, i.e., r < 1’

Similarly, the sibling for the leaf for Y, has probability at most Ysq, so the probability 3721 of the parent
of the leaf for Y5; satisfies (using (7))

€ — 206 i €—196 e—154
Sn(w) Sp(w)  Sp(w)

Then since Huffman codes are monotone, the leaf for Y,,, 1 appears on a row that is at least as high as the
row on which the parent of Y3; appears, so the row r’ on which the leaf for Y;,,. 1 appears is strictly higher
than the row 7 on which the leaf for Y5; appears, i.e., 7’ < r”.

Let U be the set consisting of the leaves for Y,,,+1 and Ya1, and let V' be the set consisting of the leaf for
Y,.. Then

Ya1 < Ya1 + Yoo < <Y1 <Y1 (8)

K(U) _ 2—7“/ 4 2—7“” < 2—(7”—1) S 2—7” — K(V),

and again using (7),

e—(m—1)0 e—(m+1)0 €e—216 -4
PV)—PU)=Y,— (Y, Yo1) < — = < 0.
V) = PU) =¥ = (Y + Y1) < = 15 ( Su@) T Sa@) ) " 5alw)
Then Lemma 3.3 implies the Huffman code for )Sitg:)) ey )sf:((:))) is not competitively optimal, which is
what we wanted to show. |

The requirements for the density of the random variables chosen in the statement of Theorem 3.5 are not
very restrictive and are satisfied by a wide range of random variables. Such densities include various ver-
sions of at least the following: beta, chi-square, Erlang, exponential, gamma, Gumbel, log-normal, logistic,
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Maxwell, Pareto, Rayleigh, uniform, and Weibull.
The following corollary follows from Lemma 3.1 and Theorem 3.5. It shows that competitively optimal
Huffman codes become rare for large sources selected uniformly at random from a simplex.

Corollary 3.6. Let X1,...,X,, be the probabilities of a source chosen randomly from a flat Dirichlet dis-
tribution in R™. Then the probability that a Huffman code for this source is competitively optimal converges
to zero as m — Q.

The next corollary follows immediately from Theorem 2.7 and Theorem 3.5. It shows that as the source
size grows the existence of any competitively optimal codes becomes unlikely.

Corollary 3.7. Let € > 0 and let X1, X2,... be an i.i.d. sequence of nonnegative random variables with

a density which is positive on at least (0,€), and let S, = X1 + --- + X,,. Then the probability that a
Xi

competitively optimal code exists for the source g+, ..., )é—z converges to zero as n —» 0o.
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4. Lemmas for future sections

In this section, we give a number of lemmas that are used in the remainder of this paper.

Huffman codes are expected length optimal and Gallager [10, Theorem 1] characterized such codes in
terms of a “sibling property”, which says the code is complete and if the nodes in the code tree can be listed
in order of non-increasing probability with each node being adjacent in the list to its sibling.

However, Huffman codes are not the only expected length optimal prefix codes. Expected length op-
timal prefix codes are characterized as those which are length equivalent to some Huffman code for the
source. Below we prove a second characterization of expected length optimal prefix codes, or equivalently
prefix codes which are length equivalent to a Huffman code. Namely we show that such codes are strongly
monotone. Strong monotonicity is a weaker condition than the sibling property, and thus a broader class of
prefix codes are strongly monotone.

Let C be a prefix code a source has alphabet S. If U C S, then denote the Kraft sum of C’s codeword
lengths corresponding to the source symbols in U by

Ko(U)=> 27le®,

zelU

Definition 4.1. Given a source with alphabet S, a prefix code C for the source is strongly monotone if for
any subsets A, B C S, if there exist integers i,j > 0 such that Ko(A) = 27 > 277 = K¢(B), then
P(A) > P(B).

The following lemma notes several properties that are preserved under length equivalence between prefix
codes.

Lemma 4.2 ( [5]). If two prefix codes are length equivalent, then each of the following properties holds for
one code if and only if it holds for the other code:

e completeness

e strong monotonicity

e expected length optimality.

Lemma 4.3 ( [5, Theorem 2.4]). For any source and any prefix code C' for the source, the following are
equivalent:

(1) C'is complete and strongly monotone

(2) C is length equivalent to a Huffman code

(3) C'is expected length optimal.

For a given source and a Huffman code, if A is a nonempty proper subset of the source alphabet whose
Huffman-Kraft sum has binary expansion K (A) = 0.b1b; ..., then we define a Huffman-Kraft partition of
A to be any sequence A1, Ao, ... of disjoint (possible empty) subsets of A whose union is A and such that
K(A;) = b;27" for each 3. If b, = 1 and b; = O for all i > k + 1, then it suffices to specify the first &k sets
Ay, ..., Ay in a Huffman-Kraft partition.

Lemma 4.4. Every nonempty proper subset of a source’s alphabet has a Huffman-Kraft partition.
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Proof. Let A be a nonempty proper subset of a source’s alphabet and let 0.ajas . . . ai be the binary expan-
sion of the Huffman-Kraft sum K (A), where a; = 1.

We use induction on N = a; + - -+ + ag. Since A is nonempty, K (A) > 0, so N > 1. First, suppose
N = 1. Thena; = Oforalli € {1,...,k — 1}, so K(A) = 27%. Setting A, = A and A; = @ for
i€ {l,...,k— 1} gives a Huffman-Kraft partition of A.

Now let m > 2 and suppose the lemma holds for N = m — 1. We will next show the lemma must hold
for N =m. Let X = {u € A: K(u) <27%}. Then K(A — X) is an integer multiple of 27%*!, since for
allv € A — X we have K (v) = 27%*% for some i > 1. Thus, the binary expansion of K (A — X) has 0Os
in all positions ¢ > k. Therefore, since a;, = 1 and K(A) = K(X) + K(A — X), the binary expansion of
K(X) has a 1 in position k, so K (X) > 27F,

Let Y be a subset of X whose Huffman-Kraft sum is minimum among all subsets of X with Huffman-
Kraft sum at least 27%. We will show that K(Y) = 27*. Suppose to the contrary that K (V) > 27,
Let y € Y be an element with minimum probability among the elements of Y. Since y € X, we know
K(y) <27%, and also K () = 27 for some integer i. Therefore, 2% is an integer multiple of K (y). Also,
K(Y) is an integer multiple of K (y), since for all u € Y there exists an i > 0 such that K (u) = 2K (y).
Therefore, K (Y) > 27% + K (y) since K(Y) > 27% Butthen K(Y — {y}) = K(Y) — K(y) > 27% and
K —{y}) = K(Y)— K(y) < K(Y), so the Huffman-Kraft sum of Y — {y} is at least 2~* but is smaller
than that of Y, contradicting the minimality assumption on Y". Therefore, K (Y) = 27F.

Set A, =Y. Since m > 2, the set A — Ay is nonempty, and since A is a proper subset of the source’s
alphabet, so is A — Aj. Also, the Huffman-Kraft sum K (A — A;) = K(A) — K(A;) = K(A) —27F
has exactly m — 1 ones in its binary expansion. Thus, the induction hypothesis implies that A — A, has a
Huffman-Kraft partition Ay, ..., Ax_1. Then Ay,..., A is a Huffman-Kraft partition of A. |

Lemma 4.5. Let A and B be subsets of a source alphabet whose Huffman-Kraft sums satisfy K(A) =
K(B) = 27 for some integer i > 0, and such that |A| > 2. Then P(A) < 2P(B).

Proof. By Lemma 4.3, Huffman codes are strongly monotone, so Huffman-Kraft sums obey the strong
monotonicity condition.

Let a € A be an element of minimum Huffman-Kraft sum among the elements of A. Since |[A| > 2,
there exists m > i + 1 such that K(a) = 27™, for otherwise K(A) > 2-27¢ > 27% = K(A), a
contradiction. Therefore, the binary expansion of K(A — {a}) = K(A) — K(a) = 27" — 27" has 1s in
positions ¢ 4+ 1,...,m and Os in all other positions. By Lemma 4.4, there exists a Huffman-Kraft partition
Ay,..., Ay of A— {a}. Inparticular, K (A;;1) = 270D and so K(A — A;11) = K(A) — K(Aj1) =
2~ — 9=(+1) — 9=(+1) Then by strong monotonicity P(A;;1), P(A — A;11) < P(B), and so P(A) =

Lemma 4.6. Given a source with alphabet S, suppose there is a subset U C S whose Huffman-Kraft sum
K(U) is an integer multiple of 2=° for some integer i > 0. If A C U with 0 < K(A) < 277 for some
integer j > i, then there exists a subset B C U — Awith K(AUB) = 277,

Proof. Since K(A) > 0and K(U — A) = K(U) — K(A) > 27" — 277 > 0, Lemma 4.4 shows there exist
Huffman-Kraft partitions A1, As,... of A, and By, Bo,... of U — A. Let

B:UBk.

k>j

Then K(B) = K(Bj11) + K(Bjyg) + -+ <270t 4 970+2) 1 ... = 277 50 K(AUB) = K(A) +
K(B) < 27U~V Since K(U) = K(AUB) + K(B; U---U B;), and both K(U) and K (B; U --- U B;)
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are integer multiples of 277, it must be the case that K (A U B) is an integer multiple of 277 as well. Then
0 < K(AUB) <270~ implies K (AU B) =277, u

Lemma 4.7. Given a source with alphabet S, suppose A, B C S with Huffman-Kraft sums satisfying
2K (B) < 27" < K(A) for some integer i. Then P(A) > P(B), with equality possible only if K(A) =
2K (B).

Proof. If B is empty, then P(B) = 0 and the result follows, so assume B is nonempty.

If K(B) < 2_(”1), then by Lemma 4.6 (where A, B, U, i, j in Lemma 4.6 respectively correspond to
B, B', S, 0,1+ 1 here) there exists a subset B’ C S — B with K(B') = 2—(i+1) _ K(B). Alternatively, if
K (B) = 27041 then we will let B’ = @. In either case, K (B U B’) = 2-(+1),

By Lemma 4.4, there exists a Huffman-Kraft partition Ay, As,... of A. Let k be the smallest integer
such that A;, # @. Since K(A) > 27¢, we have k < i.

If k < i, then since 0 < K(BU B') = 2= (1) < 9=(k+1) [ emma 4.6 implies (where A, B, U, 7, j in
Lemma 4.6 respectively correspond to BU B’, E, S, 0, i + 1 here) there exists a subset £ C S — (BU B’)

such that K (E) = 2-*+D) _ K(BUB'). If k = i, then instead let F = @. In either case, K(BUB'UE) =
9—(k+1)

We have
P(A) = P(Ag) + P(A — Ay)
> P(Ay) ©)
> P(BUB'UE) (10)
— P(B) + P(B) + P(E) ()
> P(B). (12)

where (10) follows the Huffman-Kraft sum equality K (4;) = 27% = 2K(B U B’ U E) since Huffman
codes are strongly monotone by Lemma 4.3; and (11) follows since B, B, and F are disjoint.

Now suppose K (A) > 2K (B). Then either K (B) < 2~0+1) or K(A) > 277, In the first case, we
have P(B’) > 0 since K (B U B’) = 2-(*1 5o the inequality in (12) becomes strict. Now consider two
subcases of the second case. If K (A) < 270~ theni—1 < k < 4, so k = i which implies K (A — A;) =
K(A—-A;) = K(A)—K(A;) = K(A)—27% > 0, and thus the inequality in (9) becomes strict. Otherwise,
if K(A) > 27071 then k < 4, and so K(E) = 2~*+Y) — K(BU B') = 2=*+1) — 2=(+1) > (. Thus
P(E) > 0, and the inequality in (12) becomes strict. [
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5. Huffman codes competitively dominate Shannon-Fano codes

For dyadic sources, there can be only one Huffman code (up to length equivalence) and such a code is length
equivalent to a Shannon-Fano code [7, Theorem 5.3.1], and thus the competitive advantage of either code
over the other code is A = 0. In this section, Theorem 5.1 shows that for all non-dyadic sources, every
Huffman code always strictly competitively dominates every Shannon-Fano code.

This result shows that Shannon-Fano codes are never competitively optimal for non-dyadic sources.
Actually, as the source size grows, Huffman codes themselves are usually not competitively optimal either,
as shown in Section 3.

The following theorem shows that when a source is not dyadic, every Huffman code always has a
positive competitive advantage over the Shannon-Fano code.

Theorem 5.1. Huffinan codes strictly competitively dominate Shannon-Fano codes if and only if the source
is not dyadic.

Proof. Suppose a non-dyadic source has alphabet .S and a Huffman code H. By Lemma 4.3, Huffman codes
are strongly monotone, so Huffman-Kraft sums obey the strong monotonicity condition.

Denote the Huffman and Shannon-Fano codeword lengths for each y € S by Iy (y) and Isg(y), respec-
tively. Let W = {i € S : lsp(y) < Ilu(y)}and L = {i € S : Isp(y) > lu(y)} and T =S — (W U L), as in
(1). It suffices to show P(W) < P(L).

If y € W then

logs 7 < {bgz %} ~lse(y) < In(y) — 1,

and if y € L then

1 1
logy —— > [log ——‘ —1=1Isp(y) — 1 > lu(y).
Therefore, probabilities and Huffman-Kraft sums of wins, losses, and ties are bounded as

Py) > 2270 = 2K (y) ify e W
P(y) < 27 = K (y) ify el
K(y)=2""" < P(y) <2-2700) =2K(y) ifyeT.

Thus, for any nonempty subset A C S,

P(A) > 2K (A) ifACW (13)
P(A) < K(A) ifACL (14)
K(A) < P(A) <2K(A) ifACT, (15)

since P(A) = Z P(y)and K(A) = Z K (y) for any subset A C S.
yeA yeA
Suppose that L = @. Then from (13) and (15) we have P(y) > K(y) forall y € S. Since K (y) is an

integer power of 1/2 for all y € S, there exists at least one element y € S with P(y) > K(y), or else the

Sections: 123456789 References Page 18 of 35



Competitive advantage Congero-Zeger November 13, 2023

source would be dyadic. But then

1= P(y)>> Ky =1,

yes yes

which is a contradiction. Thus, in fact L # @&, and therefore P(L) > 0. This implies P(W) < 1.

If W = @ then P(W) — P(L) < 0, and we are done. Suppose W # @. By Lemma 4.4, there
exist Huffman-Kraft partitions W1, W, ... and L1, Lo, ... of W and L, respectively. Let k be the smallest
integer such that W, # @.

If k = 1, then W; # @, so K(W;) = % and therefore we get the contradiction that 1 > P(WW;) >
2K(W1) = 1by (13). Thus k > 2.

We will use the following fact in the remainder of the proof. If A C S and K (A) = 2~ ~1), then

P(A) = P(Wy) (16)
> 2K (W) (17)
=2~ (1) (18)
= K(4) (19)

where (16) follows from strong monotonicity; (17) follows from (13); and (18) follows from P(W}) =
2-% since W, # @. Also, Ly_1 = &, for otherwise K(Ly_1) = 2= (k=1) which by (19) would imply
P(Lg—1) > K(Ly_1), contradicting P(Ly_1) < K(Lk_1) by (14),as L1 C L.

Suppose K (L) < 2~(k=2) Then since Lj,_; = @, at least the first k£ — 1 bits in the binary expansion
of K(L) are zero, so K(L) < 2~ (k=1) By Lemma 4.6, (where i, j, U, A, B, in Lemma 4.6 respectively
correspond to 0, k—2, S, Wi UL, A here), since 0 < K(W,UL) < 27k po-(k=1) ~9-(k-2) <1 = K(S),
there exists a subset A C S — (W}, U L) such that K (A) = 2=*~2) — K (W), U L). Then

K(LUA)=K(W,ULUA)—- K(Wy)
=K(W,UL)+K(A) - K(Wy)

=272 — K (W)
=27 (k=1) 4 ok

so the Huffman-Kraft partition of L U A provided by Lemma 4.4 consists of 2 disjoint subsets, £ and F, of
LU Asuchthat EUF = LU A, along with K(E) = 27% and K(F) = 2=*~Y_ Then P(E) > 0, and
P(F) > K(F) by (19).

Since LC LUA=FUF,wehave S— (W ,UFEUF)CS—LCWUT. Therefore, P(S — (W} U
EUF)) > K(S— (W,UEUF))=1-2"%"2 by (13) and (15). But we also have

P(S— (WyUEUF)) =1— P(W;,) — P(E) — P(F)
<1- P(Wy) - P(F)

<1-2K(Wy)— K(F) (20)
— 1 _ 9 (k=1) _o—(k-1)
=1-—2"0-2

= K(S— (WyUEUF)),
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which is a contradiction, where (20) follows from (13). Therefore, our assumption was false that K (L) <
2= (k=2) g0 in fact K(L) > 2= (k=2)  Thus, k # 2, for otherwise K (L) > 1 which contradicts W # &.
Therefore, k > 3. Since W; = --- = Wj,_; = @, we have 2K (W) < 2= =2 < K (L), and so Lemma 4.7
shows P(W) < P(L). |

Theorem 5.1 guarantees that for each n, and for all non-dyadic sources of size n, Huffman codes always
strictly competitively dominate Shannon-Fano codes. On the other hand, we saw in Section 3 that as the
source size grows, an increasingly large fraction of non-dyadic sources have prefix codes that strictly com-
petitively dominate Huffman codes. Said more casually, Huffman codes usually are dominated by another
code but always dominate Shannon-Fano codes.
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6. Bound on competitive advantage over Huffman codes

In this section, we derive an upper bound on the competitive advantage of an arbitrary prefix code over
a Huffman code for a given source, and show that for every source of size at least four the upper bound
can be approached arbitrarily closely by some sources. We show that no prefix code can have a competitive
advantage of % or higher over any Huffman code (Theorem 6.6), and in fact this upper bound is tight in that it
can be approached arbitrarily closely from below for all source sizes, by at least some sources (Theorem 6.7).

If A is a subset of a source’s alphabet, then at least one of the following three Huffman-Kraft sum
conditions is satisfied: (i) A is empty and K (A) = 0; (ii) A is the entire alphabet and K (A) = 1; or (iii)
K(A) is a finite sum of negative integer powers of 2, and has a binary expansion of the form K(A) =
0.b1bs ..., with b; € {0, 1} for all i, and where the number of nonzero bits is at least one and is finite.

If A is a subset of a source alphabet, then the probability P(A) and the Huffman-Kraft sum K (A) are
related. When A is empty, P(A) = K(A) = 0, and when A is the entire source alphabet, P(A) = K(A) =
1. If the source is dyadic, then P(A) = K(A) is always true. For non-dyadic sources, the relationship
between P(A) and K (A) is more complicated. We next establish some lemmas that are used to prove
Theorem 6.6. Some of these lemmas relate the probabilities and the Huffman-Kraft sums of source alphabet
subsets.

In this section, for any given source, if C'is a prefix code that competes against a Huffman code for the
same source, then define the events W (i.e., C “wins”), L (i.e., C “loses”), and T (i.e., C “ties”), as in (1)
(taking C = C, and C5 as the Huffman code).

In what follows, the definitions of W, L, and T from (1) (taking C5 as the Huffman code) are used in
Lemma 6.1, Lemma 6.2, and Theorem 6.6.

Lemma 6.1. For any source, if a prefix code C has a positive competitive advantage over a Huffiman code,
then for at least one source symbol, C produces a longer codeword than the Huffman codeword.

Proof. 1t suffices to show that L is nonempty. Since C has a positive competitive advantage over a Huffman
code H, we have P(W) > P(L). Then,

0 < Elle(X)] = Ellg(X)] (21)
= > (le) =) Py)+ Y _ (o) — lu(y) P(y) (22)
yew yeL
<Y (ely) = luy) Ply) (23)
yeL

where (21) follows since a prefix code C' cannot have a lower expected length than the Huffman code for a
given source; (22) follows since I (y) — g (y) = 0 forall y € T'; and (23) follows since I¢(y) — g (y) < 0
forally € Wand P(W) > P(L) > 0,so W # @. If L = &, then (23) would yield a contradiction. [

Lemma 6.2. For any source, if a prefix code C has a positive competitive advantage over a Huffiman code,
then the Huffman-Kraft sums of the set W of wins and set L of losses of C satisfy K(W) < K(L).

Proof. Let H denote the Huffman code and suppose, to the contrary, that

K(W) > K(L). (24)
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Let S be the source’s alphabet and let 7' = S — (W U L) be the set of ties. Then

1> ) 27lel) (25)

€S

=Y 27le@ 4 Yy gl 4y " g-lel)
zeW zeT €L

> Y 27le@ N gl (26)
zeW zeT

—2210 +Z21H (27)
zeW zeT

> Z o-lm(@)+1 o Z 9—lu(x) (28)
zeW zeT

= 2K (W) + K(T)

> K(W)+ K(T)+ K(L) (29)

=1, (30)

a contradiction, where (25) is the Kraft inequality (1.1) applied to the prefix code C'; (26) follows from
L # @ by Lemma 6.1; (27) follows from I¢(z) = Iy (z) when z € T'; (28) follows from l¢(x) < lg(z)—1
when x € W; (29) follows from (24); and (30) follows since the Huffman tree is complete. |

Lemma 6.3. Ifb > a, then “’“ is monotonically increasing in x for all x # —b.
Proof. 4 (ife) = b=a_ |
*odr \ z+b (z+b)2 :

Lemma 6.4. Given a source with alphabet S, let U and V' be disjoint subsets of S with Huffman-Kraft sums
satisfying K(U) < 27¢ < K(V) for some integer i > 0. Then P(U) < 2P(V).

Proof. Since K(V) > 27¢, we have P(V) > 0. If K(U) = 0 then P(U) = 0 < 2P(V), so we may
assume K (U) > 0.

By Lemma 4.4, there exists a Huffman-Kraft partition V1, V5, ... of V. Let k > 0 be the smallest integer
such that V;, # @. Since K (V') > 27% we have k < i. By Lemma 4.6 (taking B=U'U =85, A =U,
and j = k), there exists a subset U’ C S — U such that K(U’) = 27% — K(U) > 0. Then |[U UU’| > 2
since both U and U’ are nonempty, and also K(U U U’) = 27% = K(V},), so P(UUU’) < 2P(V}) by
Lemma 4.5 (taking A = U UU’, B =V}, and 7 = k). Therefore

PU) <2P(V},) — P(U') < 2P(V},) <2P(V).
u

For any Huffman-Kraft partition Ay, As,... of a subset A of a source alphabet and for any integer
kE > 1 we will define the notation Ac, = A U---UAp_y and A<, = A; U--- U A, as well as
Asp :Ak+1UAk+2... andAZk =AU Agy1....
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Lemma 6.5. Given a source with alphabet S, suppose U,V C S are disjoint subsets with Huffman-Kraft
sums satisfying K(U) < K(V). Then P(U) — P(V) < 1.
Proof. If K(U) = 0 then P(U) — P(V) < 0 < 2, so suppose K(U) > 0. By Lemma 4.4, there exist
Huffman-Kraft partitions Uy, Us,... of U and V;,Va,... of V. Let m > 0 be the smallest integer such
that V,,, # @ and U,, = @; such an integer exists because K (U) < K (V). Since P(U) — P(V) <
P(U) — P(V<y,), and U and V<, are disjoint, without loss of generality we will assume V; = @& for all
1> m.

We now assert that for certain nonnegative integers k < m — 1, there exists A C S satisfying the
following three conditions:

K(A)=27F (31)
Usp+1 UV CA (32)
1
P(Uzkt1) = P(Var1) < 3P(A). (33)

Specifically, we will first show that this assertion is true when & = m — 1. Then, we will show inductively
that whenever the assertion is true for some positive k it must also be true for some smaller nonnegative k.
We then will conclude that the assertion must be true for k = 0.

Once we have established the assertion is true for £ = 0, we can further infer that

P(U)—P(V):P(U21)—P(V21) < %P(A):%,

where P(A) = 1 since K(A) = 1, thus proving the lemma.
Base Step: £k = m — 1. Since K(S — (U, UVery)) =1 — K(Ucp, U Vo) is an integer multiple of
2_(7”_1), and
0< K(Vm) < K(UZm U VZm) = K(U>m) + K(Vm) < 2—(m—1)7

Lemma 4.6 shows (taking A < Us;, U Vsyy, B U, U < S — (Ucy, UVeyp), i = j < m — 1) there
exists U' €= S — (U U V) such that K (U’ U Us,, U Vsp,) = 270"~ Then setting

A=U"U UZm U VZm (34)
gives
K(A) =2-(m=1), (35)

Also, since K (Usy,) = K(Usy,) <27 = K(Vp,) = K(V>p,), Lemma 6.4 shows P(Usy,) < 2P (V).
Therefore,

P(Uzm) - P(Vzm) P(Uzm) - P(Vzm)
PA) PUsm) ¥ P(Vom) (0
- 31;((Vv—m)) (37)
5PV
-, (38)

where (36) follows from P(U’) > 0 since K (U') = K(A) — K (Usy U Vsy,) > 270D _9=(m=1) —
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and (37) follows from P(Us,,) < 2P(V>,,) and Lemma 6.3.

By (35), (34), and (38), these conditions hold for k = m — 1.

Inductive Step: 1 < k < m — 1. Notice that if m = 1, then the base case of £ = m — 1 automatically
proves the assertion for k£ = 0, so we may assume m > 2.

Assume that (31) — (33) hold for some positive integer £ < m — 1 and for some A C S. We will show
that there exists A’ C S that satisfies the three conditions above for some index j € {0, ...,k — 1}.

From the definition of m, we have K (U;) = K (V;) for all i < m. In particular, K (Uy) = K (V}) since
k <m —1. Then K(U) + K(V}) € {O, 2_(k_1)}, SO K(ng U ng) = K(U<k UVer) + K(Uk UVg)is
an integer multiple of 2~(*~1)_ Therefore, K (S — U<}, UV<},) = 1 — K (U<, U Vy,) is an integer multiple
of 2= =1 Since 0 < K(A) = 27F < 2=k and A C S — U<j U V<i, Lemma 4.6 shows (taking
A~ A B+ B U+ S—(UcnUVsp),i=j < k—1)thereexists B C S — (AU U< U V<) with
K(B)=2"(¢"1D_K(A) =27k

Case 1: K(U,) = K(V;) =0. Let A’ = AU B. Then K(A') = K(A) + K(B) =2~ %=1 and

Usp UVsp =Uspy1 U Va1 CTAC A

from (32). Also,

P(Usy) — P(Vor) = P(Uspst) — P(Vops) < %P(A) < éP(A’)

from (33) and K (A) = K(A') — K(B) < K(A’). Thus A’ satisfies conditions (31) — (33) except the index
k has been reducedto j =k — 1 > 0.

Case 2: K(Uy) = K(V) = 27%. Let j < k be the smallest integer such that K (U;) = 27/ = K(V;
foralli € {j,...,k}. Then j > 2, since otherwise, j = 1 would imply 1 > K(U) + K(V) > 2K(U) >
2K (Uy) = 1, a contradiction. Also, from the definition of j, we have K (U;_1) = K(V;_1) = 0. Let

A :AUBU(UZ]' —U>k)U(VZj —Vig). (39)
Then

Uzj—1UVzj1 =Ux UV

= (Usj = Usp) U (V> = Vop ) UUs 41 U Vg

- (UZj — U>k) U (sz — V>k) UA (40)
A (41)

N

where (40) follows from (32); and

K(A') = K(A) + K(B) + K(Us; — Usy) + K(Vs; — V5;)
k
=242k 42) 2
i=j

=202, 42)

Now let E € {A, B} such that P(E) = min(P(A), P(B)). Note K(FE) = 27%, since K(A) =
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K(B) = 27F. Since
K((Vaj = Vap) UE) =Y 27+ K(BE) =270"0 —27F 4 27F = 97071 > 977 = K(U;),
i=j

strong monotonicity of Huffman-Kraft sums and Lemma 4.3 imply P(U;) < P(V>; — Vsy) + P(E).
Suppose j < k. Then foralli € {j + 1,...,k}, we have P(U;) < P(V;_1) by strong monotonicity of
Huffman-Kraft sums, since K (U;) = 2% < 2=~ = K(V;_;). Thus
PUsj41 —Usg) = P(Ujt1) + -+ P(Uy)
< P(Vj)+ -+ P(Vi_1)
=P(V>j — Vag—1).
Therefore
PUzj = Usg) = P(Uj) + P(Uzj1 = Usi)
< P(Vzj = Vag) + P(E) + P(V>j — Vag—1)
= QP(VZJ' —Vag—1) + P(Vk) + P(E). 43)
On the other hand, suppose j = k. Then V>; — V5.1 = &, so we also have
PUzj = Usy) = P(Uj)
< P(V>; — Vog) + P(E)
=2P(V>; — Vop—1) + P(Vi) + P(E). (44)
Now we combine both the cases j < k and j = k. Since V;,, C A and K (V,,,) =2™™ < 27F = K(A),

neither V,,, nor A — V;, is empty, so |A| = |V,,| + |A — V;,| > 2. Then since K(A) = 27% = K(V}),
Lemma 4.5 shows P(A) < 2P(Vj). Thus

P(F) =min(P(A), P(B)) < min(2P(Vy), P(B)),
and so
2P(Vx) + P(E) + P(B) > 3P(E). (45)
Finally, we apply Lemma 6.3 by using the values

T = P(Uzj —Usg)

a= —P(sz — Vi)

b=P(V>; — Vsr) + P(B)
' = 2P(Va; — Vap1) + P(Vi) + P(E).
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It is clear that a < b, and we have z < 2’ from (43) (for j < k) and (44) (for j = k), Thus,

rta _ ' +a
z+b " ' +0b
PUsj —Usg) = P(Vaj — Vap) < P(Voj = Vag-1) + P(E)
P(Usj — Usg) + P(Vsj — Vo) + P(B) — 3P(Vsj — Vap_1) + 2P(Vi) + P(E) + P(B)
P(Vsj —Vip—1) + P(E)

< (46)

3P(V>j — Vagp—1) +3P(E)
1
== 47
3 “47)
where (46) follows from (45). Therefore,
P(Uzj-1) = P(Vzj1) = P(Uz;) — P(V))
= P(Usj —Usg) = P(V>j = Var) + P(Usg+1) — P(Vag1)
1
< 3(P(Us) = Usp) + P(Va = Vor) + P(B) + P(A)) (48)
= %P(A/), (49)

where (48) follows from (47) and (33); and (49) follows from (39). Thus A’ satisfies the three conditions
(31) —(32) by way of (42), (41), and (49), except the index k has been reduced to j—2 € {0,...,k—2}. W

Theorem 6.6. For any source, the competitive advantage of any prefix code over a Huffman code is less
than .
3

Proof. Let C denote an arbitrary prefix code for the source. Let W and L denote the sets of wins and
losses, respectively, of C' over the Huffman code. It suffices to assume the competitive advantage of C
over the Huffman code is positive, so W # &. Then Lemma 6.1 implies L # &, and Lemma 6.2 implies
K(W) < K(L). Therefore, P(W) — P(L) < % by Lemma 6.5. |

The following theorem shows that for any size at least four, sources can be found whose competitive
advantages over Huffman codes are arbitrarily close to 1/3 and whose average lengths are arbitrarily close
to that of a Huffman code.

Theorem 6.7. For every n > 4, there exists a source of size n and a prefix code that has a competitive
advantage over a Huffman code arbitrarily close to % and the code’s average length is arbitrarily close to
that of the Huffman code.

Proof. Letn > 4 and € > 0, and define o = l_g/fz,&g Let the source be of size n and with symbol
probabilities:
1
pP1 = g +e€
1
p2 = 3
1
p3 = g — 2¢
P = a24_k (4 < k < Tl)
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One can verify that p; + -+ + p, = 1 and for each k € {2,...,n} we have px > pr+1 + -+ + Pn, SO
the Huffman code for the source assigns a word of length k& to py for k = 1,...,n — 1, and also a word of
length n — 1 to p,,.

Define a prefix code C' which is identical to the Huffman code, except that it reassigns pj, p2, and p3 to
codewords of lengths 3, 1, and 2, respectively. The code C will produce a shorter codeword than that of the
Huffman code with probability ps + p3 and will produce a longer codeword with probability p;. Thus, the
competitive advantage of C' over the Huffman code is A = py + p3 — p1 = % — 3e.

Denote the codeword lengths of the Huffman code by /;. The average length of the Huffman code is

1 1 1 -
1-(2 2.(Z2 R ] il
<3+e>—|— <3>+3 <3 e)—l—kzﬂlpl

and the average length of C'is
1 1 1 -
1 <§> +2- (5—2e> +3- <§+e> +)  pili
k=4
so their difference is — %e.

In summary, the code C' achieves a competitive advantage over the Huffman code of % — 3e and has
an average length at most %e greater than that of the Huffman code. Taking e arbitrarily small makes the
competitive advantage approach % and the average length difference approach zero. |
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7. Bound on competitive advantage over Shannon-Fano codes

On one hand, Shannon-Fano codes are efficient, since they suffice in proving Shannon’s source coding
theorem that says the average length of optimal block codes arbitrarily approaches from above the entropy
of a source, as the block size grows. The proof uses the fact that the average length of a Shannon-Fano code
is always within one bit of the source entropy, and so the average length per symbol of a Shannon-Fano code
for a source block of size n is within % bit of the source entropy.

One the other hand, Huffman codes are strictly better than Shannon-Fano codes in an average length
sense for non-dyadic sources, and perform equally well for for dyadic sources. Similarly, in a competitive
sense, Theorem 5.1 showed that Huffman codes strictly competitively dominate Shannon-Fano codes if and
only if the source is not dyadic.

The competitive advantage of one code over a Shannon-Fano code (or, actually, any other code) is
trivially upper bounded by one, and the average length of a code can be at most one bit less than that of a
Shannon-Fano code. The following theorem shows that there exist increasingly large sources with prefix
codes that can approach both of these extremes over Shannon-Fano codes simultaneously.

Theorem 7.1. For every positive integer n, there exists a source of size n and a prefix code that has a
competitive advantage of at least 1 — 272 over a Shannon-Fano code for the source, and the code’s
average length is at least 1 — 2772 less than the average length of the Shannon-Fano code.

Proof. Lete € (0,47™) and let X be a source of size n whose probabilities are

Joh—e ifl<k<n-—1
PE= ot (n = De ifk =n.

Since {10g2 %—‘ = m if and only if 27 < p < 2™+ a Shannon-Fano code for this distribution has
codeword lengths

lk:’VIng_ n—1 ifk=n

1"_ kE+1 ifl1<k<n-1
Pk

Note that {,, was determined from the fact that for all n > 1,

(n—1)4™" < 271, (50)

Let C be a prefix code that assigns the word 1710 to the outcomes that have probability p;, when k < n,
and assigns the word 1"~ to the outcome with probability p,,. This prefix code produces a shorter codeword
than a Shannon-Fano code whenever 1 < k£ < n — 1, and ties when k£ = n, so its competitive advantage
over a Shannon-Fano code is lower bounded as

1 1 1
n 1

where (51) follows from (50).
The difference between the average lengths of the Shannon-Fano code and the code C'is
n—1
(n—Lpn+ Y _(k+1)pp — (n— L)py kak—Zpk—l Pn; (52)
k=1
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the same quantity as the competitive advantage previously computed in (51).

|
In the preceding proof, the average length of the code C'is at most 22 more than the source entropy,
since
Blic(X))] < Blicg (X)) =1+ 5 53)
<H(X)+1—1+2n—1_2 (54)
= H(X) + 5y

where (53) follows from (51) and (52); and (54) follows from Shannon’s source coding theorem. We also
note that the term 2~"*2 that occurs in the bounds of the theorem can be sharpened to be arbitrarily close to
27"+1 but we chose to keep the proof simple instead.
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8. Small codes

In this section, we analyze which sources of size at most 4 have competitively optimal Huffman codes.
Theorem 8.1. Huffiman codes are competitively optimal for all sources of size at most 3.

Proof. 1f the source is of size 1 or 2, the result is trivial, so suppose the size is 3. Denote the source
symbols by 1,2, 3 such that P(1) > P(2) > P(3) > 0. The word lengths of a Huffman code H are
lg(1) = 1and lg(2) = Ig(3) = 2. Let C denote any other prefix code, and use the notation W and L, as
in (1). It is not possible for 1 € W, since lc(1) > 1 = Iy (1). If 2 € W, then [-(2) = 1 and therefore
lc(1),lc(3) > 2,501 € Land 3 ¢ W, which implies the competitive advantage of C' over the Huffman
code is A = P(W) — P(L) = P(2) — P(L) < P(2) — P(1) < 0. Alternatively, if 3 € W, then we
similarly conclude A < 0. Finally, if 2,3 ¢ W, then P(W) = 0, s0 A < 0. |
Theorem 8.2. Let () be the hexahedron with vertices (%, %, 0), (%, %, %) (%, %, %) (%, %, %) (%, %, %) For
every source of size 4 with probabilities p1 > pa > p3 > pa > 0, a Huffiman code is competitively optimal if
the triple (p1, p2, p3) lies in the exterior of Q), and is not competitively optimal if the triple lies in the interior

of Q.

Proof. Denote the source symbols by 1,2, 3, 4 and their probabilities by p1, p2, p3, p4, respectively. We will
determine conditions on p1, . . ., p4 such that there exists a prefix code with a positive competitive advantage
over a Huffman code. It suffices to consider complete prefix codes, since any non-complete prefix code
contains at least one codeword that could be shortened without decreasing its competitive advantage. The
only possible codeword length distributions for such size-4 codes are 1,2, 3,3 and 2, 2,2, 2. In either case,
the Huffman algorithm merges the source symbols 3 and 4 to form a new symbol with probability p3 + p4.

Suppose p3+p4 > p1. Then the Huffman algorithm merges 1 and 2 and then the (3, 4) symbol is merged
with the (1, 2) symbol to get a balanced tree with codeword lengths 2, 2, 2, 2. If a size-4 prefix code achieves
a positive competitive advantage over this Huffman code, then it must have codeword lengths 1,2, 3, 3,
for otherwise only ties would occur. In this case, the competitive advantage would be the probability of
the new code’s length-1 word minus the sum of the probabilities of its two length-3 words, which equals
p1 — (p3s + ps) < 0, so in fact the new code would be strictly competitively dominated by the Huffman
code. The competitive advantage would still not be positive even if p3 + p4 = p; and the Huffman algorithm
created codewords with lengths 2,2, 2, 2.

Alternatively, assume ps + py < p; with the Huffman algorithm merging the (3,4) symbol with 2, and
then merging the resulting (2, (3,4)) symbol with 1. The resulting codeword lengths are 1,2,3,3. The
competitive advantage of any depth-2 balanced tree over the Huffman code would be p3 + ps — p1 <0, so
such codes are competitively dominated by the Huffman code. Thus, any code C' with a positive competitive
advantage A over the Huffman code must have lengths 1,2, 3, 3, and hence C' just permutes the Huffman
code’s assignment of codeword lengths to source symbols.

Suppose Ic(1) = 1. If [¢(2) = 2, then A = 0. If ¢(2) = 3 and [(3) = 2, then A = p3 —pa < 0. If
lc(2) =3andlc(4) = 2, then A = py — py < 0.

Alternatively, suppose I¢(1) # 1. There are 9 possible cases for (Ic(1),1c(2),1c(3),lc(4)):

(2,1,33): A=ps—p1 <0

(23,13 A=p3 —p1 —p2 <0
(2331 A=py—p1—p2<0
(32,13 A=p3—p1 <0

(3.23,1): A=py—p1 <0

(3.3.1.2: A=p3+ps—p1—p2<0
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(3.3.2,1): A=p3+ps—p1—p2<0

(3’1’2’3): A= D2 +p3 —p1

(3,1,3,2): A =pa+ ps — p1.

So the only codes C that can yield A > 0 are the cases (3,1,2,3) and (3, 1, 3, 2).
Let us denote the following inequalities:

(I1): p1 > p2
(I2) : pa > ps3
(I3): p3 > pa
(I4): ps >0
(I5) : p3+ps < p1
(16) : p2 +p3 > p1
(I7) : p2 +ps > p1.

Inequalities (I1) — (I6) determine a set in R3 whose interior is a hexahedron specified by the 5 vertices
(3,2,0), (3,3.3). (3,4, %) (3,3, 2), (3,1,%). The first 3 vertices satisfy ~(I7) with equality, the 4'"
vertex satisfies (I7), and 5" vertex satisfies ~(I7). Therefore, the hexahedron is cut into two tetrahedra by
(I7) and is known as a triangular dipyramid.

The Huffman code is competitively optimal in the exterior of this hexahedron, is not competitively

optimal in the interior of this hexahedron, and is sometimes competitively optimal on the boundary. |

Corollary 8.3. If a source of size 4 is chosen uniformly at random from a flat Dirichlet distribution, then
the probability its Huffman code is competitively optimal is 2/3.

Proof. The hexahedron in Theorem 8.2 is a union of two tetrahedra, whose volumes are computed using
determinants as (e.g., [13])

/2 1/2 0 1 /2 1/2 0 1
1 |2/5 1/5 1/5 1| 1 1 1 |2/5 1/5 1/5 1| 1 1
6 [1/3 1/3 1/3 1| 6 180 6 [1/3 1/3 1/3 1|~ 6 120 °
1/3 1/3 1/6 1 2/5 1/5 1/5 1

The set of all p1, p2, p3, P4 satisfying p1 > po > p3 > pg > 0 and p; + p2 + p3 + p4 = 1 is determined by
the 4 inequalities

P1 = P2
D2 = P3
p1+p2+2p3>1
p1+p2+p3 <l

These form a tetrahedron with vertices (1,0,0), (3, 3,0), (3, 3, %), (§, 7, 1) Whose volume is
1 0 0 1
112 1/2 0 1f 1 1
6 |1/3 1/3 1/3 1| 6 24 °
1/4 1/4 1/4 1
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Thus the probability of randomly selecting a source from a flat Dirichlet distribution whose Huffman code
is not competitively optimal is (ﬁ + Wlo) / i = % So the probability the Huffman code is competitively
optimal is % |
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9. Experimental evidence

We demonstrate numerically that if a source is chosen at random, then as the source size grows, the probabil-
ity becomes nearly zero that a Huffman code will be competitively optimal. Experimentally, this probability
is less than 1% when the source size is at least 20. That is, with near certainty each Huffman code will be
competitively dominated by some other prefix code as the source size increases. This indicates that for most
sources, from a competitive advantage point of view, there really is no “best” code to use. Each code can be
strictly competitively dominated by another in never-ending cycles of code sequences.

One way to generate source probabilities p1, ..., p, chosen according to a flat Dirichlet distribution is
to choose n points independently and uniformly on a circle of circumference 1 and then use the n distances
between neighboring points as the desired probabilities. Such a procedure treats all sources equally and
indeed yields interesting results.

For any source of size n, exhaustively checking whether each complete prefix code competitively domi-
nates the Huffman code appears to become a computationally infeasible task as n grows, since the number of
such prefix codes grows quickly. However, Lemma 3.4 gives a sufficient condition for a Huffman tree to not
be competitively optimal, which allows us to obtain a lower bound on the probability that a Huffman code is
not competitively optimal for a given source. Thus we can randomly select many sources and determine if
such a condition holds, in which case we can then declare the Huffman code not competitively optimal. This
suboptimal condition turns out to be overwhelmingly sufficient to observe that the probability is practically
zero that the Huffman code of a randomly chosen source is competitively optimal even for relatively small
source sizes.

For each source size n € {3,...,34}, we generated 10° sources from a flat Dirichlet distribution, i.e.,
chosen uniformly at random on the (n — 1)-dimensional simplex embedded in R". For each such source
we determined whether the sufficient condition of Lemma 3.4 was satisfied. Fig 2 plots for each n the
fraction of the randomly generated sources that satisfied the sufficient condition. That is, the true fraction
of the randomly generated sources for which a Huffman code was not competitively optimal lies above the
plotted curve. The observed lower bound curve quickly tends toward 1, so the true fraction of the randomly
generated sources with competitively non-optimal Huffman codes tends toward 1 as well.

For the case of n = 3, Theorem 8.1 guarantees that 100% of the randomly chosen sources will have
competitively optimal Huffman codes, which is exactly what was observed experimentally.

For the case n = 4, Corollary 8.3 gives a 2/3 probability of a randomly chosen source to have a
competitively optimal Huffman code. The experimentally observed upper bound was 66.6992%.

For n > 5, one can see that the probability a randomly chosen source has a competitively optimal
Huffman code rapidly decreases towards 0, and in fact no such competitively optimal Huffman codes were
observed out of the million chosen for each n > 31.
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Figure 2: Lower bound on the fraction of 10° randomly chosen sources whose Huffman code is
not competitively optimal, as a function of the source size n. For n = 15 Huffman codewords,
about 99% of randomly selected sources did not have competitively optimal Huffman codes. For
n > 31, all 10° randomly chosen sources had Huffman codes that were not competitively optimal.
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