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A Class of Non-Linearly Solvable Networks

Joseph Connelly, Student Member, IEEE, and Kenneth Zeger, Fellow, IEEE

Abstract—For each positive composite integer m, a network
is constructed, which is solvable over an alphabet of size m
but is not solvable over any smaller alphabet. These networks
have no linear solutions over any module alphabets and are not
asymptotically linearly solvable over any finite-field alphabets.
The networks’ capacities are all shown to equal one, and their
linear capacities are all shown to be bounded away from one
for all finite-field alphabets. In addition, if m is a non-power-of-
prime composite number, then such a network is not solvable
over any prime-power-size alphabet.

Index Terms— Capacity, linear coding, network solvability,
network coding.

I. INTRODUCTION

NETWORK will refer to a finite, directed, acyclic multi-

graph, some of whose nodes are sources or receivers.
Source nodes generate k-dimensional vectors of messages,
where each of the kK messages is an arbitrary element of a fixed,
finite set of size at least 2, called an alphabet. The elements
of an alphabet are called symbols. The inputs to a node are
the messages, if any, originating at the node and the symbols
carried by the incoming edges of the node. Each outgoing
edge of a network node carries a vector of n alphabet symbols,
called edge symbols. If a node has at most n input symbols,
then we will assume, without loss of generality, that each of its
out-edges carries all n of such symbols. Each outgoing edge
of a node has associated with it an edge function which maps
the node’s inputs to the output vector carried by the edge.
Each receiver node has demands, which are k-dimensional
message vectors the receiver wishes to obtain. Each receiver
also has decoding functions which map the receiver’s inputs
to k-dimensional vectors of alphabet symbols in an attempt to
satisfy the receiver’s demands.

A (k,n) fractional code over an alphabet A (or, more
briefly, a (k,n) code over A) is an assignment of edge
functions to all of the edges in a network and an assignment of
decoding functions to all of the receiver nodes in the network
such that message vectors are elements of .A* and edge vectors
are elements of A”".

A (k,n) solution over A is a (k,n) code over A such that
each receiver recovers all kK components of each of its demands
from its inputs.
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For linear network coding, we will focus attention on two
specific types of (k,n) codes:

- Case (1): k = n = 1 and the network alphabet is a module.

- Case (2): Any k,n and the network alphabet is a ring.

Ina (1, 1) code over an R-module G, an edge or decoding
function f : G' — G is linear over the R-module G if it can
be written in the form

flxr, ..

where x1,...,x; € G are the node’s inputs, M1, ..., M; € R
are constants, @ is the Abelian group operation, and - is the
action of the module. A (1, 1) code is said to be linear over
the R-module G if each edge function and decoding function
is linear over the R-module G. Note that for any R-module G
and positive integer k, the set My (R) of k x k matrices over
R with matrix addition and multiplication defined in the usual
way is a ring, and G¥ is an My (R)-module. Hence a “vector
linear code” over a module is, in fact, a (1, 1) linear code over
a different module.

In a (k, n) fractional code over a ring R, an edge function

SX) =M -x1) @& (M; - x;)

FiRfx - xRXR'"X---x R" — R"

i message vectors

J in-edges

is linear over R if it can be written in the form

A C T T U T )
=Mix;+ -+ Mix; + Myt +---+ My, (1)

where x1,...,x; € R¥ are message vectors originating at
the node, yi,...,y; € R" are edge vectors carried by the
incoming edges to the node, M1, ..., M; are n xk matrices and
M { s, M ; are n xn matrices whose entries are constant in R,
i.e. the edge symbol can be written as a linear combination
of the node’s inputs. Similarly, a decoding function is linear
if it has a form analogous to (1). A (k,n) code is said to be
linear over the ring R if each edge function and each decoding
function is linear over R.

A (1, 1) linear code over a ring R (also called a scalar
linear code over R) is a linear code over the R-module R,
where R acts on its own Abelian group by multiplication in R.
For each positive integer k, a (k, k) linear code over R (also
called a k-dimensional vector linear code over R) is a linear
code over the My (R)-module R¥. Hence scalar and vector
linear codes over rings are special cases of linear codes over
modules. When discussing linear codes over rings, we will
always specify the dimension (e.g. scalar, vector, or (k, n)),
but a linear code over a module will always refer to a (1, 1)
linear code.
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A network is defined to be

o solvable over A if there exists a (1, 1) solution over A,

o asymptotically solvable over A if for any ¢ > 0, there
exists a (k, n) solution over A for some k and n satisfying
k/n>1—c¢,

o linearly solvable over the R-module G if there exists a
linear solution over the R-module G,

o scalar linearly solvable over the ring R if there exists a
(1, 1) linear solution over R,

o vector linearly solvable over the ring R if there exists a
(k, k) linear solution over R, for some k > 1.

We say that a network is solvable if it is solvable over
some alphabet. A solvable network is able to communicate
at rate k/n = 1, and an asymptotically solvable network is
able to communicate at a rate arbitrarily close to 1. Since
scalar and vector linear codes over rings are special cases of
linear codes over modules, a network that is vector (or scalar)
linearly solvable over some ring is also linearly solvable over
some module. Conversely, a network with no linear solution
over any module also has no vector linear solutions over any
ring (or field). This paper focuses on solvable networks that
are not linearly solvable over any module.

The capacity' of a network is:

sup{k/n : 3 a (k, n) solution over some .4}.

The linear capacity of a network with respect to a ring
alphabet R is:

sup{k/n : 3 a (k,n) linear solution over R}.

It was shown in [4] that the capacity of a network is
independent of alphabet size, and it was noted that linear
capacity can depend on alphabet size.

A. Previous Work

One decade ago, it was demonstrated in [7] that there can
exist a solvable network which is not vector linearly solv-
able over any finite-field alphabet and any vector dimension.
To date, the network given in [7] is the only known example of
such a network published in the literature. In fact, the network
given in [7] was shown to not be linearly solvable over very
general algebraic types of alphabets, such as finite rings and
modules, and it was shown not to even be asymptotically
linearly solvable over finite-field alphabets. As a result, the net-
work has been described as “diabolical” by Kschischang [19]?
and Koetter [17].

The diabolical network has been utilized in numerous
extensions and applications of network coding, such as by
Krishnan and Rajan [18] for network error correction, and by
Rai and Dey [23] for multicasting the sum of messages to con-
struct networks with equivalent solvability properties, hence
showing that linear codes are insufficient for each problem. El
Rouayheb et al. [13] reduced the index coding problem to a
network coding problem, thereby using the diabolical network

In the literature, this is sometimes referred to as the “coding capacity”
(as opposed to the routing capacity). For brevity, we will simply use the term
“capacity,” as we do not discuss routing capacity in this paper.

2The terminology was apparently attributed by F. Kschischang to M. Sudan.

to show that linear index codes are not necessarily sufficient.
Blasiak et al. [2] used index codes to create networks where
there is a polynomial separation between linear and non-linear
network coding rates. Chan and Grant [5] showed a duality
between entropy functions and network coding problems,
which allowed for an alternative proof of the insufficiency of
linear network codes.

We now summarize some of the existing results regarding
the solvability and linear solvability of multicast networks
(in which each receiver demands all of the messages) and
general networks (in which each receiver demands a subset
of the messages). Network codes were first presented by
Ahlswede et al. [1] as a method of improving the throughput
of a network; they presented the butterfly network, a variant of
which is scalar linearly solvable over every field but not solv-
able via routing. Li et al. [20] showed that if a multicast net-
work is solvable, then it is scalar linearly solvable over every
sufficiently large finite-field alphabet. In addition, Riis [25]
showed that every solvable multicast network has a binary
vector linear solution in some dimension. Feder et al. [15] and
Rasala Lehman and Lehman [24] both independently showed
that some solvable multicast networks asymptotically require
finite-field alphabets to be at least as large as twice the square
root of the number of receiver nodes in order to have a scalar
linear solution over the field.

Non-linear coding in multicast networks can offer advan-
tages such as reducing the alphabet size required for solv-
ability; Rasala Lehman and Lehman [24] presented a network
which is solvable over a ternary alphabet but has no scalar
linear solution over any field alphabet whose size is less
than five, and Riis [25] and also [9] demonstrated general
and multicast networks, respectively, which have scalar non-
linear binary solutions but no scalar linear binary solutions.
A multicast network was presented in [9] which is solvable
precisely over those alphabets whose size is neither 2 nor 6,
and Sun et al. [33] presented families of multicast networks
which are scalar linearly solvable over certain finite-field
alphabets but not over all larger finite-field alphabets.

Unlike multicast networks, general networks that are solv-
able do not necessarily have vector linear solutions over fields,
as demonstrated in [7]. Médard et al. [21] showed that there
can exist a network which is vector linearly solvable over
some field but is not scalar linearly solvable over any field.
Das and Rai [6] showed more generally that for each integer
m > 2 the following holds: there exists a network with
k-dimensional vector linear solutions over an arbitrary field
if and only if k is a multiple of m. Sun ef al. [31] compared
alphabet sizes using scalar and vector linear codes over fields,
where the vector alphabet size is |F|¥. They showed that
in some cases, linear solutions may be obtained with vector
alphabet sizes that are smaller than any possible scalar solution
alphabet size. They also showed that in other cases, the oppo-
site result may be true. Similarly, Etzion and Wachter-Zeh [14]
showed that vector linear coding can significantly reduce the
required vector alphabet size compared to scalar coding.

Shenvi and Dey [29] showed that for networks with two
source-receiver pairs the following are equivalent: the net-
work is solvable, the network is vector linearly solvable
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over some field, the network satisfies a simple cut condition.
Cai and Han [3] showed that for a particular class of net-
works with three source-receiver pairs: the solvability can be
determined in polynomial time, being solvable is equivalent
to being scalar linearly solvable over some field, and finite-
field alphabets of size 2 or 3 are sufficient to construct scalar
linear solutions. In [11], the Fano and non-Fano networks
were shown to be solvable precisely over power-of-two and
odd alphabet sizes, respectively. For each integer m > 2,
Rasala Lehman and Lehman [24] demonstrated a class of
networks which are not solvable over any alphabet whose size
is less than m and are solvable over all alphabets whose size
is a prime power greater than or equal to m. For each integer
m > 3, Yuan and Kan [34] demonstrated a class of networks
which are not solvable over any alphabet whose size is less
than m and are solvable over all alphabets whose size is not
divisible by 2,3,...,m — 1.

Koetter and Médard [16] showed for every finite field F and
every network, the network is scalar linearly solvable over F
if and only if a corresponding system of polynomials has a
common root in I, and in [8] it was shown that for every finite
field F and any system of polynomials, there exists a corre-
sponding network which is scalar linearly solvable over F if
and only if the system of polynomials has a common root in F.
Subramanian and Thangaraj [30] showed an alternate method
of deriving a system of polynomials which corresponds to the
scalar linear solvability of a network, such that the degree of
each polynomial equation is at most 2. Presently, there are no
known algorithms for determining whether a general network
is solvable.

While networks that are linearly solvable over some module
are solvable, the converse need not be true. This paper demon-
strates infinitely many such counterexamples. There remain
numerous open questions regarding the existence of solvable
networks which are not linearly solvable over any module.
Are many/most solvable networks not linearly solvable? Can
such networks be efficiently characterized? Can such networks
be algorithmically recognized? We leave these questions for
future research.

B. Our Contributions

In this paper, we present an infinite class of solvable
networks which are not linearly solvable over any module
alphabet. We denote each such network as Ay, and we
construct N3 from several intermediate networks denoted
by Ni,N2, and N3, all of which are constructed from a
fundamental network building block B. Specifically, for each
positive composite number m, we describe how to construct a
network N4 which has a non-linear solution over an alphabet
of size m yet has no linear solution over any module alphabet,
including vector linear codes over rings and fields. In addition,
such a network is not solvable over any alphabet whose size
is less than m. The diabolical network in [7] was shown
to be non-linearly solvable over an alphabet of size 4. The
network in [7] was designed using matroid theory. Other
connections between networks and matroids were investigated,
for example, by [10], [13], [18], [22], [32], and [35].
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The inspiration for the construction of networks Nj, N>,
and N3 in order to construct Ny relates to specific solvability
properties of each of these component networks. The N}
networks are a generalization of the non-Fano network, the
N> networks are a generalization of a modified Fano network
that also have non-linear solutions in some cases, and the
N3 networks are a generalization of a modified non-Fano
network that also have non-linear solutions in some cases.
We construct all of these component networks from the
same network building block B. As a result, we can more
easily characterize the solvability and linear solvability of
the networks, since the solvability of this network building
block was characterized in [34]. By combining the net-
works N7, Nz, and N3 with certain parameters, we construct
non-linearly solvable networks.

We will now summarize the main results of this paper,
which all appear in Section VI. The network Ay is parame-
terized by an arbitrary integer m > 2. Theorem VI.4 shows
that A4 is solvable over an alphabet of size m. Theorem VI.5
shows, however, that Ay is never solvable over alphabets
smaller than m. Theorem VI.8 shows that when m is prime,
N, has a scalar linear solution over a field of size m.
In fact, for all non-prime integers m, the network Ny has no
linear solution, as demonstrated by Theorems V1.9 and VI.10.
In particular, Theorem VI.9 shows that when m is compos-
ite, no linear solution for N exists over any module, and
Corollary VL.11 shows that in such case, N3 is not even
asymptotically linearly solvable over any finite-field alphabet.
In the special case of m = 4, the demonstrated network Ny
exhibits properties similar to the network presented in [7]. We
also demonstrate (in Corollary VI.6) that if m is a non-power-
of-prime composite (e.g. 6), then Ny is not solvable over any
prime-power size alphabets.

The diabolical network was shown in [7] to have capacity
equal to one, whereas its linear capacity is bounded away
from one for any finite-field alphabet. Analogously, we show
in Theorem VI.10 that for all m, the capacity of Ny equals
one, whereas for all composite m, its linear capacity over
any finite-field alphabet is bounded away from one. Related
capacity results are given for the constituent networks N (in
Lemma I1.4), NV (in Lemma II1.4), A3 (in Lemma IV.7), and
N3 (in Lemma V.8). We do not see a straightforward method to
determine the linear capacity or asymptotic linear solvability
over more general ring alphabets, as many of the linear algebra
results used in this analysis do not extend to matrices over
general rings.

The rest of the paper is organized as follows. Table I
summarizes the networks created and the results in this paper.
Section I-C provides mathematical background and definitions.
Sections II-V present the building block networks which are
used to construct the main class of networks. Section VI details
the properties and construction of the main class of networks.
For each network family, we will discuss the solvability
properties, the linear solvability properties, and the capacity.
The Appendix contains the proofs of all but two of the lemmas
in this paper. All other proofs are given in the main body of
the paper.
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TABLE I

SUMMARY OF THE NETWORKS CONSTRUCTED IN THIS PAPER, WHERE m, m1, mp, AND w ARE INTEGERS SUCH THAT m, m|,my > 2 AND w > 1

Network No(m) Section 11
- Consists of a block B(m) together with source nodes. Figure 2
- 4m + 6 nodes. Remark 1II.1
-If a (1,1) code over A is a solution, then the code has an Abelian group structure. Lemma IL.2
Network N (m) Section 111
- Consists of a block B(m) together with source nodes and an additional receiver. Figure 3
- 4m + 7 nodes. Remark II1.1
- If solvable over A, then ged(].A|, m) = 1. Lemma II1.2
- Linearly solvable over standard R-module G iff gcd(char(R),m) = 1. Lemma II1.3
- Asymptotically linearly solvable over finite field F iff char(F) } m. Lemma IIL.4
Network N2 (m, w) Section IV
- Consists of w blocks B(m + 1) together with source nodes and an additional receiver. Figure 4
- d4mw + 9w + 2 nodes. Remark IV.1
- If w > 2, then non-linearly solvable over an alphabet of size mw. Lemma IV.4
- If solvable over A, then ged(].A|, m) # 1. Lemma IV.5
- Linearly solvable over standard R-module G iff char(R) | m. Lemma IV.6
- Asymptotically linearly solvable over finite field F iff char(F) ! m. Lemma IV.7
Network Ns(m1,m2) Section V
- Consists of blocks B(m1) and B(mz) together with source nodes and an additional receiver. Figure 5
- 4m1 + 4m2 + 12 nodes. Remark V.1

- For each s,t > 1 relatively prime to m1, if ma = sm{ for some o > 1,

then non-linearly solvable over an alphabet of size tm?“.

Corollary V.7

- If solvable over A, then gcd(].A|,m1) =1 or |A] } ma. Lemma V.5
- Linearly solvable over standard R-module G iff gcd(char(R), m1,m2) = 1. Lemma V.6
- Asymptotically linearly solvable over finite field F iff char(F) is relatively prime to m; or ma. Lemma V.8
Network N, (m) Section VI

- Solvable over an alphabet of size m.
- If | A| < m, then not solvable over A.

- If m is prime, then scalar linearly solvable over GF(m).

logm
- Number of nodes is O <m Tog log m) and Q(m).

- Consists of a disjoint union of various networks N7, N2, and N3.

- If m is not a prime power, then not solvable over any prime-power-size .A.

- If m is composite, then: (1) not linearly solvable over any module.
(2) not asymptotically linearly solvable over any finite field.

Equation (7)
Theorem V1.4
Theorem VI.5
Corollary VI.6
Theorem VI.8
Theorem VI.9

Corollary VI.11

Theorem VI.12

Section VII poses some open questions regarding the
solvability and capacity of general networks.

C. Preliminaries

The following definitions and results regarding linear
network codes over modules are from [7] and [12].

Definition I.1: Let (R,4,%*) be a ring with additive
identity Og. An R-module (specifically a left R-module) is
an Abelian group (G, @) with identity Og and an action

-RxG— G
such that for all , s € R and all g, h € G the following hold:

r-(@@h) =@ g @& h)
(r+s)-g=0-8&(-g)
(rxs)-g=r-(s-g).
The ring multiplication symbol * will generally be omitted
for brevity. If the ring R has a multiplicative identity 1g, then
we also require 1 - g = g for all g € G. For brevity, we say

that G is an R-module. © will denote adding the inverse of
an element (subtraction) within the group.

For any finite ring R with multiplicative identity, the
characteristic of R is denoted char(R) and is the smallest
positive integer m such that 1p added to itself m times
equals Og. The characteristic of a finite field is always a prime
number.

The following definition describes a class of modules which
we use to discuss linear solvability in this paper.

Definition 1.2: Let G be an R-module. We will say that G
is a standard R-module if

1) R acts faithfully on G; that is if r, s € R are such that

r-g=s-gforall g € G, thenr =s.

2) R has a multiplicative identity 1g.

3) R is finite.

4) If r € R has a multiplicative left (respectively, right)

inverse, then this element is a two-sided inverse, which
will be denoted .

A finite commutative ring R, with a multiplicative identity,
acting on itself is a standard R-module. For each positive
integer k, the set My (R) of k x k matrices over R with matrix
addition and multiplication is a ring and R* is a standard
Mj (R)-module. In particular, a field is a special case of a
commutative ring, so a vector (or scalar) linear code over
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field is, in fact, a special case of a linear code over a standard
module.

Lemma [.3 was proved in a slightly different form in the
proof of [7, Th. IIL.4].

Lemma 1.3: If a network is not linearly solvable over any
standard module, then it is not linearly solvable over any
module.

The following definition was called Property P’ by Yuan
and Kan [34]. They used this property to characterize the
solvability of classes of networks similar to Ay and N7, and
we will use it throughout this paper.

Definition 1.4: Let m > 2. A (1, 1) code for a network N
over an alphabet A, containing messages xg, X1, ..., X;; and
edge symbols eg, e1, .. ., en, €, is said to have Property P(m)
if there exists a binary operation

D: AxA—-> A

and permutations zg, 71, ..., 7, and o6g,01,...,0, of A,
such that (A, ®) is an Abelian group and the edge symbols
can be written as

m
e = 0 @nj(x]-) i=0,1,....,m)
Jj=0
J#i

e = @ﬂj(xj').
j=0

II. NETWORK Ny (m)

For each m > 2, the network building block B(m) is
defined in Figure 1 and is used to build network Ny(m),
which is defined in Figure 2. For each i, the node »; within
B(m) has a single incoming edge from node u;, so without
loss of generality, we may assume both outgoing edges of
v; carry the symbol e;. Similarly, we may assume each of
the outgoing edges of the node » carries the symbol e.
Lemma I1.2 demonstrates that for each m > 2, the (1,1)
solutions of network Ny(m) are precisely those codes which
satisfy Property P(m), defined in Definition 1.4. In particular,
the solution alphabets have to be permutations of Abelian
groups.

Remark I1.1: The network Ny(m) has m + 1 source nodes,
2(m +2) intermediate nodes, and m + 1 receiver nodes, so the
total number of nodes in Ny(m) is 4m + 6.

Lemma I1.2 characterizes the solvability of Ny(m) and will
be used in the proofs of the solvability conditions of N1, N>,
and N3. This lemma was proved in a slightly different form
in [34, Proposition 3.2].

Lemma I1.2: Let m > 2. A (1, 1) code over an alphabet
A is a solution for network Ny(m) if and only if the code
satisfies Property P (m).

The following result regarding the linear solvability of
No(m) will be used in later proofs.

Lemma I1.3: Let m > 2 and let G be a standard R-module.
Suppose a linear solution for network AVy(m) over G has edge
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Fig. 1.  The network building block B(m) has message vector inputs
Y0, Y1» - - - » ym (from unspecified source nodes) and m + 1 output edges. The

node u receives each of the inputs and has a single outgoing edge to the node
v, which carries the edge symbol e. For each i, the node u; receives each of
the inputs except y; and has a single outgoing edge to the node v;, which
carries the edge symbol ¢;. The receiver node R; has an incoming edge from
v; and an incoming edge from v and demands the ith message vector y;. The
ith output edge of B(m) is an outgoing edge of node v;.

B(m)

leo ler oo lem

Fig. 2. The network Ny(m) consists of a block B(m) together with
source nodes Sgp, S1, - .., Sm, which generate message vectors xq, X1, ...
respectively. The output edges of B(m) are unused.

> Xm»
symbols

(cij-x;)) (=0,1,...,m)

P+

~.~.
Il
-~ o

P+

(cj-xj)

(=)

~.

and decoding functions
R, : x; = (di,e-e)@(d,‘ cej) (i=0,1,...,m)

where ¢; j,cj,dje,d; € R. Then each ¢; j,cj,d;., and d; is
invertible in R, and

c,-,j:—di_ld,-,ecj (i,j=0,1,...,m and j #1i).
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To T

Zo

Fig. 3. The network N/(m) is constructed from a B(m) block together
with source nodes Sg, S1, ..., Sn and an additional receiver Ry. For each i,
the source node S; generates the message vector x; and is the ith input to
B(m). The additional receiver R, receives all of the output edges of B(m)
and demands the message vector x(.

Lemma II.4 characterizes the capacity and linear capacity of
Mo, and this lemma will be used to upper bound the capacities
of N1, N2, and N3 in the proofs of Lemmas II1.4, IV.7, and
V.8, respectively.

Lemma I1.4: The network Ny(m) has capacity and linear
capacity, for any finite-field alphabet, equal to 1.

III. NETWORK N (m)

For each m > 2, network Nj(m) is defined in Figure 3.
The special case m = 2 corresponds to the non-Fano network
from [10] and [11], with a relabeling of messages and nodes.
Lemmas II1.2, II1.3, and III.4, respectively, demonstrate that
network N (m) is

1) solvable over A only if |.A| is relatively prime to m,

2) linearly solvable over standard R-module G if and only

if char(R) is relatively prime to m,
3) asymptotically linearly solvable over finite field IF if and
only if char(FF) does not divide m.

Remark II1.1: Network Nj(m) is a network Ny(m) with
one additional receiver node, so the total number of nodes in
Ni(m) is 4m + 7.

A. Solvability of Nj(m)

The following lemma also follows from [34, Proposi-
tion 4.1] and characterizes a condition on the alphabet size
necessary for the solvability of N (m).

Lemma IIL.2: For each m > 2, if network Nj(m) is
solvable over alphabet A, then m and |.A| are relatively prime.

B. Linear Solvability of Nj(m)

Lemma III.3 presents a necessary and sufficient condition
for the linear solvability of N (m) over standard modules.

Lemma II1.3: Let m > 2, and let G be a
standard R-module. Then network A/} (m) is linearly solvable
over G if and only if char(R) is relatively prime to m.

For example, for each g > 2 relatively prime to m, network
Ni(m) has a scalar linear solution over the ring Z,, since Z,
is a standard Z,-module and char(Zq) = q. It then follows
from Lemma II1.2 that network Nj(m) is solvable over A if
and only if |A| is relatively prime to m.

C. Capacity and Linear Capacity of Nj(m)

The following lemma characterizes the capacity and the
linear capacity over finite-field alphabets of N7 (m).

Lemma II1.4: For each m > 2, network N7 (m) has:
(a) capacity equal to 1,
(b) linear capacity equal to 1 for any finite-field alphabet

whose characteristic does not divide m,
(c) linear capacity equal to
1
1—
2m 42

for any field alphabet whose characteristic divides m.

IV. NETWORK N, (m, w)

For each m > 2 and w > 1, network N> (m, w) is defined in
Figure 4. We note that A5(m, 1) and N (m + 1) have similar
structure, but in network A (m + 1) each of the output edges
of B(m + 1) is connected to R,, and in network N3 (m, 1) all
but one of the output edges of B(m + 1) are connected to R;.
This disconnected edge causes the difference in solvability
properties of the two networks. Lemmas IV.4, IV.5, IV.6, and
IV.7 demonstrate that network N3 (m, w) is:

1) non-linearly solvable over an alphabet of size muw,
if w>2,

2) solvable over A only if | A| is not relatively prime to m,

3) linearly solvable over standard R-module G if and only
if char(R) divides m,

4) asymptotically linearly solvable over finite field F if and
only if char(F) divides m.

Remark IV.1: For each m > 2 and w > 1, the network

Na(m, w) has:

w(m + 1) + 1 source nodes,
w(2m + 6) intermediate nodes,

w(m +2) + 1 receiver nodes,

so the total number of nodes in N3 (m, w) is 4mw + 9w + 2.

A. Solvability of N>(m, w)

For each positive integer m, we will view the ring Z,, as the
set {0, 1, ..., m— 1} together with addition and multiplication
modulo m. This ring will be used to construct non-linear
solutions in Lemmas 1V.2, IV.4, V.2, and V.4.

For each m, w > 2 and each a € Z,,,, a receiver cannot
uniquely determine the symbol a in Z,,, from the symbol
wa € Zy,y, since the integer w is not invertible in Z,,, .

For example, if a receiver receives wa = 0 in Z,,,,, then
the symbol a could be any element in the set

{0,m,2m, ..., (w — 1)m}.
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Fig. 4.

The network N> (m, w) is constructed from w blocks of B(m + 1) together with w(m + 1) + 1 source nodes and an additional receiver R;. The

Ith block is denoted B(l)(m + 1), and the nodes and edge symbols within B(l)(m + 1) are denoted with a superscript /. For each / = 1,2, ..., w, the block

B(l)(m-i- 1) has inputs from source nodes S}l), N S’%L

e which generate message vectors x 1%

-+» X, 1- The shared message vector z is generated

by source node S; and is the Oth input to each B(l)(m + 1). Each of the output edges of B(l)(m + 1), except the Oth, is an input to the shared receiver R,

which demands the shared message vector z.

The following lemma describes a technique for recovering
the value of a via a decoding function y from the w-tuple

wry(a), wrr(a),...,wry,(a),

where each 7z; is a particular permutation of Z,,. This
technique will then be used to show that network N> (m, w)
is solvable over an alphabet of size mw.

Lemma IV.2: For each m > 2 and w > 1, there exists a
mapping y : Z2 = — Z,, and permutations 7y, 72, ..., Ty
of Z,,,, such that for all a € Z,,,,,

v (wry(a), wrr(a), ..., wry(a)) =a.
Lemma IV.2 will be used in the proof of Lemma IV.4 to
show that the receiver R, can recover z from its inputs.
Example IV.3: The following table illustrates the permuta-
tions of Z described in Lemma IV.2 for the case m = 4 and
w =3.

a=mn3(a)| ma)| mi(a)|| 3w3(a)| 3ma(a)| 3mi(a)
0 0 0 0 0 0
1 1 1 3 3 3
2 2 2 6 6 6
3 3 3 9 9 9
4 4 5 0 0 3
5 5 6 3 3 6
6 6 7 6 6 9
7 7 4 9 9 0
8 9 8 0 3 0
9 10 9 3 6 3
10 11 10 6 9 6
11 8 11 9 0 9

For each a € Z5, the triple
(373(a), 372(a), 371(a)) € 23,

is distinct, so a can be uniquely determined from 3z3(a),
3my(a), and 371 (a).

The proof of Lemma IV.4 describes a (possibly non-linear)
solution for N7 (m, w) over the ring Z,,,.

Lemma IV.4: For each m > 2 and w > 1, network
Nz(m, w) is solvable over an alphabet of size muw.

Proof: Let y and w1, 72,..., T, be the mapping and
permutations, respectively, from Lemma IV.2. Define a (1, 1)
code for network N> (m, w) over the ring Z,,,, for each [ =
1,2,...,w by:

m—+1
0 )
€ = Z"j
j=1

m+1
m@)+ Yy x (=12, m+1)
j=1
J#i
m+1
1(2) + ny).

Jj=1

i

o0

For each | = 1,2,...,w, the receivers within each
BU(m + 1) block can recover their respective demands as
follows:

R(()l) : 71'1_1 (e(l) — e(()l)) =z

RV . O _ e;l) :xl.(l) i=12,....,m+1).

1
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Foreach! =1,2,...,w, we have
m+1 m+1
w z e}l) =w(m+ 1)n;(z) + mw Z x}l)
i=1 j=1
= wn(2) [from mw = 0 mod mw]. (2)

Receiver R, can recover z from its inputs as follows:

m+1 m—+1 m+1
R, : V/(wZei(l), wZel@, R wZei(w))
i=1 i=1 i=1
=y (wr1(2), wr(2), ..., Wry(z))

=z [from (2) and Lemma IV.2].

Thus the code described above is, in fact, a solution for the
network N3 (m, w). [ |

In the code given in the proof of Lemma IV4, if w = 1,
then 71 and w are identity permutations, so the code is linear.
However if w > 1, then 7y, 72,...,7y—1 are generally
non-linear, so the code is non-linear.

Lemma IV.5: For each m > 2 and w > 1, if network
Nz (m, w) is solvable over alphabet A, then m and |A| are
not relatively prime.

Lemmas IV4 and IV.5 together provide a partial
characterization of the alphabet sizes over which network
N> is solvable. However, these conditions are sufficient for
showing our main results.

B. Linear Solvability of N>(m, w)

Lemma IV.6 characterizes a necessary and sufficient con-
dition for the linear solvability of network A (m, w) over
standard modules.

Lemma IV.6: Let m > 2 and w > 1, and let G be a
standard R-module. Then network A, (m, w) is linearly solv-
able over G if and only if char(R) divides m.

By Lemma IV.4, for every m, w > 2, network N> (m, w) is
solvable over the ring Z,,,, but char(Zy,) = mw { m so by
Lemma IV.6, the solution is necessarily non-linear.

C. Capacity and Linear Capacity of N>(m, w)
The following lemma provides a partial characterization of
the linear capacity of N>(m, w) over finite-field alphabets.
Lemma IV.7: For each m > 2 and w > 1, network
Na(m, w) has
(a) capacity equal to 1,
(b) linear capacity equal to 1 for any finite-field alphabet
whose characteristic divides m,
(c) linear capacity upper bounded by

1
1l
2mw + 2w + 1
for any finite-field alphabet whose characteristic does not
divide m.

Improving these upper bounds on the linear capacities
and/or finding codes at these rates are left as open problems.
The problems appear to be non-trivial, and such improvements
are unrelated to the main results of this paper.

V. NETWORK N3(m1, m2)

For each my,my > 2, network N3(mi,m;) is defined
in Figure 5. We note that AV>(m,2) and NV3(m + 1,m + 1)
have similar structure, with the exception of the disconnected
output edge of each B(m + 1) in N, (m, 2). This disconnected
edge causes the difference in solvability properties of the
two networks. Corollary V.7 and Lemmas V.5, V.6, and V.8
demonstrate that network A3(my, m>) is:

1) non-linearly solvable over an alphabet of size tm‘f“, if
my = sm¢{, where a, s, > 1 and s and ¢ are relatively
prime to mj,

2) solvable over alphabet A only if |A]| is relatively prime
to m; or |A| does not divide m>,

3) linearly solvable over standard R-module G if and only
if ged(char(R), m1,my) =1,

4) asymptotically linearly solvable over finite field F if and
only if char(IF) is relatively prime to m or ms.

Remark V.1: For each mi,m>, > 2, the network
N3(m1, my) has m; + my + 1 source nodes, 2(m| + my +4)
intermediate nodes, and m; + my + 3 receiver nodes, so the
total number of nodes in N3(my, my) is 4my + 4my + 12.

A. Solvability of N3(mj, m>)

The following lemmas demonstrate that N3(m1, m5) is non-
linearly solvable when m, = sm‘l", where o« > 1 and s is
relatively prime to m . Consider the ring alphabet Zm(lz+|. For
every a € Z, q+1, a receiver cannot uniquely determine a
symbol a from the symbols ma and sm‘fa, since the integer
mp 1is not invertible in Zm(thl. For example, if a receiver
receives

a
mia=smia=0€Z a1,
1 1 m1+l
then the symbol a could be any element in the set

{0, m§,2m$, ..., (m; — D)m}.

The following lemma describes a technique for recovering
the value of a via a decoding function y from mzi(a) and
sm$ra(a), where w1 and 7 are particular permutations of
Zm7+1. This technique will be used to show that, in some
cases, network A3 has non-linear solutions.

Lemma V.2: Let m > 2 and a,s > 1 be integers such that
s is relatively prime to m. Then there exist permutations 71
and 73 of Z,+1 and a mapping y : Z2 ., — Z,a1 such
that for all a € Z,,0+1,

y (mmi(a), sm“ms(a)) = a.

Lemma V.2 will be used in the proof of Lemma V.4
to show that the receiver R, can recover z from its
inputs.

Example V.3: The table below illustrates the permutations
of Zg described in Lemma V.2 for the case m = 2, s = 3, and
o =2.
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(2) (2 ... (2)

Tmy

OB ORI

(2)

€mao

Fig. 5. The network N3(my, my) is constructed from B(m1) and B(my) blocks together with m| + my + 1 source nodes and an additional receiver R;.
The blocks are denoted B (l)(ml) and B@ (my) respectively, and for each / = 1, 2, the nodes and edge symbols in B(l)(ml) are denoted with a superscript /.
Each B(l)(ml) block has inputs from source nodes S{I), Sg), e, S,(y{/), which generate message vectors xfl), xg), e, x,(y{/) The shared message vector z is
generated by source node S; and is the Oth input to B(l)(ml). The additional receiver R; receives all of the output edges of B(l)(ml) and B® (my) and
demands the shared message vector z.

a = ma(a)|mi(a)||1272(a) 271 (a) For each [ = 1, 2, the receivers within the block B®) (m;) can
(1) 2 2 8 recover their respective demands as follows:
2 1 0 2 R cait (e — o) =2
3 5 4 2
4 2 0 4 Rl-(l) e® —e}l) :xi(l) G=12,...,m).
5 6 4 4 For each [ = 1,2, we have
6 3 0 6 -
7 7 4 6
- mze(()l) + Z el.(l)

i=0
For each a € Zg, the pair (2zi(a), 1272(a)) € Z% l m

mp
is distinct. Hence a can uniquely be determined from :_mlzx(1)+mlﬂl(z)+mlzx('1)
271(a) and 1272 (a). ! !

j=l1 j=1
Lemma V.4: Let mi,mp > 2 and a, s > 1 be integers such _ 3
, : ) = mym;(2). 3)
that m> = sm{ and s is relatively prime to . Then network ] o
N3(m1, m2) is solvable over an alphabet of size m¢lx+1_ The receiver R, can recover z from its inputs as follows:
Proof: Let w1, 7 and w be the permutations and map- ddd 2
s a a v (2
ping, respectively, from Lemma V.2. Define a (1,1) code L —mie ) —{—Zei ! —m2e '+ Zei )
for the network N3(mi,m>) over the ring Z q+1, for each i=0 i=0
1=1,2, by: : =y (m171(2), mam2(2)) [from (3)]
=y (mim1(2), smina(z))  [from ma = smf]
m
e(()l) _ ij(}) =z | o [from Lemr.na V.2].
j=1 Thus the code described above is, in fact, a solution for the
m
o _ o L. network N3(my, m»). [ ]
¢’ =m()+ ij (=12....m) In the code given in the proof of Lemma V.4, the permuta-
ﬁg} tion 7 is non-linear, so the code is non-linear.
my 0 Lemma V.5: Let my,mp > 2. If network N3(my, my) is
eV =g (2) + ij ), solvable over alphabet A and |.A| divides my, then m; and |.A|

j=1 are relatively prime.
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Lemmas V.4 and V.5 together provide a partial characteriza-
tion of the alphabet sizes over which network A3 is solvable.
However, these conditions are sufficient for showing our main
results.

B. Linear Solvability of N3(mj, m>2)

Lemma V.6 characterizes a necessary and sufficient con-
dition for the linear solvability of network N3(my, my) over
standard modules.

Lemma V.6: Let mi,mp > 2, and let G be a standard
R-module. Then network N3(mp,m;) is linearly solvable
over G if and only if ged(char(R), my, my) = 1.

Corollary V.7 uses Lemmas V.4 and V.6 to show that
network N3 is solvable over additional alphabet sizes.

Corollary V.7: Let mi,my > 2 and a,s,t > 1 be integers
such that my = sm{ and s and ¢ are relatively prime to mj.
Then the network A3(m 1, my) is solvable over an alphabet of
size tm‘f“.

Proof: By Lemma V4, the network A3(mi,my) is
solvable over an alphabet of size m‘f“. Z; is a standard
Z,-module and char(Z;) = t is relatively prime to my, so
by Lemma V.6, the network N3(m1,mp) is scalar linearly
solvable over the ring Z,. By taking the Cartesian product
code of these solutions, the network N3(m, m;) is solvable
over an alphabet of size tm‘l”l. [ |

For each m; > 2 and a, s > 1 such that s is relatively prime
to my, let my = m{s. By Lemma V.4, network N3(m1,m3)
is solvable over the ring Zm?ﬂ , but in this case we have

gcd(ml,mz, char(ZmTH)) = gcd(ml,m‘fs,m‘l”l)
=mp #£ 1.

So, by Lemma V.6, the solution is necessarily non-
linear. This also implies that the Cartesian product code
in Corollary V.7 is necessarily non-linear.

C. Capacity and Linear Capacity of N3(mj, m3)

Since the characteristic of any finite field is prime, the con-
ditions of (b) and (c) of the following lemma are complements
of one another.

Lemma V.8: For each my,my > 2, network N3(my, m»)
has
(a) capacity equal to 1,

(b) linear capacity equal to 1 for any finite-field alphabet
whose characteristic is relatively prime to m or mo,
(c) linear capacity equal to

1
C 2my +2my +3

for any finite-field alphabet whose characteristic divides
m1 and mo.

VI. NETWORK N4 (m)

A disjoint union of networks refers to a new network
formed by combining existing networks with disjoint sets
of nodes, edges, sources, and receivers. Specifically, the
nodes/edges/sources/receivers in the resulting network are

the disjoint union of the nodes/edges/sources/receivers in the
smaller networks.

Remark VI.1: The disjoint union of networks NV, ..., Ny,
has a (k, n) solution over the alphabet A if and only if each
of Vi, ..., Ny has a (k, n) solution over A.

For any integer m > 2, let w(m) denote the number of
distinct prime factors of m. Denote the prime factorization
of m by

y Yo (m)
m = pl1 " Po(m)
where y1,...,7%m) = 1 and pi1,..., pom) are dis-

tinct primes. The following functions of m and its prime
divisors will be used throughout this section. For each
i=1,...,0(m), let

—1 w(m -1
flm)y = p]'™ - phie )
p(m,i)y =min {a >0 : pf > f(m)} (5)
N ,-—lw(m) w(m,j)
gm,iy=pl" [] pi"™". (6)
j=1
J#i

We construct network Ni(m) from the following disjoint
union 3 of networks:

w(m)

Naemy=| (U M@ | UM@K m/p)
rime i=1

qu'"q

q<f(m)

w(m)
ul UM, gm. i) |- @
yio

Theorem VI.2: For each m > 2, the network Ny(m) is:

1) solvable over an alphabet of size m,

2) not solvable over any alphabet whose size is less than m,

3) not solvable over any prime-power-size alphabet, if m
is not a prime power,

4) scalar linearly solvable over GF(m), if m is prime,

5) neither linearly solvable over any module alphabet nor
asymptotically linearly solvable over any finite-field
alphabet if m is composite.

Proof: The theorem follows immediately from Theo-
rems VI.4, VI.5, VI.8, VI.9, and Corollaries VI.6 and VI.11.
|

Example VI.3: Consider the special cases of the square-free

integer * 6, the prime power 27, and the integer 100 which is
neither square-free nor a prime power.

o m=6=2'3". We have y; = y» =1 and

£(6)=21"D3170 =1,

3When node (respectively, edge and message) labels are repeated
(e.g. N1(m1) and N (m2) both have receiver Ry), add additional superscripts
to each node (respectively, edge and message) to avoid repeated labels. Each
disjoint network has a set of messages, nodes, and edges which is disjoint to
every other network’s set in the union. The messages, nodes, and edges are
not directly referenced in this section, so the additional level of labeling is
arbitrary so long as the networks are disjoint.

4An integer is square-free if it is not divisible by the square of any prime.
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s0 N4 (6) has neither N7 nor A3 components. Thus by (7),
network N4 (6) is the disjoint union of networks:

N2(2,3) U N2(3,2).
o m =27 =33 We have
f@7 =33 =9 and g27,1)=3%"D =9,

and the primes less than f(27) which do not divide 27
are 2, 5, and 7. Thus by (7), network N4 (6) is the disjoint
union of networks:

N1(2) U N1(5) U N1(7) U N2(27,1) U N3(3,9).
o m =100 = 2252, We have
£(100) = 2@2=D5C=D = 10,
Then u (100, 1) = 4, since
2% > £(100) > 23,
and 1 (100,2) = 2, since
2> £(100) > 5'.
So
2(100, 1) = 2'52 and g(100,2) = 5124,

and the primes less than f(100) which do not divide 100
are 3 and 7. Thus by (7), network N4(100) is the disjoint
union of networks:

Ni(3) U N{(7) U Na(4,25) U N> (25, 4)
UN3(2,50) U N53(5, 80).

We will use the networks described in Example VL3 as
running examples throughout this section and will refer back
to these constructions.

A. Solvability of Ny(m)

The following lemma shows that each disjoint component
of Ni(m) is solvable over an alphabet of size m, and there-
fore Nj(m) is solvable over an alphabet of size m. The
proofs of Theorems VI.4 and VI.5 make use of the functions
f, u, and g defined in (4), (5), and (6), respectively.

Theorem VI.4: For each m > 2, network Ny (m) is solvable
over an alphabet of size m.

Proof: Let p; op w(('") be the prime factorization of m.

For each prime g < f (m) such that g  m, by (7), network
Ni(m) contains a copy of N1(q). Z,, is a standard Z,,-module
and char(Z,,) = m is relatively prime to g, so by Lemma III.3,
network A (q) is scalar linearly solvable over the ring Z,,.

For each i = 1,...,w(m), by (7), network Ny(m) con-
tains a copy of N3 (p!’, (m/p!")). By Lemma IV.4, network
Nz (pl', (m/p]")) is solvable over an alphabet of size m.

Foreachi = 1,..., w(m) such that y; > 1, by (7), network
./\f4(m) contains a copy of N3(p;, g(m,i)). Also, p; and
m/ p; 7i are relatively prime, and by (6), g(m, i) is the product
of pl. ~ and a term which is relatively prime to p;, so by
Corollary V.7, network A3 (p;, g(m,i)) is solvable over an
alphabet of size m.
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Thus each disjoint component of A4 (m) is solvable over an
alphabet of size m, so Ny(m) is solvable over an alphabet of
size m. [ |

Each network A7, N2, and N3 requires the alphabet size to
meet some divisibility condition in order to have a solution
over that alphabet. The following lemma shows that because
of these conditions, there does not exist an alphabet whose
size is less than m over which each component of Ny(m) is
solvable.

Theorem VI.5: For each m > 2, if network ANy(m) is
solvable over alphabet A, then |A| > m.

Proof: Assume to the contrary that AVy(m) is solvable
over an alphabet A such that |A| < m. Then each disjoint
component of N4(m) must be solvable over A.

Let m have prime factorization

Vs Yo (m)

m = pll pw(m)
For eachi = 1, ..., w(m), by (7), network N4 (m) contains
a copy of N3 (p]’, (m/p!")). Network N3 (p!’, (m/pl")) is
solvable over A, so by Lemma IV.5, p; is not relatively prime
to |A|. Since p; is prime, we have p; ‘ |A|, and thus each of

Pl, .. Dw(m) divides |Al. Let
A
5= A
Pl Pw(m)
If m = pi1-- pom) (e m is square-free), then we

contradict the assumption that |A| < m.
So we may assume m > pi - - Pe(m), Which implies 6 > 2.
If 6 > f(m), then

Al =0 p1-- Pom)
> f(m) p1-- Pom)
= pi' Py =m  [from ()],

which again contradicts the assumption that | A| < m, so we
assume J < f(m).

Consider the prime factorization of 6. Let {gq1,...,q,}
denote the set of primes which are less than f(m) and do
not divide m. Each prime less than f(m) either divides m and
is in the set {p1, ..., Pw(m)} or it does not divide m and is in

the set {q1, ..., q,}. Thus 6 must be a product of g1, ..., g,
and p1, ..., Po(m) terms, so there exist ay, ..., du@m) > 1 and
B1, ..., B, = 0 such that we can write |.A| as
w(m ﬁ
Al=pi . pa gl q). @®)

For each prime ¢ < f(m) such that ¢ { m, by (7), network
Ni(m) contains a copy of Ni(g). Network Ni(g) is solvable
over A, so by Lemma III.2, we have gcd(q, |A|) = 1. Thus
in (8) we have gy =---=p, =0.

For each i = 1,...,w(m) such that y; > 1, by (7),
network N4 (m) contains a copy of N3(p;, g(m,i)). Network
N3(pi, g(m,i)) is solvable over A and p; , S0 by
Lemma V.5, | A| does not divide g(m, i). Expressing |.A| and
g(m, i) as their prime factorizations yields:

wm)

f o T P tirom ©), 801

j=1
J#

aw(m)

a1
Pr - Pym)
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This implies that for each i € {l,...,w(m)} such that
yi > 1, either a; > y; or a; > p(m, j)+ 1 for some j # i.
If there exists j € {1, ..., w(m)} such that

aj > pu(m, j)+1,

then we have

JAl = pi' - Py [from (8)]
> p?j_l (1 Pomy) [from oy > 1]
> " (p1+ pom)
> f(m) (p1-- Pon) =m [from 4), (5],

which contradicts the assumption that | A| < m. So it must be
the case that a; > y;, for each i such that y; > 1. If y; =1,
then a; > 1 = p;. So we have a; > y; for all i, but this
implies

Gy (m)
w(m)

[
lAl = py'-p
Yo(m) __

v
pll T Pouimy =M

[from (8)]

v

which again contradicts the assumption that | A| < m.

Thus there does not exist an alphabet .4 whose size is less
than m such that each disjoint component of N4 (m) is solvable
over A. [ |

Corollary VI.6 demonstrates that, in some cases, network
Ni(m) is not solvable over any prime-power size alphabets.
In particular, such a solvable network is not solvable over any
finite-field alphabet.

Corollary VI.6: For each non-power-of-prime composite
number m > 6, network Nz (m) is not solvable over any prime-
power-size alphabet.

Proof: Let m = pfl ‘e pz;”;'f), and assume network
Ni(m) is solvable over the alphabet A. It follows from the of
the proof of Theorem VL5 that each of pi, ..., py(s) must
divide | A|. If w(m) > 2, then network Ny (m) is not solvable
over any prime-power-size alphabet. ]

Example VL.7: We continue our example networks Nz(6),
N1(27), and Ny(100).

o Suppose N(6) is solvable over an alphabet A. Since
MN>2(2,3) is solvable over A, we have 2 ||.A|. Similarly for
MN>2(3,2), we have that 3 ||.A]. Hence we have |A] > 6.

o Suppose N4(27) is solvable over an alphabet A whose
size is less than 27. Then

- N2(27,1) requires 3| |Al, so
|A| € {3,6,9,12, 15, 18,21, 24}.

- N1(2), N1(5), and N;(7) require |A| be relatively
prime to 2, 5, and 7, so

|A| € {6,12, 15,18, 21, 24}.
- N3(3,9) requires |A| 19, so
|Al € {3,9}.

Therefore N4(27) is not solvable over any alphabet whose
size is less than 27.

o Suppose N4(100) is solvable over an alphabet A whose
size is less than 100. Then

- N>(4,25) and N>(25, 4) require 10| |Al, so
|Al € {10, 20, 30, 40, 50, 60, 70, 80, 90}.

— N1(3) and N (7) require | A| to be relatively prime
to 3 and 7, so

|A| € {30, 60, 70, 90}.
- N3(2,50) requires |.A| 1 50, so
|A| & {10, 50}.
- N3(5, 80) requires |.A| 1 80, so
|A| ¢ {10, 20, 40, 80}.

Therefore N4(100) is not solvable over any alphabet
whose size is less than 100.

B. Linear Solvability of Ny(m)

The following theorems show that network Ai(m) is
linearly solvable if and only if m is prime.

Theorem VI.8: For each prime p, the network ANi(p) is
scalar linearly solvable over GF(p).

Proof: 1If p is a prime number, then f(p) = 1 and the
power of p is one, so by (7), network Ny(p) consists solely
of a copy of network A>(p,1). By Lemma IV.6, network
Na(p, 1) has a scalar linear solution over every finite-field
alphabet with characteristic p. [ ]

Theorem VI.9: For each composite number m, the
network N4 (m) is not linearly solvable over any module.

Proof: Let G be a standard R-module, and assume a linear
solution for Ni(m) exists over G. Since Ni(m) is linearly
solvable over G, each disjoint component of Ny (m) is linearly
solvable over G. Suppose m is a composite number. Then m
is a product of two or more (possibly distinct) primes. We will
separately consider the cases of prime powers and non-power-
of-prime composite numbers.

For each prime p and integer y > 2, by (7), network
Ni(p?”) contains copies of A>(p?,1) and N3 (p, p? 7).
Since network A,(p?, 1) is linearly solvable over G, by
Lemma IV.6, the characteristic of R divides p” . Since network
N3 (p, p? 1) is linearly solvable over G, by Lemma V.6, the
characteristic of R is relatively prime to p. If the characteristic
of R both divides p” and is relatively prime to p, then the
characteristic of R is 1, which only occurs in the trivial ring
(of size one). Thus there is no standard module over which
all components of network N (p”) are linearly solvable.

Now suppose w(m) > 2. Then m has prime factorization

Yo (m)

—
m_plll"pw(m)’

and by (7), network ANj(m) contains copies of networks
N (pl', (m/pl")) and N3 (p3?, (m/p)?)). Both of these
networks are linearly solvable over G, so by Lemma IV.6,
the characteristic of R divides p]' and p)*. Since p1 # pa,
the characteristic of R must be 1, which only occurs in the
trivial ring. Thus there is no standard module over which all
components of network Ny(m) are linearly solvable.

If m is a composite number, then there are no linear
solutions for Ny(m) over any standard module, which, by
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Lemma L.3 implies there are no linear solutions for Ny (m)
over any module. ]

C. Capacity and Linear Capacity of Ny(m)
Theorem VI.10: For each m > 2 network Ni(m) has:
(a) capacity equal to 1,
(b) linear capacity bounded away from 1 over all finite-field
alphabets, if m is composite.

Proof: For each m > 2, by Theorem VI.4, network
Ni(m) is solvable over an alphabet of size m, so its capacity
is at least 1. Network AN4(m) consists of disjoint copies of
N1, N2, and N3, which each have capacity equal to 1, so the
capacity of Ny (m) is at most 1. Thus the capacity of Ny(m) is
equal to 1. For composite m, we will again separately consider
the cases of prime powers and non-power-of-prime composite
numbers.

For each prime p and integer y > 2, by (7), network
Ni(p”) contains copies of Aa(p?,1) and N3 (p, p?~ ).
By Lemma IV.7, network N3 (p”, 1) has linear capacity upper
bounded by

1

1— —
2p? 43

for finite-field alphabets with characteristic other than p.
By Lemma V.8, network N3 (p, p? ') has linear capacity
equal to

1

2p7~14+2p+3
for finite-field alphabets with characteristic p. Whether we
select a finite-field alphabet with characteristic p or character-
istic other than p, the linear capacity of AM4(p?) is bounded
away from 1, for fixed p and y.
Now suppose @ (m) > 2. Then m has prime factorization
m=pi" pons
and by (7), the network Nj(m) contains copies of net-
work A3 (p]', (m/p]")) and network N3 (p)?, (m/p)?)).
By Lemma IV.7, network A3 (p!’, (m/p]")) has linear capac-
ity upper bounded by
! 1
2m+2(m/p]") +1

for finite-field alphabets with characteristic other than p;.
Since p1 # p2, whether we select a finite-field alphabet with
characteristic pi, p»2, or neither p; nor ps, the linear capacity
is bounded away from 1, for fixed m.

Thus for any fixed composite number m, the linear capacity
of network Ny (m) is bounded away from 1 over all finite-field
alphabets. ]

Calculating the exact linear capacity of network A over
every finite-field alphabet is left as an open problem.

Corollary VI.11: For each composite m, network Ni(m)
is not asymptotically linearly solvable over any finite-field
alphabet.

Proof: This follows directly from the fact that for any
fixed composite number m, by Theorem VI.10, the linear
capacity of Ny(m) is bounded away from one over all finite-
field alphabets. ]

213

D. Size of Ny(m)

Depending on the prime divisors of m, the number of nodes
in AMy(m) can be dominated by nodes from N7 networks,
N2 networks, or A3 networks. The following theorem makes
use of the functions f(m), u(m,i), and g(m,i) defined
in (4), (5), (6).

Theorem VI.12: For each m > 2, the number of nodes in
network Ny (m) is asymptotically

(@) Q(m),

(b) O(m), when mis prime,

mlogm .
(c) O oeloam ) when m is square-free,
oglogm

2
() 0( 7
logm

logm
© O (m%

) ,when m is a prime-power,

, when m is neither square-free text nor
a prime-power.
Proof: By Remark III.1, the number of nodes in Ni(q)
is
4g + 7.
By Remark IV.1, the number of nodes in N3 (m, w) is
4dmw + 9w + 2.
By Remark V.1, the number of nodes in N3(m1, my) is
dm1 + 4my + 12.

By the construction of N4 (m) given in (7), the total number
of nodes in Ny(m) is:

(m)

+ [ D @m+96m/pl) +2)

> (4g+7)

prime q i=1
qtm
g<f(m)
w(m)
+ | D @g(m,i)+4pi +12) Q)
Vii=>ll

where the first, second, and third terms are the number of
nodes from N7, N>, and N3 networks, respectively. In order
to find upper and lower bounds on the total number of
nodes in Ni(m), we will first find upper and lower bounds
on the number of nodes from Nj, M2, and N3 networks
within Ny (m).

It is known [27, p. 257] that

m2
> g=0 . (10)
prime g logm

g<m

If m is a square-free number, then we have f(m) = 1, so
in this case, there are no nodes in ANVy(m) from A networks.
Thus for general m, we have

> (4g+7) =0
prime q

qfm
g<f(m)

(1)
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and
D Gg+7 < D G+ (12)
prime q prime g
gfm q=<m
q<f(m)

m2
=0 ( ) [from (10)]. (13)
logm

The total number of nodes in N3(m) from N, networks is

w(m) w(m)
D @m+9(m/pl"y +2) > D 4m
i=1 i=1
= Q(w(m)m) (14)
and
o(m) w(m)
> @m+9(m/p)+2) < D (13m+2)
i=1 i=1
= O (w(m)m). (15)
Foreachi =1,...,w(m) we have
pi < pi f(m) from (5)] (16)
w(m) )
glm, i) = pI'" T p4™7 Ifrom (6)]
j=1
J#i
w(m)
<p!"" [ pifm) Iirom (16)]
j=l1
J#i
w(m)
< p]" fem)® ™= TT b
j=1
= p! f(m)*"™ 2 m  [from (4 17
p;' f(m) m  [from (4)]. A7)
If m is square-free, then y; = 1 for all i, so in this case,

there are no nodes in Nj(m) from N3 networks. Thus for
general m, we have

w(m)
> (4g(m, i) +4pi +12) = 0. (18)
s

and

w(m)

D (@4gm.i)+4p;i +12)

i=1

yi>1

(m)

< D 20g(m.i) [from (6)]
i=1

w(m)

< 20m f(m)®m~2 Z p?’i [from (17)]
i=1
w(m)

< 20m f(m)®m 2 H pl" [from ab > a +b, Ya,b > 2]
i=1

— 20}’}12 f(m)w(m)fZ

< 20m®™ = 0 (mw(’”)) [from (4)]. (19)

To prove part (a), consider the lower bounds of each term
of (9). By equations (9), (11), (14), and (18), the total number
of nodes in Ny (m) is lower bounded by:

0+ Q(w@m)m) +0 = Q(w(m)m) = Q(m),

where the final equality comes from the fact w(m) = Q(1),
since w(m) = 1 when m is prime.
It follows from [26, Th. 11] that

_ logm
w(m) =0 (loglogm) '
To prove parts (b)-(e), we will consider the upper bounds on
the number of nodes of each term of (9). However, each term
dominates in different cases, depending on the prime factors

of m.
To prove parts (b) and (c), consider a square-free integer

(20)

m = pi--: Po(m)-

Since y; = 1 for all i, we have f(m) = 1, so there are
neither N7 nor N3 components in Nj(m). Thus there are
0 nodes from A and N3 components. Then by (9) and (15),
the number of nodes in AVy(m) is O(w(m)m). If m is prime,
then w(m) = 1, so we have the desired bound. If m is not
prime, then the number of nodes is O (w(m) m), which, along
with (20), yields the desired bound.

To prove part (d), consider a prime power m = p’, where
y > 2. We have @ (p”) = 1, so by (15), the number of nodes
from A, components is O(m), and, by (19), the number of
nodes from A3 components is O(m). By (13), the number of
nodes from \; components is O (m?/logm). Thus the number
of nodes in N3(m) is O(m?/logm).

To prove part (e), consider m which is neither a prime power
(so w(m) > 2) nor square-free (so there are N3 components
in N4 (m)). By equations (9), (13), (15), and (19), The number
of nodes in Ny(m) is

0 ( k:;izm) + 0 (@m)ym)+0 (m‘”(’"))
=0 (mw(m))

which, along with (20), yields the desired bound. |

Example VI.13: We continue our example networks N4 (6),
N1(27), and N4 (100).

o MN4(6) has 97 nodes:

[from w(m) > 2],

53 from N>(2,3) 44 from N>(3,2).

o N4(27) has 256 nodes:

15 from N (2),
35 from N1(7),
60 from Nj3(3,9).

27 from N (5),
119 from N>(27, 1),

o N4(100) has 1691 nodes:

19 from N1 (3), 35 from N (7),
627 from N>(4,25), 438 from N>(25, 4),
220 from N3(2,50), 352 from Nj3(5, 80).
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VII. OPEN QUESTIONS

Below are some remaining open questions regarding linear

and non-linear network coding:

1) In [7] it was shown that there exists a network which
is not linearly solvable over any module yet is non-
linearly solvable over an alphabet of size 4. We have
shown that for each composite number m, there exists a
network which is not linearly solvable over any module
yet is non-linearly solvable over an alphabet of size m.
Do there exist networks which are not linearly solvable
over any module but are non-linearly solvable over some
alphabet of prime size?

2) There are examples [24], [34], in the literature of solv-
able networks which are not solvable over any alphabet
whose size is less than some m. For each m > 2, we
have demonstrated a network which is solvable over an
alphabet of size m but is not solvable over any alphabet
whose size is less than m. For each m > 2 does there
exist a network which is solvable over alphabet A if and
only if |A| > m? Which other “interesting” sets § C N
have the property that there exists a network which is
solvable over A if and only if | 4] € §?

3) Itis not currently known whether there can exist an algo-
rithm which determines whether a network is solvable.
We have demonstrated a class of solvable networks with
no linear solutions (i.e. diabolical networks). Can there
exist an algorithm which detects whether a network is
diabolical?

4) We partially characterized the linear capacities of N7,
N3, and N3 over finite-field alphabets. However, the
techniques we use do not extend more general ring
alphabets. What techniques exist for upper bounding the
linear capacities over ring alphabets?

APPENDIX

We say that a positive integer m is invertible in R if there
exists m~! € R such that m~! (m1g) = 1g, where (mlg)
denotes 1 added to itself m times. Specifically,

—1

Ig+-+1g
——

m adds

mf1 =

Lemma A.1 is relatively straightforward to show, and thus
its proof is omitted. This lemma discusses properties of
multiplicative inverses in rings and will be used in the proofs
of Lemmas III.3 and V.6 to more easily characterize the classes
of modules over which A and N3 are linearly solvable.

Lemma A.1: For each finite ring R with a multiplicative
identity and each positive integer m, the integer m is invertible
in R if and only if char(R) and m are relatively prime.

The following definition and lemmas will be used in the
proofs of Lemmas I11.4, IV.7, and V.8.

Definition A.2: Let I be a finite field and suppose

ar €, ...,a, € F% and b; €F",... b € F"
, Xw. We write

,br

are functions of variables x, ...

ai,...,ag —> by, ...
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to mean that there exist #; X s; matrices M ; over IF such that

for all choices of the variables xp, ..., xy,

q
bj:ZMj,iai (]:1,,}")
i=1

Le.eachof by, ..., b, can be written as a linear combination
of ai, ..., aq. In the context of network coding, the variables
X1,...,Xxy, Will always be taken as the network messages.
Lemma A.3 is known from linear algebra [28, p. 124] and
will be used in later proofs. In particular, Lemmas A.3, A.4,
and A.5 will be used in bounding the linear capacities of
N1, N>, and N3,

Lemma A.3: Let F be a finite field. If A : F* — [F”" and
B : F¥ — TF™ are linear maps, then

rank (A) + rank (B) — m
< rank (A B)
< min(rank (A), rank (B)).

(21
(22)

The following two lemmas were proved in slightly different
form in [7, Lemma IV.2, Th. IV4].

Lemma A4: If A is an n x k matrix of rank k over finite
field , then there exists a nonsingular n X n matrix B such

that
_ | &
BA_|:01|.

In what follows, the transitive relation —> will be used to
describe linear coding functions at network nodes.

Lemma A.5: If A is an m x n matrix of rank k over finite
field I, then there exists an (n — k) x n matrix Q over F of
rank n — k such that for all x € F"

Ax, Ox — x.

A. Proofs of Lemmas in Section II
Proof of Lemma I1.3: Equating message components at the
receiver R; yields
i=0,1,...,m)
(i,j=0,1,...,mand j #1i)

1 =dieci
O = d,',e Ccj +d; Ci,j

which implies the following elements of R are invertible:

dicand¢; (i=0,1,...,m)
diandc;; (i,j=0,1,...,mand j #i).
The result then follows by solving for ¢; ;. [ ]

Proof of Lemma I1.4: Let G be a standard R-module.
The network Np(m) has the following linear solution
over G:

m
e = xj (i=0,1,...,m)
i=0
J#l
m
e = Xj
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and decoding at each receiver as follows:

Ri: eSei=x; (i=0,1,...,m).

A scalar linear solution over a finite-field alphabet is a
special case of a linear solution over a standard module.
Therefore Np(m) is scalar linearly solvable over any
finite-field alphabet, so the linear capacity of ANy(m) for
any finite-field alphabet is at least 1. The only path for
message vector xp to reach the receiver Rg is through the
edge connecting nodes u and v, so its capacity is at most 1.
Thus, both the capacity of Ny(m) and its linear capacity for
any finite-field alphabet are equal to 1. ]

B. Proofs of Lemmas in Section II1

Proof of Lemma I11.2: Assume N7(m) is solvable over A.
Network N (m) consists of a network Ny(m) with the addi-
tional receiver Ry, so by Lemma II.2, the edge functions
within B(m) must satisfy Property P(m). Thus, there exists
an Abelian group (A, ®) and permutations zg, 71,..., Ty
and o9, 01,...,0, of A, such that the edges carry the
symbols:

e =0 |Prjxp| @=0.1,....m (23)
j=0

J#i
m
e = @ mi(xj).
j=0

Now suppose to the contrary that m and |.A| share a prime
factor p. By Cauchy’s Theorem of Finite Groups [12, p. 93],
there exists a nonzero element @ in the group .4 whose order
is p. Since p |m, we have

a®---®da=0.
—_—
m adds

Define two collections of messages as follows:
Xj= njfl(O) and %; = njfl(a),

where j =0,1,...,m. Since a # 0 and each r; is bijective,
it follows that x; # x; for all j.
By Property P(m), for eachi =0, 1,...,m, we have

ei=0i (0D ---DO| =0;(0) [from (23)]
————
m adds
for the messages xg, X1 . .., X;, and
ei=0i|la®---Pa]| =0;(0) [from (23)]
—_—
m adds
for the messages X, X1 ..., X,. For both collections of mes-

sages, the edge symbols ep,eq,...,e, are the same, and
therefore the decoded value xo at R, must be the same.
However, this contradicts the fact that xo # Xo. ]

Proof of Lemma I11.3: By Lemma A.1, m is invertible in R
if and only if char(R) is relatively prime to m, so it suffices

to show that for each m and each standard R-module G,
network N (m) is linearly solvable over G if and only if m
is invertible in R.

Assume network A (m) is linearly solvable over the stan-
dard R-module G. The messages are drawn from G, and
there exist ¢; j,c; € R, such that the edge symbols can be
written as:

Ps

(cijj-xj) (=0,1,...,m) (24)

~. .
Il
-~ o

Ps

(cj - xj) (25)

(=)

~.

and there exist d; ., d;, dx,; € R, such that each receiver can
linearly recover its demands from its inputs by:

R; : x,-:(di,e-e)@(di-e,-) i=0,1,...,m) (26)

m

Ry : xo = @(dx,i ~ei).

i=0
Since Nj(m) contains Ap(m), by Lemma IL3 and
(24)—(26), each ¢; and each d; is invertible in R, and

27)

cij=—d "diec; (,j=0,1,...,mand j#i). (28)
Equating message components at R, yields:
m
g = D dyicio [from (24), (27)]
i=1
m
==Y dvid "dieco [from (28)] (29)

i=1

and for each j =1,2,...,m,

m

Or = > dyicij [from (24), 27)]
i=0
i#]

m
—| D deidi die | ¢; [from (28)].  (30)
i=0
i#]j
For each j = 1,2,...,m, right multiplying (30) by C;l co
yields

m
Or = > dvid; "dieco. [from (30)].
i=0
i#]
By summing (31) over j = 1, 2, ..., m and subtracting (29),
we get

€1V

m m
—lg =D > dvid; "dieco [from (29), (31)]
j=0i=0
i#]
m
=m Y did; ' di.co.
i=0

Therefore, m is invertible in R.
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To prove the converse, let G be a standard R-module such
that m is invertible in R. Define a linear code over G by:

m

e :@xj i=0,1,...,m)
j=0
J#

m
e = @xj.
j=0

Receiver R; can linearly recover x; from its received edge
symbols e and e; by:

Ri: e6e=x; (i=0,1,...,m)

and receiver R, can linearly recover x( from its received edge
symbols eg, eq, ..., ey by:

m m m m
Rx:(m_l~@ei)ee0= m_1~@@xj e@x,»
j=l1

i=0 i=0 j=0
J#
m m
=D oD =x
Jj=0 Jj=1
Thus the code is a linear solution for N (m). ]

Proof of Lemma II1.4: Since a scalar linear solution over
a finite-field alphabet is a special case of a linear solution
over a standard module, by Lemma III.3, Aj(m) is scalar
linearly solvable over any finite-field alphabet whose charac-
teristic does not divide m, so the network’s linear capacity
for such finite-field alphabets is at least 1. By Lemma I1.4,
network No(m) has capacity equal to 1, and since Nj(m)
contains NVy(m), the capacity of N1(m) is at most 1. Thus, both
the capacity of AV (m) and its linear capacity for field alphabets
whose characteristic does not divide m are equal to 1.

To prove part (c), consider a (k, n) fractional linear solution
for N1 (m) over a finite field F whose characteristic divides m.
Since char(FF) | m, we have m = 0 in F.

We have x; € F¥ and e, e; € ", with n > k, since the
capacity is one. There exist n x k coding matrices M;, M; ;
with entries in I, such that the edge vectors can be written as:

m
e :ZMi>jxj i=0,1,...,m)

(32)
i=0
J#
m
e = ZMj X (33)
i=0

and there exist k x n decoding matrices D; ., D; with entries
in IF, such that each x; can be linearly decoded at R; from the
two n-vectors e and e; by:

Ri: xi =Dj.e+ D;je; i=0,1,...,m). (34)
Since receiver R, linearly recovers xo from eg,eq, ..., emn,
we can write
€0,€1,...,6m —> XQ. 35)
We also have
m
X0, > Mjxj —> e [from (33)]. (36)

j=1
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Foreachi =0,1...,m, if we set x; = 0 in (34), then we
get the following relationship among the remaining m message
vectors (since e; does not depend on x;):

0=Di, ) Mjxj+Diei [from (32), (33), 34)], (37)

j=0
J#i
and thus, foreachi =1,2,...,m,
m
ei — Di. > M;x; [from (37)] (38)
j=0
J#i
m
> Mjxj —> Doeo [from (37)]. (39)
j=1
For each i = 1,2,...,m, let Q;. be the matrix Q in

Lemma A.5 corresponding to when D;, is the matrix A in
Lemma A.5. Similarly, let Q¢ be the matrix Q in Lemma A.5
corresponding to taking A to be Dy.

Let L be the following list of 2m + 1 vector functions of

X0y X1y .-ns Xt
Qo eo,
ei, (=12,...,m)
m
Qi,e ZMj-x] (1_192’ Dm)'
j=0
J#
Foreachi =1,2,..., m, we have
m
L —> Di, > Mjx; [from (38)] (40)
j=0
J#i
m
L — ZM]- xj [from Lemma A.5, (40)], (41)
j=0
J#
and
m
Zijj ci=1,2,...,m
j=0
J#
m m
— 2.2 Mjx;
i=1j=0
J#i
m
=mMyxo+ (m—1) Zijj
j=1
m
= — z M;x; [from char(F) |m] . 42)
j=1
Thus we have
m
L — ZMf x; [from (41), (42)] 43)
j=1
L —> Dgeg [from (39), (43)] 44)
L —> ¢¢p [from Lemma A.5, (44)] 45)
L —> xo [from (35), (45)] (46)
L —> e [from (36), (43), (46)] “@7n
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and foreachi =1,2,...,m,

L —> x; [from (34), (47)]. (48)

We will now bound the number of independent entries in
the list L. By equating message components in equation (34),
for eachi =0,1,...,m, we have:

Iy = D; . M; [from (32), (33), (34)]. (49)

Since each D;, and M; have dimensions k x n and n x k,
respectively, and k < n, the rank of each matrix is at most k,
but we also have

min(rank (Di,e) , rank (Ml-))
> rank (Di,e Ml-) [from (22)]
=rank (Iy) =k [from (49)],
and so rank (Di,e) = rank (M;) = k, which, by Lemma A.5,

implies

rank (Qi,e) =n—k (=12,...,m). (50)

Since rank (Mp) = k, by Lemma A.4, there exists an n x n
nonsingular matrix W over F such that

Iy
WMy = .
° [Omk)xk}

Partition each of the k x n matrix products D; . W~ into a
k x k block T; to the left of a k x (n — k) block Uj;:

(51

D W™ =[T; Uil (52)
and then let V be the following n x n matrix over [F:
V= [O(nllli)xk InU—Oki| ' (53)
It is easy to verify that
V= [O(n—h;c)xk InUl(c)i|. (54)
For each i = 0, 1, ..., m, change the network encoding and
decoding matrices from M; and D; ., respectively, to
M{ = VWM, (35)
D}, =D W'V (56)
We have
To = Do W™ 'WMy = I [from (49), 51), (52)]  (57)
and therefore
M) = [g‘} [from (51), (53), (55)]
D{)’e =[x 0] [from (52), (54), (56), (57)]. (58)

In this case,

m
/I ! .
e = Zij]
Jj=0

and for each i = 0,1, ..
recovered by:

.,m, the message vectors can be

)
Di,ee + Dje;

m
=D, wly~! Z VWM; xj + Die; [from (55), (56)]
j=0

= Dijee + Dje; = x; [from (33), (34)].

Thus, this linear code still provides a (k, n) solution.
Partition each of the matrices M; into a k x k block R; on
top of a (n — k) x k block S;:

M; = [’;} (59)
and let
p = rank ([R; Ry 1)
where [R; R,,] is the concatenation of the matrices

R; into a k x mk matrix.
Clearly p < k. We have

m
Dy ZMOJXj = Dy eg
j=l1

[from (32)]

m
= —Do, ZM]- x; [from (37)]
j=1

= — in x; [from (58), (59)].
j=1
This gives us
Do [Mo,1 Mom] = —[Ry Rn1,
which implies
rank (Do) > rank ([R; Ryl) =p

*. rank (Qg) = n —rank (Do) <n — p.

[from (22)]
(60)

Since the matrix

[Rl Rm]

has rank p, there exists a k x k permutation matrix P such
that the first p rows of

PRy R}
are linearly independent and the remaining k — p rows are
linear combinations of those first p rows. Thus, there exists a
(k — p) x k matrix X, whose right-most k — p columns form
Ii—p, and such that

XP [R; (61)

X and P are (k—p) x k and k x k respectively, thus the rank
of X is at most (k—p) and the rank of P is at most k. Since the
right-most columns of X form /;_,, we have rank (X) = k—p,
and since P is a permutation matrix, we have rank (P) = k.
Since X P has dimensions (k — p) x k, we have

> rank (X P)

> rank (X) + rank (P) — k
=k—-p+k—k=k—p
and thus rank (X P) =k — p.

Ry] = O(kfp)xmlv

k—p
[from (21)]
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Define a (k — p) x n matrix Y by concatenating the product

X P with an all-zero matrix as follows:
Y =[XP  Ou—pyxn-n)]-

Foreachi =1,2,...,m we have
R.
YM; = [XP Og—p)xin—b] [S.l}
l
[from (59), (61)].

Since, for each i = 1,2, ..., m, we have

YM; = Op—pyxk

= O—p)xk (62)

and by (49),
D; .M; = I,

the rows of Y and the rows of D, . are linearly independent.
(If v is a nontrivial linear combination of rows of D; ., then
vM; # 0; if v’ is a nontrivial linear combination of rows of Y,
then v’ M; = 0, so v # v’). Therefore, by Lemma A.5, we may
choose Q; . such that its first k — p rows are the rows of Y.
By (50), each vector function

m

Oie Z M;x;

j=0
J#

in the list L has dimension n —k, but the first k— p components

of each such vector function can be written as
m

Y Zijj =YMyxy [from (62)].

j=0

Jj#i
If we view the message vectors xg, X, ..., X; as random
variables, each of whose k components are independent and
uniformly distributed over the field F, then we have the
following entropy (using logarithms with base |F|) upper

bounds:

(63)

H (Qoeo) <n—p [from (60)]
H(et,...,em) <mn [from e € IE‘”]

and

m
H | Qi ZMJ'XJ' ci=1,2,....,m
j=0
J#i

<mm—k)—(m—1)(k—p) [from (50), (63)].

Therefore, the entropy of all of the vector functions in the
list L is bounded by summing these bounds:
HL)<C2m+1)n—m+ )k —(k—p)im—2)
<@2m+n—(m+ Dk (64)
where the final inequality follows from the fact p < k and
m > 2. However, then we have:

(m+ Dk = H(xg, X1,...,%Xm) [from X; € IF"]

< H(L) [from (46), (48)]
<Q@2m+1)n—(m+ 1)k [from (64)]
k 2m + 1
L= = .
n- 2m+2
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Thus the linear capacity of A (m) for any finite-field alphabet
whose characteristic divides m is upper bounded by
1
11— .
2m +2

For each y € ™, let [y]; denote the ith component of y.
To show the upper bound on the linear capacity is tight,
consider a (2m + 1, 2m + 2) fractional linear code for N (m)
over any finite-field alphabet whose characteristic divides m,
given by:

r M
> Ixjl
j=I
J#l
m
> Ixjl

j=1

leolr = I=m+1,....,2m+1)

m

Z[Xj]j

J=2

> Ixjl
j=0

Jj=
J#

> Ixjl
j=0

(=2m+2)
lel = (=m+1,....2m+1)

[Xolwt1 + D [xj1; (I =2m+2)
j=1

and foreachi =1,2,...,m,

> Ixjl
j=0

J#i
J#

(l=1,2,...,mandl #1i)

[Xolnt1 + D _[xj1j (I =1)

j=I1
J#i

[eili =

(=m+1,....2m+1)

> Ixj
j=0

i

L [xX0)m+1+i (I =2m+2).

Foreachl =1,2,...,m, we have

m m

Dleili= D> xjli=(m—1) D lx;l

i=0 =0 =0
il ! £l

~.~.
- o

2
= — Z[xf]l [from char(F) |m].  (65)
i=0

Jj=
J#l
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For each i = 1,2,...,m, the receivers within B(m) can
linearly recover all 2m + 1 components of their respective
demands by:

Ro:leli —leoli = [xoli (1 =1,2,...,2m+1)
Ri:lel, —leli=Ixili d=1,....2m+1and [ #1i)
lelom+2 — [eil; = [xili
and the additional receiver can linearly recover all components
of x¢ by:
m
Re: —leoli =D leili (1=1,2,....m)
i=0
i#l
= [xol; [from (65)]
lei]i — [eolom+2 = [x0lm+1
lei—m—-1lomi2 = [x0)i U=m+2,...,2m+1).

Thus, the code is in fact a solution for Nj(m). [ |

C. Proofs of Lemmas in Section IV

Proof of Lemma IV.2: Assume w = 1 and let y and 7| be
identity permutations. For each a € Z,,,, we have

w(wry(a)) = y(a) =a.

Assume w > 1. By the Euclidean Division Theorem, for
each integer y, there exist unique integers gy, r, such that
y =¢ym+ryand 0 <r, <m. We have wy = w(gym +ry),
which implies

wy = wry (mod mw). (66)
For all integers x, y we have
wx = wy (mod mw)
< wry = wry (mod mw) [from (66)]
=1y [from 0<ry,ry < m] . 67)

For each a = gym +r, € Zy,, such that 0 < r, < m, let
74 be the unique integer in {0, 1,...,m — 1} such that

Fqg=rs+1 (mod m),

and foreachl = 1,2, ..., w — 1, define permutations of Z,,,,
as follows:
| gam+7, ifqa=1
mi(a) = [ gam + r, otherwise (68)
Tp(a) = a=qem+rq. (69)

Note that for all I = 1,2,...,w — 1, the (non-linear)
permutation z; modifies the remainder r, if g, = [ and
otherwise acts as the identity permutation. Also, m,, is the
identity permutation. Since a € Z,,,, we have 0 < g, < w.
For each a € Z,,,,, we will now show the mapping given by

a+— (wryi(a), ..., wry(a))
is injective. For each a, b € Z,,,,, suppose

wri(a) = wr;(b) (mod mw) (=1,2,...,w), (70)

where
a=gqgm+rq and b = gpm + rp,
with
0<rg,rp <mand 0 <qq,qp < w.
Then we have

wry(a) = wry,y() (mod mw) [from (70)]
[from (66), (69), (71)]
(72)

(71
(mod mw)
[from (67)].

wrg = wrp

g =71
Let 7, be the unique integer in {0, 1, ..., m — 1} such that
Fp=rp+1 (modm).

If g0 # qp, then without loss of generality, g, # 0, so we
have:

wrg,(a) = wrg, (b) (mod mw) [from (70)] (73)
. wrg = wrp  (mod mw) [from (66), (63), (73)]
rg=rg+1 (modm) [from (67), (72)],
which is a contradiction, so we must have ¢, = ¢p. Thus

a=hb.

We have shown wzn;(a) = wn;(b) (mod mw) for all [ if
and only if a = b. Thus a can be uniquely determined from
the w-tuple

(wr(a), wrr(a), ..., wry(a)).

This implies the existence of the claimed mapping. [ ]

Proof of Lemma IV.5: Assume N> (m, w) is solvable over
A. Foreachl =1,2,...,w, the block B(l)(m + 1) together
with source nodes S, Sl(l), Sg), e Sr(rf)Jrl forms a copy of
No(m + 1), so by Lemma I1.2, the edge functions within
block BO(m + 1) must satisfy Property P(m + 1). Thus,
for each [, there exists an Abelian group (A, &), with

identity 0; € A, and permutations ﬂ(gl) s nl(l), e, nrgll

aél),al(l),...,arszrl of A, such that foreachi =1,...,m+1,

the edges carry the symbols:

and

m-+1
O _ 0 O (O
o = (D (xj)
j=1
m-+1
/ / / / /
' =0 [z @ & P (+) (74)
j=1
J#i

m+1
O = n' @ @ D (+).
j=1

where @ in each of the previous three equations denotes ;.

Now suppose to the contrary that m and |A]| are relatively
prime. Then by Cauchy’s Theorem, for each/ = 1,2, ..., w,
the group (A, @;) contains no non-identity elements whose
order divides m. That is, for each a € A, we have

a® ---®ra=0
—_—

m adds
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if and only if a = 0;. Let a, b € A. Then we have

m adds

@b
m adds

if and only if:
(aoib)® - @ (a6 b) =0

m adds

[from (A, &;) Abelian]

<= a=0> [from gcd(m,|A|) =1].

Thus, for each / the mapping

ar—— a®;---Pra

m adds

is injective on the finite set A and therefore is bijective, and
its inverse ¢; : A — A satisfies

d1@) @ - ®rdia)=a (=12,...,w). (75
m adds
For each a € A such that a # 0y and each [ =2, ..., w, let
—1 -1
f@ =z (z"" 0n) & 2’ (" @) T6)
Define two collections of messages as follows:
—1 1
2 =20 (p1(a))) W=7 (o)
-1
W =x f” ) and 139 = ” (&1(fi(a))
N 1
z= nél) ©y) z= (gl) (@),
where [ = 2,...,wand j =1,2,...,m+ 1. Since a # 0;
and 7" is bijective, it follows that z # 2.

By Property P(m+1) and (74), foreachi =1,2,...,m+1
and each [ =2, ..., w, we have:

el(l) _ 01‘(1) d1(a) @1 - @1 ¢1(a) |= ai(l)(a) [from (75)]

m adds

oD = g (ﬂél) (n(()l)—l(Ol)))

0]

for the messages X7 and

efl) = ai(l) (a)
e =0 (2 (7" @) @1 g1 @) @1 -+ @ Bi(fi@)

m adds
=0 (7’ (=" @) @ @) ifrom (75)]
s (né” (7[(()1)‘1(01)»

for the messages xj()

the edge symbols e() are the same for all [ = 1,2,...,w
and i = 1,2,...,m + 1, and therefore the decoded value z
at R, must be the same. However, this contradicts the fact
that z # Z. [ |

Proof of Lemma IV.6: For any ring R with multiplicative
identity 1g, the characteristic of R divides m if and only if
m = m1gr = Og, so it suffices to show that for each m, w
and each standard R-module G, network N> (m, w) is linearly
solvable over G if and only if m = Og.

[from (76)]

, 2. For both collections of messages,

221

Assume network N;(m, w) is linearly solvable over the
standard R- module G. The messages are drawn from G, and
there exist c 51) € R, such thatforeachl/ =1,2,..., w and
eachi =1, 2 ,m+ 1, the edge symbols can be written as:

D _ N0
= D () ) (77)
= m+1
e = ( . Z) ® @( 0. ;”) (78)
2
m+1
o0 (C(()D .Z) o P (cﬁ.l) .xy)) (79)
j=1

and there exist dl(le), d, 0 € R, such that each receiver within
BD(m + 1) can llnearly recover its respective demands from

its received edge symbols by:

RY . 2 = (d)-e") @ (4 <) (80)
0. O _ (40 0 0,0
RO ) = (af)-e®) @ (aP-). @D

Since R; linearly recovers z from its inputs, there exists
dz(lg € R such that

(82)

NS (40 o0
- 163 IQj (d )

For each/ = 1,2,..., w, the block B(l)(m + 1) together
with source nodes SZ,S(Z) S(l) .., 8D forms a copy of

> “m+1
network Np(m + l) so by Lemma I1.3 and (77) — (81), each
is invertible in R, and for each distinct

ci(l) and each d
,m + 1}, we have

i,je{0,1,..
U] )
;= (dl- )

Equating message components at R, yields:
w m+1

=S d e

=1 i=1

w m+1
! ! 0
—> 300 (4) )

I=1 i=1
and foreach [ =1,2,...,

(GIRO)]
Or = Zdzt Cij

L0 0

zej‘

(83)

[from (78), (82)]

[from (83)] (84)
wandeach j=1,2,...,m+1,

[from (78), (82)]

l#/
-1
= Zd‘f? (@) a2 e tfrom 83)1.  (85)
175/
By right multiplying (85) by ( (l)> c(()), we have
~1
0p = Zd(” (di(l)) d0 e (from (85)]  (86)

l#/
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and by summing (86) over j = 1,2,...,m + 1, we have

m+1 m+1 ¢ ¢ -1 O
= Z Zdz,g (di )) di,e) Co)
1 i=1
= f#/

—1
_ 0 (40 40 0
= mZdZ’i (dl. ) .

i=1

(87)

By summing (87) over [ = 1,2, ..., w, we have

mzl zld(l) ( (1)) (l) (()l)
1 1
[from (84)].

[from (87)]

COr=m

To prove the converse, let G be a standard R-module such
that m 1 = Og. Define a linear code over G such that for

each/=1,2,...,w, we have
m+1
) _ 0
€ = @xj
j=1
m+1
D =zo@aV (=12...m+1)
i=1
J#i

m+1

D =z0 @x](.l).
j=1

For each/ = 1,2, ..., w, the receivers within each block
B (m + 1) can linearly recover their respective demands as
follows:

R(()l) e S) e(()l) =z

o . a O _ O
R; .e()eei =x (=12,...,m+1).

Receiver R, can linearly recover z as follows:

m+1 m+1
@ei(l)zz@(mz)@ m@x](.l)
i=1 j=1

=2z [from m = Og].

Thus the code is a linear solution for A, (m, w). ]

Proof of Lemma IV.7: Since a scalar linear solution over a
finite-field alphabet is a special case of a linear solution over a
standard module, by Lemma IV.6, A, (m, w) is scalar linearly
solvable over any finite-field alphabet whose characteristic
divides m, so the linear capacity for such finite-field alphabets
is at least 1. By Lemma I1.4, network Ny(m + 1) has capacity
equal to 1, and the block B(l)(m + 1) together with the source
nodes S, S{l ,Sél), . ..,S,(nJ)rl forms a copy of No(m + 1),
so the capacity of Aa(m, w) is at most 1. Thus both the
capacity of AV>(m, w) and its linear capacity over any finite-
field alphabet whose characteristic divides m are 1.

To prove part (c), consider a (k, n) fractional linear solution
for N2(m, w) over a finite field F whose characteristic does
not divide m. Since char(F) t m, the integer m is invertible in
F.

We have x](l), z € F* and e() O e F", with n > k,
since the capacity is one. There exist n x k coding matrices

Mj(.l), Ml.(l]). over I, such that foreach =1, 2, ..., w the edge
vectors can be written as:
m+1
0 _ 0 O
o Z My, *;
j=1
e =Mz + Z Ml(l]) j(” (i=1,2,...,m+1) (88)
J#l
m+1
n _ Mél)z 4 Z M]('l) x;l) (89)
j=1

and there exist k x n decoding matrices D() and D() over I,
such that for each / = 1,2,...,w and each i =1,2,.
m + 1, the message vector xl.( can be linearly decoded

at Rl.(l) from the n-vectors el.(l) and ) by:
oO. O_ pb,a 0,0
R : x"=D})e"+ D¢ (90)

Since receiver R, linearly recovers z from its incoming edge
vectors, we have

o I=12,...,w
i i=1,2,...m+1[ % oD
For eachl = 1,2,...,w and each i = 1,2,...,m + 1,

by (88) and (89), if we set xi(l) = 0 in (90), then, since ei(l)
does not depend on x(), we get the following relationship
among the remaining message vectors:

m+1
—pO | p® (GIN0 0,0
0=D;) | My z+ > M7 x| + D¢

(92)
j=l1
J#
and therefore
m+1
o) — DN I M2+ > MP 2P| (from 92)]. (93)
j=1
J#
Foreachl/ =1,2,...,wandeachi =1,2,...,m+ 1, let

Ql(lg be the matrix Q in Lemma A.5 corresponding to when
the matrix A is Dl.(lz.
For each [ = 1,2, ..., w, let L® be the fol(lowmg list of
o0 O b

2(m + 1) vector functlons of z,x1 7, x5 7, oo, X0y

m+1
] 1 1} ] .
o | M) z+ > MP x| =
j=1
J#

D i=1,2,...,m+1).

L2,...,m+1)

Foreachl =1,2,...,
have

wandeachi =1,2,...,m+ 1, we

m—+1
LY — D) | M+ > M0

j=1
J#

[from (93)],
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which, along with Lemma A.5, implies

m—+1
) (OIN0]
M z—i—ZMj X

LY — (94)
j=1
J#
We also have
m+1
e AM e+ > MO =12, w1
j=1
J#
m+1
N Z M(l)z—i— ZM(I) o|_ Mé’)z
J#l
m+1
=m+ M z+m > MPxD - mP
j=1
=me) — @ [from (89) and char(F) tm]  (95)
and
LW L® 5 7 [from (91)] (96)
For each [ = 1,2,...,w and each i = 1,2,...,m + 1,
we have
LO, 7 — D [from (94), (95)] 97)
LD,z — xO [from (90), 97)]. (98)
Thus it follows from (96) and (98) that
(1) (u)) (1) l=1,2,.. , W
LY L — 2 i=1,2,....,m+1 99)

We will now bound the number of independent entries in
each list LY.

By equating message components in equation (90), for each
[=1,2,...,wand eachi =1,2,...,m + 1, we have:

I = D) M [from (88), (89). (90)] (100)

Since each D() is k x n and k < n, the rank of each matrix
is at most k, but we also have

rank (Dl(lz)
rank (D;,lg Mi(l)) [from (22)]
=rank (Ix) = k [from (100)].

v

Hence rank (Dl(lz) = k, which by Lemma (A.5), implies

rank (Ql(lg) = n — k. Therefore each vector function

2.
0" | Mz + > w)

m+1

ZM(_z)xq) (=1,
— VY i=12,....m+1)
J#i

in the list L® has dimension n — k.
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If we view the message vectors as random variables, each
of whose k components are independent and uniformly dis-
tributed over the field I, then we have the following entropy
(using logarithms base |F|) upper bounds:

oloo & 0ol =120
1)) 1) h () = 5L
H|Q;, | My Z+Zle X i=1,2,...,m+1
j=
J#
<wm4+1)(n—k) (101)
and
H® T L2 <w(m+n. (102)
i=1’29 ’m+1 - ’

Therefore, the entropy of all of the vector functions in the
list of lists LM, ..., L™ is bounded by summing the bounds
in (101) and (102):

H(L“),...

But since each message is independent and uniformly
distributed over [F and z, xl.(l) c F*, we have
, W
,m+ 1

However, (99) implies this quantity is upper bounded by:

H(LD,...,L®)
<2wm+1)n—wm+1)k

,L<w>) <wlm+n—wm+ k. (103)

1=1,2
(wm + 1)+ )k = H(z, {xi(l) 12

[from (103)],
which implies

k - 2w(m + 1)

n” 2wm+1)+1°

Thus the linear capacity of A, (m, w) for finite-field alphabets
whose characteristic does not divide m is upper bounded by

1
C 2mw 42w+ 1

D. Proofs of Lemmas in Section V

Proof of Lemma V.2: Define permutations z1, 7 of Z,,a+1
as follows. For each a € Z,,«+1, let

a
3 na
i=0
denote the base m representation of a. We define

(43
r1(a) = m%ag + Zmi_lai

i=1

a
m(a) =a= Zmiai.

i=0

(104)

(105)

The (non-linear) permutation 71 performs a right-cyclic shift
of the base-m digits of a, and 7 is the identity permutation.
For each a € Z,,.+1, we will show that the mapping given by

a+— (mmi(a), sm®my(a))
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is injective. For each a,b € Z,,.+1, suppose
mmy(a) = mri(b) (mod m““)

sm®my(a) = sm®my(b) (mod m““)

(106)
(107)

o [
where a = Zm’ai and b = Zm’bi. Then we have
i=0 i=0

o a
> mia;i = mib; (mod m““) [from (104), (106)] .
i=1 i=1

Therefore

a; = b; (i=1,2,...,0£) [from O < a;, b; < m]

and

sm%ay = sm®bo (mod m‘”l) [from (103), (107)]

1

. m%ay = m*by (mod mot ) [from gecd(m, s) = 1]

c.oag = bo  [from 0 < ag, by < m].

Thus a = b.

We have shown that a = b if and only if mzi(a) =
mn1(b) and sm®mr(a) = sm®nr(b). Thus a can be uniquely
determined from mzi(a) and sm®my(a). This implies the
existence of the claimed mapping. ]

Proof of Lemma V.5:

Assume AN3(my, my) is solvable over the alphabet A. For
each [ = 1,2 the block BO(m;) together with the source
nodes S, Sl(l), Sg), e S,(,,l,) forms a copy of Ny(m;), so by
Lemma II.2, the edge functions within B () and B® (m,)
must satisfy Property P(m;) and Property P(m3), respec-
tively. Thus there exist Abelian groups (A, ®;) and (A, ®»)
with identity elements 0; and O, for the left-hand side and
right-hand side of the network, respectively, and permutations

n(()l), ﬂl(l), e, n,ff,) and aél), al(l), e, an(f,) of A, such that for
each!/ = 1,2 and each i = 1,2,...,my, the edges carry the
symbols:
m
e(()l) = O'él) @7{]@ (xj(-l)) (108)
j=1
mp
e =0 |2l & Pa (x](.l)) (109)
j=1
J#

m
= n(gl) (z) @i @ nj(-l) (xﬁl) )
j=1

where @ in each of the previous three equations denotes &;.

Now suppose to the contrary that m; and |A| are not
relatively prime and | A| divides m». Then, since (A, @;) is a
finite group, for all a € A, we have

a@ - @ a=0; [from |A||m2]~ (110)
N ——

my adds

Since m; and |.A| are not relatively prime, m| and |.4]| share
a common factor p. Since p | |A|, by Cauchy’s Theorem, there

exists a € A\{01} such that the order of a is p, and since p
divides m| we have

a®---Pra=0.
S ——}
m1 adds

Define two collections of messages as follows:

-1
W =20 G=12,m)

) - ) H-! .
= (o (0 00)) =12
—1
z=x" ()
and
A -1 7
;1):7%(_1) (@ (=1,2,...,m)
.2 (@ - '
= () () =2

= ﬂ'(gl)_l (a).

Since a # 01 and ﬂél) is bijective, it follows that z # Z.
By Properties P(mi) and P(m>) and (108) and (109),
we have

[ M

M=o - @0 |=6"0) (=0,1,...
—_— —

; ,m1)

m1 adds

—1 —1
ei(2) _ Ui(2) 7[(()2) (7[(()1) (()1)) Dy Do ﬂ(§2) (nél) (01))

my adds
=cP©0) (=0,1,...,m) [from (110)]
for the messages x](-l), z, and
eEI)ZGi(l) a@l"'@la :o-i(l)(ol) (l:()’ 19""m1)
—_—
m1 adds

~

ei(2) = o—l.(2 néz) (ﬂél)il(a)) G2 D2 ﬂéz) (ﬂél)il(a))
my adds

(i=0,1,...

=2 (0y) ,m2) [from (110)]

for the messages )251), Z. For both collections of messages, the

edge symbols e(()l), e%l), e, e,(,,ll) and e(()z), egz), R e,(nzz) are the

same, and therefore the decoded value z at R, must be the
same. However, this contradicts the fact that z # Z. |
Proof of Lemma V.6:
For any integers a, b, c > 1, we have

ged(a, b, ¢) = ged(ged(a, b) , ¢),

so by Lemma A.1 the integer gcd(m 1, my) is invertible in the
ring R if and only if

gcd(my, my, char(R)) = 1.

Thus it suffices to show that for each mi,m> and each
standard R-module G, network N3(m1, m3) is linearly solv-
able over G if and only if ged(m 1, m2) is invertible in R.
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Assume network A3(mi,my) is linearly solvable over
standard R-module G. The messages are drawn from G, and
there exist c(l) 0 e R, such that for each / = 1,2 and each
i=1,2,...,my, the edge symbols can be written as:

mj
&=@%M% am
j=1
mp
O = (o)D) aw
j=1
J#i
mj
oD — (cg> -z) o (cﬁ.” -xﬁ’)) (113)
j=1
and there exist ) d(l) € R, such that each receiver within

e’
BD(m;) can llnearly recover its respective demand from its
received edge symbols by:

RO .z o= (di)-e®) @ (d ) a4
RO 0 = (af)-e®) @ (¢ -ef).  a15)

Since R, linearly recovers z from its inputs, there exists

d(l) €R such that
(U0
(dz’i -e; ) .
I1=1 i=0

For each I = 1,2 the block B (m;) together with the
source nodes S, Sfl), sy ), . ,(,f/ forms a copy of No(ml)
so by Lemma II.3 and (111) — (115), each c() and each d
is invertible in R, and for each distinct i, j € {0, 1, mz},

we have
@) U]
€ j=— (di )

Equating message components at R, yields:

mj

@N

R, : (116)

L0 0

l€j'

(117)

my

=33

=1 i=1
2 m 1

=X >l (@) de  trom (117) (118)
I=1 i=1

and foreach/ =1,2 and each j =1,2,...,

OO
ox = > )l

i=0
i#]

[from (111), (112), (116)]

m;, we have

[from (111), (112), (116)]

my 1
15749 (dl.(l)) d? | ¥ [from (117)].  (119)

i=0
i#]

For each [ = 1,2, by right multiplying (119) by (c§’)) 'O,
we have

my _1
_ (OUNU] O 0 s
Or = Zdz,i (di ) digcy (=1

i=0
i#]

2, ...,m).  (120)
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Summing (120) over [ = 1,2 and j = 1,2,...,m; and
subtracting (118), yields
<~ 0 (0N 0
—lr = Zzzd 3 (di )) di,e) ¢y’
=1 j=0i=0
i#]
2 my
— z zd(l) ( (l)) (1) (1). 121)
=1 i=0

Equation (121) implies there exist r1, 7, € R such that

g =mir1 +mar. (122)

Since gcd(mi,my) can be factored out of both terms on
the right-hand side of equation (122), the ring element
ged(my, my) is invertible.

To prove the converse, let G be a standard R-module, such
that gcd(m1, my) is invertible in R. Define a linear code over
G for N3(my, my), for each I = 1,2, by:

my

WD

j=1

mjp
e =zo @ (=12,....m)

j=1
J#i

mp
— 0@
j=1

For each [ = 1,2, the receivers within BY)(m;) can linearly
recover their respective demands by:

o0

R(()l) eV o e(()l) =2z
o . O_, .0 ~_
R, .e()eei =x;7 (=12,...,m).

Let
my = m/ged(m1,mz) and m) = my/gcd(mi, my).

Then m/ and m/, are relatively prime, so there exist n1,n2 € Z
such that nym/ 4 nam’, = 1. Thus in R we have

(mim') 1g + (nom}) 1g = 1g.

Receiver R, can linearly recover message z as follows:

2 m
R;: @((nz gcd(my, mp)~ ) (lez% ei(l) o (mle(()z))))

((nl ged(m, mz)_l) - (my z))

EBN I

~

1
= (nim) z) ® (nam} z)
= ((mm)) 1g + (nam3) 1g) z = z.

Thus the code is a linear solution for ANV3(m1, m>). |

Proof of Lemma V.8: By Lemma V.6, the network
N3(m1, my) is scalar linearly solvable over any finite-field
alphabet whose characteristic is relatively prime to m or mo,
so the network’s linear capacity for such finite-field alphabets
is at least 1. By Lemma I1.4, network Ny(m) has capacity
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equal to 1, the block BM(m;) together with the source
nodes S, Sl(l), Sél), e S,(,,ll) forms a copy of Ny(m1), so the
capacity of N3(mj, my) is at most 1. Thus both the capacity
of N3(my,m2) and its linear capacity over any finite-field
alphabet whose characteristic is relatively prime to m or mj
are 1.

To prove part (c), consider a (k, n) fractional linear solution
for NV3(my,m;) over a finite field F whose characteristic
divides both m| and m,. Since char(IF) | m1 and char(F) | mo,
we have m; =my =0 in F.

We have xj(.l), z € F* and ei(l), e ¢ F*, with n > &,
since the capacity is one. There exist n x k coding matrices
Mj(.l), Ml.(,l]). with entries in I, such that for each I = 1,2 the
edge vectors can be written as:

my
! n

e => M %V (123)

j=1

m

e =M+ > MO i=12,.m) (29
j=1
J#
mp

e =mPz+> mP (125)
j=l1

and there exist k x n decoding matrices Dl.(lz , Dl.(l) with entries

in F, such that for each / = 1,2 the receivers within the

block B® (m;) can recover their respective demands from their
received edge vectors by:

RY: z=D, "+ DY e (126)
RV xP=pDe® 4 DO O (i =1,2,...,m). (127)

Since the receiver R, recovers message vector z linearly
from its incoming edge vectors, we have

o . =12
ei . my —> Z.

i=0,1,.
For each I = 1,2, by (123) and (125), if we set z = 0
in (126), we have

(128)

my
—_ nd (OIN0) (OIRO)]
O_Do,e E Mj x; + Dy’ e,
j=1

my
SO0 L ph )
j=1

and similarly, for each i = 1,2, ...,my, by (124) and (125),
if we set xl.( = 01in (127), we have

mj
NON BYIC O O 0,0
0="D;) | My z+ D M7 x| + D¢

j=1
J#i

mj
wel! — DI MP 2+ > MO X (130)

i
j=1
J#i

As in Lemma III.4, foreach/ = 1,2 and i = 1,2, ..., my,
let Qg) be the matrix Q in Lemma A.5 corresponding to when
D(()l) is the matrix A in the lemma, and let Ql(lz be the matrix
Q corresponding to when Dl.(i? is the matrix A.

Let LM and L® be the lists from Lemma 1114 (where z
plays the role of xg), corresponding to the left-hand side and
right-hand side of the network, respectively. Specifically, for
each I = 1,2, let L be the list

(.
o'
e? i=12,...,m)

1

00 [ M e+ S MO0 | =12, .
B
For each [ = 1, 2, we have
mj
LO — [ mPz+> M0 | (from (130)]
=

which, along with Lemma A.5, implies

mp
UV < VONG

(131)
j=l1
J#
For each [ = 1, 2, we also have
my
Mo+ > MO =12,
j=1
J#i
my my
0 o
— 2| My e+ D My
i=1 j=1
J#i
mj
=m M(gl)z 4+ (m;—1) ZM](-Z) x](.l)
j=I
mj
= — Z Mj(.l) x;l) [from char(IF) | ml] , (132)
j=1
and so
m
LH—» Mj(.l) xﬁ’) [from (131), (132)] (133)
j=l
LD — pP el [from (129), (133)] (134)
LY — e [from Lemma A5, (134)].  (135)
We have
LD, L® — 7 [from (128), (135)]. (136)
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For each [ =1, 2, we also have

mj
Z, ZM](.I) x§’) — D [from (125)]

(137)
j=l1
LO, 7 — D [from (133), (137)] (138)
and for eachi = 1,2, ..., m;, we have
L0, z — x [from (127), (138)]. (139
Thus equations (136) and (139) imply
M ;@ o . =12
LY, LY — z, Ixi S m | (140)

We have L") corresponding to the same set of vector
functions as the list L for Ni(m;) in Lemma IIL.4 (with a
slight change of labeling). Thus the bound on the entropy of
the list L in (64) in Lemma II1.4 can be used to bound the
entropy of the list LD, L®:

2
H (L<‘>, L(2>) <> @m+1)n — (m + k.
=1

(141)

But since each message is independent and uniformly
distributed over FF and z, xi(l) € F¥, we have

(m1+m2+1)k:H(z, [x.(l) :l.:

i i =
However, (140) implies this quantity is upper bounded by

H(Ly, L)

<Q@2mi+2my+2)n—(m +my+2) k [from (141)],

which implies

k - 2mq +2mo + 2

n = 2my +2my+3

Thus the linear capacity of N3(mi,mp) for finite-field
alphabets whose characteristic divides both 1 and m is upper
bounded by

1
C 2my 4+ 2my+ 3

Consider a
(k,n) = 2my +2my + 2, 2my + 2my + 3)
fractional linear code for A3(mi, my) over any finite-field

alphabet whose characteristic divides both mj and mo,
described below.
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Let the (k 4+ 1)-dimensional edge vectors on the
left-hand-side of the network be given by
mp _
2=, U=1,2....m)
j=1
J#l
() <[]
= ) —
[%]l 2157, (=mi+1,...,k
j=1
myp _
), (1=k+1)
—~ L7 j
l j=2
my
1
kh+§j¢ql (=1,2,...,m)
j=1
J#l
(1) nmi
= ) —
[e ], [Z]H—Z[xj ]l (=mi+1,....k
j=l1
my
e+ 2 [3"] @ =k+D)
j=l1

and foreachi =1,2,...,mq, let

-

| - 1=1,2,...,m
(1) = 1,4 ...,m]
Sl
[Z]l JZ:; J 1 (andl;éi )
J#
J#
mi
[Z]m1+1+2[x§1)]‘ (I=1i)
j=1 !
J#i
mi
(1 _
[Z]z—i-Z;[Xj | a=merin
]:
J#

L2y +it1 (I=k+1).

For brevity, let

o=2mi+my+2=k—my,

and let the (k+ 1)-dimensional edge vectors on the right-hand-
side of the network be given by

2
[eo ]1 -

r my

> [+7], 1=

j=1

1,2,...,9)

my

> |7

J=1
J#I=0

(=0+1,...,k)

my

217,

J=2

(I=k+1)
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1,2,...,9)

r[z]z + f [x;z)]l (
=1

[e(z)] _ ran+ f [xj?)]l (I=6+1,...,k
!

j=1
J#l=0
my
[2lo+ D [x;-z)]dﬂ (I=k+1)
L j=1
and foreachi = 1,2, ..., my, let
my
2
i+ [+P] =129
j=1
J#
my
o+ [+ @=d+D
®)) _ —1 o+j
“ 1= j#i
my
) Il=0+1,...,k
+ [x. ]
il ; 70 Nand 10+
J#
j#=5
L [2]2m+1+i (=k+1).

Foreachl =1,2,...,m, we have
nmj mi
M _ 1)
Z[ei ]1_ (m1 — D[zl + (my = 2) Z[xj ]1
i=1 j=1
i£l j#l
=zl — 2[6(()1)]1 [from char(F) |m].
(142)

(1]

Similarly, for each [ =Jd+ 1, ..., k, we have 2]

my

2 [

i=1
i£l—5

my

(ma—1) [z + (m2=2) . [xf('z)]z

j=1
A

—[2]1—2[6(()2)]1 [from char(FF) | mz] . (143)

[3]
[4]

[5]
Each of the receivers can linearly recover each of the

[6]
k=2mi;+2my+2

components of its demanded message vector as shown n

below.
For eachi = 1,2, ..., my, the left-hand-side receivers can
linearly recover their demands as follows:

R(()l) : [e(l)]l — [e(()l)]l =[zI;, d=1,2,...
s [ =[] =)
() -b)=B) (),

(8]
9]
k)

(10]

(11]

R, :
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Foreachi = 1,2, ..., my, the right-hand-side receivers can
linearly recover their demands as follows:

R [e@] —[e?] =121 a=1.2.000

RO . [e(z)] _[e_(z)] Z[xgz)]
L k41 I DY S PR

[6(2)]1 B [e’@]z - [x’@]z (lajdll,jé, 5+,lk) ’

The shared receiver can recover z as follows:

my

—2[ef’] =20 [e"], @ =120 m)
I

= [z]; [from (142)]

[ (1)] _[ (n] _
_el | €y 1 [Z]erl

[,

_elfml—ljlkJrl =zl (=m+2,....,2m +1)

[ @
_el(_)zml_l]kﬂ — el (=2mi4+2,...,6—1)

I (2)] _[ (2)]
A I P U P

[z]s

= [zl [from (143)].

Thus the code is, in fact, a linear solution for N3(mq, m2). W
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