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A Euclidean code is a finite set of code-
points in n-dimensional Euclidean space, R". The to-
tal number of nearest neighbors of a given codepoint
in the code is called its touching number, We show
that the maximum number of codepoints F,, that can
share the same nearest neighbor codepoint iz equal
to the maximum kissing number 7, in n dimensions,
that is, the maximum number of unit spheres that
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ean touch a given unit sphere without overlapping.
We then apply a known upper bound on r, to ob-
tain F, < 2n(04004201))  which improves upon the best
known upper bound of F, < 2" We also show
that the average touching number of all the points in
a Euclidean code is upper bounded by r..

[. INTRODUCTION

A FEuclidean code is a finile set Y of M > 1 points in n-
dimensional Euclidean space R™. The touching number T, of
a codepoint a is the number of touching points of a. The total
touching number of a code is the sum of the touching numbers
of each point in the code. The average touching number is
the total touching number divided by M, the size of the code.
Also of interest for a given codepoint o is the total number
of codepoints which have & as a touching point. Denote by
Fn the maximum number of points in R"™ that can share a
common nearest neighbor, where the maximum is taken over
all possible arrangements of points

Il. MaIN REsuLT

In a sphere packing, the kissing number (or contact number)
of any sphere is the number of spheres in the packing that it
is tangent to. The mazimum kissing number in R™, denoted
by 7, is the largest kissing number that can be attained by
any packing of n-dimensional spheres.

The main results of this paper (Theorem 1 and Theorem 2)
show that r, equals the maximum number F, of codepoints
that can share a common nearest neighbor codepoint and that
rn upper bounds the average touching number of a code,

The number of points in R™ that can share a common near-
est neighor point plays an important role in a widely diver-
sified set of fields of research. For example, some researchers
in psychology have investigated the nearest neighbor problem
from a statistical point of view [1], [3]. In [2], an extensive
experimental study was done to compute a histogram for the
values of I, based on a statistical model. Other studies of the
number of points having a given point as a nearest neighbor
have been done in such fields as sociology, biology, cognitive
psychology, and ecology (e.g. see the references listed in [1]).

The quantity F, also plays an important role in the field of
nonparametric (distribution free) estimation. In [4] it is shown
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that F, is independent of the code size for metrics induced by
arbitrary norms in ™. A bound of F,, € 3" — | =~ 21%%n
for all n > 1 was cited in [5] as an upper bound which is
independent of the code size. Rogers (7, Theorem 3] derived
bounds on the number of unit spheres needed to cover a given
sphere of arbitrary radius when n > 9. Fritz [8], citing the
bounds of Rogers, noted that F,, can be approximately upper
bounded by F,, < 2"+« Stone [6, Proposition 12] has
shown that [, can be upper bounded by the minimum number
ol 60” cones emanating from a point thalt can cover space,
Combining Stone's result with the earlier result of Rogers also
gives F, < 2"00441)) - The essential difference between our
bound and the weaker one of Stone and Rogers is that theirs is
based on a minimal covering while ours is based on a maximal
packing.

Theorem 1 The marirmum number of points in R"™ which
can have a common nearest neighbor is equal to the mazi-

mum kissing number (i.e. Fn = va), and is thus bounded as
Q02075 m(1+1)) £ p e gnl04014e(1))
2 <F.<2 :

Theorem 2 The average touching number of any Euclidean
code in R™ 11 less than or equal to the marimum kissing num-
ber T, and thus is upper bounded by 2040 +o(1))
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