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Abstract — Two sufficient conditions are given for the exis-
tence of binary fix-fr ee codes. The results move closer to the
Ahlswede-Ballenhol-Khachatrian conjecture that Kraft sumsof
at most 3 /4 sufficefor the existenceof fix-fr eecodes.

For eachnonngative integern let {0,1}" denotethe setof all
binary wordsof lengthn, andlet {0,1}* denotethe setof all finite
length binary words, including the empty word. A binary codeis
ary finite subsetof {0,1}* that doesnot containthe empty word.
The elementsf a codeare called codevords For ary two words
u,v € {0,1}", letuv denoteheconcatenatioof » andv. Theword
u is calleda prefix of wv andwv is called a sufix of uwv. A prefix-
free codeis a codesuchthat no codevord is a prefix of ary other
codevord. A sufix-free codeis a codesuchthat no codevord is a
suffix of ary othercodavord. A fix-freecodeis a codethatis a both
aprefix-freecodeanda suffix-free code.For ary wordw € {0,1}",
let £(u) denotethe lengthof w in bits, andlet 7 denotethe bitwise
complemenof u. If asetS of numbersf empty thenwe adoptthe
corventionmax(S) = —oo.

In a fix-free code,ary finite sequencef codavords canbe de-
codedin both directions,which canimprove robustnesgo channel
noise.

For ary nonngative mappingm : Z+ — Z,theKraft sumof m
is thequantity

S(m) =Y m(i)2™".
i€zt
If a codehasexactly m(i) codavords of lengths for eachi € Z,
then we say the codeis an m-code. The elementsof the support
supp(m) = {i € Z* : m(i) > 0} arecalledlengthsand each
quantitym(z) is calledthe multiplicity of thelengthi. The mapping
m is calleda multiplicity function

Kraft [2] shavedin 1949thatevery prefix-freecodemusthave a
Kraft sumof atmost1, andfor every multiplicity functionwith Kraft
sumat most1, thereexists a correspondingrefix-freecode. The
sameresultholdsfor sufix-free codesaswell. Ahlswede,Balken-
hol, andKhachatriarf1] conjecturedn 1996thatananalogousesult
holdsfor fix-free codesbut with the Kraft sumboundbeing3/4 in-
steadof 1. Specifically they conjecturedhatif S(m) < 3/4, then
thereexistsafix-free m-code.

They proved the conjectureis true in the wealer casewhenthe
Kraft sumis atmost1/2. They alsoprovedthe converseof the con-
jecture,namelythatary Kraft sumboundguaranteeinghe existence
of a fix-free codemustbe at most3/4. Thereare clearly fix-free
codeswhoseKraft sumis largerthan3/4 (suchasthe setof all bi-
narywordsof a givenlength,whoseKraft sumis 1), but thesedo not
violate the conjecture.Instead the conjecturegivesthe Kraft bound
asasuficientconditionto guarante¢heexistenceof afix-free codes.

Ahlswede Balkenhol,andKhachatriarprovedtheir conjecturean
the specialcasewhere every two codevords either hase the same
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lengthor have onecodevord atleasttwice aslong asthe othercode-
word. Sincetheir conjecturewas made, several researcherhiave
proven other specialcasesalthoughthe generalconjecturestill re-
mainsanopenproblem.

Haradaand Kobayashi[3] shaved thatif |supp(m)| < 2 and
S(m) < 3/4, thenthereexists a fix-free m-code. Ye andYeung[4]
shaved thatif 1 € supp(m) andS(m) < 5/8, thenthereexists
a fix-free m-code. The also shaved that if max(supp(m)) < 7
andS(m) < 3/4, thenthereexists a fix-free m-code. Yekhanin[5]
shaved that if max(supp(m)) < 8 andS(m) < 3/4, thenthere
existsafix-free m-code.Yekhaninalsoshavedthatif 1 € supp(m)
andS(m) < 3/4, thenthereexistsafix-free m-code.In addition,Ye
andYeunggave someothersuffiicient conditionsfor theconjecturdo
hold, althoughnotin theform of Kraft sumbounds.

In this paper we partly prove the conjectureby consideringwo
speciakcasegTheoremd and2). In bothcaseswe prove theconjec-
ture holdsif anadditionalconstraintis put on the multiplicity func-
tion. We demonstratehat the classesof multiplicity functionsfor
which our resultshold containsmary casesot coveredby previous
known results.

Theorem1 Letm bea multiplicity functionsud that

max{m(3) : i # max(supp(m))} < 2™r(EuPP(m) =2

If S(m) < 3/4, thenthere existsa fix-freem-code

Theorem2 Letm bea multiplicity functionsud thatm(z) < 2 for

all ¢ # max(supp(m)).
If S(m) < 3/4, thenthere existsa fix-freem-code
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