
A PolygonalLine Algorithm for Constructing
Principal Curves
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Abstract

Principalcurveshave beendefinedas “self consistent”smoothcurves
which passthroughthe “middle” of a d-dimensionalprobability distri-
bution or datacloud. Recently, we [1] have offereda new approachby
definingprincipal curvesascontinuouscurvesof a given lengthwhich
minimizetheexpectedsquareddistancebetweenthecurveandpointsof
the spacerandomlychosenaccordingto a givendistribution. The new
definitionmadeit possibleto carryout a theoreticalanalysisof learning
principalcurvesfrom trainingdata.In this paperwe proposea practical
constructionbasedonthenew definition.Simulationresultsdemonstrate
that thenew algorithmcomparesfavorablywith previousmethodsboth
in termsof performanceandcomputationalcomplexity.

1 Intr oduction

Hastie[2] andHastieandStuetzle[3] (hereafterHS)generalizedtheselfconsistency prop-
erty of principal componentsandintroducedthe notion of principal curves. Considera
d-dimensionalrandomvector X � �

X � 1���������	� X � d ��
 with finite secondmoments,and let
f
�
t 
 � �

f1
�
t 
��������
� fd � t 
�
 bea smoothcurve in � d parameterizedby t ��� . For any x ��� d

let t f
�
x 
 denotethe parametervaluet for which the distancebetweenx and f

�
t 
 is mini-

mized. By the HS definition, f
�
t 
 is a principalcurve if it doesnot intersectitself andis

self consistent,thatis, f
�
t 
 � E

�
X � tf � X 
 � t 
 . Intuitively speaking,self-consistency means

thateachpointof f is theaverage(underthedistributionof X) of pointsthatprojectthere.
Basedon their defining propertyHS developedan algorithm for constructingprincipal
curvesfor distributionsor datasets,anddescribedan applicationin the StanfordLinear
ColliderProject[3].



Principalcurveshave beenappliedby BanfieldandRaftery[4] to identify theoutlinesof
icefloesin satelliteimages.Theirmethodof clusteringaboutprincipalcurvesledto afully
automaticmethodfor identifying ice floesandtheir outlines.On thetheoreticalside,Tib-
shirani[5] introduceda semiparametricmodelfor principalcurvesandproposeda method
for estimatingprincipalcurvesusingtheEM algorithm. Recently, Delicado[6] proposed
yet anotherdefinitionbasedon a propertyof the first principal componentsof multivari-
atenormaldistributions.CloseconnectionsbetweenprincipalcurvesandKohonen’sself-
organizingmapswerepointedout by Mulier andCherkassky [7]. Self-organizingmaps
werealsousedby Deretal. [8] for constructingprincipalcurves.

Thereis an unsatisfactoryaspectof the definition of principal curvesin the original HS
paperaswell asin subsequentworks. Althoughprincipalcurveshave beendefinedto be
nonparametric, their existencefor a given distribution or probability densityis an open
question,exceptfor very specialcasessuchaselliptical distributions. This alsomakesit
difficult to theoreticallyanalyzeany learningschemesfor principalcurves.

Recently, we [1] have proposeda new definition of principal curveswhich resolvesthis
problem.In thenew definition,a curve f � is calleda principalcurveof lengthL for X if f �
minimizes∆

�
f 
 � E � inft � X � f

�
t 
 � 2� � E � X � f

�
tf
�
X 
�
 � 2, theexpectedsquareddistance

betweenX andthecurve,overall curvesof lengthlessthanor equalto L. It wasprovedin
[1] that for any X with finite secondmomentstherealwaysexistsa principalcurve in the
new sense.

A theoreticalalgorithmhasalsobeendevelopedto estimateprincipal curvesbasedon a
commonmodelin statisticallearningtheory(e.g.see[9]). Supposethatthedistributionof
X is concentratedonaclosedandboundedconvex setK ��� d, andwearegivenn training
pointsX1

�������	� Xn drawn independentlyfrom thedistributionof X. Let � denotethefamily
of curvestakingvaluesin K andhaving lengthnot greaterthanL. For k � 1 let � k bethe
setof polygonal(piecewiselinear)curvesin K which have k segmentsandwhoselengths
donotexceedL. Let

∆
�
x � f 
 � min

t
� x � f

�
t 
 � 2 (1)

denotethe squareddistancebetweenx and f. For any f ��� the empirical squareder-
ror of f on the training data is the sampleaverage∆n

�
f 
 � 1

n ∑n
i � 1 ∆

�
X i
� f 
 . Let the

theoreticalalgorithm choosean fk � n ��� k which minimizes the empirical error, i.e, let
fk � n � argminf �! k

∆n
�
f 
 . It wasshown in [1] that if k is chosento beproportionalto n1" 3,

thentheexpectedsquaredlossof theempiricallyoptimalpolygonalcurvewith k segments
and lengthat mostL converges,asn # ∞, to the squaredlossof the principal curve of
lengthL ata rate∆

�
fk � n 
 � ∆

�
f � 
 � O

�
n $ 1" 3 
 .

Althoughamenableto theoreticalanalysis,thealgorithmin [1] is computationallyburden-
somefor implementation.In this paperwe develop a suboptimalalgorithmfor learning
principalcurves.Thispracticalalgorithmproducespolygonalcurveapproximationsto the
principalcurve just asthetheoreticalmethoddoes,but globaloptimizationis replacedby
a lesscomplex iterativedescentmethod.We givesimulationresultsandcompareouralgo-
rithm with previouswork. In general,on examplesconsideredby HS theperformanceof
thenew algorithmis comparablewith theHS algorithm,while it provesto bemorerobust
to changesin thedatageneratingmodel.

2 A PolygonalLine Algorithm

Givena setof datapoints% n
�'& x1

�������	� xn ( �)� d, thetaskof finding thepolygonalcurve
with k segmentsandlengthL which minimizes1

n ∑n
i � 1 ∆

�
xi
� f 
 is computationallydifficult.

We proposea suboptimalmethodwith reasonablecomplexity. The basicideais to start
with a straightline segmentf1 � n (k � 1) andin eachiterationof thealgorithmto increase



thenumberof segmentsby oneby addinganew vertex to thepolygonalcurvefk � n produced
by thepreviousiteration.After addinganew vertex, thepositionsof all verticesareupdated
in aninnerloop.
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Figure1: Thecurvesfk � n producedby thepolygonalline algorithmfor n � 100datapoints.
The datawasgeneratedby addingindependentGaussianerrorsto both coordinatesof a
point chosenrandomlyon a half circle. (a) f1 � n, (b) f2 � n, (c) f4 � n, (d) f11� n (theoutputof the
algorithm).
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Figure2: Theflow chartof thepolygonalline algorithm.

The inner loop consistsof a projectionstepandan optimizationstep. In the projection
stepthedatapointsarepartitionedinto “Voronoi regions” accordingto which segmentor
vertex they project. In theoptimizationstepthenew positionof eachvertex is determined
by minimizing anaveragesquareddistancecriterionpenalizedby a measureof the local
curvature.Thesetwo stepsareiterateduntil convergenceis achievedand fk � n is produced.
Thena new vertex is added.

Thealgorithmstopswhenk exceedsa thresholdc
�
n � ∆ 
 . This stoppingcriterion is based

on a heuristiccomplexity measure,determinedby thenumbersegmentsk, thenumberof
datapointsn, andtheaveragesquareddistance∆n

�
fk � n 
 .

THE INITIALIZATION STEP. To obtainf1 � n, take theshortestsegmentof thefirst principal
componentline whichcontainsall of theprojecteddatapoints.

THE PROJECTION STEP. Let f denotea polygonalcurve with verticesv1
�������	� vk* 1 and

closedline segmentss1
�������
� sk, suchthatsi connectsverticesvi andvi * 1. In this stepthe

dataset % n is partitionedinto (at most) 2k + 1 disjoint setsV1
�������	� Vk* 1 and S1

�������
� Sk,
the Voronoi regionsof the verticesandsegmentsof f, in the following manner. For any
x �,� d let ∆

�
x � si


 bethesquareddistancefrom x to si (seedefinition(1)),andlet ∆
�
x � vi


 �� x � vi � 2. Thenlet

Vi
�.- x �/% n : ∆

�
x � vi


 � ∆
�
x � f 
0� ∆

�
x � vi


21 ∆
�
x � vm


�� m � 1 �������3� i � 1 4 �
UponsettingV �65 k * 1

i � 1 Vi , theSi setsaredefinedby

Si
�7- x �8% n : x 9� V � ∆ � x � si


 � ∆
�
x � f 
0� ∆

�
x � si


21 ∆
�
x � sm


0� m � 1 �������	� i � 1 4 �
Theresultingpartitionis illustratedin Figure3.
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Figure3: TheVoronoipartitioninducedby theverticesandsegmentsof f

THE VERTEX OPTIMIZATION STEP. In this stepwe iterateover thevertices,andrelocate
eachvertex while all the othersarekept fixed. For eachvertex, we minimize ∆n

�
vi

 +

λpP
�
vi

 , a local averagesquareddistancecriterion penalizedby a measureof the local

curvatureby usingagradient(steepestdescent)method.

Thelocalmeasureof theaveragesquareddistanceis calculatedfrom thedatapointswhich
project to vi or to the line segment(s)startingat vi (seeProjectionStep). Accordingly,
let σ * � vi


 � ∑x � Si
∆
�
x � si


 , σ $ � vi

 � ∑x � Si K 1

∆
�
x � si $ 1


 , andν
�
vi

 � ∑x � Vi

∆
�
x � vi


 . Now
definethelocalaveragesquareddistanceasa functionof vi by

∆n
�
vi

 �

LMMMMMMMMMN MMMMMMMMMO

ν
�
vi

 + σ * � vi


�Vi ��+P�Si � if i � 1

σ $ � vi

 + ν

�
vi

 + σ * � vi


�Si $ 1 ��+P�Vi ��+6�Si � if 1 1 i 1 k + 1

σ $ � vi

 + ν

�
vi

�Si $ 1 ��+P�Vi � if i � k + 1 �

(2)

In the theoreticalalgorithmtheaveragesquareddistance∆n
�
x � f 
 is minimizedsubjectto

theconstraintthat f is a polygonalcurvewith k segmentsandlengthnotexceedingL. One
could usea Lagrangianformulationandattemptto find a new position for vi (while all
otherverticesarefixed)suchthat thepenalizedsquarederror∆n

�
f 
 + λl

�
f 
 2 is minimum.

However, we have observed that this approachis very sensitive to the choiceof λ, and
reproducestheestimationbiasof theHSalgorithmwhichflattensthecurveatareasof high
curvature. So, insteadof directly penalizingthe lengthsof the line segments,we chose
to penalizesharpanglesto obtaina smoothcurve solution. Nonetheless,notethat if only
onevertex is moved at a time, penalizingsharpangleswill indirectly penalizelong line
segments. At inner verticesvi , 3 Q i Q k � 1 we penalizethe sumof the cosinesof the
threeanglesat verticesvi $ 1, vi , and vi * 1. The cosinefunction was picked becauseof
its regularbehavior aroundπ, which makesit especiallysuitablefor the steepestdescent
algorithm. To make thealgorithminvariantunderscaling,we multiply thecosinesby the
squaredradiusof thedata,that is, r � 1R 2maxx �!S n � y �!S n � x � y � . At theendpointsandat
their immediateneighbors(vi , i � 1 � 2 � k � k + 1), wherepenalizingsharpanglesdoesnot
translateto penalizinglong line segments,the penaltyon a nonexistentangleis replaced
by a direct penaltyon the squaredlengthof the first (or last) segment. Formally, let γi
denotetheangleat vertex vi , let π

�
vi

 � r2 � 1 + cosγi


 , let µ* � vi

 � � vi � vi * 1 � 2, andlet

µ$ � vi

 � � vi � vi $ 1 � 2. Thenthepenaltyatvertex vi is

P
�
vi

 �

LMMMN MMMO
2µ* � vi


 + π
�
vi * 1


 if i � 1
µ$ � vi


 + π
�
vi

 + π

�
vi * 1


 if i � 2
π
�
vi $ 1


 + π
�
vi

 + π

�
vi * 1


 if 2 Q i Q k � 1
π
�
vi $ 1


 + π
�
vi

 + µ* � vi


 if i � k
π
�
vi $ 1


 + 2µ$ � vi

 if i � k + 1 �



Oneimportantissueis theamountof smoothingrequiredfor a givendataset. In theHS
algorithmoneneedsto set the penaltycoefficient of the splinesmoother, or the spanof
the scatterplotsmoother. In our algorithm,the correspondingparameteris the curvature
penaltyfactorλp. If somea priori knowledgeaboutthedistribution is available,onecan
useit to determinethesmoothingparameter. However in theabsenceof suchknowledge,
thecoefficient shouldbedata-dependent.Intuitively, λp shouldincreasewith thenumber
of segmentsandthesizeof theaveragesquarederror, andit shoulddecreasewith thedata
size. Basedon heuristicconsiderationsandafter carryingout practicalexperiments,we
setλp

� λ Tpn $ 1" 3∆n
�
fk � n 
 1" 2r $ 1, whereλ Tp is a parameterof thealgorithm,andcanbekept

fixedfor substantiallydifferentdatasets.

ADDING A NEW VERTEX . We startwith theoptimizedfk � n andchoosethesegmentthat
hasthelargestnumberof datapointsprojectingto it. If morethenonesuchsegmentexists,
we choosethe longestone. The midpoint of this segmentis selectedasthe new vertex.
Formally, let I � - i : �Si �U�'�Sj � � j � 1 �������	� k 4 , and V � argmaxi � I � vi � vi * 1 � . Thenthe
new vertex is vnew

� �
v WX+ v W * 1


 R 2.

STOPPING CONDITION. Accordingto the theoreticalresultsof [1], the numberof seg-
mentsk shouldbeproportionalto n1" 3 to achieve theO

�
n1" 3 
 convergenceratefor theex-

pectedsquareddistance.Althoughthetheoreticalboundsarenot tight enoughto determine
theoptimalnumberof segmentsfor a givendatasize,we found thatk Y n1" 3 alsoworks
in practice.To achieverobustnesswe needto make k sensitive to theaveragesquareddis-
tance.Thestoppingconditionblendsthesetwo considerations.Thealgorithmstopswhen
k exceedsc

�
n � ∆n

�
fk � n 
�
 � λkn1" 3∆n

�
fk � n 
 $ 1" 2r.

COMPUTATIONAL COMPLEXITY. Thecomplexity of the inner loop is dominatedby the
complexity of theprojectionstep,which is O

�
nk
 . Increasingthenumberof segmentsby

oneata time(asdescribedin Section2), andusingthestoppingconditionof Section2, the
computationalcomplexity of thealgorithmbecomesO

�
n5" 3 
 . Thisisslightlybetterthanthe

O
�
n2 
 complexity of theHS algorithm. Thecomplexity canbedramaticallydecreasedif,

insteadof addingonly onevertex, anew vertex is placedat themidpointof everysegment,
giving O

�
n4" 3 logn
 , or if k is setto beaconstant,giving O

�
n
 . Thesesimplificationswork

well in certainsituations,but theoriginalalgorithmis morerobust.

3 Experimental Results

We have extensively testedour algorithmon two-dimensionaldatasets. In mostexperi-
mentsthe datawasgeneratedby a commonlyused(see,e.g.,[3] [5] [7]) additive model
X � Y + e, whereY is uniformly distributedonasmoothplanarcurve(hereaftercalledthe
generatingcurve) ande is bivariateadditivenoisewhich is independentof Y.

Sincethe“true” principalcurve is not known (notethat thegeneratingcurve in themodel
X � Y + e is in generalnot a principalcurveeitherin theHSsenseor in ourdefinition),it
is hardto give anobjective measureof performance.For this reason,in what follows, the
performanceis judgedsubjectively, mainlyon thebasisof how closelytheresultingcurve
followstheshapeof thegeneratingcurve.

In general,in simulationexamplesconsideredby HStheperformanceof thenew algorithm
is comparablewith theHSalgorithm.Dueto thedata-dependenceof thecurvaturepenalty
factorandthestoppingcondition,ouralgorithmturnsoutto bemorerobustto alterationsin
thedatageneratingmodel,aswell asto changesin theparametersof theparticularmodel.

We usevaryinggeneratingshapes,noiseparameters,anddatasizesto demonstratethero-
bustnessof thepolygonalline algorithm.All of theplots in Figure4 show thegenerating
curve (GeneratorCurve), the curve producedby our polygonalline algorithm(Principal



Curve),andthecurve producedby theHS algorithmwith splinesmoothing(HS Principal
Curve), which we have found to performbetterthanthe HS algorithmusingscatterplot
smoothing.For closedgeneratingcurveswe alsoincludethecurve producedby theBan-
field andRaftery(BR) algorithm[4], whichextendstheHSalgorithmto closedcurves(BR
PrincipalCurve). Thetwo coefficientsof thepolygonalline algorithmaresetin all exper-
imentsto theconstantvaluesλk

� 0 � 3 andλ Tp � 0 � 1. All plotshave beennormalizedto fit
in a 2 Z 2 square.Theparametersgivenbelow referto valuesbeforethisnormalization.
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Figure4: (a) The Cir cle Example: the BR andthe polygonalline algorithmshow less
biasthantheHS algorithm.(b) The Half Cir cleExample: theHS andthepolygonalline
algorithmsproducesimilarcurves.(c) and(d) Transformed Data Sets: thepolygonalline
algorithmstill follows fairly closelythe“distorted”shapes.(e)Small NoiseVarianceand
(f) Lar ge SampleSize: the curvesproducedby the polygonalline algorithmarenearly
indistinguishablefrom thegeneratingcurves.

In Figure4(a)thegeneratingcurveis acircleof radiusr � 1,ande � � e1
� e2

 is azeromean

bivariateuncorrelatedGaussianwith varianceE
�
e2

i

 � 0 � 04, i � 1 � 2. Theperformanceof

the threealgorithms(HS, BR, andthepolygonalline algorithm)is comparable,although
theHSalgorithmexhibitsmorebiasthantheothertwo. NotethattheBR algorithm[4] has
beentailoredto fit closedcurvesandto reducetheestimationbias.In Figure4(b),only half
of thecircle is usedasageneratingcurveandtheotherparametersremainthesame.Here,
too,boththeHSandouralgorithmbehavesimilarly.

Whenwe departfrom theseusualsettingsthepolygonalline algorithmexhibits betterbe-
havior thantheHS algorithm.In Figure4(c) thedatasetof Figure4(b)waslinearly trans-
formedusingthematrix [ 0 \ 6 0 \ 6$ 1 \ 0 1 \ 2 ] . In Figure4(d) thetransformation[ $ 1 \ 0 $ 1 \ 2

1 \ 0 $ 0 \ 2 ] wasused.
The original datasetwasgeneratedby an S-shapedgeneratingcurve, consistingof two
half circlesof unit radii, to which thesameGaussiannoisewasaddedasin Figure4(b). In
bothcasesthepolygonalline algorithmproducescurvesthatfit thegeneratorcurve more
closely. This is especiallynoticeablein Figure4(c) wheretheHS principalcurve fails to
follow theshapeof thedistortedhalf circle.



Therearetwo situationswhenweexpectouralgorithmto performparticularlywell. If the
distribution is concentratedon a curve, thenaccordingto both theHS andour definitions
the principal curve is the generatingcurve itself. Thus, if the noisevarianceis small,
we expectbothalgorithmsto very closelyapproximatethegeneratingcurve. Thedatain
Figure4(e) wasgeneratedusingthesameadditive Gaussianmodelasin Figure4(a),but
thenoisevariancewasreducedto E

�
e2

i

 � 0 � 001for i � 1 � 2. In thiscasewefoundthatthe

polygonalline algorithmoutperformedboththeHSandtheBR algorithms.

The secondcaseis whenthe samplesizeis large. Although the generatingcurve is not
necessarilythe principal curve of the distribution, it is naturalto expectthe algorithmto
well approximatethegeneratingcurve asthesamplesizegrows. Sucha caseis shown in
Figure4(f), wheren � 10000datapointsweregenerated(but only a smallsubsetof these
wasactuallyplotted).Herethepolygonalline algorithmapproximatesthegeneratingcurve
with muchbetteraccuracy thantheHSalgorithm.

TheJava implementationof thealgorithmis availableat theWWW site
http://www.cs.concordia.ca/˜grad/ kegl/p curve demo. html

4 Conclusion

We offereda new definition of principal curvesand presenteda practicalalgorithmfor
constructingprincipalcurvesfor datasets.Onesignificantdifferencebetweenourmethod
and previous principal curve algorithms([3],[4], and [8]) is that, motivatedby the new
definition,ouralgorithmminimizesadistancecriterion(2) betweenthedatapointsandthe
polygonalcurveratherthanminimizingadistancecriterionbetweenthedatapointsandthe
verticesof thepolygonalcurve.Thisandtheintroductionof thedata-dependentsmoothing
factorλp madeour algorithmmorerobust to variationsin thedatadistribution, while we
couldkeepcomputationalcomplexity low.
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