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I. INTRODUCTION

One approach to improving the performance of a quan-
tizer that transmits across a noisy channel is to design the
quantizer’s encoder and/or decoder to take into account the
statistics of the channel. Necessary optimality conditions for
such channel optimized encoders and decoders were given in
[3]. Alternatively, an explicit error control code can be cas-
caded with the quantizer, at the expense of added transmission
rate. Additionally, the choice of index assignment in mapping
source code words to channel code words can increase the per-
formance of a quantization system with a noisy channel.

We examine quantizers with uniform decoders and channel
optimized encoders. In particular, we investigate the Natural
Binary Code index assignment and we introduce a new affine
index assignment which we call the Modified Natural Code.
We analyze the occurrence of empty encoding cells in such
quantizers by computing their “effective channel code rate”,
which describes the number of empty cells, viewed in terms
of implicit channel coding. We also examine the high resolu-
tion distribution of their encoding cells (i.e. the cell density
function), and the mean squared errors the quantizers achieve.

II. ENCODER OPTIMIZED UNIFORM (QUANTIZERS

The cascade of a rate k quantizer having no empty cells
with a (n,k) block channel code can equivalently be viewed
as a rate n quantizer with 2" cells, 2F of which are nonempty.
To quantify the amount of natural error protection em-
bedded in quantizers designed for noisy channels, we de-
fine the effective channel code rate of a quantizer as r. =
(1/n)log |{nonempty encoding cells}|. The effective channel
code rate of a rate k quantizer cascaded with an (n, k) block
channel code (viewed as a rate n quantizer) is k/n, i.e., the
rate of the channel code. We compute 7. for certain quantizers
that can not be decomposed as cascades of (lower transmission
rate) quantizers with channel codes.

Let an encoder optimized uniform quantizer denote a rate
n quantizer with a uniform decoder and a channel optimized
encoder, along with a uniform source on [0,1], and a binary
symmetric channel with bit error probability e.

Theorem 1. An encoder optimized uniform quantizer with
the Natural Binary Code index assignment has an effective
channel code rate of re =1 for alln > 1 and € € [0,1/2).

Theorem 2. Forn > 2, an encoder optimized uniform quan-
tizer with the Modified Natural Code index assignment has an
effective channel code rate of
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where €, < 27"~ s the unique root of the polynomial —8e> +
(4 — 2" 4+ (24 2" e — 1 in the interval (0,1/2).

Theorem 2 shows for any e > 0, for n sufficiently large
an encoder optimized uniform quantizer with the Modified
Natural Code has half the number of nonempty encoding cells
as one with the Natural Binary Code. Theorem 3 shows that
despite this fact, the Modified Natural Code and the Natural
Binary Code induce the same cell density function.

Theorem 3. A sequence of encoder optimized uniform quan-
tizers with either the Natural Binary Code or the Modified
Natural Code index assignment has a cell density function

v(w)={ o

In [1, 2, 4] it was shown that for all n and all € the Nat-
ural Binary Code is optimal for quantizers with no channel
optimization and with channel optimized decoders. Theorem
4, however, shows that with a channel optimized encoder, for
every ¢ > 0, the Modified Natural Code index assignment
outperforms the Natural Binary Code for n sufficiently large.
Let Dg’o") denote the end-to-end MSE of an encoder optimized
uniform quantizer with index assignment 7.
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Theorem 4. Dg\ch) < DS\(IJBC) if and only if n > 3 and
€ > én, where €, 18 the unique root of the polynomial 4(2"™ —
4)e* 427 (2" —2)e® —2(22 — 272 _4)e? 427 (2" —4)e—1 on
the interval (0,1/2), and 272" < &, < 272"*! when n > 4.
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