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Abstract

Scalarquantizerswith uniform encodersandchanneloptimizeddecodersarestud-
ied for uniform sourcesandbinary symmetric channels. It is shown that the Natural
Binary CodeandFoldedBinary Codeinducepoint density functionsthatareuniform
onproper subintervalsof thesourcesupport, whereastheGrayCodedoesnot inducea
point density function. Themeansquarederrorsfor theNaturalBinary Code,Folded
Binary Code,GrayCode,andfor randomly chosen index assignmentsarecalculated
andtheNaturalBinary Codeis shown to bemeansquaredoptimalamongall possible
index assignments. In contrast,it is shown thatalmostall index assignmentsperform
poorly andhave degeneratecodebooks.

1 Introduction

Themostbasicsourceandquantizeraretheuniform scalarsourceandtheuniform scalar
quantizer. If thesourceis uniform on

�������	�
, for example,thenan 
 -bit uniform quantizer

hasequallyspacedencodingcellsof size �
��� andhasequallyspacedoutputpoints which
arethecentersof theencodingcells. For this source,themeansquareddistortion of this
quantizeris known exactly whenthereis no channelnoise,andis known to be minimal
amongall quantizers.

In thepresenceof channelnoise,oneapproachto improving systemperformanceis to
addexplicit errorcontrolcoding,sothatsomeof thetransmission rateis devotedtowards
sourcecodingandsometowardschannelcoding. Drawbacksof this include the added
complexity anddelayof channeldecoding.

An alternative low-complexity approachin the presenceof channelnoiseis to addto
thequantizeranindex assignment, which permutesthebinarywordsassociatedwith each
encodingcell prior to transmissionoverthechannel,andthenunpermutesthebinarywords
at thereceiver prior to assigning a reproductionpoint at theoutput.Thecellsareassumed
to belabeledin increasingorderfrom left to right, beforetheindex assignment.Examples�

Supported in part by the National ScienceFoundation. The authors are with the Department of
Electrical andComputerEngineering, University of California, SanDiego, 9500Gilman Dr. MC 0407,
La Jolla, CA 92093-0407. Telephone: 858-822-0440 (Zeger), 858-822-1250 (Farber). Email: � farber,
zeger� @code.ucsd.edu



of index assignments includethe NaturalBinary Code,the FoldedBinary Code,andthe
GrayCode.Thebenefitof an index assignmentis derivedfrom thefact that reproduction
codepointsthat are relatively closeon the real line canbe assignedbinary wordswhich
areclosein theHammingsense(i.e. in thenumberof samebits) on average.Thuswhen
channelerrorsoccur, themeansquarederrorimpacton thequantizeris reduced.

YamaguchiandHuang[6] andHuang[7] derivedformulasfor themeansquarederror
of uniform scalarquantizersanduniform sourcesfor the NaturalBinary Code,the Gray
Code,andfor a randomlychosenindex assignmenton a binarysymmetricchannel.They
alsoasserted(withoutapublishedproof) theoptimality of theNaturalBinaryCodefor the
binarysymmetricchannel.Crimminset al. [1] studiedtheuniformscalarquantizerfor the
uniform sourceandprovedtheYamaguchi-Huangassertion,that theNaturalBinary Code
is thebestpossible index assignmentin themeansquaredsensefor thebinarysymmetric
channel.McLaughlin, Neuhoff, andAshley [2] generalizedthis resultfor certainuniform
vectorquantizersanduniform vectorsources.Otherthanthesepapers,thereareno others
presentlyknown in theliteraturegiving index assignmentoptimality results.In [3] explicit
meansquarederror formulaswerecomputedfor uniform sourceson binary asymmetric
channelswith variousstructuredclassesof index assignments. In [4] it wasshown thatfor
theuniformsourceanduniformquantizerthemeansquarederrorresultingfromarandomly
chosenindex assignmentwas,on average,equalin thelimit of large 
 to thatof theworst
possible index assignment. In this sensethe result showed that randomlychosenindex
assignments are asymptotically bad. A numberof papershave alsostudiedalgorithmic
techniquesfor designinggoodindex assignmentsfor particularsourcesandchannels(see
thecitationsin [5, p. 2372]).

While index assignmentscanimprove therobustness of quantizersdesignedfor noise-
lesschannelsto thedegradationcausedby channelnoise,anotherlow-complexity approach
is to usequantizerswhoseencodersand/ordecodersaredesignedfor thechannel’sstatisti-
calbehavior. It is known thatanoptimalquantizerfor anoiselesschannelmustsatisfywhat
areknown as“nearestneighbor”and“centroid” conditionson its encoderanddecoder, re-
spectively. For discretememorylesschannelsit is known that an optimal quantizermust
satisfywhatwecall “weightednearestneighbor”and“weightedcentroid”conditionsonits
encoderanddecoder, respectively (see[8] for example).Evenfor uniform scalarsources,
theresultingquantizersin generaldo not have uniform encodingcellsnor equallyspaced
reproductioncodepoints. In factvery litt le is presentlyunderstoodanalyticallyaboutquan-
tizers for noisy channelsbeyond the Natural Binary Codeoptimality resultspreviously
mentionedfor uniformquantizers.

In thepresentpaper, we attemptto move a stepclosertowardsunderstanding optimal
quantizationfor noisychannelsby examining thestructureof quantizerswith uniform en-
codersandchanneloptimizeddecoders(i.e. thatsatisfytheweightedcentroidcondition),
for uniform sourceson

�������	�
andfor certainpreviously studiedindex assignments. In par-

ticular, we studythehigh resolutiondistribution of codepointsfor suchquantizersandthe
resultingdistortions.Slightlymoregeneral,but notationally cumbersomeresultscouldalso
beeasilyobtainedfrom our resultsby allowing thesourceto beconfinedto any bounded
interval insteadof just

���
���	�
.

An importanttool in analyzingthe performanceof quantizersis the conceptof point
densityfunctions. Pointdensityfunctionscharacterizethe high resolutiondistribution of
scalarquantizercodepoints.As aresult,they provideinsightabouttheasymptotic behavior



of scalarquantizercodebooksandencodingcells. Pointdensityfunctionsalsoareuseful
in analyzingthedistortion of quantizers.For example,Bennett’s integral givestheaverage
distortion in thehighresolutioncasefor anonuniformquantizerin termsof apointdensity
function,sourcedistribution,andsizeof thequantizercodebook(see[5] for moredetails).
For uniform quantizers,thecomputation of a point densityfunctionis trivial. For nonuni-
form quantizershowever, point densityfunctionsarenot alwaysguaranteedto exist, and
whenthey do,their computationcanbedifficult.

Pointdensityfunctionsdependonthequantizerdecoders.Channeloptimizedquantizer
decoders,in turn, dependon thesource,thequantizerencoder, thechannel,andtheindex
assignment. For this paper, we assumea uniform sourceon [0,1], a uniform quantizer
encoder, a channeloptimizedquantizerdecoder, anda binarysymmetric channelwith bit
error probability � . An index assignmentmapssourcecodewordsto channelcodewords.
Thequantizerhas ��� encodingcells,andindex assignments areone-to-onemapsfrom the
index of anencodingcell to abinarywordof length 
 . Thesewordsaretransmittedacross
thechannelanddecodedaccordingto theweightedcentroidcondition.

Certainresultswe obtainaresomewhatcounter-intuitive. For example,we show that
for abinarysymmetric channelwith bit errorprobability � , quantizersusingtheNaturalBi-
naryCodeindex assignmentand 
 bitsof resolutionhavecodepointsuniformly distributed
on theinterval

� ����� ����� � � � � where ����� ��� � �"!$#%� �'&)( . This is peculiarin light of the
factthatthesourceis uniformly distributedon theinterval

���
���	�
, andyet asymptotically as
+* , no codepointsarelocatedwithin a distanceof � from
�

or
�
. The lack of code-

pointsin regionsof positivesourceprobability is dueto thereductionin averagedistortion
that resultsfrom moving codepointscloserto the sourcemean(by theweightedcentroid
condition), to avoid large jumpsin Euclideandistancefrom channelerrors.Theweighted
centroidconditiondictatesthismovementof codepointsto minimizeaveragedistortionfor
a given quantizerencoder. A similar resultoccursfor the FoldedBinary Code. For the
GrayCodeindex assignment, weshow thatin factnopointdensityfunctionexists.

We alsoshow thatasymptotically, almostall index assignmentsgive riseto quantizers
which have almostall of their codepointsclusteredvery closeto thesource’s meanvalue
(i.e.

� #%� ). Thus almostall index assignmentsare bad. As 
 grows, the clusteringof
codepointsbecomestighterandtighter. This contrastswith the NaturalBinary Codeand
theFoldedBinaryCodecaseswherethecodepointsremainuniformly distributedonproper
subsetsof

�������	�
no matterhow large 
 becomes.An additionalcuriositywe show is that

amongall possibleindex assignments,theNaturalBinary Codeis optimaldespiteits lack
of codepointswithin � of

�
or

�
.

Ourmainresultsfor quantizerswith uniformencodersandchanneloptimizeddecoders
are the following. First, we show that the NaturalBinary Codeindex assignmentyields
a uniform point densityfunctionon the interval �-� ���.� �/! (Theorem3.1), the FoldedBi-
nary Codeindex assignmentyields a uniform point densityfunction on a union of two
propersubintervalsof

�����	�	�
(Theorem4.1),theGrayCodeindex assignmentdoesnotyield

apointdensityfunction(Theorem5.1),andanarbitrarily largefractionof all index assign-
mentshave anarbitrarily large fractionof codepointsarbitrarily closeto thesourcemean
as 
0* , (Theorem6.1). Thenwe extenda result in [4] by showing that most index
assignments areasymptotically bad(Theorem7.1), andwe extendresultsin [3], [6], and
[7] by computingthe meansquarederror resultingfrom the NaturalBinary Code(The-
orem7.3), the FoldedBinary Code(Theorem7.5), the Gray Code(Theorem7.7), anda



randomlychosenindex assignment(Theorem7.9). As comparisons, we statepreviously
known meansquarederrorformulasfor channelunoptimizeddecoders(i.e. thatsatisfythe
centroidcondition), for theNaturalBinary Code(Theorem7.2), the FoldedBinary Code
(Theorem7.4),theGrayCode(Theorem7.6),andfor arandomlychosenindex assignment
(Theorem7.8). Finally we extendthe (uniform scalarquantizer)proof in [2] by showing
thattheNaturalBinaryCodeis anoptimalindex assignment(Theorem7.10).

In orderto conservespace,wehaveprovidedproof sketchesto only two results.

2 Preliminaries

A rate 
 quantizer on
�������	�

is a mapping 132 �����	�	�4� * 576 � � � ! � 6 � � � ! ��8	8�89� 6 � �:��� �;� !=< 8
Thereal-valuedquantities6 � �?>@! arecalledcodepointsandtheset 576 � � � ! �	8�8�8	� 6 � �:� � �+� !=<
is called a codebook. For a noiselesschannel,the quantizer 1 is the composition of
a quantizerencoderand a quantizer decoder. Theseare respectively mappings 1BA;2�������	�C� * 5 �����%�	8�8�8D� ��� �E� < and 1�FG2H5 �����%�	8�8�8D� ��� �E� < � * 576 � � � ! � 6 � � � ! ��8�8	89� 6 � �-��� �E� !=<
suchthat 1�F��?>I!E�J6 � �?>I! for all > . For each > the set 1 �K( �?6 � �L>@!M!N� 1 �K(A �/1 �K(F �L6 � �?>I!M!$! is
called the > th encodingcell. The quantizerencoderis said to be uniform if for each > ,1 �K( �?6 � �L>@!$!POQ�L>@� ��� � �L>R� � !$� ��� ! 8

Thenearestneighborcellsof a rate 
 quantizerarethesetsS � �?>I!T�Q5'UV2XW 6 � �?>I! � UYW[ZW 6 � �]\[! � UYW �_^ \V`�a>$< for
�cb > b � � �d�

. Let e denoteLebesguemeasureandfor each> letf � �?>I!Y�aeg�-S � �?>I!M! 8 A quantizer’sencoderis saidtosatisfythenearestneighborcondition if
for each> , 1h�K(	�L6 � �?>I!M!iOjS � �L>@! 8 Thatis, its encodingcellsareessentiallynearestneighbor
cells(boundarypointscanbeassignedarbitrarily).

For a given 
 , > , and sourcerandomvariable k , the centroid of the > th cell of the
quantizer1 is theconditionalmeanl � �L>@!m�on � k�Wp1��Lkg!m�Q6 � �L>@! �:8 Thequantizerdecoder
is saidto satisfythecentroid condition if thecodepointssatisfy 6 � �L>@!��ql � �?>@! for all > . A
quantizeris uniformif theencoderis uniformandfor each> thedecodercodepoint6 � �?>I! is
themidpoint of thecell 1 �K( �?6 � �?>@!$! . In particular, if thesourceis uniform, thena uniform
quantizersatisfiesthenearestneighborandcentroidconditions.

For arate 
 quantizer, anindex assignmentr � is apermutationof theset 5 �����%�	8�8�8D� � � �� < . Let sXt@u denotethe setof all �v��w suchpermutations. For a noisy channel,a random
variablekyx �����	�	�

is quantizedby transmitting theindex z��{r � �"1GA��|kg!M! acrossthechan-
nel, receiving index } from the channel,andthendecodingthe codepoint6 � �Lr �K(� �@}~!$!B�1GFv�Lr �K(� �@}~!$! . We imposethe following monotonicity constrainton quantizerencodersin
orderto beableto unambiguouslyrefer to certainindex assignments:For all � �$� x ���
���	�

,
if ��Z �

, then 1�A	�:�7! b 1GA	� � ! . The meansquared error (MSE) is definedas � �n � �Lk � 1GFv�Lr �K(� �@}~!$!M! t � 8 Therandomindex } is a functionof thesourcerandomvariablek , therandomnessin thechannel,andthedeterministic functions 1�A and r � .
Assumeabinarysymmetric channelwith bit errorprobability � . Denotetheprobability

thatindex \ wasreceived,giventhatindex > wassentby ���p\XW >@!T�{�	� u������ �M� � �C� �"! �v� � u������ �$� for�_b � b0� # � , where� � �?> � \[! is theHamming distancebetween
 -bit binarywords > and\ .
Let �H�L>9W \[! denotetheprobabilitythatindex > wassent,giventhatindex \ wasreceived.

For a givensourcek , channel�����?W���! , index assignment r � , andquantizerencoder, the



quantizerdecoderis saidto satisfytheweightedcentroid conditionif thecodepointssatisfy

6 � �p\[!�� t u �K(� ���H� l � �?>I!����Lr � �?>I!7W r � �]\[!$! 8
Throughoutthis paperwe assumea uniform quantizerencoder, sothecentroidsof theen-
codercellsaregivenby l � �?>I!����L>)�;� � # �%!M!$����� for

�Eb > b �7� �j�
. For a givenquantizer

encoderandindex assignment,we saythequantizerdecoderis channeloptimizedif it sat-
isfies the weightedcentroidcondition. Sincea quantizerdecoderobeying the weighted
centroidconditionminimizesthemeansquarederrorfor agiven quantizerencoderandin-
dex assignment,wearealsousingchanneloptimizedto denoteaMMSE quantizerdecoder.

For any set � , let �~���LU)! be the indicator function of � . For each 
 andeachindex
assignmentr � x�s�t@u , definethefunction   � � �¡ u 2 �����	�	� * ����� ,+! by

  � � �¡ u �LU)!T� t u �K(� �¢�H�
�� � f � �?>I! �~£ u ���¢� �LU)! 8

For asequencer � xgs�t u (for 
¤� �%� � ��8	8�8 ) of index assignments,if thereexistsa function  suchthat  ��LU)!¥�§¦�¨]© �'ªm«   � � �¡ u �LU)! ^ U�x �������	�
and ¬ (�  ­�|U)!H®¯U°� �

then   is saidto bea
pointdensityfunctionwith respectto 5'r � < .

Let a channeloptimizeduniform quantizer denotea rate 
 quantizerwith a uniform
encoderon

�������	�
anda channeloptimizeddecoder, alongwith a uniform sourceon

���
���	�
,

anda binary symmetric channelwith bit error probability � . Let a channelunoptimized
uniformquantizerdenotea rate 
 uniformquantizeron

�����	�	�
, alongwith a uniformsource

on
�������9�

, andabinarysymmetricchannelwith bit errorprobability � .
3 Natural Binary Code Index Assignment

For each
 , theNatural BinaryCode(NBC) is theindex assignmentdefinedbyr ��±�²´³K�� �L>@!T�{> for
�cb > b � � �+� 8

The following theoremshows that with the NaturalBinary Code,the quantizercode-
pointsareuniformly distributedon a propersubinterval in thesource’s supportregion, in
the limit of high resolution. As the channelimproves(i.e. as �E* �

), the point density
functionapproachesauniformdistribution on

�������	�
.

Theorem 3.1 A sequenceof channeloptimizeduniformquantizerswith theNatural Binary
Codeindex assignmenthasa pointdensityfunctiongivenby

 ��LU)!T�¶µ ((@� t@· ¨]¸­�mZ¹UVZ �P� �� º »/¼H½9¾$¿ ¨]À ½ 8



4 Folded Binary Code Index Assignment

For each
 , theFoldedBinaryCode(FBC) is theindex assignmentdefinedby

r ��Á´²´³K�� �L>@!T�¶µ � ���K( �¹�4� >Â¨p¸ �Nb > b � ���K( ���> ¨p¸Ã� �v�K( b > b � � ��� 8
The following theoremshows that with the FoldedBinary Code,the quantizercode-

pointsareuniformly distributedon two propersubintervalsof thesource’s supportregion,
in thelimit of high resolution.

Theorem 4.1 A sequenceof channeloptimizeduniform quantizerswith theFoldedBinary
Codeindex assignmenthasa pointdensityfunctiongivenby

 ��LU)!T�ÅÄ (� (@� t@· �]Æ ¨p¸mÇ · � t@· Æt Z¹UVZ (@� · & t@· Æt º ¾ (-& · � t@· Æt Z¹U¤Z �m�qÈ Ç · � t@· Æt É� ºv»/¼H½9¾$¿ ¨�À ½ 8
5 Gray Code Index Assignment

For each
 , let r ��ÊK³K�� denotetheGrayCode(GC) index assignment,recursively definedbyr ��ÊK³K�( � � !�� �r ��ÊK³K�( � � !�� �
r ��ÊK³K��'&)( �L>@! �ÅÄ r ��ÊK³K�� �?>I! ¨]¸ �_b > b � � �+�r ��ÊK³K�� �:� �'&)( ���m� >@!C�Ë� � ¨]¸¤� � b > b � ��&)( �+�%8

Theorem 5.1 A sequenceof channeloptimizeduniform quantizerswith the Gray Code
index assignmentdoesnothavea pointdensityfunction.

6 Randomly Chosen Index Assignments

Supposefor each
ÍÌ �
anindex assignmentÎ � is chosenuniformly at randomfrom the

setof all � � w index assignments. Then   doesnotexist in adeterministic senseasthelimit
of   � � �Ï u . However, thedistributionof codepointscanstill becharacterizedprobabilistically.

The theorembelow shows that asymptotically, an arbitrarily large fraction of index
assignments induceanarbitrarily largefractionof codepointsto bearbitrarilycloseto

� #%� .
This resultis in contrastto thefact that theNaturalBinary Codeindex assignmenthasan
arbitrarilysmallfractionof codepointsarbitrarily closeto

� #%� .
Theorem 6.1 For a channeloptimizeduniformquantizer,arbitrarily small Ð � � �M�iÑ¹�

, and
 sufficiently large, at least � �_� Ð !M�%�
w index assignmentseach haveat least � ��� �7!M�¯�
codepointswithin a distanceof

�
from

� #%� .



Proof: AssumeÎ � is chosenuniformly at randomfrom theset s­t u of all � � w index assign-
ments.Let �.�a�"#H� �m� �/! andnotethat � �m� �"!	� � �Í� !Y� �

. Also, letÒ � �ÔÓ´l � �p\
! � ��)Õ Ó ��m� � ��� ÕjÖ � �m� �"! � � � ��� × 8
By theChebychev inequality, for any

�iÑ¹�
, it canbeshown that�� � wCØØØØ µ r � xgs�t@u�2 ØØØØ 6 � �p\[!

� ��ÙØØØØ
ÑË�7Ú ØØØØ Z�Û¥Ü ¾ �?6 � �p\[!M!� ��� W Ò � WÝ! t 8

Thus,for any � ÑÞ�
thereareat most t u�ß t u� �Kà áIâ ��ã u � �M�p���ä �Rå æ u å �pÆ index assignments r � xËs�t@u , such

that for eachsuch r � , thereexist at least � codepoints6 � �]\[! satisfying ØØ 6 � �]\[! � (t ØØ Ñç�
.

Taking �0�;è�� � we getthefollowing equivalentconclusion.For any èéxË� ���	� ! , thereare

at least ���[w È �m� à áIâ ��ã u �Ý�$�]�ê ��ä �Rå æ u å � Æ É index assignments r � xÍs�t@u suchthat for eachsuch r � , there

exist atmost è�� � codepoints6 � �]\[! satisfying ØØ 6 � �p\[! � (t ØØ ÑË�
.

A careful look at the varianceshows a dependency on \ but we can easily make a
uniform upperboundon the variancewhich goesto zero at the speedëì�:�H��í9�v! , whereî � � ¦ º%ï t � �h� � �Ù�a� � t ! Ñ��

. We choose
� �Âè;�J� ��í	��ð:ñ . This implies that for any
 , a fractionof at least

��� ëò�:� ��í	�'ð:ñ ! of all index assignmentshave thepropertythat the
fractionof codepoints6 � �p\
! fartherfrom

� # � than ����í	��ð:ñ , is atmost �
��í	��ð:ñ . ó
7 Distortion Analysis

Let r � betheindex assignmentfor a rate 
 quantizerwith auniformencoderon
�������9�

for a
uniformsourceon

�������	�
anda binarysymmetricchannelwith bit errorprobability � . Then

theend-to-endMSE canbewrittenas

� � ¡ u9� � t u �K(� �¢�H� t u �K(� �M�H� ���|r � �p\[!7W r � �?>I!M!Kô ��� &)( � ð t u� ð t u �|U � 6 � �p\
!$! t ®%U 8
For any index assignment r � xõs�t@u , let � � ¡ u9�ö¯÷ denotetheMSEof achannelunoptimized

uniformquantizerandlet � � ¡ u9�övø denotetheMSEof achanneloptimizeduniformquantizer.
A sequenceof index assignmentsr � xõs�t u is saidto beoptimalfor a channelunoptimized
uniformquantizer if for all 
 andfor all r­ù� x�s�t@u , � � ¡ u �ö%÷ b � � ¡9úu �ö%÷ andis saidto beoptimal
for a channeloptimizeduniform quantizer if for all 
 andfor all r ù� xõs�t@u , � � ¡ u9�övø b � � ¡	úu �ö�ø .

In [4] it wasshown thatrandomlychosenindex assignments for achannelunoptimized
uniformquantizerareasymptotically badin thesensethattheirMSEapproachesthatof the
worstpossible index assignment in the limit as 
¹* , . The following theoremextends
theresultto achanneloptimizeduniformquantizer.

Theorem 7.1 Themeansquarederror of a channeloptimizeduniformquantizeris at most� # � � , andfor 
 sufficientlylarge, anarbitrarily largefractionof index assignmentsachieve
a meansquarederror arbitrarily closeto

� # � � .



AlthoughTheorem7.1indicatesthatasymptotically mostindex assignmentsyieldmean
squarederrorscloseto

� # � � , in thefollowing it will beshown thattheNaturalBinaryCode,
theFoldedBinaryCode,andtheGrayCodeperformsubstantiallybetterasymptotically.

Thenext two theoremsgive themeansquarederrorsfor theNaturalBinary Codewith
a channelunoptimizeddecoderandwith a channeloptimizeddecoder. Theorem7.2 was
statedin [6] (see,e.g. [3] for a proof). The resultsaregiven asa function of the quan-
tizer rate 
 andthe channelbit error probability � . Analogousresultsarethengiven for
theFoldedBinary Code,theGrayCode,andtheaveragefor an index assignmentchosen
uniformly at random.

Theorem 7.2 Themeansquared error of a channelunoptimizeduniform quantizerwith
theNatural BinaryCodeindex assignmentis

� ��±�²´³K�ö%÷ � �¯� t �� � � �û Ö �m� � � t � × 8
Theorem 7.3 Themeansquarederror of a channeloptimizeduniformquantizerwith the
Natural BinaryCodeindex assignmentis

� ��±�²´³K�övø � � � t �� � � �'� �m� �/!û Ö �m� � � t � × 8
Thenext two theoremsgive themeansquarederrorsfor theFoldedBinary Codewith

a channelunoptimizeddecoderandwith a channeloptimizeddecoder. Theorem7.4 was
givenin [3].

Theorem 7.4 Themeansquared error of a channelunoptimizeduniform quantizerwith
theFoldedBinaryCodeindex assignmentis� ��Á´²´³K�ö%÷ � �� � Ö@ü � � � � t �¹� � t � � �m�þý �­� ý � t ! × 8
Theorem 7.5 Themeansquarederror of a channeloptimizeduniformquantizerwith the
FoldedBinaryCodeindex assignmentis� ��Á´²´³K�ö�ø � �� � Ö@ü � � ÿ � t � ý � Ç � � � ñ � � � t � � �m� �v�"! ñD× 8

Thenext two theoremsgive themeansquarederrorsfor theGrayCodewith a channel
unoptimizeddecoderandwith achanneloptimizeddecoder. Theorem7.6wasstatedin [7]
(see,e.g.[3] for aproof).

Theorem 7.6 Themeansquared error of a channelunoptimizeduniform quantizerwith
theGrayCodeindex assignmentis

� ��ÊK³K�ö%÷ � �
� � ��� t �� � � Ö (ñ � ·t × Ö �4� Ö (ñ � ·t × � ×Çt �Ë� 8



Theorem 7.7 Themeansquarederror of a channeloptimizeduniformquantizerwith the
GrayCodeindex assignmentis

� ��ÊK³K�ö�ø � �� � � �
� � �m� Ö (t � � × t �Ö (t � � × � t �+� 8

It canbeseenfrom Theorem7.2 andTheorem7.3 that for theNBC, the reductionin
MSE obtainedby usinga channeloptimizedquantizerdecoderinsteadof oneobeying the
centroidcondition, is � t � �.� �¯� t �¯!$# û . For small � , theMSE reductionis thussmall. For
a randomlychosenindex assignmenthowever, Theorem7.8 andTheorem7.9 show that
channeloptimizeddecodersreducetheaveragedistortionby a factorof two overdecoders
obeying the centroidcondition, independentof � , in the limit as 
;* , . Theorem7.8
was statedin [6], and [4] containsa conciseproof. Let � � £ � ±��ö%÷ be a randomvariable
denotingthe MSE of a channelunoptimized uniform quantizerwith a randomlychosen
index assignment.

Theorem 7.8 Theaveragemeansquarederror ofachannelunoptimizeduniformquantizer
with an index assignmentchosenuniformly at random is

n � � � £ � ±��ö%÷ � � ��� t �� � � �
� � �m� �:�7�4� � !9� �m� �"!@�� ��� � 8

Sincemostindex assignmentsareasymptotically bad,theiraverageisbadaswell. More
precisely, thenext theoremshowsthattheaverageasymptotic MSEof achanneloptimized
uniform quantizerwith an arbitraryindex assignmentconvergesto

� # � � , consistentwith
Theorem7.1. Let � � £ � ±��ö�ø bea randomvariabledenotingtheMSE of a channeloptimized
uniformquantizerwith a randomlychosenindex assignment.

Theorem 7.9 Theaverage meansquarederror of a channeloptimizeduniformquantizer
with an index assignmentchosenuniformly at random is

n � � � £ � ±­�ö�ø � � � � t �� � � �� � � �m� �:� � � � !9� �m� � �­�¹� � t ! �� �.��� � 8
Crimminset al. [1] andMcLaughlin, Neuhoff, andAshley [2] showedthattheNatural

Binary Codeis optimalfor a channelunoptimizeduniform quantizer.We next extendthe
proof in [2] to show that theNaturalBinary Codeis alsooptimal for a channeloptimized
uniformquantizer.

Theorem 7.10 TheNatural Binary Codeindex assignment is optimal for a channelopti-
mizeduniformquantizer.

Proof: Let l � � l � � � ! � l � � � ! ��8�8�89� l � �:� � �o� ! � ä and 6 � � 6 � � � ! � 6 � � � ! ��8�8�89� 6 � �:� � �o� ! � ä
denotethecolumnvectorsof cell centroidsandcodepoints, respectively, andlet � ¡ u denote
the � ��� � � matrixwhose�?> � \[! ä�� elementsare ���Lr � �?>I!7W r � �]\[!$! . Thenit canbeshown that� � ¡ u �övø � �û � � ���	� 6 � t



� �û � � ��� l ä�
 � t¡
����� ö��u 
hä l� �û � � ����� ä � t¡������ ö
�u �� �û � � ����� ä��� ¡������ ö
�u � (7.1)

where 
 is a � ��� � � permutation matrix suchthat � t¡ u � 
 � t¡
����� ö��u 
 ä , where � � 
 ä l ,
andwhere �� ¡������ ö
�u is the sameas � ¡������ ö
�u but with � replacedby � ��� � � �"!ìxç� ���	� #%�%! .
McLaughlin, Neuhoff, andAshley [2] showed that for every �dx¶� ����� #%� ! , the quadratic
form � ä � ¡
����� ö��u � (andthusin particular� ä �� ¡
����� ö��u � ) is maximizedfor uniformsourcesand

uniform quantizerssatisfying � � l � �L>@!h� �
, when r � ��r ��±­²R³K�� . Shifting thesupportof

a uniform sourcefrom
�������	�

to
���B� #%� ��� # � � changeseachtermin (7.1)by a constantterm,

independentof the index assignment.Thus � � ¡ u �övø is minimizedwhen r � ��r ��±�²´³K�� , and
thereforetheNaturalBinaryCodeis optimalfor channeloptimizeduniformquantizers.ó
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