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Abstract

Scalarguartizerswith uniform encalersandchamel optimizeddemdersarestud
ied for uniform sour@sandbinary symmetrc chamels. It is shavn thatthe Naturd
Binary CodeandFoldedBinary Codeinducepoint dersity functionsthatareuniform
on prope subirtervals of the sourcesuppat, whereaghe Gray Codedoesnotinducea
point dengty function. The meansquaed errorsfor the NaturalBinary Code,Folded
Binary Code,Gray Code,andfor rancomly chofnindex assigmentsare calculated
andthe NaturalBinary Codeis shavn to be meansquaed optimalamongall possble
index assigiments In contrast, it is shavn thatalmostall index assgnmentsperform
pooily andhave degereratecodebools.

1 Introduction

The mostbasicsourceandquantizerarethe uniform scalarsourceandthe uniform scalar
quantizer If the sourceis uniformon [0, 1], for example,thenan n-bit uniform quantizer
hasequallyspacedtncodingcells of size2~" andhasequallyspacedutputpoints which
arethe centersof the encodingcells. For this source the meansquaredlistortian of this
guantizeris known exactly whenthereis no channelnoise,andis known to be minimal
amongall quantizers.

In the presencef channelnoise,oneapproacho improving systemperformancaes to
addexplicit error control coding,so thatsomeof the transmisgn rateis devotedtowards
sourcecoding and sometowardschannelcoding. Drawbacksof this include the added
complity anddelayof channeldecoding.

An alternatve low-compkxity approachn the presenceof channelnoiseis to addto
the quantizeranindex assignmentwhich permutegshe binary wordsassociatedavith each
encodingcell prior to transmisgn overthechannelandthenunpermuteshebinarywords
attherecever prior to assignng a reproductiorpoint at the output. The cellsareassumed
to belabeledin increasingorderfrom left to right, beforetheindex assignmentExamples
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of index assignmergtinclude the Natural Binary Code,the FoldedBinary Code,andthe

Gray Code. The benefitof anindex assignmenis derived from the factthatreproduction
codepointghat arerelatively closeon the real line can be assignedinary words which

areclosein the Hammingsensei.e. in the numberof samebits) on average.Thuswhen

channelerrorsoccut the meansquarecderrorimpacton the quantizers reduced.

YamaguchandHuang[6] andHuang[7] derivedformulasfor the meansquarecderror
of uniform scalarquantizersand uniform sourcedor the Natural Binary Code,the Gray
Code,andfor arandomlychosenndex assignnenton a binary symmetricchannel.They
alsoasserteqwithout a publishedoroof) the optimality of the NaturalBinary Codefor the
binarysymmetricchannel. Crimminsetal. [1] studiedthe uniform scalarquantizerfor the
uniform sourceandprovedthe Yamaguchi-Huangssertionthatthe NaturalBinary Code
is the bestpossibé index assignmenin the meansquaredsenseor the binary symmetric
channel.McLaughlin, Neuhof, andAshley [2] generalizedhis resultfor certainuniform
vectorquantizersaanduniform vectorsources Otherthanthesepapersthereareno others
presentlyknown in theliteraturegiving index assignmenoptimality results.In [3] explicit
meansquarederror formulaswere computedfor uniform sourceson binary asymmetric
channelswith variousstructurecclasse®f index assignmerst In [4] it wasshown thatfor
theuniformsourceanduniformquantizethemeansquarecerrorresultingfrom arandomly
chosernindex assignnentwas,on average equalin thelimit of largen to thatof the worst
possibé index assignment In this sensethe result shaved that randomly chosenindex
assignmergtare asymptaically bad. A numberof papershave also studiedalgorithnic
techniquedor designinggoodindex assignrentsfor particularsourcesandchannelqsee
thecitationsin [5, p. 2372)).

While index assignmentsanimprove therobustnes of quantizersdesignedor noise-
lesschanneldo thedegradatiorcausedy channehoise anothetow-compleity approach
is to usequantizersvhoseencodersnd/ordecoderaredesignedor the channels statigi-
calbehaior. It is known thatanoptimalquantizerfor anoiselesg€hannemustsatisfywhat
areknown as“nearesteighbor’and“centroid” conditonson its encoderanddecoderre-
spectvely. For discretememorylesshannelst is known that an optimal quantizermust
satisfywhatwe call “weightednearesheighbor’and“weightedcentroid”conditionsonits
encoderanddecoderrespectrely (see[8] for example).Evenfor uniform scalarsources,
theresultingquantizersn generaldo not have uniform encodingcells nor equallyspaced
reproductiorcodepointsin factvery little is presentlyunderstoocnalyticallyaboutquan-
tizers for noisy channelsbeyond the Natural Binary Code optimality resultsprevioudy
mentionedor uniform quantizers.

In the presentipaper we attemptto move a stepclosertowardsunderstandtig optimal
guantizatiorfor noisy channeldy examinirg the structureof quantizerswith uniform en-
codersandchanneloptimizeddecodergi.e. thatsatisfythe weightedcentroidcondition),
for uniform sourceon [0, 1] andfor certainprevioudy studiedindex assignmerst In par
ticular, we studythe high resolutiondistribution of codepointgor suchquantizersandthe
resultingdistortions. Slightly moregeneralut notatiorally cumbersomeesultscouldalso
be easilyobtainedfrom our resultsby allowing the sourceto be confinedto any bounded
interval insteadof just|[0, 1].

An importanttool in analyzingthe performanceof quantizerds the conceptof point
densityfunctions. Point densityfunctionscharacterizeghe high resolutiondistribution of
scalarquantizeicodepointsAs aresult,they provideinsightabouttheasympbtic behaior



of scalarquantizercodebooksandencodingcells. Point densityfunctionsalsoare useful
in analyzingthe distorion of quantizersFor example,Bennettsintegral givesthe average
distortionin the high resolutioncasefor a nonuniformquantizelin termsof a pointdensity
function,sourcedistribution, andsizeof the quantizercodebool(see[5] for moredetails).
For uniform quantizersthe computaibn of a point densityfunctionis trivial. For nonuni-
form quantizershowever, point densityfunctionsare not always guaranteedo exist, and
whenthey do, their compuation canbedifficult.

PointdensityfunctionsdependnthequantizedecodersChannebptimizedquantizer
decodersin turn, dependon the source the quantizerencoderthe channelandtheindex
assignment For this paper we assumea uniform sourceon [0,1], a uniform quantizer
encodera channeloptimizedquantizerdecoderanda binary symnetric channelwith bit
error probability e. An index assignmeninapssourcecodavordsto channelcodevords.
The quantizethas2™ encodingcells,andindex assignmerstare one-to-onemapsfrom the
index of anencodingcell to a binaryword of lengthn. Thesewordsaretransmitedacross
thechannelnddecodedccordingo the weightedcentroidcondition.

Certainresultswe obtainare someavhat counterintuitive. For example,we shav that
for abinarysymmetic channelith bit errorprobabilty ¢, quantizerausingthe NaturalBi-
nary Codeindex assignrentandn bits of resolutionhave codepointainiformly distributed
ontheintenal [e + §,1 — e — ] whered = (1 — 2¢)/2"*. Thisis peculiarin light of the
factthatthe sourceis uniformly distibutedon theinterval [0, 1], andyetasymptoically as
n — oo no codepointsarelocatedwithin a distanceof ¢ from 0 or 1. Thelack of code-
pointsin regionsof positive sourceprobability is dueto thereductionin averagedistortion
that resultsfrom moving codepointsloserto the sourcemean(by the weightedcentroid
condition, to avoid large jumpsin Euclideandistancerom channelerrors. The weighted
centroidconditiondictateshis movementof codepointgo minimize averagedistortionfor
a given quantizerencoder A similar resultoccursfor the Folded Binary Code. For the
Gray Codeindex assignmentwe show thatin factno pointdensityfunctionexists

We alsoshow thatasymptaically, almostall index assignrentsgive rise to quantizers
which have almostall of their codepointsclusteredvery closeto the sources meanvalue
(i.e. 1/2). Thusalmostall index assignmentsire bad. As n grows, the clusteringof
codepointdbecomegighterandtighter. This contrastswith the NaturalBinary Codeand
theFoldedBinary Codecasesvherethecodepointsemainuniformly distributedonproper
subsetof [0, 1] no matterhow large n becomes.An additionalcuriosity we shaw is that
amongall possibleindex assignmentghe NaturalBinary Codeis optimal despiteits lack
of codepointavithin e of 0 or 1.

Ourmainresultsfor quantizersvith uniformencoderandchannebptimizeddecoders
arethe following. First, we shawv thatthe Natural Binary Codeindex assignmenyields
a uniform point densityfunctionon the interval (¢, 1 — ¢) (Theorem3.1), the Folded Bi-
nary Codeindex assignmenyields a uniform point densityfunction on a union of two
propersubintenals of [0, 1] (Theorem4.1),the Gray Codeindex assignrentdoesnotyield
apointdensityfunction(Theoremb.1),andanarbitrarily large fractionof all index assign-
mentshave anarbitrarily large fraction of codepointsarbitrarily closeto the sourcemean
asn — oo (Theorem6.1). Thenwe extenda resultin [4] by shaving that mostindex
assignmergtare asymptottally bad (Theorem?7.1), andwe extendresultsin [3], [6], and
[7] by computingthe meansquarederror resultingfrom the Natural Binary Code (The-
orem7.3), the Folded Binary Code(Theorem?7.5), the Gray Code(Theorem7.7), anda



randomlychosenindex assignmen{Theorem7.9). As comparisonswe stateprevioudy
known meansquarecerrorformulasfor channeunoptimzeddecodergi.e. thatsatisfythe
centroidconditian), for the NaturalBinary Code(Theorem?.2), the FoldedBinary Code
(Theorem?.4),theGrayCode(Theoreni/.6),andfor arandomlychoserindex assignnent
(Theorem?7.8). Finally we extendthe (uniform scalarquantizer)proof in [2] by shawving
thatthe NaturalBinary Codeis anoptimalindex assignmenfTheorem7.10).

In orderto consere spacewe have provided proof sketchegdo only two results.

2 Preiminaries

A raten quantizr on [0, 1] is amappingQ : [0,1] — {yn(0),yn(1),...,yn(2" — 1)}.
Thereal-\aluedquantitiesy, (i) arecalledcodepointsandthe set{y,(0),...,y,(2" — 1)}
is called a codebook For a noiselesschannel,the quantizer@ is the compositon of
a quantizerencoderand a quantzer decoder Theseare respectiely mappingsQ, :
[0,1] — {0,1,...,2"—1}andQ, : {0,1,...,2" =1} — {y,(0),yn(1),...,y.(2"=1)}
suchthat Q4(i) = y,(i) for all 4. For eachi thesetQ ' (y,(1)) = Q.*(Q; ' (y.(?))) is
called the 7th encodingcell. The quantizerencoderis saidto be uniform if for each,
Q' (ya()) 2 (27", (i + 1)27™).

Theneaestneighborcellsof araten quantizerarethesetsR,, (i) = {z : |y, (i) —z| <
lyn(j) —z|, Vj # i} for0 <i < 2™—1. Letm denoteLebesgueneasureandfor each: let
un (i) = m(R,(7)). A quantizersencodeis saidto satisfytheneaestneighborcondition if
for eachi, Q7' (y, (7)) D R,(i). Thatis, its encodingcellsareessentiallynearesnheighbor
cells(boundarypointscanbe assignedrbitrarily).

For a given n, i, and sourcerandomvariable X, the centioid of the ith cell of the
quantizer@ is the conditonalmeanc, (i) = E[X|Q(X) = y,(7)]. The quantizerdecoder
is saidto satisfythe centoid condition if the codepointssatisfyy,, (i) = ¢,(7) for all i. A
quantizeris uniformif theencodeis uniform andfor each: the decodeicodepointy,, (i) is
the midpoint of thecell @ (y,(7)). In particular if the sourceis uniform, thena uniform
guantizersatisfieghe nearesheighborandcentroidconditiors.

For araten quantizeranindex assignment, is apermutatiorof theset{0, 1,...,2" —
1}. Let Sy denotethe setof all 2"! suchpermutatios. For a noisy channel,a random
variableX € |0, 1] is quantizedoy transmiting theindex I = 7,,(Q.(X)) acrosghechan-
nel, recevving index J from the channel,andthendecodingthe codepointy,, (7, (J)) =
Qq(m, *(J)). We imposethe following monotoncity constrainton quantizerencodersn
orderto be ableto unambguouslyreferto certainindex assignrents: For all s,¢ € [0, 1],
if s < t, thenQ.(s) < Q.(t). The meansquaed error (MSE) is definedas D =
E[(X — Qq(m,;*(J)))?]. Therandomindex J is afunctionof the sourcerandomvariable
X, therandomness thechannelandthedeterministt functionsQ, andm,,.

Assumea binarysymmetrc channebith bit errorprobabilty . Denotethe probabilty
thatindex j wasreceved,giventhatindex i wassentby p(j|i) = ef»(:9) (1 — ¢)n~H= () for
0 < e <1/2,whereH,(i, j) istheHammirg distancebetweem-bit binarywords: and;.
Let ¢(i|7) denotethe probabilitythatindex : wassent,giventhatindex j wasreceved.

For agivensourceX, channelb(:|-), index assignnentr,, andquantizerencoderthe



guantizedecodeiis saidto satisfytheweightedcentioid conditionif the codepointsatisfy

2" —1

(@) = D ca@a(ma(i)lma())-

1=0

Throughouthis paperwe assumea uniform quantizerencodersothe centroidsof the en-
codercellsaregivenby ¢, (i) = (: + (1/2))27" for 0 < 7 < 2™ — 1. For agivenquantizer
encoderandindex assignmentye saythe quantizerdecodelis channeloptimizedif it sat-
isfies the weightedcentroid condition. Sincea quantizerdecoderobeying the weighted
centroidconditionminimizesthe meansquarecerrorfor a given quantizerencoderandin-
dex assignnent,we arealsousingchanneloptimizedto denotea MMSE quantizerdecoder
For ary set A, let Z,(x) be the indicatorfunctionof A. For eachn andeachindex

assignment,, € Sy, definethefunction A\ : [0,1] — [0, 00) by

n

2" —1

n 1
i=0 Pn

For asequencer, € Sy» (forn =1,2,...) of index assignrents,if thereexistsa function
) suchthat \(z) = lim,_,eo A (z) Vz € [0,1] andfo1 A(x) dz = 1 then) is saidto bea
pointdensityfunctionwith respecto {r,,}.

Let a channeloptimizeduniform quanizer denotea rate n quantizerwith a uniform
encoderon [0, 1] anda channeloptimized decoderalongwith a uniform sourceon [0, 1],
anda binary symnetric channelwith bit error probability . Let a channelunoptimized
uniformquantizer denotearaten uniform quantizeron [0, 1], alongwith a uniform source
on [0, 1], anda binary symmetricchannelwith bit error probability e.

3 Natural Binary Code Index Assignment
For eachn, the Natural Binary Code(NBC) is theindex assignnentdefinedby

rVBO(j) =4 for0 <i<2"—1.

The following theoremshaws that with the NaturalBinary Code,the quantizercode-
pointsareuniformly distributed on a propersubintenal in the sources$ supportregion, in
the limit of high resolution As the channelimproves(i.e. ase — 0), the point density
functionapproachea uniformdistribution on [0, 1].

Theorem 3.1 Asequencefchanneloptimizeduniformquantizerswith theNatural Binary
Codeindex assignrenthasa point densityfunctiongivenby

1—2¢
0 otherwise

1 _
)\(x):{ ife<z<l1 €



4 Folded Binary Code Index Assignment
For eachn, the FoldedBinary Code(FBC) is theindex assignmendlefinedby

n—1_1_,; 3 <4< n—1 _
7 (FBO) () = 2 ' 1—1 }f 0 < _.2 1
" ) if 2n-l<y<2n—1.

The following theoremshaws that with the Folded Binary Code,the quantizercode-
pointsare uniformly distributed on two propersubinervals of the sources supportregion,
in thelimit of high resolution.

Theorem 4.1 A sequencef channeloptimizduniform quantizerswith the Folded Binary
Codeindex assignrenthasa point densityfunctiongivenby

(1—2¢)2 2 2

/\(x) _ 1 if 3e—2¢> << 1—e+2¢2 or 1+€2—2€2 <r<l-— (36—2262>
0 otherwise

5 Gray Codelndex Assignment

For eachn, let (&% denotethe Gray Code(GC) index assignnent,recursvely definedby

mé0) =0

1) =1
¢ (i) if0<i<2n—1
a2t 1 —g)42m if << ol ]

GC) .
D) =

Theorem 5.1 A sequencef channeloptimized uniform quantizerswith the Gray Code
index assigmentdoesnot havea pointdensityfunction.

6 Randomly Chosen Index Assignments

Supposdor eachn > 1 anindex assignmentl,, is chosenuniformly at randomfrom the
setof all 2™! index assignmerst Then\ doesnotexist in adeterministt senseasthelimit

of /\(” However, the distribution of codepointsanstill be characterizegrobabiligically.

The theorembelowv shows that asympbtically, an arbitrarily large fraction of index
assignmergtinduceanarbitrarily large fractionof codepointgo bearbitrarily closeto 1/2.
Thisresultis in contrastto the factthatthe NaturalBinary Codeindex assignnenthasan
arbitrarily smallfraction of codepointsarbitrarily closeto 1/2.

Theorem 6.1 For a channeloptimizeduniformquantier,arbitrarily smallr, s, > 0, and
n suficiently large, at least(1 — r)2"! index assignmentgad haveat least(1 — s)2"
codepointswithin a distanceof ¢ from1/2.



Proof: Assuméell,, is choseruniformly atrandomfrom thesetS,- of all 2"! index assign-
ments.Letd = ¢/(1 — €) andnotethat(1 — €)(1 + §) = 1. Also, let

o= (500 2) (1) 12

By the Chebyche inequality for arny ¢ > 0, it canbe shawn that

yn(j)—%‘ >t}‘ < M”(”ﬁ

{71—“ € SQn :

2!

Thus,for ary A > 0 thereareat most2"2" . ‘(’jrﬂy”%” index assignnents, € Sen, such

thatfor eachsuchr,,, thereexist atleastA codepointsy,(j) satisfyirg |yn %\ > t.
Taking A = 2" we getthefollowing equivalentconclusion.For ary a € (0, 1) thereare

atleast2™! (1 - V?tr(?"”(ﬂy) index assignmerstr,, € Sy suchthatfor eachsuchr,,, there

exist atmosta2" codepointsy, (j) satisfying|y,(j) — 1| > t.

A carefullook at the varianceshavs a dependeng on j but we can easily make a
uniform upperboundon the variancewhich goesto zero at the speedO (2 "), where
B = —logy(1 — 2¢ + 2¢%) > 0. We chooset = o = 27#%/4. Thisimpliesthatfor ary
n, afractionof atleastl — O(2-%"/%) of all index assignnentshave the propertythatthe
fractionof codepointsy, (5) fartherfrom 1/2 than2—?7/4, is atmost2 /4,

7 Distortion Analysis

Let 7, betheindex assignmentor araten quantizemwith auniformencoderon [0, 1] for a
uniform sourceon [0, 1] anda binary symmetricchannelwith bit error probabilitye. Then
theend-to-endMISE canbewritten as

2n—-12"—1 (i+1)/2n

D) Z Z Tn(J) |70 (2) / ( — Yy (4))? da.

=0 j5=0 /2

Forary index assignrentr, € So, let D(C“Un) denoteheMSE of achannelnoptimzed
uniformquantizerandlet D(C”;) denotethe MSE of achannebptimizeduniformquantizer.
A sequencef index assignments,, € SQn is saidto beoptimalfor a channelunoptimezed
uniformquantierif for all » andfor all 7], € Son, D(”n) < D ») andis saidto be optimal
for a channeloptimizeduniform quantizerif for all n “andfor all 7!, € Son, D{m) < D),

In [4] it wasshavn thatrandomlychosenndex assignmersifor achannelunoptinized
uniformquantizemareasymptoically badin thesensdhattheir MSE approachethatof the
worst possibé index assignnentin the limit asn — oo. Thefollowing theoremextends
theresultto a channeloptimizeduniform quantizer.

Theorem 7.1 Themeansquaederror of a channeloptimizduniformquantzeris at most
1/12, andfor n suficientlylarge, anarbitrarily large fraction of index assignmentachieve
ameansquaederror arbitrarily closeto 1/12.



AlthoughTheoreni/.lindicateghatasymptoically mostindex assignmentgield mean
squarecerrorscloseto 1/12, in thefollowing it will beshovn thattheNaturalBinary Code,
theFoldedBinary Code,andthe Gray Codeperformsubsantially betterasymptoically.

Thenext two theoremgyive the meansquarecerrorsfor the NaturalBinary Codewith
a channelunoptimzed decoderandwith a channeloptimizeddecoder Theorem7.2 was
statedin [6] (see,e.qg. [3] for a proof). The resultsare given asa function of the quan-
tizer raten andthe channelbit error probabilty . Analogousresultsarethengiven for
the FoldedBinary Code,the Gray Code,andthe averagefor anindex assignnentchosen
uniformly atrandom.

Theorem 7.2 The meansquaed error of a channelunoptmizeduniform quantizerwith
theNatural Binary Codeindex assignmenis

DIVBO) _ ﬂ + € (1 _ 2—2n) .
ou 12 3

Theorem 7.3 Themeansquaed error of a channeloptimizeduniform quantizerwith the
Natural Binary Codeindex assignmenis

27 (1 —¢)
D(NBC) —
co 12 * 3

(1—27%").

The next two theoremgyive the meansquarecerrorsfor the FoldedBinary Codewith
a channelunoptimzeddecoderandwith a channeloptimizeddecoder Theorem7.4 was
givenin [3].

Theorem 7.4 The meansquaed error of a channelunoptmizeduniform quantizerwith
the Folded Binary Codeindex assignmenis

1 —zin
DU'BO) = 15 (5= 2€ +277"(1 = 8¢ + 8¢”)) .
Theorem 7.5 Themeansquaed error of a channeloptimizeduniform quantizerwith the
FoldedBinary Codeindex assigmmentis

1 —Zn
D((jFOBC) = 13 (56 — 9€? + 8¢® — 4e* — 272"(1 — 2¢)*).

Thenext two theoremgyive the meansquarecerrorsfor the Gray Codewith achannel
unoptimzeddecodeandwith achannebptimizeddecoder Theorem7.6 wasstatedn [7]
(seee.q.[3] for aproof).

Theorem 7.6 The meansquaed error of a channelunoptmizeduniform quantizerwith
the Gray Codeindex assigmentis

eo 1 27 (-90-(G-9"
o6 12 St '




Theorem 7.7 Themeansquaed error of a channeloptimizeduniform quantizerwith the
Gray Codeindex assignmenis

peo_ 11 1-(G-9"
co 12 4 (%—6)_2—1

It canbe seenfrom Theorem?7.2 and Theorem?.3 thatfor the NBC, the reductionin
MSE obtainedby usinga channeloptimized quantizerdecodelinsteadof oneobeying the
centroidcondition is €2(1 — 272") /3. For smalle, the MSE reductionis thussmall. For
a randomlychosenindex assignmenhowever, Theorem7.8 and Theorem?7.9 show that
channeloptimizeddecoderseducethe averagedistortion by afactorof two over decoders
obeying the centroidcondition, independentf ¢, in the limit asn — oo. Theorem7.8
was statedin [6], and[4] containsa conciseproof. Let D(RAN) be a randomvariable
denotingthe MSE of a channelunoptimzed uniform quantlzer\Nlth a randomlychosen
index assignrent.

Theorem 7.8 Theavelage meansquaederror of achannelunoptimzeduniformquantizer
with anindex assigmentchosenuniformly at randamis

272 11— (24 1)(1—e)n
E D RAN . - )
[ ] 12 + 6 * 62"

Sincemostindex assignnentsareasymptdically bad,theiraverages badaswell. More
preciselythenext theoremshawvsthatthe averageasymptott MSE of achannebptimized
uniform quantizerwith an arbitraryindex assignmentorvergesto 1/12, consistentwith
Theorem7.1. Let D(Cff)AN) be arandomvariabledenotingthe MSE of a channeloptimized
uniform quantizemwith arandomlychoserindex assignnent.

Theorem 7.9 Theaverage meansquaed error of a channeloptimzeduniform quantizer
with anindex assigmentchosenuniformly at randamis

272 11— (204 1)(1 — 2€ + 2e2)"

E[_D RAN)]
12 12 12-2n

Crimminsetal. [1] andMcLaughlin, Neuhof, andAshley [2] shavedthatthe Natural
Binary Codeis optimalfor a channelunoptmizeduniform quantizer.We next extendthe
proofin [2] to show thatthe NaturalBinary Codeis alsooptimalfor a channeloptimized
uniform quantizer.

Theorem 7.10 TheNatural Binary Codeindex assignnentis optimalfor a channelopti-
mizeduniformquantezer

Proof: Letc = [c,(0),¢n(1),...,cn(2" — 1)) @andy = [yn(0), yn(1),...,ya(2" — )]’
denotethecolumnvectorsof cell centroidsandcodepointsrespectrely, andlet @, denote
the2" x 2" matrixwhose(s, 7)™ elementsareq(m,(i)|7,(j)). Thenit canbe shavn that

s 1 —-n
e a1



1

g — 2_thPQi(NBC)PtQ
1
g - 2_n§tQi(NBC)§

1

= 3~ 2_n§tQAﬂ_(NBC)§ (7.1)

whereP is a2" x 2" permutatio matrix suchthatQ?2 = PQQ(NBC) P, wherez = Plc,

andwhereQ weo) is thesameas @, wvse) but with e replacedby 2¢(1 —€) € (0,1/2).
McLaughlin, Neuhof andAshley [2] shovedthatfor every e € (0,1/2), the quadratic

form z QW(NBC) z (andthusin particularz® QW(NBC) z) Is maximizedfor uniformsourcesand

uniform quantizerssatisfyirg 3=, ¢, (i) = 0, whenm, = «"*“). Shifting the supportof

auniform sourcefrom [0, 1] to [—1/2, 1/2] changesachtermin (7.1) by a constanterm,
independenof the index assignment.‘l'hunggl) iIs minimizedwhenr,, = VB9 and
thereforethe NaturalBinary Codeis optimalfor channeloptimized uniform quantizers.

References

[1] T.R.Crimmins H. M. Horwitz, C. J. Palermo,andR. V. Palermo,“Minim ization of
Mean-Squarderror for Data Transmited Via Group Codes), IEEE Transactionson
Informaton Theory vol. IT-15, pp. 72—-78,Januaryl969.

[2] S.W. McLaughlin,D. L. Neuhof, andJ. J. Ashley, “Optimal Binary Index Assign-
mentsfor a Classof EquiprotableScalarandVectorQuantizers, IEEE Transactions
on Informatian Theory vol. 41, pp.2031-2037Novenber1995.

[3] A. MéhesandK. Zeger, “Binary LatticeVectorQuantizatiorwith LinearBlock Codes
andAffine Index Assignrents; IEEE Transactionson Informatian Theory vol. 44,
no.1, pp.79-94,Januaryl 998.

[4] A. MéhesandK. Zeger, “Randomly Chosenindex Assignnents Are Asymptdi-
cally Badfor Uniform Sources, IEEE Transactionson Information Theory vol. 45.
pp.788-794March 1999.

[5] R. M. GrayandD. L. Neuhof, “Quantizationi, IEEE Transactionson Information
Theory vol. 44.n0.6, pp.2355-23830ctober1998.

[6] Y.YamaguchandT. S.Huang,"Optimum Binary Fixed-LengthBlock Codes, Quar
terly ProgressReport78, M.I.T. Research.ab. of Electronics,Cambridge, Mass.,
pp.231-233July 1965.

[7] T.S.Huang,“Optimum binarycode; QuarterlyProgresfkeport82, M.I.T. Research
Lab. of ElectronicsCambridgeMass. pp.223-225July 15, 1966.

[8] H.Kumazava, M. KasaharaandT. Namekava,“A Constructiorof VectorQuantizers
for Noisy Channels, ElectronicsandEngineeringn Japan vol. 67-B,no. 4, pp. 39—
47,1984.



