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ABSTRACT

In this paper a novel maximuma posteriori (MAP) techniquefor
the decodingof arithmeticcodesin thepresene of transmissiorer-
rorsis presented.Arithmetic codeswith a forbiddensymbd and
trellis searchtechniquesareemployedin orderto estimatethe best
transmittedcodavord. The viability of the proposedapproah is
demonstrate¢h the binarysymmetricchannekasen termsof both
performanceand decodingcompleity. The resultsare compared
with atraditionalseparateépproactbasedn ratecompdible con-
volutional codes.The MAP decodirg is appliedto the progressie
transmissiorof SPIHT compressedmagesandcompditive results
in termsof averagedecodedjuality arereported.

1. INTRODUCTION

Overthe pastdecadetherehasbeengreatinterestin the de-
velopmentof joint source/bannektodng (JSCClechriques.
This is motivatedby the impressive growth of personaimo-
bile commuicationswhichaimto suppet evermoresophis-
ticated servicesin hostile wirelessenvironmens. Channel
bandvidth limitations requre powerful sourcecompession
techniqies, but also noisy tetherlesschanels severely im-
pactthe compesseddataerror sensitvity. In this context,
JSCChasemepgedasaviableappro&h to theprodem.
JSCCtechnquesarebasednthefactthatin practicalcases
the sourceencaleris not ableto competely decarelatethe
input sequene; someimplicit redundarey is still presentn
thecompessedstreamandcanbe propely exploited by the
decocr. In [1, 2] theresidualredindarcy in the sourceen-
codets outpd is represeted with a Markov model, andis
usedasa form of implicit chanrel protection at the decoar
side; exad andappioximatemaximun a posteriori (MAP)
sequene estimatorsare proposed. Resultsare provided in
the caseof imagetransmissioracrossthe binary symmetric
chanrel (BSC); the sourcecoderis constitutedoy Huffman
codirg of neightoring pixel differences.

In this paper we proposenovel MAP technquesfor decal-

ing arithmeic cocesin the presere of transmissiorerross.

Arithmetic coding (AC) is known asoneof themostpower-

ful entrqoy codirg techniques|[3] but is extrenely errorsen-
sitive aswell. Unlike Huffman codes,AC haspoor resyn-
chranization capaliity, and a single bit erra in the com-
pressedtreancanpropagatell alongthecompessedlock.

Moreover, theresiduareduindang in thecompessedtream
is usuallynegligible, preventingary MAP decodhg attempt.
Nevertheless,it is possibleto perturbthe arithmeticcoder
sour@ mode in orderto keepsomeresidual redindany at

the expenseof compessionefficiengy. This ideawas first

introducedby Boyd et al. in [4] andexterdedin [5, 6] to

provide continwbuserror detectionduring arithmetic decal-

ing. The presere of known residwal reduindang canbe ex-

ploitedfor errorcorrection aswell. Somepreliminay work

canbefound in [7], wherethe errorcorrection is performed
in the caseof transmissiorover an AWGN chamel; binary
signalling with null zonesoft decodimg is emplojed The
performarceis evaluatedin termsof pacletrecovery ratefor

differentiallyencoedimages.

In this papey we proposea more gengal MAP framevork

thatdoesnot necessarilyequiresoft decodng. The perfor-

maneis evaluatedn termsof bit errorprobability afterarith-

metic decodng, andis compaed with a concateatedFEC
scheme.Finally, the proppsedsystemis testedin the case
of SPIHT encode [8] images transmittecacrossaBSC.The
pape is organizedasfollows. In Section2, we briefly re-

view arithmeticcodirg with aforbiddensymbd, andin Sec-
tion 3 we discussthe MAP decodng. Two possiblesearch
technquesarecoveredin Sectiond. Resultsandcorclusions
apperin Sectionss and6.

2. ARITHMETIC CODING

The objective of the arithmeticcoderis to mapa sequence
of input symiols a onto a binary string b that represets
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Figure 1: Binary arithmeticcoder

the probaility of theinput sequenceTheencocer perfams
this mappng basedon the availablesourcemockl; the com-
pressiomperformarcemainly depenlsontheaccurag of that
model.

For simplicity, we will restrictour attentionto the caseof a
binaly memaylesssourcewith a fixed number of symbds
Liieac {ai}%il. This simplesourceis fully describedy
the probaility of the two symbols,P, and P; respectiely.
The conceps introducedin thefollowing canbe exterdedto
moregeneracases.

Arithmetic encoding is perfamedby progessvely isolating
the probability interval correspndingto theinput string. In
Figure 1, an encodng exanple for the binary sourcea =
{001} is shawn; the outpu sequene b correspondgo the
shorteshinary string contaned in theisolatedinterval. De-
codirg follows the dual process.Both encodirg anddecod
ing canbeaccomplishd sequetially: in theexanple of Fig-
ure 1, decisiors on the output bits can be taken during the
encodhg processassoonastheright endof the selectedn-
terval becaneslowerthan0.5 (see[3] for details).
Arithmetic decoding is extremely sensitve to erras; evena
singleflipped bit in the outpu string cancauseirreversible
desyntironization. Paradxically, it is this poa resyndiro-
nizationability thatallows powerful contiruouserrordetec-
tion. In [4, 5] adummysymbad p with probability P, = €
is introdwcedin theinput alphalet, but it is never transmit-
ted (seeFig. 2). This correspndsto perturling the source
mockl by afactorl —e, reducirg compresionefficiengy. The
amouwnt of adcedratereduindang [5] is

R, = —log,(1 — ¢€) bits/symba @)

Thedecocris ableto detectanerrorif theforbiddensymbol
p is decoed. In the presencef atransmissiorerror, dueto
the rareressof resynchonization the decaer will reved a
forbiddensymbolaftera delaythatis inversely proportional
to e. Detailson errordetectiondelaycanbefound in [5].
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Figure2: Binary arithmeticcoderwith forbiddensymbad
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Figure3: Trarsmissionsystemblock diagram

3. MAP DECODER

A forbiddensymbolaltersthe sour@ modelandforcesthe
encalerto keepanamoun of redurdany thatdepend one.
Thisknown reduindang canbeexploitedby a MAP decoekr
in orde to obtainthebestestimateof thetransmittedstringa
in the presencef errors.In Fig. 3, thetransmissiorsystem
consiceredin thefollowing is shown:

e thebinawy stringa € {a; 'f; of length L is encoad
by thearithmeticcocer usinga forbiddensymbad with
prokability ¢;

e asacorsequenc¢heinput sequenca is mappedonto
avarialde length NV codevordb € {bi}fil;

e the codeword is then transmittedacrossthe channé
with transitionprobability P(r/b);

o thereceved stringr is processedby a MAP estimator
thatwill selectthemostprabablesequene a:

Pa=a/r) > P(a;/r)Vi#£k 2

Theterm P(a;/r) in Equatio 2 representthesocalledde-
codirg metric,andcanbeexpresseds

P(r/a;)P(ai) _
P(r)
P(r/b;)P(a;)

G ©

P(a;/r) =
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whereP(r/b;) andP(a;) areknown termsandrepresenthe
chanrel transition probability and the prokability of trans-
mitting the string a; respectiely. However, the term P(r)
canna be easily evaluatedandin the following will be ap-
praximatedby 2=V, where N is the lengthof the receved
codevord. This appoximation assumeshatall thereceved
sequenesof a certainlengthareequallylikely; theassump-
tion is certainlyincomect for variablelength codes,but its
exact evaluatian would require as much effort asthe MAP
decodhg itself. This abrug simplificationis alsoperfamed
in [1, 2] for compleity reasonsndit providedgod results.
The mostdirect appoachto MAP decodhg shoud be the
evaluation of metric (3) for the subsetB y, contairnng the
codevordsb; of length NV; it is evidentthat for reasoable
input string length L, this exhaistive appoachis infeasi-
ble dueto the large searchspace.We mustresortto a sub-
optimd criterion to reducethe searchspacedimersion. A
nunber of searchtechniqieswere propasedin the past,the
most popuar one beingthe Viterbi algorithmfor decodingy
convolutiond codes;a comgete surwey canbefoundin [9].
Thesetechnquesusually requre a trellis representatiorof
thesearchspaceandanadditive brarch metric.

We canrecastthe searchfor the bestb; asa searchamory
all the possiblebinary stringsof lengh N {xi}f;vl D By.
The {xi}f;vl canbe represeted by a treethat grows expo-
nentiallywith V. Themetric(3), in its logaithmic form, can
be easilydecanposednto additive brarch terms.The chan-
neltermis computedcompaing therecevedr sequencand
theexploredbrand. Thesourcetermis obtainedattemptirg
partial arithmeticdecaling of a given tree path;in the case
x; ¢ By, the forbiddensymbd will be revealed at some
point, andthe explored pathwill bepruned.

4. SEARCH TECHNIQUES

Dueto the exponentialdimersion of the searchtree,we re-
sortto technquesableto redice the explorationto the most
probablepaths. Moreover, the searchstrategy mustimple-
mentsequetial decodng in orde to prevent long decodimy
delay In this section,we quickly review two searchalgo-
rithms we appliedto explore the {xi}f;vl tree, namelythe
stadk algarithm andthe M-algorithm For a more systematic
disquisition see[9].

4.1. Stack algorithm

The stackalgoithm (SA) is known as a metric first tech-
nigue: the bestpathselectionis performedin a greedyway,
exterding at eachiterationthe beststoredpath,i.e., the one
with thebestaccumiatedmetric(3).

Thisis accomfishedby storingall thevisitedpathsin anor-
deredist, with maximum length M . Eachelemenbf thelist
contairstheaccumiatedmetricandthestateinformationfor

sequetial arithmeticdecodng. At eachiteration,the best
storedpathis exterded one brarch forward The extended

pathis droppedif the forbiddensymbd is revealedor if the

nunberof decaledsymbds exceedsL. Thebrarchinggoes
onuntil thestoppingeriterion is fulfilled; in ourimplementa-

tion, the algorithm termingeswhenthe bestpathin storage
correspondgo avalid inputsequene{ai}fil.

As with theViterbi algorithm decaling canbeperfamedse-
quertially sincethereis a similar meming effect of all paths
afteracertaindelayof D receved bits.

4.2. M-algorithm

TheM-algarithm (MA) limits thesearchspacdo the M best
pathsateachdepthof thetree;for thisreasorMA belorgsto
thebreadh firsttechniqes,wherethebreadh is M.

At eachiteration, all the storedpaths,which are character
ized by the samedepthn in the tree,are extended one step
forward; the samedrgppingrulesof the SA arethenapplied
andonly the M bestpathsat depthn + 1 arestored.When
the algorithmreacheghe maximun depthn = N, the best
storedpathis consideed the bestestimatea. As in the pre-
vious case sequetial decodng canbeeasilyobtaired.

It is worth noticingthatbothof the presentedlgoithmscan
fail thedecdling: in fact,becausef the searchspaceredic-
tion, the correctpathcanbe irreversibly droppedduring the
recusions.

5. EXPERIMENTAL RESULTS

Theproposedalgoithmshave beenestedn thecaseof trans-
missionacrossthe Binary SymmetricChanrel (BSC) with
bit error probability p; it is worth pointing out thatthe pro-
posedVAP appr@achcanbe appliedto ary kind of channé
aslong asthe transitionprobability P(r/b) is known. The
performarceis compaedwith separatedourceandchanné
codirg, emplgying rate compatible punctued corvdutiond

codes (RCPC)[10].

We first introduce somenotation We cananalyticallyeval-
uatethe overall transmittedrate,expressedn bit persymbad
(bps), asR = H + R,, whereH = —i_, P;log(P;)
is the souce entrqy and R, is the rateredundarcy intro-
duceal in (1). This correspondgto anequialen codirg rate
Rc = H/R.

5.1. Memoryless source

In this section,we repot the resultsobtaina with arandcm
memaylesssourcewith symbd prokabilities P, and P; . In
Fig. 4, an exanple of sequentiabecaling, obtaired by SA
with decalingdelayD = 100, is shavn. Thenumker of de-
codal symbds is repoted asa function of the depth(num-
ber of receved bits of the transmittedcodavord b ;) of the
bestpathin storage. In the repated exanple, L = 2000,
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Py =0.9,p, =1073, e = 0.08 andM = 2048. It is worth
noticing theinitial decodng delayandthe nonuniform out-
put rate of the decoer, typical of the varialde lengthcode.
Theeffed of arithmeticcode termindion is alsonoticealte.

Tables1 and 2 shav the performarce obtainedwith arith-
meticMAP decalingin termsof decodedit errorrate(BER)
and algoiithm compleity. DecodedBER is evaluated on
sourcebits, withoutincluding in thecompuationthosecases
which correspondto a decaling failure; as previously men-
tioned the subopimal SA andMA techniqgiesmay fail the

decodhg, dueto therediwcedcardinalityof theexploredspace.

Thealgoithm compleity is evaluatedn termsof thedecod
ing time requirel by a PentiumPro 200 MHz, andboththe
averag andthepeakdecodng timesarerepated. Themem-
ory limits M for SA andMA have beenchosenin order to
obtainthe sameaverage decodng compleity in the worst
case(Rc = 8/9); for thisreasonM = 2048 and M = 256
have beenusedfor SA andMA respectiely.

The perfamanceof SA andMA is compaedwith the sepa-
ratedapprachconstitutedy corventionalarithmeic coding

followed by RCPC(convolutional codewith memoy 6 and
purcturedrate1/3). In Tablel1 the numbe of failuresN f,

the decodéd BER, the average decodhg time AT andthe
peakdecodng time AT, arereportal, in thecasePy; = 0.9
andp, = 5 1072 for threevaluesof the codng rate R¢;

all theresultsareaveragel on 100 iterations.It canbe ob-

senedthat,in termsof deco&@d BER, MAP decodhg offers

god resultsatall codng rates.TheworsedecaledBER per

formanceof the RCPCis dueto thefactthatthe Viterbi de-
coderalwaysfinds an estimateof the transmittedsequene,
andthe arithmeticdecoderblindly finds the correspondig

sourcestring, heavily propagtingthe channeldecodhg er-

rorsto the source.On the contrary the JISCCappioachpre-
vents this disruptive arithmeticdecaling, therebyimproving

decoed BER. Neverthelesswhenthe addedredundngy is

small,asignificantnurmberof decoding failuresapgears.It is

worth noticing that mary applicatiors (e.g, imageor video
transmissionantake adwartage of the improved decoed
BER, evenin the presencef failures.In caseof failure, the
sequetial MAP decaler canstill provide to the application

the symbolsestimatedbefore error detection. With a qual-
ity scalableencoer, we maybeableto obtaina satishctory
appoximationof the transmittedsignal, preventing danger-

ouserra propagatiom. Theefficient retransmissionf thelost
partof the streamcould be an alternatve solution. The pro-
posedesultsalsouncerlinethatSA exhibits ahigher numter
of failuresbut slightly betterdecaledBER.

The complity of MAP decoding turnsout to be geneally
quite prohihtive, if conparedto corventinal channelcod-
ing. It is important to notice that MA requires a long de-
codirg time regardlessof the codng rate; this behaior is
dueto thealmostdetermiristic searchingule thatalwaysex-
plores appraximatively N M nodses in thetree. Onthe other

2000
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0 200 400 600 800 1000 1200
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Figure4: Stackalgorithm sequentiabdecodng examge in
the caseD = 100, L = 2000, Py = 0.9, p, = 1073,
e = 0.08 and M = 2048; the number of output symbds
is repatedasa function of thenumbe of recevedbits being
processed.

hand SA decodimg time depaxdson the codingrateandon

thechanrl corditions;in particular whenthecorrectpathis

largely more probablethantheincorre¢ ones.g.,thechan-
nel bit error probability p, is negligible or theredundany e

is quite large, SA exploresa redued nunberof nodes pro-

viding fasterdecodimy. For this reason SA performarce is

attractie in termsof bothdecodd BER andcompleity for

thelargestvalueof € in Table1, wherethe decodng is even
fasterthantraditioral RCPC.

In Table2, theresultsin the caseP, = 0.8 arerepatedin

order to notice that perfamanceis affectedby the source
mockl aswell. In the RCPCcase,the decoed BER val-
uesarehigherthanin Table1 becasgethe input stringsare
lesseasyto compess,andmoreerrors appeairin the corre-
spording longer transmitteccodevord. In the MAP casethe
nunberof morelikely inputsequencgincreasesin thelimit

Py = 0.5 all thepossibleinput stringsareequdly likely and
thesourcetermin the decaling metricbecomesiseless)m-

pairing the perfamancein termsof both decoe&d BER and
decdalingtime.

5.2. Imagetransmission

The proposedMAP techniques canbe profitally appliedto

thetransmissiorof scalablycompessedsoures. In this pa-
per, weuseMAP arithmeic decalingto obtainreliabletrans-
missionof SPIHT [8] conpressedmages.SPIHT is a pop-
ular progessve imagecodecin the waveletdomain; it uses
a bit-planeapprachandpartitiors wavelet coeficients into

treesconneting differentresolutiorlevelsin thesamespatial
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Table1: RCPC(RC), SAwith M = 2048, MA with M = 256,P, = 0.9, p, = 5 10~2, L = 2000, 1000iterations

R¢ € R (bps)
N, BER AT ATy
RC 0 3.71072 138ms 170ms
8/9 004 03 | gn 57 9010% 7.6s  108s
MA 1 1410~2 7.19s 83s
N, BER AT ATy
RC 0 5.6103 137ms 160ms
4/5 0078 0.8 | o 7 27104 805ms  105s
MA 2 1410~% 7.44s  83s
N, BER AT ATy
RC 0 1310~* 141ms 170ms
2/3 015 07 | gn o 1210 32ms  2s
MA 0 2210~ 81s  80s

Table2: RCPC(RC), SAwith M = 2048, MA with M = 256,P; = 0.8, p, = 5 10~3, L = 2000, 1000iterations

Rc € R (bps)
N,  BER AT  ATm
RC 0 951072 210ms 230ms
8/9 006 08l | oo 91 2102 155  133s
MA 3 3810~ 11s 117s
N,  BER AT ATy
RC 0 21072 211ms 230ms
4/5 011 090 | oo 19 12108 1.7s  150s
MA 1 5710~% 11s  12s
N,  BER AT  ATw
RC O 510~% 215ms 240ms
2/3 022 108 | o0 6310-5 49ms 2.1s
MA 0 16105 12s  13s
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Figure 5: GIRL 256x 256testimage.

Table3: SPIHT streamtransmissioracrossBSC with p, =
1073,

Algorithm € R¢ PSNR(dB)
ave. max.
SA 0.08 0.91 31.9 3256
MA 0.08 0.91 31.% 32.56
SA 0.15 0.82 32.0 32.09
MA 0.15 0.82 31.% 32.09

location The treeencodng structureallows for a compact
representationbut turns outto bevery sensitve to transmis-
sion errors. The propsedsequentiaMAP decodng tech-
nigue allows usto provide SPIHTwith errorresiliencewith-

outaffeding theprogressve natue of thestream TheSPIHT
encoer is simply cascadedvith the arithmeticcoderwith

forbidden symbd, without ary pacletization. The SPIHT

bit-streamis modelledas a memaylessbinary sour@; the
probability Py is obtainedby countirg the zerooccurences
during encodng. The P, ande valuesemployed by the en-
codermustbe sentassideinformationto the decaler

Table 3 shaws the average and maxinum PeakSignal to

NoiseRatio (PSNR),obtainedon 100 transmissionsf the
256x 256 GIRL image(seeFig. 5) acrossghe BSC with bit

erra probaility p, = 1072, Two differert valuesof € are
used.In all casestheoverall transmittecrateis equalto 0.25
bpp SAandMA with M = 2048 andM = 256 respectiely

areemplgyed. In caseof decodimy failure theavailablepor-

tion of outputsymbds is provided to SPIHT decaler In

Table3, it is apparenthat SA offersthe bestperfamancen

termof decodd imagequality, andtherefaein thefollowing

we will limit ourattentionto this.

Finally, we comparetheproposedmagetransmissiosystem
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Figure6: Averagge PSNRasa functionof R¢, py = 1072
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Figure8: Averagge PSNRasa functionof R¢, py, = 1072.
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with thetechniqieintroducedin [11], areliableandefficient
schemebasedon standarderror contrd codirg. In [11] the
SPIHT bit-streamis partitioredinto pacletsin orderto keep
its scalability andeachpacletis pratectedoy aconcateated
codeconsistingof an outercyclic redundarcy code(CRC)
andaninner RCPGC the outerCRC is emplg/edto provide
erra detectionduring RCPC Viterbi decaling. In the fol-
lowing the SA and RCPQCRC schemesare comparedfor
imagetransmissiorat 0.25bpp acrossthe BSC. An RCPC
codewith memaoy 6 and punduredrate1/3 is used[10].
For MAP arithmdic decoding, SA with A/ = 2048 is em-
ployed. In Fig. 6-8, the averag decoded®SNRis repated
asafunctionof thecodingrateR ¢; starandcrossmarlersre-
fer to the MAP andRCPQCRC appoachegespectidy. In
Fig. 6 and7, the BSC bit error prababilitiesarep, = 102
andp, = 5 1072 respectidly; in thesetwo caseshe two
systemsshav similar performane in termsof bestaverage
PSNR.ThepropsedMAP decodng hasthemainadartage
of offering a continwm of codingrates,depenthg onthee
valug ontheotherhand the RCPCcodingrateis limited to
afinite setof purcturingchoices.t is worth noticingthatthe
proposed]SCCdecalerobtainsthe sameperfamanceasthe
powerful con@atenateadhannebchemesvithout the needfor
pacletization. In Fig. 8, similar resultsarerepotedin the
casep, = 10~3. Themilder condtion of thechanr! allows
usto employ lower valuesof codirg redurdang in the MAP
decaler Theselower valuesarenot availablein the RCPC
case;thelastRCPCpointis shovn at R = 0.8. Therefae
the JSCCsystemshowvs a gainof 0.5dB in the bestaverage
PSNR.As alreadynoticed in mild chanrel conditiors, SA is
competitive in termsof decaling compexity aswell.

The averag decodeddecoedd PSNRis generallyusedto
evaluatethe perfamanceof imagetransmissiorsystemshut
it is evidert thatdoes not provide a completeview of theac-
tual quality of service.For thisreasorin Fig. 9-11 we repot
the cumdative distribution of the decodd PSNR,i.e. the
probability thatthe received imagequality is below a given
threshdd, for all the simulatedvaluesof p;. In eachfigure
the cumulatve distribution correspondig to the bestMAP
andRCPC/@RC case,in termsof averag decale PSNR,is
repated. It canbeobseredthatboththetechniqesarechar
acterizedby low distribution tails; in otherwordstherecep-
tion of poorqualityimagess unlikely andthe quality of ser
viceis fairly high In Fig. 9 (ps = 10~2) it is worth noticing
thattheproppsedVAP decodepresentaslightly betterdis-
tributionfor low PSNR.In thecasep, = 5 103, repotedin
Fig. 10, thetwo distributions arecomgetely overlapped In
the last case,correspndingto p, = 1072, it is noticeable
the advartage of the MAP decoar in termsof maxinum
decaled PSNR,while the discrepanies for low PSNRare
negligible.

In condusion, the proppsedJSCCappro&h turns out to be
well suitedfor scalablesourcecoding the mainadwentageis
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representedy the possibility of chosing anarbitray value
of redindang ¢, without beinglimited to a finite number of
codirg ratesasin the RCPCcase. Furthemore,the redun
dang canbeadjustedo the sourcesymba priority, with the
only constrain that the decoer mustbe ableto apply the
sameupdatirg rule onthereceivedsequene.

6. CONCLUSIONS

Arithmetic codirg with aforbiddensymtol allowedusto de-
signapowerful JSCCsystenfor transmissiomf compessed
dataacrossoisychanrls. The proposedappoachexhibits
thesameperibormane asstandardRCPCandhasthe advan
tageof beingfully ratecompatible. The codng ratecanbe
chosenwith absoluteflexibility and can be adaptedto the
sourceandchanel charactastics. Moreover, the MAP esti-
mationallows sequetial decodhg, which canprdfitably be
exploited in the caseof SPIHT proglessve imagetransmis-
sion.
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