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Abstract— Subcarrier assignment and power allocation for
device-to-device (D2D) video transmission using a filter bank
multicarrier waveform in a Rayleigh fading environment are
investigated. We analyze the co-channel interference between
D2D pairs, and propose a cross-layer algorithm with a subcarrier
assignment outer loop and a power allocation inner loop, which
aims to optimize the overall video quality. Unlike the nonconvexity in physical layer power allocation for maximizing
the total throughput, the cross-layer power allocation problem
is convex under certain conditions, so a high quality solution
for power allocation can be efficiently found. Simulation results
demonstrate a higher overall video quality by the proposed crosslayer algorithm compared with baseline algorithms.
Index Terms— Device-to-device communication, multimedia communication, radio spectrum management, cochannel
interference.

I. I NTRODUCTION

D

EVICE-TO-DEVICE (D2D) communication [1] allows
direct video delivery between cellular users in close
proximity to offload data traffic from the base station (BS).
A frequency band can be reused by multiple D2D pairs to
improve the spectral efficiency, but the frequency reuse also
introduces co-channel interference (CCI) between D2D pairs.
In order to improve the overall video quality of a D2D video
transmission system with multicarrier waveforms, it is essential to properly assign subcarriers to D2D pairs, and allocate
their transmission power.
Centralized resource allocation for D2D systems based
on physical layer information was investigated in [2]–[5].
These aimed to maximize the weighted sum rate based on
the capacity of the additive white Gaussian noise (AWGN)
channel. A practical wireless channel usually experiences
fading, so this AWGN model is only applicable when the BS,
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which is usually the resource allocator, is able to collect
the instantaneous channel state information (CSI) in a timely
manner. We are concerned with situations in which the base
station only knows average CSI and not instantaneous CSI.
This might arise for some users because the coherence time
is small, or because there are too many users (for example,
large crowds in an airport or amusement park). In either case,
the overhead for transmitting instantaneous CSI is burdensome. Average CSI is known at the BS either by letting D2D
receivers report the average channel gains to the BS, or letting
the BS estimate the average channel gains, which includes path
loss and shadowing, according to the location information of
D2D users. Simple D2D resource allocation algorithms based
on average CSI, such as interference avoidance [6], were also
investigated in the literature.
The centralized resource allocation problems based on physical layer information considered in [2]–[5] were non-convex,
so only heuristic algorithms were proposed. A broader class
of these physical layer optimization problems was investigated
in [7] as a dynamic spectrum management (DSM) problem,
and was shown to be non-convex. The convexity of several
extensions for the DSM problem was investigated in [8].
Among these extensions discussed in [8], for the case of
multiple users and a single subcarrier, the minimization of a
harmonic utility function, which took the capacity of AWGN
channel as the argument, was shown to be convex.
Cross-layer resource allocation for cellular video transmission has been investigated in [9]–[13]. In [9], an iterative resource allocation algorithm for video transmission
on cellular uplinks was proposed, where every subcarrier
was only assigned to a single user. Literature on resource
allocation for D2D video delivery included optimization for
energy efficiency subject to a QoS constraint [10], and for a
utility function that was jointly determined by the throughput and transmission power [11]. A heuristic algorithm to
optimize overall video quality of D2D transmission using
instantaneous CSI in a quasi-static environment was proposed
in [12] and [13]. For discrete bit loading using instantaneous CSI, the transmission power takes on discrete values,
so the optimization problem is discrete [12], [13], while in
this paper, the D2D pairs are assumed to be able to update
the alphabet size according to the instantaneous channel gains
under fading, so the transmission power can be chosen from
a continuous range, and hence the optimization problem for
power allocation based on average channel gain is continuous.
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Block diagram of the transceiver for FMT.

As far as we know, centralized resource allocation for the
overall video quality of D2D communication based on the
average channel gain and video rate distortion information has
not been addressed in the literature.
The novelty of this paper is as follows: 1) Unlike most past
work on resource allocation for D2D systems, we propose a
cross-layer algorithm to optimize overall video quality rather
than physical layer metrics, and have observed considerable
improvement on video quality using our proposed cross-layer
algorithm; 2) We derived a necessary condition under which
the power allocation algorithm for D2D video transmission
is convex, which is that the signal-to-interference-and-noise
ratio (SINR) of each D2D user must exceed a threshold,
as described in Section III.B.
This paper is organized as follows. Section II is the system
model. Section III describes the proposed subcarrier assignment and power allocation algorithm, and shows the condition under which the cross-layer power allocation problem
is convex. In Section IV, baseline algorithms are presented.
Section V presents the simulation results and discussion.
Section VI contains the conclusion.
II. S YSTEM M ODEL
We consider a D2D video transmission system served by
a BS. There are K pairs of D2D users in the cell. Each
D2D pair consists of a transmitter and a receiver, with a
D2D link from the transmitter to the receiver. The system allocates a total frequency band of W (Hz), which is
equally divided into Mc subcarriers, exclusively to these D2D
pairs [14].
A. Transceiver Architecture
The block diagram of the transceiver is shown in Fig. 1.
The transceiver has a multicarrier architecture, where the
symbol rate is 1/T0 and the frequency spacing of subcarriers is
F0 = W/Mc . The complex envelope of the lowpass equivalent

signal for the i -th D2D transmitter is given by
x i (t) =

Mc 


X i,n [s] g(t − sT0 ) e j 2πn F0 t ,

(1)

n=1 s

where g(t) is the transmitted
pulse, whose energy is nor∞
malized to unity, i.e., −∞ |g(t)|2 = 1. The FEC protected
video bit sequences are mapped to data symbols, where the
s-th modulated symbol on the n-th subcarrier of the i -th
transmitter is denoted by X i,n [s]. The data symbols {X i,n [s]}
are complex and modulated by square QAM, i.e., X i,n [s] =
I [s] + j X Q [s]. We denote the energy per symbol for
X i,n
i,n
D2D pair i on subcarrier n by Ei,n , and let the Kronecker
delta function be δx . The in-phase and quadrature components
of the l-th complex data symbol on the n-th subcarrier of the
I [l] and X Q [l], respectively,
i -th transmitter are denoted by X i,n
i,n
where
Q

Q

E[X iI1 ,n1 [l1 ]X iI2 ,n2 [l2 ])] = E[X i1 ,n1 [l1 ]X i2 ,n2 [l2 ]]
= Ei1 ,n1 δi1 −i2 δn1 −n2 δl1 −l2 ,

(2)

and the in-phase and quadrature components are uncorrelated.
The system adopts a filtered multitone (FMT) waveform.
Let G(t) be the Fourier transform of g(t), then |G( f )|2 is a
Nyquist pulse with roll-off factor 0 < β ≤ 1. The frequency
spacing of adjacent subcarriers is F0 = (1 + β)/T0 , so the
spectra of adjacent subcarriers do not overlap and intercarrier
interference does not exist.
We use a block fading channel model, in which the
coherence bandwidth f coh is larger than the bandwidth of
a subcarrier, and the coherence time Tcoh is larger than the
duration of a symbol but much smaller than the duration
TGOP of a group of pictures (GOP). The complex channel
response on subcarrier m from the i 
-th transmitter to the k-th
Hi,k h̃ i,k,m , where Hi,k
receiver is denoted by h i,k,m =
denotes the average channel gain due to large scale fading,
and h̃ i,k,m is the channel response due to multipath fading.
The large scale fading includes path loss and shadowing, and
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is constant over a GOP. The multipath fading is modeled as
Rayleigh fading, so h̃ i,k,m is circularly symmetric complex
Gaussian (CSCG) with zero mean and unit variance. We further assume that multipath fading is independent for different
D2D pairs.
The signal from the i -th transmitter arrives at the k-th
receiver with a time delay τi,k compared to the desired signal
from the k-th transmitter (i, k = 1, 2, · · · , K ), where τi,k
modulo T0 is uniformly distributed in [0, T0 ), if i = k. Also,
|τi,k |  TGOP . We assume that a coherent receiver is implemented and the receiver maintains perfect bit synchronization
and phase recovery for the desired signal, so we set τk,k = 0.
Therefore, the lowpass equivalent signal at the k-th receiver is
given by
yk (t) =

Mc 
K 


h i,k,n X i,n [s] g(t − τi,k − sT0 )

From (6) and (7), the power of co-channel interference is
given by
PI =
=

B. Adaptive Modulation
Substituting (1), (3) into (4), the output for the l-th received
symbol is given by
Yk,m [l] =

K 

s

i=1


·

h i,k,m X i,m [s]e− j 2πτi,k

∞
−∞

g(t − τi,k − sT0 )g ∗ (t − lT0 )dt + Nk,m [l], (5)

where
the noise term is given by Nk,m [l]
=
∞
− j 2πm F0 t g ∗ (t − lT )dt, which is a zero-mean
n
(t)e
k
0
−∞
∞
CSCG random variable with variance
N0 −∞ |g(t)|2 dt = N0 .
∞
Substituting τk,k = 0 and −∞ |g(t)|2 dt = 1 into (5), we
have
Yk,m [l] = h k,k,m X k,m [s] +

·

K

i=1,i =k

∞
−∞

h i,k,m



X i,m [s]e

− j 2πτi,k

s

g(t − τi,k − sT0 )g ∗ (t − lT0 )dt + Nk,m [l].
(6)

where the second term is the co-channel interference.
From [13], we have

 ∞


− j 2πτi,k
E 
X i,m [s]e
g(t − τi,k − sT0 )g ∗
 s
−∞
2 

β
= Ei,m 1 −
. (7)
(t − lT0 )dt 
4

E[|h i,k,m |2 ]Ei,m 1 −

β
1−
4

K


β
4

Hi,k Ei,m .

(8)

i=1,i =k

We consider a fixed power, variable rate scheme, in which
the transmission powers of all D2D transmitters are constant
over a GOP, and D2D receivers adaptively select the alphabet
sizes according to the instantaneous SINR. The transmission
power varies for different D2D pairs. Given the channel
response of the desired channel h k,k,m , the instantaneous SINR
on the m-th subcarrier of the k-th receiver is given by
γk,m (h k,k,m ) =

· e j 2πn F0 (t −τi,k ) + n k (t), (3)

−∞

K

i=1,i =k

i=1 n=1 s

where n k (t) is complex AWGN at the k-th receiver with twosided power spectral density N0 . A matched filter is used at
subcarrier m of the k-th receiver. The output of the matched
filter for the l-th received symbol is given by
 ∞
Yk,m [l] =
yk (t)e− j 2πm F0 t g ∗ (t − lT0 )dt.
(4)
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|h k,k,m |2 Ek,m
1−

β
4

K
i=1,i =k

Hi,k Ei,m + N0

.

(9)

Eq. (9) is the expression for the instantaneous SINR, which
is a function of the channel gain of the desired signal.
Interferences arrive at the D2D receiver with random delays,
and the delays are modeled as independent random variables
for different interferers. Based on the block fading model that
we use, the instantaneous interference channel gain can vary
within the coherence time of the desired signal, and thereby is
random, even if conditioned on the channel gain of the desired
signal. As the number of interferers is large and no interferer
dominates, the composite effect of multiple interferers of
random power is modeled as an additional Gaussian noise
source. Given h k,k,m , the symbol error rate (SER) of square
QAM with alphabet size Mk,m for the instantaneous SINR
γk,m is approximated by [9]
SER




3 γk,m (h k,k,m )
≈ 4Q
Mk,m − 1
⎛


3
⎜
·
= 4Q ⎝
Mk,m − 1 1 −

⎞
|h k,k,m |2 Ek,m
β
4

K
i=1,i =k

Hi,k Ei,m + N0

⎟
⎠.

(10)
Therefore, given h k,k,m , the number of bits per symbol for
a SER target is obtained as
R̃k,m

⎧⎢
⎛
⎨⎢
⎢
= min ⎣log2 ⎝1 +
⎩
1−
⎫
⎬
log2 (Mmax ) ,
⎭

η|h k,k,m |2 Ek,m
β
4

K
i=1,i =k

Hi,k Ei,m + N0

⎞⎥
⎥
⎥
⎠⎦,

(11)

%
&'2
$
is a positive constant
where η  3/ Q −1 SERtarget /4
determined by the SER target, and Mmax is the largest alphabet
size allowed by the system.
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Groups of subcarriers for Mc = 12, N = 3, Mg = 4.


Since h k,k,m = Hk,k h̃ k,k,m and h̃ k,k,m is a CSCG random variable with unity variance, γ  |h̃ k,k,m |2 satisfies an
exponential distribution with unity variance. If we ignore the
flooring operation, the average number of bits per symbol is
given by
Rk,m  E[ R̃k,m ]
( ∞
)
%
& −γ
≈ min
log2 1 + ηγ k,m γ e dγ , log2 (Mmax ) ,
0

The rate-distortion (RD) function of the video characterizes
the tradeoff between the video distortion and the number of
bits used to compress the raw video data. Since the video
is compressed on a GOP-by-GOP basis, this RD function is
also measured for each GOP. The MSE distortion Dk can be
approximated as a function of the number of correctly received
video bits Bk in the GOP, written as [17]
MSEk = ak +

(12)
where γ k,m is the average SINR of D2D pair k on subcarrier m, given by
γ k,m 

Hk,k Ek,m
1−

β
4

K
i=1,i =k

Hi,k Ei,m + N0

.

From [15, eq. (34)], we obtain
 ∞
γ −γ
e dγ = log2 (e) e x E 1 (x) ,
f (x) 
log2 1 +
x
0

(13)

(14)

where f (·) maps a power ratio (the reciprocal of average
SINR) to the average number of bits per symbol. E 1 (x) is
the
integral of the first order, defined by E 1 (x) =
 ∞ exponential
−t /t dt, x > 0. The average number of bits per symbol
e
x
is finally given by
(
)
1
(15)
Rk,m (γ k,m ) ≈ min f
, log2 (Mmax ) .
ηγ k,m
Since the integrand in (14), log2 (1 + γ /x) e−γ , is positive
and monotonically decreasing in x for γ > 0, f (x) is positive
and monotonically decreasing in x. Therefore, f (1/(ηγ k )) is
positive and monotonically increasing in γ k .
C. Scalable Video Codec
The D2D videos are encoded with the scalable video
coding extension of H.264/AVC with medium granular scalability (MGS) [16]. The video bitstream is organized in the
unit of GOP. In each bitstream, the most important video
information is conveyed by the base layer, and other video
information of diminishing importance is contained in the
successive enhancement layers. With a scalable video codec,
the decoder needs only a portion of the encoded bitstream to
display the video. Decoded fidelity of the video depends on the
length of the bitstream and the rate distortion characteristics of
the video content. The mean square error (MSE) of the video
diminishes as more enhancement layers are received. Video
packets are transmitted in the order of descending priority.
If an error occurs during transmission, that packet and all
successive packets in the GOP will be dropped, but previous
packets will be used for decoding the GOP.

bk
,
Bk + ck

(16)

where ak , bk , and ck are positive constants determined
by curve fitting and are dependent on the video content. We assume that one GOP is transmitted in each
time slot, thus TGOP equals the duration of the time
slot. The video bits are protected by a FEC code
with fixed rate u. The average number of coded bits
per symbol transmitted on the m-th subcarrier of the
k-th link is Rk,m , and Rk,m can be zero for some k and m.
The number of video bits (Bk ) transmitted on the k-th link in
a time slot is given by
Bk =

Mc
uTGOP 
Rk,m .
T0

(17)

m=1

For simplicity of notation, we define b̃k  bk T0 /(uTGOP ),
c̃k  ck T0 /(uTGOP ). Substituting (17) into (16), the MSE of
the GOP at the video decoder can be further written as
MSEk = ak +

b̃k
Mc
m=1

Rk,m + c̃k

.

(18)

III. S UBCARRIER A SSIGNMENT AND P OWER A LLOCATION
A. Subcarrier Assignment
We divided subcarriers into groups to simplify the subcarrier
assignment procedure. The frequency band of the system,
W (Hz), is equally divided into Mc = N Mg subcarriers,
where there are N groups of subcarriers (N < K ) and
a group consists of Mg interleaved subcarriers, as shown
in Fig. 2. More specifically, group n consists of subcarriers n,
n + N, · · · , n + (Mg − 1)N, where n = 1, 2, · · · , N. Each
D2D pair can be assigned to at most one group of subcarriers.
The groups of subcarriers are determined in advance and are
not optimization parameters.
The system operates in a time-slotted manner, with a
single GOP transmitted in each time slot. The duration of
a GOP, TGOP , is a constant. The subcarrier assignment and
power allocation decision is made by the BS at the beginning
of each GOP, and is fixed for the entire GOP. The BS is
able to collect the average channel gain (Hi,k ) of the desired
and interference signals and video RD information from the
D2D pairs via the control channel.
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Each D2D pair is assigned to at most one group of subcarriers for complexity concerns. This one-group constraint
guarantees convexity of the power allocation problem, such
that the BS can conduct an efficient search ending up with a
high-quality power allocation solution. If a D2D pair can be
assigned to more than one group of subcarriers, the convex
structure does not exist, and it either requires an exhaustive
search for the optimal power allocation which is extremely
complex, or it typically ends up at an inferior local optimum.
An example of the latter is given by the heuristic power
allocation algorithm later in Section IV-C. Its performance is
considerably worse than the algorithms using the one-group
constraint.
Each transmitter allocates equal power into each assigned
subcarrier. The indices of D2D pairs are randomized at the
beginning of each GOP. While groups 1 to N stand for
sets of subcarriers, we also use group 0 for simplicity of
notation: a D2D pair assigned to group 0 does not transmit.
The proposed subcarrier assignment algorithm is as follows:
• Step 1: Initialization.
– Step 1.1: Assign D2D pairs 1, 2, · · · , N to groups
1, 2, · · · , N, respectively.
– Step 1.2: Sequentially consider D2D pairs N + 1,
N + 2, · · · , K . For each D2D pair i , iterate over
groups n = 0, 1, 2, · · · , N, and consider assigning
D2D pair i to group n. Notice that the subcarrier assignments of D2D pairs 1, 2, · · · , i − 1 have
already been made, so we run the cross-layer power
allocation algorithm based on the subcarrier assignments of D2D pairs 1, 2, · · · , i −1. Assign D2D pair
i to the group that minimizes the total video MSE.
• Step 2: Subcarrier reassignment. Sequentially consider D2D pairs 1, 2, · · · , K : For each group n =
0, 1, 2, · · · , N to which D2D pair i is not assigned,
consider reassigning D2D pair i into group n instead,
and run the cross-layer power allocation algorithm. Reassign D2D pair i into group n if the total video MSE
decreases.
The subcarrier assignment algorithm calls the power allocation algorithm [(K − N)(N + 1) + K (N + 1)] times. Every
time the power allocation algorithm is called in the search
for group n, the temporary subcarrier assignment in group n
and the index of the D2D pair newly added to group n are
passed to the cross-layer power allocation algorithm as the
input. The indices of D2D pairs in group n are denoted
(n) (n)
(n)
by Jn = { j1 , j2 , · · · , j K n }, where K n is the number of
D2D pairs in group n and n = 0, 1, 2, · · · , Ng . We also denote
Kn  {1, 2 · · · , K n }.
B. Analysis for Cross-Layer Power Allocation
The cross-layer power allocation is formulated as a total
video MSE minimization problem, given the subcarrier assignment. The optimization parameter is the transmission power
of each D2D pair. The average channel gains, the video
RD and the largest transmission power of a D2D pair
are known constants in the optimization. The cross-layer
power allocation problem for D2D pairs assigned to a given
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group n (1 ≤ n ≤ N) is formally written as


b̃ j
aj +
minimize



m∈{n, n+N,··· ,n+(Mg −1)N} r j,m + c̃ j

j ∈Jn

subject to 0 ≤ r j,m ≤ R j,m (γ j,m ), 0 ≤ Mg E j /T0 ≤ P,
∀ j ∈ Jn , ∀m ∈ {n, n + N, · · · , n +(Mg −1)N}
variables r j,m , E j

(19)

where R j,m (γ j,m ) is the average number of bits per symbol
on subcarrier m of D2D pair j , and is given by (15) as a
function of the average SINR (γ j,m ). E j is the symbol energy
of D2D pair j on each assigned subcarrier, so Mg E j /T0 is the
total transmission power of D2D transmitter j , and the total
transmission power of a D2D transmitter is upper bounded by
the total transmission power constraint P.
For each D2D pair in group n, since equal power is allocated
to assigned subcarriers m ∈ {n, n + N, · · · , n + (Mg −
1)N}, the average SINR γ j,m from (13) is equal for each
assigned subcarrier. Therefore, we can omit the subscript m
in the notation of γ j,m and the average SINR of D2D pair j
on each subcarrier can be written as
H j, j E j
γj =
, j ∈ Jn .
(20)
β
1− 4
H
E
+
N
i,
j
i
0
i∈Jn /j
Similarly, we can omit the subscript m in the notation
of r j,m and it can be written as r j . Substituting (15) into (19),
we rewrite (19) as
minimize


j ∈Jn

b̃ j
Mg r j + c̃ j
* 

subject to 0 ≤ r j ≤ min

f

1
ηγ j



+
, log2 (Mmax ) ,

0 ≤ Mg E j /T0 ≤ P, ∀ j ∈ Jn

(21)

where f (·) is a mapping from a power ratio (the reciprocal
of average SINR) to the average number of bits per symbol
given by (14), and f (·) monotonically decreases, so the inverse
function of f (·), denoted by f −1 (·), exists. Specifically,
f (e−x ) monotonically increases in x, and the inverse function
of y = f (e−x ) is x = − ln[ f −1 (y)].
Consider variable transformations bk  b̃ j (n) /Mg , ck 
k

c̃ j (n) /Mg , z k  ln(E j (n) ) and sk  − ln[ f −1 (r j (n) )], where
k
k
k
k ∈ Kn . Since r j (n) ≥ 0 is the average number of bits per
k

symbol, 1/ f −1 (r j (n) ) ≥ 0 is the average SINR and hence
k
sk ∈ (−∞, +∞) is proportional to the average SINR in dB.
With this variable transformation, we can rewrite (21) as
minimize

Kn

k=1

bk
&
%
f e−sk + ck

subject to (C1) sk ≤ ssat  − ln[ f −1 (log2 (Mmax ))], ∀k ∈ Kn
(C2) sk ≤ ln(ηγ j (n) ), z k ≤ ln(PT0 /Mg ), ∀k ∈ Kn
k

(22)
which is a constrained minimization problem with variables
{s1 , s2 , · · · , s K n , z 1 , z 2 , · · · , z K n }.
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Fig. 3. An example of the video MSE as a function of sk . The inflection
point sk∗ is marked as a “x”.

1) Property of Feasible Region: The feasible region S is
defined as the set of all vectors s = (s1 , · · · , s K n ) that satisfy
constraints (C1) and (C2) in (22).
To prove (C2) forms a convex region in (s1 , · · · , s K n ),
we substitute E j (n) = exp(z k ) into (20), which yields
k

γ j (n) =
k

H j (n), j (n) e zk
k

1−

β
4

k

Kn
i=1, i =k

H j (n), j
i

z
(n) e i
k

+ N0

k

z k ≤ ln(PT0 /Mg ), ∀k ∈ Kn ,

i=1, i =k

(24)

)
H j (n), j (n) e zi −zk + N0 e−zk + sk
i

k

≤ ln(ηH j (n), j (n) ), z k ≤ ln(PT0 /Mg ), ∀k ∈ Kn . (25)
k

k

Denote z  (z 1 , z 2 , · · · , z K n) and x (k)  (x 1(k) , x 2(k) , · · · , x K(k)n).
We observe that the first term in (25) is the composition of a
K n x i(k)
log-sum-exp function ln[ i=1
e ] and an affine mapping:
/
0
⎧
β
⎪
⎪
1
−
H
z
−
z
+
ln
,
(n)
(n)
k
⎨ i
4
ji , jk
(k)
xi =
(26)
if i = k, k ∈ Kn ,
⎪
⎪
⎩
−z k + ln(N0 ), if i = k, k ∈ Kn .
(k)

H j (n), j (n) PT0

γ j (n) ≤

k

K n xi
e ] is convex in
The log-sum-exp function ln[ i=1
x (k) [18]. Therefore, the first term in (25) is a composition
of a convex function with an affine mapping, and thereby is
a convex function in z [18]. Consequently, (25) is convex
in (s, z) and thereby is convex in s, which indicates that
constraint (C2) is convex.

k

Mg N0

k

We substitute (23) into constraint (C2) in (22), and obtain
⎤
⎡
ηH j (n), j (n) e zk
⎥
⎢
k
k
sk ≤ ln ⎣
⎦,
Kn
β
z
i + N
1− 4
H
e
(n)
(n)
0
i=1, i =k
j ,j
which reduces to
(
Kn

β
ln
1−
4

In addition, the halfspaces specified by constraint (C1) are
convex regions in (s1 , · · · , s K n ) [18]. Now that we have proved
both constraints (C1) and (C2) in (22) are convex regions,
the feasible region S is a convex region in (s1 , · · · , s K n ).
To give a general idea of the shape of region S, we can
easily identify a rectangular region that contains S. From (20),
(n)
the average SINR of D2D pair jk is upper bounded by

, k ∈ Kn .
(23)

i

Inflection point sk∗ as a function of ck .

Fig. 4.

 γk,max .

(27)

Therefore, letting sk,max  min{ln(ηγk,max ), ssat }, we have S ⊂
{(s1 , · · · , s K n )|sk ≤ sk,max , ∀k ∈ Kn }.
The equality in (27) is achieved when D2D pair k is
transmitted with the largest power and all other users sharing
the subcarriers with D2D pair k use no transmission power.
= (−∞, · · · , −∞, sk,max , −∞, · · · , −∞), which
Let s max
k
1
1
23
4
23
4
k−1

K n −k

(n)
jk

indicates that D2D pair
transmits at the largest power
∈ S.
and other D2D pairs do not transmit, thereby s max
k
The boundary of S does not have an explicit expression,
however, we can check if a vector s = (s1 , s2 , · · · , s K n )
satisfies s ∈ S. We let sk = ln (ηγ j (n) ) according to (C2)
k
in (22), then γ j (n) = esk /η. From (20), we obtain
k

H j (n), j (n) E j (n)
k

1−

β
4

k

Kn
i=1, i =k

k

H j (n), j (n) E j (n) + N0
i

k

= γ j (n) =
k

esk
η

,

(28)

i

which yields a set of equations of symbol energy {E j (n) }:
k

1−

β
4

Kn

i=1, i =k

H j (n), j (n) E j (n) + N0 = ηe−sk H j (n), j (n) E j (n) .
i

k

i

k

k

k

(29)
If s ∈ S, the corresponding symbol energy {E j (n) } should
k
satisfy the power constraint. Therefore, the following steps can
determine whether s ∈ S:
• First step is to check simple bounds: if ∃k ∈ Kn such that
sk >sk,max , then s ∈
/ S; otherwise, proceed to next step.
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Fig. 5. Region C and feasible region S for a two-user case. The left and right figures show the cases of S ∩ C  = ∅ and S ∩ C = ∅, respectively. The
boundary of C is given by sk > sk∗ , ∀k ∈ Kn , where sk∗ is determined by ck using a look-up table.

•

The second step is substituting {sk } into (29) and solving
for {E j (n) }. If 0 ≤ E j (n) ≤ PT0 /Mg , ∀k ∈ Kn , then the
k
k
vector s ∈ S; if there exists k ∈ Kn such that E j (n) <
k
0 or E j (n) > PT0 /Mg , then the vector s ∈
/ S.

is the intersection of half-spaces, thereby being a convex set.
Since sk∗ always exists ∀k ∈ Kn , region C also always exists.
The objective function is convex in region C , and is nonconvex outside region C .

k

2) Property of Objective Function: The following proposition characterizes a key property of the objective function
in (22): The objective function is convex if the SINR of each
D2D user exceeds a threshold. The threshold is determined
by ck . Here ck is a parameter dependent on both video ratedistortion and the number of subcarriers in a group.
Proposition 1: Let yk∗ be the smallest root of
5
1
[(y + 1)ck ln(2) + 3]y
e y E 1 (y) =
2y(y − 1)
6
7
− y[(ln(2)ck )2 y(y + 1)2 + y + 2 ln(2)ck y(y + 5) + 8]
(30)
in y > 0, and denote the video MSE of D2D pair jk(n) by
gk (sk ) 

f

%

bk
&
−s
e k +

ck

.

(31)

Then:
1) yk∗ always exists and is only dependent on ck ;
2) The second derivative of gk (sk ), denoted by gk (sk ), has
a real root sk∗  − ln(yk∗ ) and gk (sk ) > 0 for sk > sk∗ .
Proof: The proof is given in the appendix.
As a result of Proposition 1, the video MSE of D2D
(n)
pair jk , gk (sk ) is convex in sk > sk∗ , where sk∗ is the inflection
point, as presented in Fig. 3. sk∗ is a function of ck , and their
relation is shown in Fig. 4. In our algorithm, we find sk∗ for a
given value of ck offline by a bisection search, and create a
one-dimensional look-up table for sk∗ as a function of ck .
Let C be the set of all vectors s = (s1 , s2 , · · · , s K n )
over which the objective function of (22) is convex. From
Proposition 1, C = {(s1 , · · · , s K n )|sk > sk∗ , ∀k ∈ Kn }, which

C. Proposed Cross-Layer Power Allocation Algorithm
The proposed power allocation algorithm aims to minimize
the total video MSE based on the video RD and average
channel gain. There are two scenarios as shown in Fig. 5.
The proposed algorithm searches for a local optimum in
S ∩ C , if S ∩ C = ∅. If S ∩ C = ∅, the algorithm keeps
the transmission power of the existing D2D pairs in the
current group unchanged and searches for a locally optimal
transmission power for the newly added D2D pair. Notice
/ S.
that S ∩ C = ∅ is equivalent to s ∗  (s1∗ , s2∗ , · · · , s K∗ n ) ∈
Therefore, to determine whether S ∩ C = ∅, we only need to
check if s ∗ ∈ S.
If s ∗ ∈ S, we aim to find the local optimum in S ∩ C .
Since S ∩ C is convex and the objective function of (22) is
also convex in S ∩ C , many well-established algorithms can be
implemented to find the optimal solution to (22) in S ∩ C . For
example, the interior
√ point method [18] can be used, whose
complexity is O( K n ).
/ S, while keeping the transmission power of all
If s ∗ ∈
existing D2D pairs in the current group unchanged, we search
for a local optimum for the transmission power of the newly
added user using coordinated descent [19].
Here we summarize the proposed cross-layer power allocation algorithm:
• Step 1: For each k ∈ Kn , we find values of sk∗ from the
entries in the look-up table (Fig. 4) corresponding to ck .
• Step 2: Check if s ∗ is feasible. If so, go to Step 3a;
otherwise, go to Step 3b.
• Step 3a: We first let sk := sk,max , ∀k ∈ Kn . We repeatedly
update sk := (sk + sk∗ )/2 until (s1 , · · · , s K n ) is feasible.
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With (s1 , · · · , s K n ) as the initialization, the interior point
method can be applied to (22) with (C2) replaced by (25).
It will converge to a local optimum in region S ∩ C for
the cross-layer power allocation problem (22), and the
cross-layer power allocation algorithm terminates.
• Step 3b: We keep the transmission power of all existing
D2D pairs in the current group unchanged. We initialize
the transmission power of the newly added D2D pair to
zero, and repeatedly update the transmission power of
the newly added D2D pair using gradient descent [19],
subject to the power constraint, until the decrease of total
MSE is less than a threshold, and then terminate the crosslayer power allocation algorithm.
The complexity of the proposed power allocation inner-loop
is mainly
√ from the interior point method, whose complexity
is O( K n ). Recall that the proposed subcarrier assignment
outer-loop calls the power allocation inner-loop [(K − N)(N +
1)+K (N +1)] times, so the overall complexity of the proposed
3
algorithm is upper bounded by O(K 2 N). As a comparison,
the subcarrier assignment outer-loop and power allocation
inner-loop in [5] both have a complexity of O(K N), so the
overall complexity is O(K 2 N 2 ).
IV. BASELINE A LGORITHMS
A. Other Methods for Local Search in Subcarrier Assignment
Step 2 of the proposed subcarrier assignment algorithm uses
one round of subcarrier reassignment for local search. We consider comparing this approach with other local search methods
in terms of complexity and performance.
We first consider replacing one round of subcarrier reassignment by one round of subcarrier swapping. Specifically,
in Step 2 of the subcarrier assignment algorithm, we use the
following operations instead:
• [One round of swapping] For each D2D pair i =
1, 2, · · · , K , we consider each D2D pair j that is not
assigned to D2D pair i ’s group, and assess the total
MSE of swapping the subcarrier assignment of D2D pairs
i and j by calling the cross-layer power allocation
algorithm, and then swapping the group assignment if
the total video MSE decreases.
We also consider replacing Step 2 of the original subcarrier
assignment algorithm by repeatedly reassigning a D2D pair
into a different group, until the total MSE does not decrease.
The detailed local search step is given as follows:
• [Multiple rounds of reassignment] We first create a list
of all D2D pairs. We repeat the following steps until all
D2D pairs are removed from the list: For each D2D pair
i = 1, 2, · · · , K on the list, we let n iterate over the
indices of all groups that D2D pair i is not assigned
to, and assess the total MSE of reassigning D2D pair i
into group n by calling the cross-layer power allocation
algorithm. If the total MSE decreases, we reassign D2D
pair i into group n, put all D2D pairs in group n on the
list, and remove the duplicated indices on the list. If the
total MSE does not decrease after iterating over all n,
we remove D2D pair i from the list.

Similarly, we consider replacing Step 2 of the original subcarrier assignment algorithm by repeatedly swapping the
assignment of two D2D pairs, until the total MSE does not
decrease:
• [Multiple rounds of swapping] We first create a list of
all D2D pairs. We repeat the following steps until all
D2D pairs are removed from the list: For each D2D pair
i = 1, 2, · · · , K on the list, we let j iterate over the
indices of all D2D pairs that are not in D2D pair i ’s group,
and assess the total MSE of swapping the subcarrier
assignment of D2D pairs i and j by calling the cross-layer
power allocation algorithm. If the total MSE decreases,
we swap the subcarrier assignment of D2D pairs i and j ,
put all D2D pairs in these two groups on the list, and
remove the duplicated indices on the list. If the total MSE
does not decrease after iterating over all j , we remove
D2D pair i from the list.
B. Cross-Layer Subcarrier Assignment With
Maximal Transmission Power
To demonstrate the performance improvement of our proposed cross-layer power allocation, we consider a baseline
algorithm in which all D2D pairs transmit with the maximal transmission power, with power equally allocated on all
assigned subcarriers. The subcarrier assignment outer loop
remains the same as the proposed algorithm.
C. Heuristic Subcarrier Assignment Without Grouping
In Section III B, given that a set of subcarriers is assigned
to a set of D2D pairs exclusively and equal power is allocated
to subcarriers of each D2D pair, the cross-layer power allocation problem is shown to have a tractable convex structure.
In contrast, if D2D pairs are allowed to use arbitrary sets
of subcarriers, such as overlapping but non-identical sets
of subcarriers, the cross-layer power allocation problem is
non-convex [13], and the algorithm to search for the global
minimum, such as exhaustive search, has a complexity that is
exponential in K and Mc , and thereby the resultant complexity
of searching for the global minimum is prohibitive, even
for offline computation. Therefore, a heuristic algorithm with
a polynomial complexity in K and Mc is of interest. The
following heuristic algorithm is considered as a baseline,
in which equal transmission power is allocated to all assigned
subcarriers of each D2D pair and the total transmission power
of each D2D pair is set to P for simplicity:
• Step 1: Each subcarrier is initially assigned to the
D2D pair with the best instantaneous channel response.
• Step 2: We choose the D2D pair with the steepest
RD slope.
• Step 3: We iterate over all subcarriers that are not
assigned to the chosen D2D pair. If the total MSE
decreases when the chosen user acquires the current
subcarrier, we assign this subcarrier to the chosen user.
• Step 4: We let i iterate over the subcarriers that are
assigned to the chosen D2D pair, and let j iterate over the
subcarriers that are not assigned to the chosen D2D pair.
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Rate-distortion curves and parameters of videos.

The chosen D2D pair relinquishes subcarrier i and gains
subcarrier j if the total MSE decreases.
Step 5: Repeat Steps 2 to 4 until all D2D pairs have been
considered.

D. PHY-Layer Greedy Assignment and Power Allocation
A greedy subcarrier assignment and power allocation algorithm aiming to maximize the total bit rate of all D2D pairs
was proposed in [5]. The subcarrier assignment in [5] was
initialized by assigning all D2D pairs to subcarriers in a greedy
approach, and did not have any additional steps for local
search. As for the power allocation, although the PHY-layer
power allocation problem is non-convex [7], local maxima
can be found using the bisection search algorithm proposed
in [5]. This algorithm was based on orthogonal “subchannels”,
and details of waveform design were not provided. For the
purpose of comparison, we adapt the algorithm from [5] as
a baseline by replacing “subchannels” by subcarrier groups.
We also remove all constraints related to the cellular users
in [5], such as the throughput constraints of cellular users,
as our paper aims to investigate resource sharing among D2D
pairs in a dedicated spectrum. Also, the objective function
used in [5] is based on the capacity of Gaussian channels in AWGN. For a fair comparison over Rayleigh fading
channels, the objective function in the baseline algorithm
from [5] is replaced by the average number of bits per symbol
from (15).
V. S IMULATION R ESULTS AND D ISCUSSION
We simulate a D2D system with 24 subcarriers, each with
15kHz bandwidth. Each subcarrier uses a raised-cosine pulse
with roll-off factor 0.5 for pulse shaping and the symbol rate is
10kHz. The channel response consists of path loss, shadowing

and multipath fading. The path loss is 46.8+18.7 log10 (d[m]),
and the shadowing follows the log-normal distribution with
standard deviation of 3dB [20]. The subcarriers experience
independent Rayleigh fading due to multipath, and the channel
response is assumed to be flat within a subcarrier. The twosided noise power spectral density is −174 dBm/Hz. The
SER target is 10−3 in the simulation. The supported modulation formats are 4-QAM, 16-QAM, 64-QAM and 256-QAM.
We consider a single cell whose radius is 1000 meters.
D2D transmitters and receivers are uniformly distributed in
the cell, and the distance between transmitter and receiver in
each D2D pair is restricted between 10 and 50 meters.
We use 6 video sequences with a resolution of 640 × 480,
encoded by H.264/SVC reference software JSVM version
9.19.15. The length of each video sequence is 10 seconds
at 30 frames per second, and the video is organized in
GOPs of 15 frames (I-P-P-P). The 4 × 4 DCT coefficients
for the MGS layer of each macroblock are split with MGS
vector [1, 1, 2, 2, 2, 8] [21]. The parameters of videos and ratedistortion curves are shown in Fig. 6. The video contents
are protected by a rate 2/3 low density parity check code
from DVB/C2 [22]. Each packet consists of 300 bytes of
FEC plus data bits. The video quality is evaluated by peak
signal-to-noise ratio (PSNR), which is defined by PSNR 
10 log10 {2552/E[MSE]}. For the transmission of the video,
the subcarriers are divided into 4 groups, where each group
has 6 subcarriers with a total bandwidth 90kHz.
A. Simulation Results for Different Local Search
Methods in Subcarrier Assignment
A cell with K = 40 D2D pairs is simulated to compare
the different methods of local search. The power constraint
for each D2D pair is 10 mW. To evaluate the complexity of
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Fig. 7. Tradeoff between complexity and average PSNR for different local
search methods. CLI refers to cross-layer initialization.

Fig. 9.
Average PSNR for the proposed algorithm in comparison with
baseline algorithms. The power constraint of each D2D transmitter is 10mW.

Fig. 8. The average PSNR for the proposed algorithm in comparison with
baseline algorithms. The power constraint of each D2D transmitter is 100mW.

Fig. 10. Average PSNR for the proposed algorithm in comparison with
baseline algorithms. The power constraint of each D2D transmitter is 1mW.

different search methods in subcarrier assignment, we simulate
20 realizations of geographical locations, each with independent channels and randomly selected video sequences with
random starting points. Under this setting, the tradeoff between
the average video PSNR and the complexity of different local
search methods can be seen in Fig. 7. The plot shows the
number of times that the power allocation algorithm is called,
and the corresponding average PSNR in each realization.
Cross-layer initialization alone generates acceptable average
PSNR, but is still more than 0.8dB inferior in the worst case
and more than 0.4dB inferior in the best case than other
subcarrier assignment methods. After one round of subcarrier
reassignment, the average PSNR is already very close to
the local optimum. Running multiple rounds of subcarrier
reassignment delivers negligible gains in average PSNR, but
almost doubles the complexity. Subcarrier swapping requires
a significantly larger computational effort than subcarrier
reassignment, but only leads to marginal gains in average
PSNR. Based on the results at Fig. 7, we choose cross-layer

initialization with a single round of subcarrier assignment in
our proposed algorithm.

B. Simulation Results of Proposed Algorithm
Compared to Baseline Algorithms
We simulate a cell with K = 10 to 80 D2D pairs,
and compare the performance of the proposed cross-layer
algorithm with baseline algorithms, as shown in Figures 8 - 10.
The power constraint for each D2D pair is 100, 10 and 1 mW
in Figures 8 - 10, respectively. In Figures 8 - 10, the proposed
algorithm outperforms baseline algorithms by more than 1dB
in the average PSNR. The cross-layer subcarrier assignment
with maximal transmission power has the best average PSNR
among the baseline algorithms, but is still more than 1dB
inferior to the proposed algorithm, due to the absence of crosslayer power allocation. The average PSNR of the heuristic
subcarrier assignment algorithm is approximately 2dB lower
than the proposed algorithm. The average PSNR of the
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Fig. 11.
Distribution of PSNR for the proposed algorithm in comparison
with baseline algorithms for K = 10 and D2D power constraint 10mW.
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Fig. 12.
Distribution of PSNR for the proposed algorithm in comparison
with baseline algorithms for K = 80 and D2D power constraint 10mW.

TABLE I
OVERALL V IDEO Q UALITY AND FAIRNESS C OMPARISON FOR D2D P OWER C ONSTRAINT 10mW

PHY-layer algorithm from [5] is more than 2dB lower than
the proposed algorithm when the power constraint is 100mW,
and the gap in the average PSNR is in the range of 3 to 6dB
for the other transmission power configurations. The reason is
that the objective of the PHY layer algorithm is to maximize
the total bit rate rather than the video quality. When the system
is limited by the power constraint, the bit rates of D2D pairs
are relatively low, and the D2D pairs operate at the steep part
of the RD curves according to (16). In this case, it is critical to
take the slope of the video RD into account to achieve better
average video quality, but the PHY-layer algorithm does not
take the video RD into consideration.
The cumulative distribution functions of PSNR for K =
10 and 80 are shown in Figures 11 and 12, respectively.
Similar to the observation on average PSNR, the PHY layer
algorithm is the most inferior among the baseline algorithms.
The distribution of PSNR for the proposed algorithm is least
widely spread among all algorithms considered. Compared to
the proposed algorithm, the heuristic algorithm has a slightly
larger proportion of D2D pairs operating at high PSNR, but
it also has considerable larger proportion of D2D pairs suffering from low PSNR, so the average PSNR of the heuristic
algorithm is lower than the proposed algorithm. The maximal
power algorithm has a slightly wider spread PSNR than the
proposed algorithm. For K = 10, the PSNR of the maximal
power algorithm is strictly lower than the proposed algorithm.
For K = 80, the PSNR distribution of the maximal power
algorithm has a marginally longer tail on the high PSNR region
and a considerably longer tail in the low PSNR region, and the

average PSNR is thereby still lower compared to the proposed
algorithm. We use both the 5 percentile PSNR and the standard
deviation of the PSNR as indicators of fairness. As can be seen
in Table I, the proposed algorithm outperforms three baseline
algorithms in both the overall video quality and fairness, so the
fairness of users has not been sacrificed for a better overall
performance.
The relationship between the average PSNR and the power
constraint for 10 D2D pairs is shown in Fig. 13. As the power
constraint increases, the average PSNR will increase at the
beginning, and gradually become flat. The proposed algorithm
achieves higher average PSNR than the baseline algorithms
over the entire range of power constraints simulated. At a
low power constraint, e.g., 10−5 W, the gap in average PSNR
between the proposed algorithm and the baseline algorithms is
larger than 5dB. For a large power constraint, such as 10−1 W,
under which the average PSNR curves for all algorithms
become almost flat, the proposed algorithm still outperforms
the baseline algorithms by at least 1dB.
The subcarrier assignment problem considered in this
paper is a highly non-convex assignment problem. The optimal solution of subcarrier assignment can be found via
exhaustive search. Since exhaustive search has a complexity
that grows exponentially with the number of D2D pairs,
it is prohibitive when the number of D2D pairs is large.
For a small number (e.g., from 2 to 6) D2D pairs and
2 subcarrier groups, the average video PSNR of the proposed
algorithm is almost identical to exhaustive search, as shown in
Fig. 14.
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Fig. 13. Average PSNR versus power constraint of each D2D transmitter for
K = 10 D2D pairs. Power constraint of each D2D transmitter ranges from
10−5 W to 10−1 W.

VI. C ONCLUSION
A cross-layer resource allocation algorithm is proposed to
optimize the overall quality of D2D video transmission, with
an outer loop for subcarrier assignment and an inner loop for
power allocation. We derive the condition for the SINR under
which the cross layer power allocation problem for D2D video
transmission is convex. As a component of the proposed algorithm, the proposed subcarrier assignment scheme achieves a
balance between complexity and performance, when compared
to other subcarrier assignment schemes in the simulation.
Simulation results also demonstrate a considerable improvement by the proposed cross-layer algorithm over baseline
algorithms, including an algorithm that uses only physical
layer information.

and
d2
d y2

(

We show the convexity of 1/[ f (e−s ) + c] in s by deriving
its second derivative. Let
(32)

where y > 0, so that d y/ds = −y and d 2 y/ds 2 = y. Since
f (y) is monotonically decreasing in y, f  (y) < 0. From (14),
the first derivative of f (y) with respect to y is given by
d
d
f  (y) = log2 (e) [e y ]E 1 (y) + log2 (e) e y [E 1 (y)]
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1
(33)
= f (y) − log2 (e) ,
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since ddy E 1 (y) = −e−y /y. The second derivative of f (y) with
respect to y is given by
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y
Ignoring the constant terms, the first and second derivatives
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Fig. 14.
Average PSNR of exhaustive search algorithm, the proposed
algorithm and baseline algorithms for a small number of D2D pairs.

f  (y)
2[ f  (y)]2 − f  (y)[ f (y) + c]
+ y2 ·
.
2
[ f (y) + c]
[ f (y) + c]3
(37)

Thus, 1/[ f (e−s ) + c] is convex in s if and only if
(
)
d2
1
> 0,
ds 2 f (y) + c

(38)

which is equivalent to
2y[ f  (y)]2 > [ f (y) + c] · [ f  (y) + y f  (y)]

(39)

according to (37). We can rewrite (39) using (33) and (34) as
/
0
1 2
2y f (y) − log2 (e)
> [ f (y) + c]
y
0
/
1
1−y
. (40)
· f (y) − log2 (e) + y f (y) + log2 (e) 2
y
y
For simplicity, let
u  f (y)/ log2 (e) = ln(2) f (y) = e y E 1 (y),

(41)

where f (y) > 0 according to (14) and the last equality is
from (14). Also, we let
c̃  c/ log2 (e) = c ln(2).

(42)
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With (41) and (42), we can rewrite (40) as
0
/
1− y
1
1 2
,
> (u + c̃)· u − + y u +
2y u −
y
y
y2

where h(u, c̃) > 0, u > 0 equals
(43)

which is equivalent to
h(u, c̃)  y(y −1)u −[3+(y +1)c̃]yu + c̃y +2 > 0.
2

(44)

For y = 1, h(u, c̃) is a quadratic function in u, whose
discriminant is given by

{u|h(u, c̃) > 0, u > 0}
= {u|0 < u < u 1 , y > 1} ∪ {u|u > u 2 , y > 1}
∪ {u|0 < u < u 1 , 0 < y < 1} ∪ {u|0 < u < u 1 , y = 1}
(49)
= {u|0 < u < u 1 , y > 0}.
Let y ∗ be the smallest root of u(y) = u 1 (y) in y > 0. From
u  e y E 1 (y) and (46), y ∗ is equivalently the smallest root of

 = [3 + (y + 1)c̃]2 y 2 − 4y(y − 1)(c̃y + 2)
= y(c̃2 y 3 + c̃2 y + y + 2c̃y 2 + 10c̃y + 2c̃2 y 2 + 8).

where u 1 and u 2 are both functions of y.
From (44), h(u, c̃) can be written as h(u, c̃) = Au 2 +
Bu + C, where A  y(y − 1), B  −[(y + 1)c̃ + 3]y and
C  c̃y + 2. Since u = e y E 1 (y) > 0, we are interested in
the range of u which satisfies not only h(u, c̃) > 0 but also
u > 0. Therefore, the range of u where h(u, c̃) > 0, u > 0 is
given as follows:
1) If y > 1, then A > 0, B < 0 and C > 0, so u 1 + u 2 =
−B/A > 0 and u 1 u 2 = C/A > 0 [23, pp. 17, 3.8.1].
Therefore, u 1 and u 2 are positive. Since 0 < u 1 < u 2
in this case, the range of u where h(u, c̃) > 0, u > 0
is {u|0 < u < u 1 or u > u 2 };
2) If 0 < y < 1, then A < 0 and C > 0, so u 1 u 2 =
C/A < 0 [23, pp. 17, 3.8.1]. Therefore, u 1 and u 2
have different signs. Since u 1 > u 2 for 0 < y < 1,
then u 1 > 0 > u 2 in this case. Therefore, the range of
u where h(u, c̃) > 0, u > 0 is {u|0 < u < u 1 };
3) If y = 1, h(u, c̃) > 0 simplifies to u < (c̃ + 2)/(2c̃ + 3).
We can show that lim y→1 u 1 = (c̃+2)/(2c̃+3), so when
y = 1, the range of u where h(u, c̃) > 0, u > 0 is
{u|0 < u < u 1 }.
Therefore, the solution set of u for h(u, c̃) > 0, u > 0 is
{u|0 < u < u 1 } ∪ {u|y > 1, u > u 2 }.
The next step is to convert the solution set of u to the
solution set of y, using the fact that u, u 1 and u 2 are
functions of y. In fact, from [23, pp. 229, 5.1.19], the following
inequality holds for y > 0:
1
.
y

[(y + 1)c ln(2) + 3]y −
e E 1 (y) =
2y(y − 1)

(45)

Since y > 0 and c̃ > 0, the discriminant  > 0.
The roots of h(u, c̃) = 0 in u are given by
√
√
[(y + 1)c̃ + 3]y − 
[(y + 1)c̃ + 3]y + 
u1 =
, u2 =
,
2y(y −1)
2y(y −1)
(46)

u = e y E 1 (y) ≤
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(47)

Also, the following inequality holds for y > 1:
√
3y
3(y − 1)
1
[(y + 1)c̃ + 3]y + 
u2 =
>
>
> .
2y(y − 1)
2y(y − 1) 2y(y − 1) y
(48)
Combining (47) and (48), u < u 2 always holds ∀y > 1,
so {u|y > 1, u > u 2 } = ∅. Consequently, the range of u

y

√


(50)

in y > 0. Such a root y ∗ always exists for the following
reasons:
1) u < u 1 for y → 0+ , where y → 0+ means that y
approaches 0 from above. On the one hand, e y E 1 (y) ≤ ln(1 +
1/y) from [23, pp. 229, 5.1.20] and u = e y E 1 (y). By letting
z  ln(1 + 1/y), we have
/

√

√

1
lim ( yu) ≤ lim
y ln 1 +
+
+
y
y→0
y→0
z
=0
= lim √
z→+∞ e z − 1
On the other hand, lim y→0+
into (46):

√

yu 1 =

0

(51)

√
2 by substituting (45)

√
lim ( yu 1 )

y→0+

c̃y 2 + (c̃ + 3)y
2y(−1)
y→0+

√ − y[c̃2 y 3 +2(c̃+ c̃2)y 2 +10c̃y + c̃2 y + y + 8]
− lim y ·
2y(−1)
y→0+
√
= 2,
(52)
= lim

√

y·

√
√
Therefore, yu < yu 1 for y → 0+ , and thereby u < u 1
for y → 0+ .
2) For y → +∞, u > u 1 . On the one hand, from
[23, pp. 229, 5.1.19], u = e y E 1 (y) > 1/(y + 1). Therefore,
for y → +∞, u is bounded by
u>

y−1
y−1
1
= 2
>
.
y+1
y −1
y2

(53)

On the other hand, for y → +∞, substituting (45) into (46),
u 1 is given by


y 2 (c̃y + 1 + c̃)2 + 8y(c̃y + 1)
2y(y − 1)
6
c̃y+1)
2
c̃y + (c̃ + 3)y − y(c̃y + 1 + c̃) 1 + y 28y(
(c̃y+1+c̃)2
.
=
2y(y − 1)
(54)

u1 =

c̃y 2 + (c̃ + 3)y −
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Because [8y(c̃y + 1)]/[y 2(c̃y + 1 + c̃)2 ]  1, for y → +∞,
we further have
8
9
c̃y+1)
c̃y 2 + (c̃ + 3)y − y(c̃y + 1 + c̃) 1 + 12 · y(8(
c̃y+1+c̃)2
u1 ≈
2y 2
=

c̃y 2 + (c̃ + 3)y − y(c̃y + 1 + c̃) −

4(c̃y+1)
c̃y+1+c̃

2y 2
2y − 4
≈
.
(55)
2y 2
Combining (53) and (55), we have u > u 1 for y → ∞.
Because u > u 1 for y → +∞ and u < u 1 for y → 0+ ,
there must exist a y ∗ > 0 such that u(y ∗ ) = u 1 (y ∗ ), and
u(y) < u 1 (y) for any y satisfying 0 < y < y ∗ . Since c is the
only variable besides y in (50), y ∗ is only dependent on c.
From (41), u(y) = ln(2) f (y), where f (y) > 0 is defined
in (14), so 0 < u(y) < u 1 (y) for any y satisfying 0 < y < y ∗ .
Denoting s ∗  − ln(y ∗ ), and recalling that y  e−s from (32),
0 < y < y ∗ is equivalent to s > s ∗ . Therefore, for any s
satisfying s > s ∗ , the range of u satisfies 0 < u(y) < u 1 (y)
and y > 0, where y > 0 is guaranteed by its definition in (32)
and always holds.
From (49), the range of u such that y > 0, 0 <
u(y) < u 1 (y) holds is equivalent to the range of u such
that h(u(y), c̃) > 0, u(y) > 0 holds, where u(y) > 0 is
guaranteed by (41) and always holds. According to (38) - (40),
(43) and (44), h(u(y), c̃) > 0 is equivalent to the second
derivative of 1/[ f (e−s ) + c] with respect to s being positive,
which is equivalent to 1/[ f (e−s ) + c] being convex in s.
Therefore, 1/[ f (e−s ) + c] is convex in s over s > s ∗ .
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